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SPECTRAL DECOMPOSITION OF
NORMAL OPERATOR IN REAL HILBERT SPACE

M.N. ORESHINA

Abstract. We consider normal unbounded operators acting in a real Hilbert space. The
standard approach to solving spectral problems related with such operators is to apply
the complexification, which is a passage to a complex space. At that, usually, the final
results are to be decomplexified, that is, the reverse passage is needed. However, the
decomplexification often turns out to be nontrivial.

The aim of the present paper is to extend the classical results of the spectral theory for
the case of normal operators acting in a real Hilbert space. We provide two real versions
of the spectral theorem for such operators.

We construct the functional calculus generated by the real spectral decomposition of
a normal operator. We provide examples of using the obtained functional calculus for
representing the exponent of a normal operator.

Keywords: unbounded normal operator, real Hilbert space, complexification, spectral
theorem, functional calculus.
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1. INTRODUCTION

Many results in the theory of normal operators are based on the spectral theorem [1]-[5],
which to each normal operator N associates the resolution of the identity E defined on Borel
subsets C and supported on the spectrum of the operator N. By means of E, this allows one
to represent the operator as some integral. At that one usually assumes that the operator N
acts in a complex Hilbert space and it is recommended to make the complexification in the real
case. Nevertheless, in many applications, for instance, in numerics [6]-[14], it is desired to have
statements formulated in terms of a real space.

In this paper we discuss the constructing of a real spectral decomposition in a real Hilbert
space. In Section 2 we recall basic facts on unbounded normal operators and their complex-
ification. To formulate the spectral theorem, in Section 3 we employ the representation of a
normal operator as a sum of a self-adjoint and a skew-adjoint operator. As a result, the oper-
ator is expanded into the sum of two integrals and the spectral decomposition consists of two
families of the operators defined on Borel sets in R and acting in a real Hilbert space. Despite
such approach is natural, this turns out to be not very appropriate since we failed extending
it to one of the most important results in the spectral theory, the construction of functional
calculus. This is why in Section 4 we provide another version of the spectral theorem and in
Section 5 we provide the corresponding theorem on functional calculus. In this case the spectral
decomposition is again two families of the operators acting in a real Hilbert space but defined
on Borel sets in the upper complex half-plane.

M.N. ORESHINA,SPECTRAL DECOMPOSITION OF A NORMAL OPERATOR IN A REAL HILBERT SPACE.
©ORESHINA M.N. 2017.
Submitted May 22, 2016.

85


http://dx.doi.org/10.13108/2017-9-4-85

86 M.N. ORESHINA

2.  COMPLEXIFICATION OF NORMAL OPERATOR

Let Hg be a real Hilbert space with a scalar product (-, -)g.

Let Ngr: D(Ngr) C Hr — Hpg be a linear unbounded operator. We assume the domain
D(NR) of the operator Ng is dense in Hgr. The adjoint operator Ny, is defined similar to the
case of a complex Hilbert space [3]. An operator Ag is called self-adjoint if Ag = Aj. The
operator By is called skew-adjoint if Br = —Bj. An operator Ny is called normal if it is
densely defined, is closed and satisfies the condition Ng N, = Nj Ng. Similar to the complex
case [3, Thm. 13.32] one can prove that a normal operator satisfies relation D(Ng) = D(N).
Self-adjoint and skew-adjoint operators are obviously normal.

Lemma 1. Let Br: D(Br) C Hg — Hg be a skew-adjoint operator. Then for each ¢ €
D(BR) the identity (Brp, p)r = 0 holds true.

The proof is reduced to straightforward calculations.

