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ANALOGUE OF BOHL THEOREM FOR A CLASS OF
LINEAR PARTIAL DIFFERENTIAL EQUATIONS

E. MUHAMADIEV, A.N. NAIMOV, A.Kh. SATTOROV

Abstract. We study the existence and uniqueness of a solution bounded in the entire
space for a class of higher order linear partial differential equations. We prove the theorem
on the necessary and sufficient condition for the existence and uniqueness of a bounded
solution for a studied class of equations. This theorem is an analogue of the Bohl theorem
known in the theory of ordinary differential equations. In a partial case the unique solv-
ability conditions are expressed in terms of the coefficients of the equation and we provide
the integral representation for the bounded solution.
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1. INTRODUCTION

In the theory of ordinary differential equations, the Bohl theorem is known [I] on the unique
solvability on the entire real axis R = (—o00, +00) of the linear ordinary differential equation

g™ 4ey™ Y 4 e ey = f(z), zER, (1.1)

with constant coefficients ¢y, ..., ¢, and the right hand side f(z) continuous and bounded on
R. In accordance with Bohl theorem, for each continuous and bounded on R function f(x),
equation has the unique bounded solution only in the case, when the symbol (characteristic
polynomial) of the equation

-1
S48 4+ 1S F O,

where s = 0 + 7 is a complex variable, has no pure imaginary roots 7, 7 € R.
In the present work we formulate and prove an analogue of Bohl theorem for linear partial
differential equations of the following form:

a m1—1 mn—1 8k1+ +knu
pl(_)..p( )u+z 3 b, 2
Oxy oy — oz ... 0zkn (1.2)
:f(l'l,..., n), (xl,...,xn) e R".
Here we assume that we are given the natural numbers n > 2, myq, ..., m,, the complex numbers

by kns kj =0,m; — 1, j = 1,n and the polynomials
Pi(s)=s" +ans™ "+ ...+ Wjm;, J=1,n,
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with constant complex coefficients aji, k = 1,m;, j = 1,n. The function f(z1,...,x,) is
assumed to be complex-valued, continuous and bounded in R".

The issue on existence of bounded solutions to linear partial differential equations with
constant coefficients was studied in work [2]. It was proved in this work that an arbitrary
differential work of the form

mi Mn ki+...+kn

g E c o f(z T,), (x z,) € R"
kl...knaxkl 8:L‘k" 1y---54n)/, 1---54n )

k1:0 kn: 1 .- n

with constant coefficients cy, .k, is uniquely solvable in the space of bounded generalized func-
tions if and only if the symbol of the equation

mi Mn

k En
E c g Chy.kinS1 - Sy
k1=0

kn=0

where sq,...,s, are complex variables, has no pure imaginary roots (iry,...,i7,), 7, € R,
j = 1,n. At that, if f is a continuous and bounded in R" function, then the solution w is not
necessarily continuous and bounded together with all its derivatives involved in the equation.
As the theorems on hypoellipticity show [3], the smoothness of the solution depends on the
behavior of the symbol of the equation at infinity. This is why it is an interesting issue on
finding additional conditions for the symbol, apart from the absence of pure imaginary root,
ensuring the smoothness of the solutions in the classical sense.

2. MAIN RESULTS

For equations we can formulate and prove the conditions for the unique solvability in
the classical sense.

A bounded solution to equation (1.2)) is a complex-valued function u(zy,...,z,) continuous
and bounded in R™ together with all partial derivatives

8k1++knu

W, where kj = O,mj, ] = 1,n,
Xy ...0T,

which solves equation (|1.2)).
In the present work we prove the following theorem.

