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ON COMMUTANT OF
DIFFERENTIATION AND TRANSLATION OPERATORS
IN WEIGHTED SPACES OF ENTIRE FUNCTIONS

O.A. IVANOVA, S.N. MELIKHOV, YU.N. MELIKHOV

Abstract. We describe continuous linear operators acting in a countable inductive limit £
of weighted Fréchet spaces of entire functions of several complex variables and commuting
in these spaces with systems of partial differentiation and translation operators. Under the
made assumptions, the commutants of the systems of differentiation and translation oper-
ators coincide. They consist of convolution operators defined by an arbitrary continuous
linear functional on E. At that, we do not assume that the set of the polynomials is dense
in E. In the space E’ topological dual to E, we introduce the natural multiplication. Under
this multiplication, the algebra E’ is isomorphic to the aforementioned commutant with the
usual multiplication, which is the composition of the operators. This isomorphism is also
topological if E’ is equipped by the weak topology, while the commutant is equipped by the
weak operator topology. This implies that the set of the polynomials of the differentiation
operators is dense in the commutant with topology of pointwise convergence. We also study
the possibility of representing an operator in the commutant as an infinite order differential
operator with constant coefficients. We prove the immediate continuity of linear operators
commuting with all differentiation operators in a weighted (LF)-space of entire functions
isomorphic via Fourier-Laplace transform to the space of infinitely differentiable functions
compactly supported in a real multi-dimensional space.

Keywords: differentiation operator, translation operator, commutant, weighted space of
entire functions.
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INTRODUCTION

A lot of works were devoted to studying operators commuting with the differentiation in the
spaces of analytic functions. Continuous linear operators commuting with the differentiation
and translation operators in the spaces of functions analytic in the domains in C and C¥,
were studied in [1], [3], [10], [I5] (see the references in [5, Sect. 2.8]). The commutants of
differentation operators in weighted spaces E of entire functions were studied in [6], [16]. In
the space of entire in CV functions of exponential type being dual to the space of functions
holomorphic in a domain in C such description was obtained in [I1], see also [12, Sect. 2,
Prop. 1]. If the corresponding domain is convex, then this space with the natural topology is
a weighted (LB)-space. In [7, Ch. 9, Sect. 7] there were studied linear and continuous in some
sense operators commuting with the differentiation in a special space P* of entire in C functions.
In all considered situations the operators commuting with the differentiation operators turn out
to be the convolution operators, in particular, differential operators of infinite order playing an
important role in applications.
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In the present work we describe the commutants IC(0) and IC(7) of the systems of partial
differentiation operators and translation operators, respectively, in the countable inductive
limit E of weighted Fréchet spaces of entire in CV functions. Such spaces E are intensively
used. They arise while realizing various spaces by Fourier-Laplace transform and its analogues.
In all previous studies the density of polynomials in the corresponding spaces was employed
essentially in description of K(9). Here this property is not supposed to hold and we do not
assume that E contains polynomials. This is possible thanks to the density of the system of the
functionals ¢, : f — 3 f(0), « € N} in the space £’ topological dual to E with the topology
consistent with the duality between E’ and F, see Section 1. In another situation this approach
was employed in [2] while studying the operators commuting with the Pommiez operator. As
in many other cases, under the made assumptions, K(0) coincides with the set (7). Among
these assumptions, the most restrictive one is Condition (V2) close to the semi-additivity of the
weights defining the space E. The description of the operators in KC(7) is simple thanks to the
possibility of swapping the argument and translation vector in the commutation identity. The
operators in K(9) = K(7) are only those acting by the rule f — o, (f(t+2)), z € CV, f € E,
where ¢ is an arbitrary continuous linear functional on E, that is, the convolution operators. As
above, the arbitrariness of the functional ¢ € E’ ensures Condition (V2). Condition (V2) is in
some sense essential for this as it is shown by the example of the space F of the Fourier-Laplace
transforms F of all functions in D, which is the space of all infinitely differentiable compactly
supported in RY functions. In this case the sets K(9) and K(7) also coincide, their elements
are the convolution operators but ¢ can range only in the eigenspace (F')~1(C®(RY)) of the
space £'. Here F' : £/ — D’ stands for the operator adjoint for F : D — F; in this case
condition (V1) holds, while (V2) fails. At that, one proves the result on immediate continuity
of the linear operators in D commuting with all operators of multiplication by independent
variables. Due to the properties of the Fourier-Laplace transform, this implies the immediate
continuity of linear operators F ~ D commuting with all partial differentiations.