A linear space Hr x Hp over the field C with the rule of external multiplication by complex
numbers (a4 i8)(p, V) = (ap — By, ah + Bp), a, 5 € R, (p,9¥) € Hr x Hg is called com-
plexification of the real Hilbert space Hr and is denoted by H¢ [15], [16], [17], [I8], [19]. It
is convenient to write the elements in H¢ as ¢ + 1, where ¢,9 € Hy and ¢ is the imaginary
unit. We shall identify Hgr with the subspace Hg x {0} of the space H¢. It is obvious that
H¢ is a complex Hilbert space w.r.t. the scalar product

(o1 + i1, 2 +itha)e = (1, P2)r + (U1, Y2)r + 1(Y1, P2)r — 1{P1, V2)R-

The complexification of the operator Ng: D(Ngr) C Hg — Hp is called [16]-[19] the operator
N¢: D(N¢) € Hg — He with the domain D(Ng) = D(NR) x D(NR) acting by the rule

Ne(p + i) = Nry + iNR, @, € D(Ng).

Proposition 2. Let an operator N¢ be the complexification of the operator Ng: D(NR) C
Hyr — Hg, and D(NR) is dense in Hg. Then

(a) the domain D(N¢) of the operator N¢ is dense in Hg;
(b) the operator N¢* adjoint for N¢ is the complexification of the adjoint operator N;
(c) for a normal operator Ny the operator N¢ is also normal.

The proposition can be checked by straightforward calculations.

By the symbols O¢: He — H¢ and Or: Hg — Hpg we denote the zero operators, while
1¢ : He — He and 1i : Hg — Hp stand for the identity mappings. It is obvious that O¢ is a
complexification of Og and 1¢ is the complexification of 1g.

The inverse operator of an unbounded operator Ng: D(Ng) C Hr — Hpg is the operator
Nr~': Hg — D(NR) satisfying the identities

NrNr“'p =, ¢€Hyg; Nr'Nry =1, 1 € D(Ng).

Let N¢ be a closed operator. The set p(Ng) of all A € C, for which the operator A\1¢ — N¢
has a bounded inverse, is called the resolvent set [3]-[5] of the operator Ng, while the function
A (Alg — Ng)7t is called the resolvent. The complement o(Ng) of the resolvent set is called
the spectrum of the operator N¢. The spectrum of a closed operator is a closed set [3], [5]. It
can be shown [3] that the spectrum of the self-adjoint operator is located on the real axis. For
a normal operator NR acting in the space Hg, we shall make use of the following auxiliary sets:
the projections of the spectrum of its complexification N¢ on the real and the imaginary axes

oM (Ng) = 0™(Ng) = {ReA: A€ o(Ng)}, o™(Nr) =0"™(Ne) = {ImA:\€o(Ne)};
the projection of the spectrum of the complexification N¢ on the non-negative imaginary axis
o™ (Ng) = o™ (N¢) = {ImA: X € o(Ng), Im A > 0},



SPECTRAL DECOMPOSITION OF NORMAL OPERATOR ... 87

the pure real spectrum
0’(Ng) = 0°(Ng) = {\ € 0(Ng) : Im \ = 0},

and the upper part (w.r.t. the real axis) of the spectrum of the complexification Ng:
0" (Nr) =0 (Ng) = {X € 0(Ng) : Im A > 0}.

For w C C, by @ C C we denote the set {£: & € w} consisting of adjoint numbers. Thus, the
set w is symmetric with the set w w.r.t. the real axis. We note that the notation @ is often
used to denote the closure of a set w, but in the present paper the closure of a set w is denoted
by [w].

By J: Hg — H¢ we denote the operator defined by the formula

Jo+i)=9—ip, ¢ € Hg.

It is obvious that J? = 1¢ and {*1 = J. We note that the operator J is adjoint-linear, that is,
J(p+1) = Jp+ JY, J(€p) =EJp for all g, € He, § € C.
We provide a criterion for the possibility to decomplexify an operator Ng, that is, to represent

it as the complexification of an operator acting in Hg. A similar statement was provided in [16],
Lm. 3.5].

Lemma 3. The operator N¢: D(N¢) C He — Hg is the complezification of some operator
Ngr: D(Nr) C Hg — Hg if and only if it commutes with the operator J or, equivalently, the
relation JNgJ = N¢ holds true.

The lemma is checked by straightforward calculations.
The next proposition states that the spectrum and the resolvent set of the complexification
are symmetric w.r.t. the real axis.