Theorem 2.1. For each continuous and bounded in R™ function f(xq,...,x,), equation
has the unique bounded solution if and only if the polynomials Py, ..., P, and the symbol
of the equation

P(s1,...,8,) = Pi(s1) ...  Pu(sn) + Po(s1,. .., 8n),

where
mi—1 mp—1
Po(s1,...,8,) = Z . Z bklmknslfl sk
ki=0  k,=0
have no pure imaginary roots, that is, for all T, ...,7, € R, the conditions

P(iry,...,im,) # 0,
Pl(iTl) 7&0, ey Pn(ZTn) 7&0,
hold true.
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We note that in the case, when in equation ([1.2)) all coefficients b, j, are zero and conditions
(2.2) are satisfied, the existence and the uniqueness of a bounded solution is implied by the
Bohl theorem. One can confirm this by inverting one by one the differential operators

0 0
P | — P | —.
! <0$1) ’ ’ " (axn)

Corollary 1. For each continuous and bounded in R? function f(x1,zs) the equation

Theorem [2.1] implies

gmitmay, omi— k1+m2u Hmitma— kzu
deyiory | - Z R Z R D
(2.3)

mi1—1mo—1 8k1+k2u

+ Z Z bk1k2 klaku = f(xl,xg), (371,.1'2) S ]RZ,

k1=0 ko=

with constant coefficients ayk,, Gok,, bkk, has the unique bounded solution if and only if the
symbol of the equation and the following two polynomials

mi

Q1(s) = s™ + Z Ay, s™ R (2.4)
k=1
ma

Q2(s) = s™ + Z Aop, 8™ F2 (2.5)
ka=1

have no pure imaginary roots.

We consider a particular case of equation (|1.2)), namely, the equation of the form

(i—l—al) (8 —i—an) u—bu= f(x1,...,2,), (r1,...,2,) € R", (2.6)

(91:1 axn

where the coefficients a; = a1 + iy, ..., a, = o, + 16, and b are complex numbers. The
following theorems are true.

Theorem 2.2. For each continuous and bounded in R™ function f(z1,...,z,) equation
has the unique bounded solution if and only if the numbers a1 = a1 + 51, ..., ap = oy, + 15,
and b satisfy the conditions

a1 #£0, ..., a,#0, (2.7)
Rm| (bay™ ...ap ™) < 1,

where |m| =my + ...+ my,

B - o im] arg (c) + 27k
Ry (¢) = pgmax  Re ("), = le"™ pgnax | cos (—|m| : (2.9)
Theorem 2.3. Assume that the numbers aq, ..., «a, are positive and condition (@) 18

satisfied. Then the unique bounded solution of equation (@ can be represented as

u(xl,...,:cn):/_l.../_nG(xl—§1,...,xn—fn)f(gl,...,fn)d&...dﬁn, (2.10)

where the function G(xq,...,x,) is defined by the formula

00 m1—1 Mn—1 (1M1 mn |k
G(Il T ) _ efalxlf...fanxn xl tee ‘rnn (bxl e xnn>
yreeydbn) —

— (mi(k+1) =D . (mu(k+1) = 1)!

(2.11)
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and is absolutely integrable in the domain x1 >0, ..., z, > 0:
+o0 +o00
/ / |G(z1,...,2,)|dxy ... dx, < c0. (2.12)
0 0
Remark 1. Under the change of x; by y; = —x;, the bracket (0/0x; + a;)"™ is transformed
into the bracket (—1)™ (0/0y; — a;)™ . Therefore, equation (@ with nonzero aq, ..., a, can
be always reduced to the case when ay, ..., ay, are positive.

Theorems and for n = 2 and m; = my = 1 were proved in works [4], [5]. The
monograph [6] provides results on exponential representation of generalized solutions to linear
differential equations with constant coefficients. The results of this monograph do not imply
Theorems R.1H2.3]

In our opinion, the obtained results can be extended for partial differential equations with
variable coefficients by proving and applying Carleman type inequalities ([7]).

3. EXISTENCE AND UNIQUENESS OF BOUNDED SOLUTION

In this section we prove Theorem [2.1] First we introduce the notations: m = (mq,...,my,) is
the vector formed by the degrees my, ..., m, of the polynomials P, ..., P,, |m| = mi+...+m,,
Cy is the Banach space of continuous and bounded in R™ functions v(zy, ..., z,) with the norm

||| = sup  |v(z1, ..., x0)],
($1,...7$n)€Rn
C'y, is the Banach space of functions v(xy, ..., xz,), belonging to Cy together with all its deriva-
tives
ak1+...+kn,u

O pka’ ki =0,m;, j=1n,
1 o .. n

where the norm is defined by the formula

V|l = —_—,
b= %o
k;j=0,m;,j=1,n
S is the space of functions v(zy,...,xz,) infinitely differentiable in R™ and fast decaying at

infinity [8], S’ is the space of tempered distributions [§]. The embeddings S C C,, C Cy C 5’
hold true [§].
Before proving Theorem [2.1] let us check three lemmata.