In the topological dual space E’ for E (if the weights satisfy Condition (V2)) we naturally
introduce the multiplication ®. The algebra (E’, ®) is isomorphic to the algebra K(9) with the
usual multiplication, which is the composition of the operators. The corresponding isomorphism
is also topological if £’ is equipped with the weak topology and KC(0) is equipped with the weak
operator topology. Such weak topological isomorphy of E’ and IC(0) allows us to show that
the set of the polynomials of the partial differentiation operators is dense in the space K(9)
equipped with the topology of pointwise convergence and to study the possibility of representing
the operators in IC(0) as infinite order differential operators with constants coefficients.

1. DESCRIPTION OF THE COMMUTANT OF THE SYSTEM OF PARTIAL DIFFERENTIATION
OPERATORS AND TRANSLATIONALLY INVARIANT OPERATORS

1.1. Main result. Let N € IN; v,,;, : CV — R, n,k € N, be a double sequence of continuous
functions such that

Unotl < Unk < Upt1h, N,k €N,
in CV. For n,k € IN we introduce weighted Banach spaces of entire functions

1/ (2)]
Enj = {fEHCN ‘ fllng == sup —————
= 2 b oms ()
and Fréchet spaces E,, :== (| E, k. The topology in E,, is induced by the sequence of the norms
keN
| - [[nx, & € N. At that, the symbol H(CY) stands for the space of all entire in CV functions.
Each space F), is continuously embedded into £, .

We let F:= |J E,. In E we introduce the topology of the inductive limit of Fréchet spaces
nelN
E,, n € N, with respect to the embedding of F,, into FE.

< —I—oo}
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N 1/2
Let |z| := (2:1 \zj\Q) for z = (z;), € CN. We introduce the conditions:
‘7:

(V1) For each n there exists m such that for each k there exists s such that

|z[ =00 \ [t—2[<1 [t—z|<1

lim ( inf v,,k(t) — sup vn,s(t)> = 400

and

(V2) For each n there exists m such that for each k there exist s and C' < +oo such that for
each t, 2 € CV we have
Uns(t+ 2) < Upp(t) +vmp(z) + C.

Remark 1. In order to track the dependence of the chosen indices, we shall write Condition
(V1) also as “for each n there exists m(n) such that for each k there exists s(n,k)”.

Let 0,f = g—;, 1 < j < N. We introduce the translation operator

m.(f)t) = f(t+2), 2,t€C, fEE.

Remark 2. Assume that Condition (V1) holds. Then E possesses the following properties:
(i) Each operator 0; maps linearly and continuously E into E. At that, for each n there exists
m such that for each k there exist s and B < +00 obeying

Here m and s can be chosen that same as in Condition (V1).

(ii) For each z € CV, the operator T, maps linearly and continuously E into E.

(ii1) For each n € N there exists m € IN such that each bounded set in E, is relatively compact
in En,. And for each n, the constant m can be chosen as in Condition (V1).

Proof. Inequality (1) follows the one-dimensional integral Cauchy formula. It implies that for
each n each operator 0; maps continuously E,, into E,,, and hence, E into E.
Statement (iii) is implied by Montel’s theorem. O]

The role of Condition (V2) is clarified by Lemma 3.

Let £(FE) be the space of all continuous linear operators in E. This is a ring with usual
summation and multiplication (composition) of operators. We introduce the commutant &C(7)
of the system of translation operators in L(E):

K(r):={Aec L(E)|Vz e CN A7, =7.Ain E}
and the commutant /C(0) of the system {0; |1 < j < N} in L(E):
Let E’ be the topological dual space for E. We introduce the set of functionals in E’
“preserving” in E the shifts of all functions in F:
M(7):={p € E'|p(7.(f)) € E for each f € E}.

Theorem 1. Let conditions (V1) hold. The following statements are equivalent:

(i) Ae K(7).

(ii) There exists ¢ € M(1) such that A(f)(z) = ¢(1.(f)), f € E, z € CV.
Proof. (i) = (ii): Let A € K(7). Then

A7 (f)(t) = T A(f)(t) = T A(f)(2)

for each f € E, t,z € CV. Letting t = 0 in the latter identity, we obtain that for a continuous

linear on F functional ¢ := dpA, for each f € E, z € CV, the identity A(f)(z) = p(7.(f))
holds. At that, ¢ € M(7). Such ¢ is unique since ¢ = JpA.
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(77) = (i): The continuity of the linear operator A : E — E follows the closed graph theorem
[14, Ch. 6, Thm. 6.7.1]. The commuting of the operator A with all translations is obvious. [

We let

) glol f -
1 N j=1

We introduce the functionals

o]
walf) : e

= ol an

It is clear that ¢, € E’ for each o € INYY.
By 7(E', E) we denote the Mackey topology in E’ defined by the natural duality between F
and E', see [I4, Ch. 8, Sect. 8.3.3]), E. := (E,7(E', E)).