Proposition 4. Let N¢: D(N¢) € He — Hg be the complexification of an operator

Ng: D(Ng) C HgR — Hg. Then p(N¢) = p(N¢) and 0(N¢) = o(Ng).

The proof reproduces that of Lemma 4.1 in [16].

3. FIRST SPECTRAL THEOREM (ON REAL AXIS)

By B(H¢) we denote the Banach algebra [2]—-[4] of all linear bounded operators acting in H.
In the same way we define B(Hg). An operator P € B(H¢) (or P € B(Hpg)) is called a projector
if P? = P. An operator P € B(Hg) is called self-adjoint if (Pp,¥)c = (@, PY)¢, ¢,v € He.
An operator P € B(Hg) is called skew-adjoint if (Pyp, V)¢ = —(p, P¥)¢, ¢, € Hg. In the
same way we define a self-adjoint and a skew-adjoint operator in B(Hg). We note that these
definitions can be regarded as the particular cases of the definition of unbounded self-adjoint
and skew-adjoint operators in the previous section. Lemma [l is obviously true for a bounded
skew-adjoint operator.

Let © be a Borel subset of R or C. The (complex) resolution of the identity [3] on the
o-algebra X of all Borel subsets of R or C supported by a set €2 is the mapping E: ¥ — B(Hg)
possessing the properties:

1) E(R\Q) = 0¢, (B(C\ Q) =0c), B®) = 1e:

2) for each w € X, the operator F(w) is a self-adjoint projector;

3) the identity F(w' Nw”) = E(w')E(w") holds for all ', w” € ;

4) the identity F(w' Uw”) = E(W') + E(w”) holds for all w',w” € ¥, W' NwW" = &;

5) for all ¢, € He the function E,y(w) = (E(w)y, ¥)¢ is a complex measure [3], [20], [21]
on X.
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Let us recall the spectral theorem for a normal operator N¢ acting in the complex Hilbert
space. The complex resolution of the identity discussed in this theorem is called the (complex)
spectral decomposition of an operator Ng. It is denoted by E™V¢ to stress that it is related with
the operator Ng.

Theorem 5 ([3, Thm. 13.33]). Let N¢: D(N¢) C He — Hg be a normal operator. Then
there exists the unique complex resolution of the identity EN¢ supported by o(Ng) C C satisfying
the relation

(New, ¥)c = / €AEY(E),  peD(Ne), veHe 1)

Moreover, EN¢(w)S = SEN¢(w) for each set w C X and each operator S € B(Hg) commuting
with the operator Ng¢ in the sense that SN¢ C NgS.

Assume that we are given the spectral decomposition E7¢ of a normal operator N¢. The
essential range of a Borel measurable function f: € — C is the intersection of the sets of form
[f(w)] for all w € ¥ such that EN¢(w) = 1¢, where [-] denotes the closure of a set [3], [5]. The
function f is called essentially bounded w.r.t. ENe¢ if its essential range is bounded [3], [5].

In a complex Hilbert space, the following theorem on functional calculus is true.

Theorem 6 ([3, Thm. 13.24, 13.25, 13.27]). Let EN¢ be the spectral decomposition of a nor-
mal operator N¢: D(N¢) C He¢ — Hg. To each Borel measurable function f: C — C, the
formula

(Velf)ot)e = [ HOAEN©. ¢ D(¥eln), ¥ eHe, 2
associates a densely defined closed operator

Ue(f): D(Pe(f)) € He = Hg

with the domain D(V¢(f)) = {gp € He : [, IfPdE)S < oo}. At that, the mapping V¢
possesses the following properties:
(a) For each ¢ € D(V¥c(f)) the relation

v ¢ = 2dENC
1We()pl2 /@ PP B

holds true.
(b) The operator V¢(f) is normal and the identities
Vo) = Velf). Welf) () V(1) = We(r) We()
hold true.
(¢) If a function f: C — C is essentially bounded w.r.t. E™¢, then the operator We(f) is
bounded.