Lemma 3.1. If condition is satisfied, then a solution of equation 15 unique in the
space S’.

Proof. Let f = 0and u € 5" in equation (1.2]). We apply the Fourier transform of the generalized
functions [8] to the both sides of (1.2)) and obtain the identity

(w, P'Y) =0 for each 1 € 5. (3.1)

Here w is the Fourier image of u, u € S, P' = P(—im,...,—i7,). It follows from condition
that /P’ € S for each compactly supported function ¢ € S. Letting ¢ = ¢/P’ in the
identity (3.1)), we obtain (@, ) = 0 for each compactly supported function ¢ € S. The set of
compactly supported functions is dense in S [8] and therefore, © = 0 and u = 0. The proof is
complete. O

Lemma 3.2. Assume that conditions , are satisfied and for some f € Cy there
exists a solution u to equation in S" such that Py(0/0xy,...,0/0x,)u € Cy. Thenu € Cp,.
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Proof. Given f and u, we consider the equation

EABEEAT o2

0 0
g_f_P0<a_xl,...,a—xn)U€CO.

On one hand, u is a generalized solution to equation (3.2)). On the other hand, we can apply n
times Bohl theorem [1] to equation (3.2]) and invert the differential operators

0 0
P | — P .

While inverting each differential operator P;(0/0x;), we keep the property of being bounded
and continuous for partial derivatives w.r.t. other variables. As a result we obtain a solution
v € C), of equation . Equation is a particular case of equation ((1.2) and by Lemma
it can have only the unique solution in S’. Therefore, u = v. The proof is complete. O]

Lemma 3.3. If conditions and are satisfied, there exists a positive number v such
that for all Ty,..., 7, € R the estimate

P(iry,oim)| 2 7 (L4 )™ (4 ()™ (3.3)

where

holds true.

Proof. For each j = 1,n we expand the polynomial P;(s) over its roots

Pj(s) = (s = Aj1) - (s = Ajm, ).

We have _
B (im)| 1—1 0T — Ak 1 a5 ™ — 0o
X +[m)™ 5] 147l ’ ’
and by conditions ([2.2]) we obtain:
P;(i
inf | ](ZTJ),LL > 0
T ER (1 + |Tj’) J
Therefore, for all 7, ..., 7, € R we have the estimate
|Py(iy) ... Py(iTy)| -
> = 27
A+ )™ A fmp™ = T
For the polynomial P, we get
|Po(iry, ... im)| <co(L+|m)™ o (14 |m)™

where ¢g is independent of 7, ..., 7,. This yields
|P(iT1, ..., 17T,)] - Co -
A+ )™ At )™~ " T A m) At )~

as |m|+ ...+ || > co/71. By condition (2.1)) we obtain:
, |P(iTy, ..., 17T)]
min T e
miltiml<eo A (14 [71])™ - (14 [7al)

Hence, for all 74,...,7, € R estimate (3.3)) holds true, where v is the smallest of the numbers
~1 and 5. The proof is complete. ]

:5//2>O.

We proceed to the proof of Theorem [2.1
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Proof of Theorem[2.1]. Necessity. Assume that for each f € Cy equation (1.2)) has the unique
solution u € C,,. Then condition ({2.1) should be satisfied. Indeed, if P(i7?,...,i70) = 0 for

some 70, ..., 7 € R, then the function u+exp(it{z; +...+i7°x,) also is a solution of equation

(11.2) in C,,.
Assume that one of conditions ({2.2)) fails, for instance, Pi(i7)) = 0 for some 70 € R.