Remark 3. The system {p, : a € NI} is complete in E' with each topology & consistent
with the duality between E' and E, that is, the closure of the linear span of this system in (E',§)
coincides with E'. In particular, it is complete in E.. Indeed, if f € E and ¢,(f) = 0 for each
a € NY, then f =0.

Lemma 1. Let Condition (V1) hold. The following is true: for each n there exists | such
that for each k the identity

0), feE, acN}.

sup [f(z) = f(t)]

lim sup Pt =0
=0eon  exp(ui(t))

holds for each function f € E,.

Proof. For each entire function f, each z,t € C we have

N

) - F) =3 (5~ 1) / 0, (t + (= — ).

J=1

We fix n € N. Then in view of Remark 2 (i) (see also Remark 1) we obtain that for each
k € IN there exists a constant €| < 400 such that as ¢ € (0, 1], for each function f € E,, we

have:
sup (( sup f(z) = f (t)\) exp(—vm(mm)),k(t)))

<eVN sup sup << sup Iajf(2)|> eXP(—vm<m<n>>,k(t))>

1N teCN |z—t|<e

<eVN sup sup <<|I3jf lm(m).stmmk) SUP XD (Uin(n) s(m(n) k) (w))>
1<j<N teCN fw—t<1
g eXp(_vm(m(n)),k(t))) < Clgmuf”n,slv
where s; := s(n, s(m(n), k)). Therefore, the lemma is true for [ := m(m(n)). O
We introduce the basis in C: e; = (0;1)7;, 1 <j < N.
Lemma 2. Let condition (V1) holds. For each f € E, z € CN we have
hm 7—776’3' (f) - f

= 0. < 7K
oy . aj(f)? 1<j <N,

in B.
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This lemma is implied by Lemma 1 applied to the function 0, f as f and due to the identity

1
F(t+ne) — F(t) =1 / 0, (t + Ene,)de.
0

It is obvious that the functionals (delta functions) d.(f) := f(z), 2 € CV, are linear and
continuous on . .

For p € N, the set W C E, by aconv(W) "~ we denote the closed absolutely convex hull of
W in E,.

Lemma 3. Let conditions (V1) and (V2) hold. For each function f € E there exist m € IN
and p € N such that for each k € N, for

Var(f) 1= {exp(—vmi®)f(- +1)|t € ¥}

the set aconV(Vm’k(f))Ep is compact in E,.

Proof. Condition (V2) implies that there exists m € IN such that the set V,, x(f) is bounded in

E,, for each k € IN. We fix k € IN. By Remark 2, there exists p € IN, for which aconv(Vm,k(f))Ep
is compact F,. [

For n,k € N we define dual “norms” for || - ||, 4: for a we let ¢ € EJ,

el = sup  [p(f)]-
feEnv”f”n.kgl

Theorem 2. Let conditions (V1) and (V2) hold. The following statements are equivalent:
(i) A e K(0).

(i) A e K(7).
(iii) There exists ¢ € E" such that

A(f)(2) = o(1(f)), fEE, =zecCV.

Proof. (i) = (ii): We fix z € CY and f € E. The identity

T.(F)(t) = 0.(n(f)), teC, (2)

holds true. Due to Remark 3 there exists a net ®, = > b, .., p# € A, converging to ¢, in
YEWL

E! ; w, are finite subsets of IN}.
Let us prove that

}Llerg . b%uaw(f) =7.(f)
TeWn

in E.
By Lemma 3 there exist m,p € N, for which aconv(V,,x( f))EP is compact in E), for each
k € N, and therefore in £. Then aconv(Vmﬁk(f)Ep is also o(F, E')-compact in E. Since
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lirg ¢, =0, in E., by taking into consideration identity , we obtain:
pe

Ay = sup [(®, — 02)(exp(—vmi(£)) (- + 1))

teCN

= sup | xp(=umi(t)| 3 brusr (74 8)) = ()0

teCN
€ YEWL

=sup | > b, (/) =7(f)| . meA

teCN
< YEWL

m,k

Since A, — 0, p € A, for each k € N, then in £, and hence in £ we have

lm D by, (f) = 7:(f):

TEWL

(i1) = (¢): This follows Lemma 2.