(d) For all Borel measurable functions f,g: C — C the inclusions

e(f)+ Yelg) € Yelf +9), Ue(f)¥elg) € Ye(fg)
hold. If at that the function g is bounded, then
Ye(f)+ Velg) = Yelf +9), Ve(f)¥e(g) = Ye(fg)
(e) The spectrum J(W@(f)) of the operator W¢(f) is the essential range of the function f.

The formula is often shortly written as Ve (f) = [ fdENe,
The next theorem is called the change of measure principle [3].
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Theorem 7. Let E be a complex resolution of the identity on a o-algebra ¥ supported on a
set Q and Q' € ¥. Assume that we are given a mapping g: 2 — €V, for which W' € ¥ implies
g ' (w') € X. Then the mapping E': & — B(Hc) defined by the formula E'(w') = E(g7'(w))
is the complex resolution of the identity supported on Q' and at that,

/de;¢=/fong¢¢
C C

for each Borel measurable function f: Q' — C and for each ¢ and 1), for which at least one of
the integrals exists.

The proof reproduces that of Theorem 13.28 in [3].

Corollary 8. If under the assumptions of Theorem|[7 the inclusion Q' C R holds, then
+oo

fdE., = /Cf o gdE,,.

This corollary is implied immediately by Theorem [7]

Proposition 9. Let N¢: D(N¢) C He — Hg be the complexification of a normal operator
Nr: D(Ng) C Hg — Hg. Then for the operators EN¢(w) in the spectral decomposition of the
operator N¢ the relation

JENC(w)J = ENe (@), weEY,
holds true.

This proposition is implied by Proposition [2, Lemma 3| Theorem [5| and Theorem [6{(b).

Corollary 10. Let Ac: D(A¢) C He — Hg be the complexification of a self-adjoint opera-
tor Agr: D(Ar) C Hr — Hg. Then the operators E4¢(w), w € X, in the spectral decomposition
of the operator Ac commutes with the operator J and therefore, they are the complexifications
of some operators.

Proof. Since E“¢ is supported on o(Ag) C R, then JE4¢(w)J = E4¢(w) = BAc(w). O

Theorem 11. Let N¢: D(N¢) C He — Hg be the complezification of a normal operator
Ngr: D(Ngr) C Hgr — Hg, and f: C — C is a Borel measurable function. Then the operator

Ue(f) possesses the property JVe(f)J = Ye(f), where f(§) = %

The theorem can be checked by straightforward calculations.

Corollary 12. Let N¢: D(Ng) € He — Hg be the complexification of a normal operator
Ngr: D(Nr) € HrR — Hg, and f: C — C is a Borel measurable function possessing the

property f(&) = f(€). Then the operator Ue(f) commutes with the operator J and therefore, it
18 a complexification of some operator.

This corollary is implied by Theorem [I1]

Proposition 13. Let N¢: D(Ng) € He — Hg be a normal operator. Then there exists
a self-adjoint operator Ag: D(Ac¢) C He — Hg and a skew-adjoint operator Bg: D(Bg) C
H¢ — Hg such that
(a) the representations N¢ = A¢ + Be, N¢ = Ac — Be hold true;
(b) their spectra satisfy the formulae o(Ag) = o%¢(Ng), o(Bg) = i 0™ (Ng);
(c) the operators A¢ and B¢ commutes on D(N¢N¢™);
(d) iof N¢ is the complezification of a normal operator Ng: D(Ngr) C Hr — Hg, then the
operators Ac and Bg commute with the operator J and, therefore, are the complexifications
of some operators.
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Proof. We introduce the auxiliary functions f(§) = Re&, ¢g(§) = iIm¢, and according Theo-
rem [0l we let

Ac = Ve (f) = / Reé dEN(©), (3)

C

D(Ag) = {gp € He : /C(Ref)QdEgg(ﬁ) < oo},

Be = We(g) = / iTm € dEe (), (4)

D(Bg) = {gp € He : /C(Img)%Egg(g) < oo}.