We take some functionv®(zs,...,7,) € Cupw\Chy, where m' = (mg,ms,...,my,), m" =
(my — 1,ms,...,m,), and consider the function u®(z1,...,x,) = exp(itlz)v’(xa, ..., 2,). It

is obvious that v’ € S'\C,, and

0 0 o 0 0 0 _ 0
P(a_xl7’a_xn)u —P0<ax1,...,axn)u _f GCO

Therefore, the function u° is a generalized solution to equation in 8" as f = f° Since
condition (2.1 is satisfied, by Lemma [3.1} equation can have only the unique solution in
the space S’. Thus, as f = f°, equatio has no solutions in C,,, which is a contradiction.
Hence, conditions are necessary.

Sufficiency. Assume that conditions and hold true. We first prove the solvability of
equation for periodic functions f in Cy. We shall call function f periodic with a period w,
where w is a fixed positive number, if for each j = 1,n the identity f(z1,...,2; +w,...,x,) =
f(x1,...,2;,...,2,) holds true.

Lemma 3.4. For each w-periodic function f in Cy there exists the unique solution u of
equation in C,,, which w-periodic together with all its derivatives of order up to m. At
that, the estimate

[ullm < Mo f] (3.4)
holds true, where My is a positive number independent of f and w for all w > 1.

Proof. We shall seck a periodic solution as the Fourier series of the exponentials [9]. In order
to do it, we expand w-periodic function f into the Fourier series

F= 3 ey (Bt
(1ol

The series converges in the norm of the space Ly(D,,) ([9])

H9HL2 D) — _/ / 517 e 7€n>’2d£1 - Ad&p,

where D, = {(&1,...,&,) : 0 <& <w,j=1,n}, and the Parseval identity

Y e (NP =110

(l17“-7ln)

holds true. A periodic solution to equation ([1.2]) can be defined by the formulae

w= Yy, (w)el G, (3.5)
(L1 yeeisln)

Cly...tn ()
P (i3, .. i%l,)

Cly..ly (U) =

Taking into consideration Lemma we get the following estimates as 0 < k; <m;, j =1,

2m 2m |_27Tll|k1 e |—2ﬂln}kn ety 1, ()]
_ - < w w
‘<ZW[1) (ZWZ ) U0 () \7(1+|2§ll|)m1'“(1 \T%Dmn
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1 or [\ o [\
é— (1 + —ll ) Ce (1 + —ln ) |Cl1---ln(f)|
¥ w w
and by Cauchy-Schwarz inequality [10]
21 \™M 21\
Z <Zzl1) e (Zzln) cly.., ()
(11,0rln)
, o\ 2 1/2
1 2T B 2T a
1> <y+__h> .”(1+.J%> S Jen i (AP
(llv"'vln) (l17"'7ln)
This implies, first, that u € C,,/, where m' = (m;—1,...,m,—1), and second, that the function

u and all its partial derivatives 9%1+-tkny 02kt . Oxkn,
w-periodic, and third, the estimate

Nl < Mil| fll Loy < Mill f]] (3.7)

holds true. Here M; > 0 and M; is independent of f and w for all w > 1. It follows from
estimate (3.7) and formulae (3.5)), (3.6) that u € S" and u is a generalized solution of equation
[L.2) and Py(8/0x1,...,0/0z,)u € Co. Applying Lemma [3.2, we get that u € C,, and the

estimate

where k; = 0,m; — 1, 7 = 1,n, are

[l < Mo f] (3.8)
is valid, where f = f — Py(8/0xy,...,0/0x,)u. By (3.7) and (3.8) we obtain estimate (3.4).
The proof is complete. O