The implication (i7) = (i4i) is true by Theorem 1.

(797) = (4i): Thanks to Theorem 1, it is sufficient to show that M(7) = E’. We fix ¢ € E'.
By Lemma 2 and Hartogs’ theorem it follows that ¢(7.(f)) is an entire function in z € CV. We
take n € IN and choose m by n via condition (V2). Since ¢ € E’, for some k, the functional ¢
is continuous in the sense of the norm || - ||, x. We introduce s and C' by Condition (V2). Then
for f € E,

o(7=(f))]

1G4 2l
sup —————"= <[l sup ’
zecN €XP(Unm k(2)) *con exp(Umi(2))

flt+2)] |f(t+2)]
<ol sup sup | < el sup
Sl o o oms ) F o)) < NPl S o e+ 1)

:ec||90||lm,k||f||n,s < +o0.

Therefore, p(7.(f)) € E. Moreover, the latter inequality implies the continuity of the operator
A from E, into E,,, and hence, from F into E. The continuity of the linear operator A : £ — F
is also implied by the closed graph theorem [14, Ch. 6, Thm. 6.7.1]. ]

1.2. Example. Immediate continuity of linear operators commuting with differ-
entiation operators. We provide the example of space E, for which the sets K(0) and K(7)
coincide but Statements (i) and (ii) of Theorem 2 are not equivalent to (iii), that is, M(7) is
an eigenspace in F’. At that we prove a result on immediate continuity of linear operators
commuting with the operators 9;, 1 <j < N.

Let D := D(RY) be the space of all infinitely differentiable compactly supported in RY
functions equipped by the natural topology of (LF)-space. We let

N
(t,2) =D tiz, t=(t)0, z=(z)), C.
j=1
As it is known, the Fourier-Laplace transform

F(h)(z) = /h(m)e‘i<$’z>dx, zeCV,
RN
is the topological isomorphism of D on the (LF)-space Ep := E defined, as above, by the

functions v, x(2) := exp(n|Im z| — klog(1 + |2])), z € CV, n,k € IN. This sequence satisfies
Condition (V1) but does not Condition (V2).
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We let e,(t) := e~Het) ¢ 2z € CN. We introduce the operators of multiplication by inde-
pendent variables z;: M;(f)(z) := z;f(z), € RY. By I we denote the identity mapping in
D.

Proposition 1. For each linear operator A : D — D the following statements are equivalent:

(i) A commutes with each operator M;, 1 < j < N.
(ii) There exists a function a € C*°(RY) such that A(f) = af, f € D.

Proof. The implication (ii) = (i) is obvious.
(i) = (i7): Let a linear operator A : D — D be such that AM; = M;A, 1 <j< N, onD.
We choose f € D and a function h € D such that h = 1 on supp f. Then f = fh. For
x=(z;)N, A= (X)L, € RY we let
fj)\(l') = f(/\l, ey )\j_l,ZEj, e ,.’EN) — f()\l, ey /\j—17 )‘ja Tjy1y.-- ,IN>, 2 < ] < N,
fl,)\(x) = f<$> - f()\lax% <. 7$N)-
It is clear that

N
f=FWh+ ) fiah. (3)
j=1
By the Taylor formula we have
fin(@) =(x; = X)) f( Ay s Ay T, - W)
1
+ (l’j — /\j)Q /(]_ — S)@?f()\l, ey (]. — S)/\j + ST, Ljt1y- - - ,ZL‘N)dS
0
=(; = M) @), AeRY, 1<j<N,

where the function

-]?.;")\(x) ::a‘f()\h .. )\j,l‘j+1, Ce ,SE’N)
/ Ala"'a(]-_S>/\j+31'j,l’j+1,...,l‘]v)d8
0

is infinitely differentiable in RY. B
Let 05(f) =0, that is, f(A\) = 0. Since fj\h = (M; — X\, I1)(fjah), 1 < j < N, by (3) we get:

Z AM; = ND)(Fah) () = Z()‘J'A(E,Ah)()‘) — NA(fiah)(V) = 0.

j
On D we define the linear functional v,(f) := A(f)(A), f € D. Then, as it has been shown
above, Ker §, C Ker~,. This is why for each A\ € RY there exists a(\) € C such that A(f)(\) =
a(N)f(N) for each function f € D. Tt is obvious that a € C°(RY).