At that, the following identities are obvious: Ng = A¢ + B, N¢* = A¢ — Be.
Other statements of this theorem can be checked by straightforward calculations. m

Corollary 14. Let Ng: D(Ngr) C Hr — Hg be a normal operator. Then there ezist a self-
adjoint operator Agr: D(Ar) C Hr — Hg and a skew-adjoint operator Br: D(Bgr) C Hr —
Hy, such that the representations Ng = Ar + Br, N, = Ar — Bgr hold. The operators Ar and
Br commute on D(NgN}).

The corollary is implied by Proposition [13]

Let ©2 be Borel subset of R or C. The real resolution of the identity on the o-algebra ¥ of
all Borel subsets of R or C supported on the set € is the mapping E: ¥ — B(Hg) possessing
the properties:

1) E(R\Q) = 0x, (B(C\ Q) = 0r), BQ) = 1n;

) for each w € 3, the operator F(w) is a self-adjoint projector;
) for all W, w” € ¥ the identity E(w' Nw”) = E(W')E(W”) holds;
) for all W, w” € ¥, W' Nw” = @, the identity F(w' Uw”) = E(W') + E(w”) holds;

5) for each ¢, 1) € Hy the function E,,(w) = (E(w)p,¥)r is a real measure on X.

It follows from properties 1 and 3 that E(@) = Og and E(w N ) = E(w). The property 3
implies also that each two projectors F(w) and F(w') commute. The property 2 implies that
for all ¢ € Hy the measure E ,(w) = (E(w)p, p)r is positive.

Let Pr € B(Hg) be a self-adjoint projector. It is obvious that the operator 1g — Py is
also a self-adjoint projector. By R(1r — Pr) we denote the image of the operator 1g — Pg.
Let A be a Borel subset in the non-negative real axis Rt = [0,400) or in the upper complex
half-plane C* = {\ € C: Im A > 0}. The real skew resolution of the identity in the subspace
R(1g — Pr) on the g-algebra ¥ of all Borel subsets R* or C* supported on the set A is the
mapping G: ¥ — B(Hg) possessing the properties

1) GRF\ A) = 05 (G(CT\ A) = 0g), (G(A))" = ~1n + Py

2
3
4

2) for each w € 3, the operator G(w) is skew-adjoint;

3) for all W', w”,w” € ¥ the identity G(w' Nw”" Nw"”) = —G(W')G(W")G(wW") holds;

4) for each W', w” € ¥, W' Nw"” = @, the identity G(w' Uw”) = G(w') + G(w") holds;

5) for all p, 1 € Hy the function Guy(w) = (G(w)p, ¥)r is a real measure on X.

Properties 1 and 3 imply that G(@) = Og and G(wNA) = G(w)(1g — Pr) = (1r — Pr)G(w).
Property 3 implies also that (G(w))3 =—G(w). Lemmaand Property 2 yield that Gy, (w) =
<G<w)907 90>IR = 0.

In the same way we define the complex skew resolution of the identity in the subspace
R(1¢ — P¢) corresponding to the projector Pg € B(Hg).

Theorem 15. Let Ng: D(Ngr) C Hr — Hg be a normal operator. Then there exists a
real resolution of the identity E® supported on oR¢(Ng) C R, the self-adjoint projector Py
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and the real skew resolution of the identity GP® in the subspace R(1gr — Pr) supported on
o™+ (NR) C R*, for which the relation
+oo +oo

(Nuo, $)m = / adEM(a)+ [ BdAGE(5), g eD(Nw), ¢eHn  (5)

—00 0
holds. At that, each two operators E/®(w) and GP®(w') commute.
The complexification Pg of the projector Pr and the complexifications EA¢(w), GP¢(w) of the
operators E®(w), GP®(w) are related with the spectral decomposition EN¢ of the complezifica-
tion N¢ of the operator Ny by the formulae

Pe = EY(0°(Nw)), (6)
EAC(w) = EN¢(w + iR), (7)
GP(w) =B (R + iw) — iE" (R — iw), (8)

where w + iIR={a+if:acw, feER}, Rt iw={axif:a€eR, € w}.