Let f be an arbitrary function in Cy. We construct the following sequence of periodic
functions:

oy, .o xn) = flre, .., x)  as max (|zf,...,|z.]) < g,

Falwr, o) = g (max (1], Jeal)) f@n, o) as g < max (2, 2a]) < g+ 1,

where ¢ = 1,2,..., (21,...,2,) € Dy, D, = {(51,---,571) & <g+1, :L_n}, the function
n4(t) is continuous on R, 0 < n,(t) < 1 for all ¢, n,(t) = 1 as |t| < ¢ and n,(t) = 0 as [t| > ¢+ 1.
We continue each function f, outside D, periodically with the period 2(¢+1). It is obvious that
| foll < || f|l for all ¢ =1,2,... and f, — f as ¢ — oo uniformly in each bounded set D € R™.
In accordance with Lemma for each ¢ there exists the unique solution u, in (), of equation
and the estimate ||u,||m < Mol f|| holds true. This estimate, by Arzela-Ascoli theorem
[10], there exists a subsequence g, , Ug,, . . . converging uniformly in each bounded set D € R™
to some function u € Cyy (m' = (my; — 1,...,m, — 1)) together with all partial derivatives
Ofrtethn /oMt 9xkn where ki=0,m;—1,j=1,n.

In equation we let f = f,, u = u, and pass to the limit as j — oo in the space of
generalized functions. Then we obtain that u is a generalized solution to equation and
satisfy assumptions of Lemma According to Lemma [3.2 we have u € C,,. The proof of
Theorem [2.1] is complete. O

Proof Corollary[]. Let us show that Theorem [2.1] implies Corollary [I] In order to prove this,
it is sufficient to confirm that equation (2.3 can be represented as (1.2)). As Pi(s1) and Pa(s2),
we consider the following polynomials
Pl(sl) = (81 + 211) e (81 + Zlml)
Py(s2) = (s2+ z21) - - - (82 + Z2my)

(=1)™Q1(s1),
(=1)"™Q2(s2),
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where —z11, ..., —21n, are the roots of the polynomial @Q;(s), —za1, ..., —2Zom, are the roots of
the polynomial Q5(s). Multiplying the polynomials P;(s;) and Py(s2) and employing Vieta’s
formulae expressing the coefficients of a polynomial in terms of its roots [11], we get

mi1—1meo—1

Pi(s1)Py(s2) = s sy + Z Z Eklbs’flsg?

k1=0 ko=0
mo mi1—1 mi1—2
+82 ((211 + ... +Zlm1)81 + (211212 + ... +Zlm1—121m1)51 ot 211 ...Zlml)

my mo—1 mo—2
+ S ((Zgl + ...+ Z2m2)82 + (221222 + ...+ 22m2—1Z2m2)52 4+ ...+ 291 ... ZQmQ)

mi1—1mo—1

ma
mi . ma2 ma mi—ki mo—ko k1 ko
=51 Sy + 85 E A1k 51 + 8 E QA2ky S9 + E , § , bk1k251 So”.

k1=1 ko=1 k1=0 ko=0
Therefore, the symbol P(sy, s2) of equation (2.3)) can be represented as

mi1—1mo—1

P(s1,82) = Pi(51)Pa(52) Z Z (bk1k2 bkﬂm) sy 52 .

=0 ko=

The polynomials P; and P have no pure imaginary roots simultaneously with the polynomials
(21 and Q2. Hence, equation can be represented as and the assumptions of Theo-
rem are satisfied only in the case, when the symbol of equation and the polynomials
@1, Q> have no pure imaginary roots. The proof is complete. O

4. PROOF OF THEOREM
Theorem [2.2]is implied by Theorem [2.1] and the following lemma.

Lemma 4.1. If conditions are satisfied, then the symbol of equation (@) has no pure
mmaginary roots only in the case, when condition (@ holds true.

Proof. 1t is easy to check that the condition on the absence of pure imaginary roots for the
symbol of equation (2.6) is equivalent to the condition

(i + 1)™ (i, + 1) £ b for all Ti,...,Th € R, (4.1)
where b = ba; ™ ...a; . Let us show that condition (4.1)) is equivalent to the condition
R|m|(g) < 17 (42)

where |m| = my + ...+ m,, and R|m|(g) is determined by the formula 1) This will prove
Lemma (.11
We let 7; = tgp,, where ¢; € (—7/2,m/2) for all j = 1,n. Then condition (4.1)) becomes
e M1t tmngn) L} eos™ o cos™ o, forall oq,...,on € <—g, g) .
In its turn, this is equivalent to the condition:

|Z] cos™ @ ...cos™" p, # 1 (4.3)

for all ¢1,..., ¢, € (—7/2,7/2) satisfying the condition myp1 + ...+ mup, = 0 + 27l for some
integer [ and 0 = argg, which is the argument of E, |0| < m. It is obvious that the integer
number [ should satisfy the inequality |6 + 27l| < |m|m/2.