O]
Corollary 1. (i) Each linear operator A : D — D commuting with each operator M;, 1 <
7 < N, is continuous.
(ii) Each linear operator A : Ep — Ep commuting with each operator 0;, 1 < j < N, is
continuous.

We observe that in [9, Lm. 1.7], [4] there were described linear operators commuting with
the multiplication by an independent variable in the spaces of holomorphic functions of one
variable and the immediate continuity of these operators was proved.

It follows from Proposition 1 and standard properties of Fourier-Laplace transform that the
belonging of the operator A to the set I(0) is the equivalent to the existence of a (unique)
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function a € C*°(RY) such that A = FM,F !, where M, is the operator of the multiplication
by the function a. For a € C*(RY), f € Ep, z € CV, we have

FMF (D) = [ e Ha@)F () whde = a (7 ()
RN
At that, a is identified with the regular generalized function defined by a. On the other hand,
it 7' : B, — D’ is the mapping adjoint for F : D — Ep, then
(F) @)l f(t+2)) = a(F'(fe:) .
This implies that in this case M(7) is “much narrower” than E’, namely,

M(r) ={p € E'| Fl(p) € C*(R")}.

2. MULTIPLICATION & IN E’ AND THE PROPERTIES OF ALGEBRA (E'.®
)

Hereafter we assume that the sequence (v )nren satisfies Conditions (V1) and (V2). Let
us introduce a multiplication ® in E’. For ¢,1 € E' we let

(P OU)(f) = @(b(n(f)), [feE.
Thanks to Theorem 2 and the identity ¢ = Jow(p), the operation ® is well-defined and the
mapping w : E' — K(0),
W) (f)z) = e(r(f), ¢eE, feB zeC¥
is bijective. Since for each ¢, € E', f € &, z € CV,
wle ©P)(f)(z) = © ) (7(f)) = we((n(7=(f))) = p(w(@)(7=(])))

=o(T=(w(®))(f)) = w(P) (W) (f))(2) = wle)w(¥)(f)(2),

then w is the isomorphism of algebras (E’, ®) and KC(0); in the latter the multiplication is the
composition of the operators. This implies that the multiplication ® in E’ is associative.
The following Lemma 4 implies that the composition of the operators in K(9) is commutative.

Lemma 4. Let Conditions (V1) and (V2) hold.

(i) If the net U, € E', v € A, converges to 1» € E' in E., then for each function f € E in
E’ there exists the limit liHAl (W), (f(-+2)) and it is equal to ¥, (f(- + 2)).
ve

(ii) The algebra (E',®) is commutative.
Proof. (i): We fix f € E. By Lemma 3 there exist m € IN and p € IN, for which the set
V = aconv(V,,1(f)) " is compact in E,, where

Vor(f) = {exp(—oma()n(f) | £ € OV}

Since E, is compactly embedded into (E, o(E, E')), then V is also o (E, E')-compact. Therefore,
the net {U, |v € A} converges to ¢ uniformly on V D V,, x(f). This is why

sup | exp(—vm k(1)) (¥, — ), (f(t +2))[ — 0
teCN ve

and
P (U =), (f(-+2)))| — 0.

veEA
Thus, in F,,, and hence in E the identity
lim (W), (f(- +2)) = ¥=(f(- + 2))

VvEA

holds.
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(ii): We take ¢,% € E’. Since by Remark 3 the set of the functionals {¢, |a € NI} is
complete in E7, there exists nets ®,, € span{y,|a € N)'}, u € A, and U, € span{p, |a € N)'},
v € A, converging to E. in ¢ and 1, respectively. We note that for each a, 3 € N}, each
functlon g € H(CN) we have

(#a)=((9)e(g(t + 2))) = (98)i((a)=(9(t + 2))).

In view of Statement (i), for each function f € E we get
(p © V) = (W:(f(t +2))) = ol (W,).((t +2)))
= lim 0 ((8,): (£t + 2))) = L (lsn(@,)((9,)2 (£ + 2))
— L (lm(0, () (f(t + 2))) = L (). (i (@) /(¢ + 2))

pe

(). S0+ 2) = e+ ) = (00 2.
[]

Remark 4. Non-zero multiplicative linear o(E', E)-continuous functionals on (E',®), that
is, the mnon-zero multiplicative functionals of the form ¢ — ¢(g), ¢ € E’, where g is a fized
element of E, are exactly those determined by the function g(z) = e, v € CN provided it
belongs to E. This is why for each such function g, the hypersubspace Hy, := {¢ € E' | ¢(g) = 0}
is a o(F', E)-closed mazimal ideal in (E',©®).