Proof. Let N¢ be the complexification of an operator Ng. According Proposition [13]and Corol-
lary [14], we represent the operators N¢ and Ni as N¢ = A¢ + Be, Nr = Ar + Br, where Ag
and Ap are self-adjoint operators and B¢ and Bp are skew-adjoint. It follows from that for
the operator A¢ the representation

(Aco, ) = /@ Re£dEX(¢),  pe D(Ac), o< He, (9)

holds true. On the other hand, for the self-adjoint operator A¢ there exists the resolution of
the identity E4¢ and the representation holds:
+o00

(eptio= [ adBX(@).  ¢eD(Ae), v He. (10)

We observe that formula (10) can be also obtained by applying Corollary |8 with f(§) = &
and g(§) = Re€ to relatio. At that for w C R we have g7'(w) = w + iR C C and this
is why the operators E4¢(w) satisfy (7). By Corollary [L0] the operators E4¢(w) commute
with the operator J and therefore, are the complexifications of some operators E4%(w) and
EAR (O'Re(N]R)) = lR.

It follows from that the operator B¢ satisfies the representation

(Beg, d)c = /@ iTm€dES(€), ¢ e D(Be), o€ He

We employ Corollary |8 with f(£) = £ and ¢g(§) = Im¢ and as a result, we obtain:

+oo
(Bep b= [ iBdEZ (),
where EP¢(w) = EN¢(R + iw). By the transformations we get
400 0
(Beg.vle= [ BaiEkE)+ [ paiEke)
+

+00 00
— [ saiEk@ s [ -pdiEk-s)
0 0
e B B e B
— [ saGEE) - iEE(-9) = [ sdGE(O).
0 0
where GP¢(w) = iEP¢(w) —i EP¢(—w) = iENe (R4 iw) —iENe (R — iw). It is easy to check that
the operators GP¢(w) commute with the operator J and therefore, they are the complexifications
of some operators GPr(w).
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The operator Pg = ENe(c%(Ng)) is a self-adjoint projector, commutes with the operator J
by Proposition [JJand is the complexification of some self-adjoint projector in Pr. The statement
that the operators GB¢(w), w € ¥, is the complex skew resolution of the identity in R(1g — Pg)
supported on o™ (Ngr) C R* can be checked straightforwardly.

Since all the operators of the family E~¢(w), w € ¥, commute, it follows from formulae
and () that each two operators E4¢(w) and GP¢(w’) commute as well. This is why the operators
E4®(w) and GPR(w') commute, too. The proof is complete. O

4. SECOND SPECTRAL THEOREM (ON THE COMPLEX PLANE)

Spectral representation in Theorem can not be used for constructing a complete
functional calculus. Because of this we provide one more spectral theorem allowing us to
formulate the theorem on functional calculus. In this section we also employ the notion of
the real resolution of the identity and the real skew resolution of the identity in the subspace
R(1r — PRr), but as the sets Q and A, we mean Borel sets in the upper complex half-plane C*.

Theorem 16. Let Ng: D(Ngr) C Hr — Hg be a normal operator. Then there exist a self-
adjoint projector Pgr, a real resolution of the identity EY™® and a real skew resolution of the
identity GT™® in the subspace R(1g — Pr) supported on o™ (NR), for which the relation

(Nrp, ¥)r = /@ ReSdEZT ) + /C (ImEdGINO), 9 e D(Ng), v eHR (1)

At that, each two operators E™V%(w) and GT™&(w') commute.

The complexification Pg of the projector Pr and the complezifications ETN¢(w) and GV (w)
of the operators ETN&(w) and GTV%(w) are related with the spectral decomposition E™¢ of the
complexification N¢ of the operator Ny by the formulae

Pe = EN(0°(Ng)), (12)
EtNe(w) = BN (w) 4+ BN (@) — ENY(wn @) = BN (w U ), (13)
G (w) = i(BN(w) — ENe(w)). (14)

Proof. By Proposition we represent the complexification Ng of the operator Ny as
N¢ = A¢ + Bg, where Ag is a self-adjoint operator and B is skew-adjoint. We consider repre-
sentation (3)) of the operator A¢ and apply Corollary [§with f(£) = Re&, g(§) = Re&+i|Im¢|.
As a result we obtain

Ac = /C Re&dENe(¢) = 5 Re & dETNe(€).