Let (¢9,...,¢%) be a set satisfying the aforementioned conditions for some integer ly, on
which the extremum of the function is attained F(pq,...,¢,) = cos™ @1...cos™. Let us
check that the inequalities

b cos™ 9 .. cos™ 0 < 1 (4.4)
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and the identities
0 0 __ 0 + 27Tlg

m]

hold true. If so, then condition (4.3) would be equivalent the inequality

0 + 2ml

ﬂ < 1’
m|

which in notations (2.9) become (4.2) and this would complete the proof of the lemma.
Before we check inequality (4.4]), we construct the set (¢1,...,$,) satisfying the conditions

6]/l cos

- ~ T N ~ ~ -
(@1, pn) € (—5,5) , Mm@+ .. M, =0+ 2wl DI F(P1, ..., 00) < 1
At that, without loss of generality, we can assume that 6 4+ 27l > 0 my < |m|/2. We choose
d € (0,7/2) so that the inequalities
|| cos™ <g—(5> <1, 0<O0+27mly+mo< @

are satisfied. We let ¢; = 7/2 — §. For ¢; we have the belonging

(9+27rlo—m1§516<—(|m\—m1)g , (\my—ml)g). (4.6)

Indeed, by the assumptions 0 + 27ly > 0, m; < |m|/2 and the choice of §, we have

0+ 2mly — mipy = —mlg +mqd > —(lm| — ml)g,
0+ 27mly — m1py = 0 + 27ly + m1d — mlg < (|m| — ml)g.
By we obtain the existence of @, ..., 9, € (—7/2,7/2) such that
MoPo + ... + Mypp, = 0 + 2wly — my 1.
For the set (1, ..., ®,) we have

DI F (1, ., Bn) < |b] cos™ (g — 5) < 1.
By two sets (¢9,...,¢°) and (§, ..., ®,) we introduce the function

g9(t) = PIF(1 =01+t .., (1= )Fn +t8), t€[0,1],

The function g(t) is continuous on the segment [0, 1] and ¢g(0) < 1. If (4.4) fails, then g(1) > 1
and therefore, for some ¢y € (0,1) we should have g(ty) = 1. For this value ¢, we get

~ - T T
(1 —t0)@1 + to@l, -, (1 — to)Pn + topy € (—57 5) >
BIF((1 — to)@1 + tow?, - -, (1 — t0)Bn + tol) = 1.

This contradicts condition (4.3)). Therefore, (4.4)) indeed holds true.
The set (©?,..., 0% ) is the point of the maximum of the function

1
Fi(e1,....,on1) =F (cpl, ey P, p— (0 + 2mly — mypy — .. .mn_lgpn_l))

n

and it lies inside the domain, in which the function Fj is considered. This is why by the
extremum necessary condition we obtain:

or,
Do

(@) ) =0, j=T,n—1,
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1
sin (— (9 + 27ly — mad — .. .mn_lgogfl) — go?) =0, 7=1,n-1,

mTL
where
1 T
(0 4 2l — M1 — 1" e(———)
m, ( + 2Ty — Mgy m 19071—1) 979 )
90? € <—g,g> forall j=1,n—1.
Hence,
1 -
p— (0+27Tl0 —myed — .. .mn_lcpg_l) — gp? =0, j=1,n—-1.
We have obtained a system of linear algebraic equations for ¢V, ..., ¢% ;. This system has the
unique solution
0 + 27Tl0
90(1) = = SO?L—I = |m|

Now we find ¢9:

1
gp?l = — (9 + 27ly — (Jm| — my,)
m

n

0 + 27Tl0) - 0 + 27Tl0
m]
Hence, identities (4.5 hold true. The proof is complete. O

i

5. REPRESENTATION OF BOUNDED SOLUTION

Here prove Theorem on representing a bounded solution to equation by formula
. Let f € Cy, the numbers «aq,...,«, be positive and condition is satisfied. Let us
check that if the function G defined by formula is absolutely integrable in the domain
x1 > 0,...,x, > 0, then the function u defined by formula is a bounded solution to
equation ([2.6)).