Proof. Tt is obvious that each functional G(p) := ¢.(e®*) with e € E is multiplicative. Let
G(p) = ¢(g), ¢ € E', for some function g € E. Then for each A\, u € CV the identity

g(N)g(p) = G(6x)G(5,) = G(0r © 5,) = g(A + )

holds. This implies that a (non-zero) function g is the function e* z € CV, for some v € CV.
In fact, this has been proved in the proof of Lemma 9.24 in [§]. ]

2.1. Topological isomorphism of £’ and K(0). We consider the case when the considered
spaces are equipped by weak and the corresponding topologies. By the symbol K, (9) we
denote the space K(0) with the weak operator topology, that is, with the topology of pointwise
convergence, when the weak topology o(FE, E’) is introduced in E (see [13, Ch.II, Sect. 3,
Ex.4 (a)]). We note that due to the barreledness of F, the space of all linear weakly continuous
operators in E coincides algebraically with £(FE) [14, Ch. 8, Sect. 8.6, Thm. 8.6.1]. In what
follows we denote o := o(E', E).

Theorem 3. The mapping w is a topological isomorphism of (E', o) on K (0).
Proof. For each finite set M C FE, each ¢ € F’, the identity
sup ()l = sup [90(w () ()]
holds. Therefore, the mapping w™' : K,(9) T (E',0) is continuous.

The continuity of the mapping w : (E',0) — K,(0) is implied by the fact that in view of
Lemma 4 (ii), for each finite sets M C E, P C E’, each ¢ € E’, we have

sup [(w(@)()) = sup [v(e(f(t+2)= sup |(&©@)(f)]
feMuyepP feMuyepP feMpyepP

= sup [(pOP)(f)l= sup |@(¥.(f(t+2)))| = sup |p(v)],
feMpqpeP feMyper vEM

where M is a finite subset of E consisting of the functions 1, (f(t+ z)) of the variable t, f € M,
v e P. O
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Let P(9) := span{0* |a € IN}'}, that is, P(0) is the set of all polynomials of the operators

Corollary 2. The set P(0) is dense in K(0) equipped with the topology of pointwise conver-
gence.

Proof. Since by Remark 3 the set {p,|a € IN)'} is dense in (E’,0), by Theorem 3 the set
{0% = w(p,) |a € NY} is dense in K,(9). This is why for each f € F in the space E, the
set P(0)(f) :={A(f)| A € P(0)} is weakly dense in IC(0)(f) := {A(f)| A € K£(0)}. Hence, for
cach f € F, the set P(0)(f) is dense in IC(9)(f) also in the sense of the topology in E. Thus,
P(0) is dense in (0) equipped with the topology of the pointwise convergence. ]

Theorem 3 implies the following result clarifying the nature of the spaces E, for which each
operator in K(0) is an infinite order differential operator with constant coefficients.

Corollary 3. The following statements are equivalent:
(i) {¢a|a € NI} is the basis in (E',0(E', E)).
(i) {0%|a € N{'} is the basis in K, (0).

Example 1. Let Q be a convex locally closed set in CV containing zero, (Q,)nen be a funda-
mental sequence of compact subsets in ); without loss of generality we assume that all compact
sets (), are convex and @, C Qn41 for each n € IN. By Hg, denote the support function of

Qn, that is, Hg, (z) := sup Re(t, z), 2 € CV. The sequence
tEQ"L

vnk(2) == Hg, (2) + %, z2eCN, nkeN,
satisfies Conditions (V1) and (V2). In this case, via the Laplace transform, F is the strong
dual space for the space H(Q) of the germs of all functions holomorphic on @ [I7, Lm. 1.10].
We note that @ can be a convex domain or a convex closed set in CV. If Q = RY, then
H(Q) = A(RY) is the space of real analytic in RY functions.

Ezxample 2. Let
v k(2) = n(Imz| +log(1+ |2])), z2€CY, nkel;

the functions wv,; are independent of k. The sequence (v,k)nren satisfies Condi-
tions (V1) and (V2). The space E defined by this sequence provides via the Laplace-Fourier
transform the strong dual space for the Fréchet space C*°(R”) of all infinitely differentiable in
RY functions.
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