Since g7} (w) = w Uw for w C C*, the operators E7V¢(w) are determined by formula (13)).
After the transformations of representation of the operator B¢ we have

BC:/CZIHldeNC(g):/qj+21m£dENc(£)_/+ZIm£dEN@(§_>:/ ImfdG*NC(g)’

C o+
where the operators Gt"¢(w) are given by formula (14). Thus,

N@:A@—i—BC:/ Rede+NC(§)+/

ct C
It is easy to check that the operators E+Y¢(w) and G*V¢(w) commute with the operator J.
As Py we take the restriction of the self-adjoint projector EN¢ (¢%(Ng)) on Hg. As E™Ve(w)
and G (w) we choose the restrictions of E¥¢(w) and G™V¢(w) on Hi. The statement that
the families E™"®(w), w € 3, and G™™r(w), w € ¥, are a real resolution of the identity and
a real skew resolution of the identity in R(1gr — Pgr) supported on 0% (Ng) can be checked by
straightforward calculations. At that, relation is obviously true. Since all operators in

Im & dGTe(¢).



SPECTRAL DECOMPOSITION OF NORMAL OPERATOR ... 93

the family EV¢(w), w € ¥, commute, formulae and imply that each two operators
ENe(w) and GTV¢(w') commute, too. This is why the operators E™V®(w) and G*&(w'). The
proof is complete. O

We shall call the families of the operators E*"&(w), w € ¥, and GtV (w), w € 3, the real
spectral decomposition of a normal operator Ng.

5. THEOREM ON FUNCTIONAL CALCULUS

The real spectral decomposition constructed in Section 4| can be employed for determining
the operator Wg(f) acting in Hg. In the next theorem we show that the complexification of
the operator Wg(f) coincides with the operator We(f) defined in Section

Theorem 17. Let Nr: D(Ngr) C Hr — Hg be a normal operator and f: C — C be a

Borel measurable function possessing the property f(&) = f(€), £ € C. We define the operator
Ur(f): D(Vg(f)) C Hg — Hg by the formula

\IJR(f):/C+ RedeWM/ Im f dG™ e

Cc+

with the domain D(\IJ]R(f)) {gp € Hy : f@+ If]? dE+N]R < oo} Then the complexification of
the operator Wg(f) coincides with the operator \Ilc(f).

Proof. 1t is easy to check that the relation
Ye(f) = Ye(Re f) + V(i Im f)
holds true, where in view of the property f(€) = f(€)

Ve(Re f) = [ Re f©aBY(©) = [ Ref(©)aB (o),
D(VelRef)) = {w € He: [ (Re f6)" dE(©) < o0
- {30 €Hg: /(C+ (Re £(€))* dESNe(¢) < oo},
Ve(itmf) = [ im f(€) 4B () = | T p(€)acT(e),

Cc+

D(We(Ref) = {¢ € He: [ (m () aB2(©) < o0}
- {¢ € He : /(D+ (Imf(g))QdE;g@(g) < oo}.

It is obvious that the operators U¢(Re f) and We(ilm f) are the complexifications of the
operators [, Re fdE™® and [, Im f dGT™®, respectively. The proof is complete. O

We formulate the properties of the obtained real functional calculus.

Theorem 18. Let E™M:(w), GV (w), w € X, be the spectral decomposition of a normal
operator Ng: D(Ngr) C Hg — Hg and f: C — C be a Borel measurable function possessing
the property f(€) = f(€). Then the operator Wg(f) possesses the properties:

(a) For each ¢ € D(UR(f)) the identity

el = | 1P dE
holds.
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(b) The operator Vg(f) is normal and the relation holds:

Ualf) = Va(P) = [ Refdp— [ mpac

(c) The spectral decomposition of the adjoint operator Ny is related with the spectral decom-
position of the operator Ny by the relations

ETNi(w) = VR (w), GTYR(w) = (GTM(w))" = —G™R(w), weX.
(d) If the function f is bounded, then the operator Wg(f) is bounded.