It is obvious that the absolute integrability of G implies that u € Cy. If, in addition, u
is a generalized solution of equation , then by Lemma we obtain that u € ), and
u is a bounded solution of equation . In the case, when f has a compact support, we
can straightforwardly check that u is indeed a generalized solution. In the case, when f is an
arbitrary function in Cj, the same is checked as follows:

1) As in the proof of Theorem [2.1] we construct a sequence of functions f, € Cp, ¢ =1,2,...
with compact supports converging uniformly to f in each bounded set D € R";

2) Letting f = f, in formula , we get a generalized solution u, € C of equation (12.6));

3) It follows from representation that the sequence u,, ¢ = 1,2,... converges to u
uniformly in each bounded set D € R";

4) Letting f = f;, u = u, in equation (2.6) and passing to the limit as ¢ — oo, we obtain
that u is a generalized solution of equation (2.6). Thus, the proof of Theorem is reduced to
checking the absolute integrability of the function G in the domain z; > 0,...,z, > 0.

We write the function G as

G(x1,... @) = e MO T an@ngmi=l - gma=ly (pma g™ (5.1)
where
S (b-t)*
t) = . 2
() Z(ml(k+1)—1)!...(mn(k+1)—1)! (52)

k=0

It is obvious that the function z(¢) is well-defined and infinitely differentiable on the interval
(—00, +00). Let us estimate the growth rate of |z(t)| for large positive t. The following lemma
1s true.
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Lemma 5.1. There exist positive numbers M and 8 depending only on n and myq,...,my,
such that for allt > 1 and 1 =0,1,...,|m| — 1 the estimate

20 ()] < DB HImI=0) Iml A TVE (5.3)
holds true, where
T _mmn .
We employ Lemma to estimate |G(xy,...,x,)| from above for 1 > 0,...,z, > 0. It
follows from Lemma [5.] that
e Am ‘m‘l/z|z(t)| <M (147" forall ¢3>0, (5.5)

where M3z > 0 and Mj3 is independent of ¢.
Taking into consideration condition ([2.8), we choose £ > 0 so that the inequality

Rin(8) < (a1 — &)™ ... (0, — &™) 1"

holds true. Then for all z; > 0,..., 2, > 0 we have

a; —€ ap —€
(al—s)m1+...+(an—5)mn:m1( m1>—|—...+mn( xn)
mq my

o \™ o e\ Vim
(35 ()
my My,
>\m\ mi m (‘rll""'xnn)/‘ IZ)‘m(xllxnn>/||
/mit L mme
We estimate |G(xy, ..., x,)| by employing inequality (5.5):
|Gy, ..., 2,)| =e—s@FFan)gm(ar=e)mr—(@n=e)en pmi =l - gma=l, (gmi - gma)|

—ex1 ,.m1—1 —eZn Mn—1_—Xm ‘msl/z;nl...z:f" mi mMn
<e FMgMTh e TnginT e G e |

- —1 - 1 \B/Im
<M3€ €£I,‘1£C7inl e anxml <1+(:L,T1 lel)ﬁ/l I) .

n

This implies the absolute integrability of the function G in the domain z; > 0,...,z, > 0.
The proof of Lemma [5.1| will follow the next lemma.

Lemma 5.2. The function z(t) defined by formula satisfies the identity

m|

> it () = ba(t), (5.6)

where pg = 0, p1,...,pm| are the coefficients of the expansion of the polynomial
Q(z) = [ [(msz + my)(myz +m; + 1) ... (mz + 2m; — 1)
j=1

into the interpolation Newton polynomial [12] by the nodes —1,0,1,... |m|—1:

d

Q(z):Zpl(z—i-l)z...(z—l—l—Z). (5.7)
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Proof. Expansion (5.7) implies the following identities:

k+1

S oplk+ Dk (k—1+2)=Q(k), k=0,1,...,|m|—1,

m|

S oplk+ Dk (k—1+42)=Q(k), k=]|m||m|+1,...

This implies

m| m| 00

() (k+ k... (k—1+2)
pit' 'z =b) m
Z 52_1: k_gzzl (mi(k+2)—1D...(mu(k+2)—1)!
ml [Iml-1 oo "
bt)*(k+Dk...(k—1+2
S (3 (04 D (k=122
Nart Sl (mi(k+1)=D!...(mp(k+1) =1 Q(k)
m|—1 k+1
Ok +Dk...(k—1+ 2
=b (k+Dk...(k—=1+2
Z m1k+1 — D) (ma(k + 1) Zp’ * +2)
Im|
OF(k+ k... (k—1+2)
b (k+Dk...(k—1+2
* g:' m1k+1—1)' i (k+1)—1 Zpl * +2)
=bz(t).
The proof is complete. O
Proof of Lemmal[5.1. Tt follows from identity (5.6) that the vector function y(t) =
(2(1), 2'(t),...,2m=D ()T is a solution to the system of differential equations
y'(t) = B(t)y(t), t>0, (5.8)
where
0 1 0 e 0 0
0 0 1 e 0 0
B(t) — . . . . . . Dim| :m71n1 mzwn
0 0 0 . 0 1
b —p1 —p2 “Piml-2  —Plm|-1
p|m‘t|m\*1 Pim ‘t‘m\ 1 Pim |t|m| 2 plm‘iﬁ2 Pim|t
In system ([5.8) we make the change
y(t) = C(T)ulr)|r=p/imi, (5.9)

where

C(r) = diag (1,c1(7), ., i1 (7)), a(r) = (Im|7™=) 7" 1=1,... |m|—1. (5.10)

As a result, we obtain the system of differential equations
W' (1) = D(1)u(r), T >0, (5.11)
where
D(7) = |m|r™=tCc=Y(r)B(rmhC(7) — ¢~ (1) (7).
We calculate D(7):
D(1) = Do + D1(7),
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where the matrix D;(7) satisfies the condition |D;(7)] < My7~! as 7 > 1, and the matrix D,
is determined by the formula

0 10 ..00
0 01 ..00
Dy = )
0 00 ..01
Uml™ g 00
!

The eigenvalues of the matrix Dy are |m|-th roots of the number bjm|™! /p,,,:

p o\ YVIml
wg = |m (—) el OF2r k=) Iml =1 ml,
Dim|
where 6 is the argument of the complex number b. To each eigenvalue wy, the eigenvector
(1, wg, ... ,wLm'_l)T is associated. By these eigenvectors we form the matrix
1 . 1
W — w1 w‘m‘
fml -1 -1
1 Im|

It is easy to check the identity W~'DoW = A, where A = diag(wy, ..., wp,). Making the
change

u(r) = Wo(r) (5.12)
in system ([5.11]), we obtain the system
V(r) = (A+ W'Di(r)W)u(r), T>0. (5.13)
For the coordinates v;(7), j = 1,...,|m|, of the vector function v(7) we have

v;- (1) —wjvi (1) = €1 (T)vi(T) + . .. + €jm|(T)V)m((T),

where |e;(7)| < for ! for all 7 > 1, 4,1 = 1,...,|m|. We multiply each differential equation
by exp(—w;7) and then we integrate from 1 to 7:

vi(T)e”™ T =vi(1)e™ + /17 (e1(&)v1(&) + -+ €jim)(E)vm|(€)) €55 dE.

We estimate |v;(7)| as 7 > 1:

v (T)] < Mse*™ + By / ([o1 ()] + - - - + [vpm (E)]) Xm0 a,

where \,, = max (Re (w1),...,Re (w}y)). This implies:

[m| [m|

e Y i ()] < Ms|m| + folm| / e MY o (€)dE as T > 1
j=1 1 =

By Gronwall lemma [I] this inequality yields the estimate

Im|

e foi(r)| < Ms[m|z%M™as 7> 1.
j=1

In view of the obtained estimate, changes (5.12), (5.9) and formula (5.10)), it is easy to get
estimates (5.3). The proof is complete. H
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