(e) For all Borel measurable functions f,g: C — C obeying f(&) = f(&), g(&) = g(§), the
inclusions

Un(f) + Un9) S Un(f +9),  Unl(f)¥alg) C Un(f9)
hold true. If at that the function g is bounded then
Ur(f) + Ur(g) = Yr(f +9), Ur(f)Vr(9) = Yr(f9)-
Proof. (a) Let ¢ € D(Ug(f)). We have

(el = ¥e(P)els = [ 1Pk = [ 15Papze.

(b) It is obvious that the operator W¢(f) is the complexification of the operator Uy (f). It
follows from Theorem [6|(b) that We(f)* = ¥e(f). This is why Ur(f)* = Ug(f).

(c) This property is implied by (b).

Properties (d), (e) are obvious. The proof is complete. O

Ezample 1. We consider the Cauchy problem for the homogeneous equation [22]

where Nr: D(Nr) C Hgr — Hp is a normal operator, whose spectrum is located in the left
complex half-plane. We introduce the notation exp,(£) = €. One can show that the generalized
solution [22] of problem satisfies the representation

#(t) = U (exp,)b = / Reexp, (€) dETV4 ()b + / T exp, (&) dG N (€)b

ct ct
= / e cos ft AETN (o + zﬂ)b—i—/ e sin Bt dGTVR (o + iB)b.
{a+iB: a€R, 50} {a+i8: a€R, >0}

We stress that both terms in the right hand side belong to Hp.
Ezample 2. In the Hilbert space Hr = L0, 27] with the scalar product

1 2w
<2’17 ZQ)]R = — 21(8)2’2(3) ds
2 Jo
we consider the operator
N & + d +
=—+a—+a

where a1, as € R, with the domain formed by the functions z € W2[0, 27] satisfying the periodic
boundary conditions
2(0) = z(2m), Z'(0) = 2/(2m).
By straightforward calculations we check that the eigenfunctions of the complexification N¢
of the operator Ny are of the form: 1y (s) = e, k € Z, and

O’(N]R) = O'(N@) ={& = —k* +imk+ay: k€ Z}.
It is obvious that & = &_; and () = ¢_i(-).
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For a Borel measurable function f: C — C with the property f(¢) = f(£) we have

(Te(f)z) Z f(&)(z, Yr)e vu(s) = Z (2(+), [ (&) Yr()vr(s))e
= [f(a2)(2( )e + Z ), 2Re{ f(€) 0k () ()} dE.

We observe that

Re{f(&)vn(-)vn(s)} =Re f(&) Re{tn ()} Re{wn(s)} + Re f (&) Im{y(-)} Im{vi(s)}
+Im f (&) Re{¢h ()} Tm{epr(s) } — T f (&) Ton{ebi(-)} Re{woi(s)}-

This is why for z € Hg we have

Ug(f)z =f(a2) EYN ({a}) 2 + Z Re f(&) B ({&}) = + Z Im f (&) BT ({&}) 2,

where

<E+NR ({ag})z> (s) = % /027r 2(y) dy,

<E+N]R ({&})z)(s) _ coikrs /O Wz(y) cos ky dy + sin ks /0 Wz(y) sinky dy.
F+Gr sinks [ fud _cosks 2 1k du,
( ({&}) )() . /0 (y) cos ky dy /0 2(y) sinky dy

In particular, for the function exp,(£) = e we have

\IJ]R(eXp ) e%2t R {CL + Z —k%+as)t COS alkt>E+NR ({5 })

+o0

+ Y eF e gin(ay k) EYOR ({6,}).

k=1
Thus, in order to calculate a function of the operator N including the operator exponent with
the parameter t, there is no need to pass to the complexification.
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