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ON COERCIVE PROPERTIES AND SEPARABILITY OF
BIHARMONIC OPERATOR WITH MATRIX POTENTIAL

0O.Kh. KARIMOV

Abstract. In the work we consider the coercive properties of a nonlinear biharmonic
operator with a matrix operator in the space Lo (R”)l and we prove its separability in this
space. The considered nonlinear operators are not small perturbation of linear operators.
The case of the linear biharmonic operator is considered separately.
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1. INTRODUCTION

In the paper we study the separability of the nonlinear biharmonic operator
Llu] = A%u(z) + V(z, u(z))u(z)

with a matrix potential and this operator is not a weak perturbation of a linear operator. We
obtain sufficient condition for the separability of this operator in the space Ly(R™)" and we
establish the appropriate coercive inequalities.

Fundamental results on the separability theory of the differential operators are due to
W.N. Everitt and M. Gierz. In works [I]-[4] they obtained a series of important results on
the separability of the Sturm-Liouville operator and of its powers. They also considered a
multi-dimensional Schrodinger operator. An essential contribution in further developing of this
theory was made by K.Kh. Boimatov, M. Otelbaev and by their pupils (see [5]-[§] and the
references therein). The coercive properties of nonlinear Schrodinger and Dirac operators were
considered in [6]. The separability of a nonlinear Schrédinger operator was studied in [§].

The separability of partial differential operators was studied first by K.Kh. Boimatov in work
[5]. The separability of the linear biharmonic operator L[u] = A%u(z) 4+ V(z)u(x) was studied
before in works [9], [10]. The separability of nonlinear second order differential operators with
varying matrix coefficients in an n-dimensional Euclidean space was studied before in work [I1].
The present work generalizes work [9] for a nonlinear case.

It should be noted that the separability of nonlinear differential operators was studied mostly
in the case when the considered operator is a weak perturbation of a linear operator. In
distinction to this case, the nonlinear differential operators we consider here are not necessarily
a weak perturbation of a linear operator.
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2. FORMULATION OF MAIN RESULT

In the space Lo(R™)!, where [ is a natural number, we consider the differential equation
Au(x) + V(z,u(x))u(z) = f(), u(x) € Wéloc(Rn)l, (2.1)

where V(z,w), = € R, w € C!, are square positive definite Hermitian matrices in End C .
Hereinafter B!, B is a linear space, stands for the space of the elements (yy, v, ..., y) with the
entries y; in B.

Definition 2.1. Equation and the associated differential operator are called separable
in Ly(R™)!, if Au(z), V(z,u(x))u(z) € Loy(R™) for all u(z) € Ly(R™) NW3 1, (R™) such that
f(z) € LyR")'. .

Given 2 = (27 ... 2 (i = 1,2), we let

_ 1 _2)
= Z Zj A

j=1
We denote
() = [ tula). ofe))do,
Rn

if the integral in the right hand side converges absolutely.

In what follows we assume that V(z,w) € C*(R" x C!; End C').

We introduce new matrix functions

F<x17 Loy axna€1752> cee 75177717 2y Jll) = V1/2<:U7w>7 (‘TZ € R> fj: Ui € R)?

Q('xl7$27' .. axn7£1a§2a s 7517771a7727 s anl) - FQ(:L‘?w)? (:E’L € R7 g]? /rI] € R)?

where w is defined by the identity w = (& +im, ..., & +in). Here V%(x,w) is introduced as
the square root of a positive definite Hermitian matrix.
We assume that for all z € R", w = (& +im, ..., §+im), Q = (g +ivy, ..., + ivy),
(&, nj, pj, v; € R) and u € Wy (R™), the matrix function F'(z,w) satisfies the conditions
n . 82F s 2
M IIF o 2. C0Y| <o, (2.2)
i=1 i
- 1 OF Ou 2 2
a2l Ry n ‘ 2.
> Pt ot ratre &y 23
 O°F  O?F 1
Fr—— 2 ;CY| <oy ||F2; 2.4
Z:u] 28£L‘i8§jw+yj 2axianjw, 1 ) ( )
oF
Zuj T2 w+1/]F_la—w C' éégHF%Q;CZH. (2.5)
Ui

We also assume that for all z € R", w = (& + iy, ..., &5 +im), Q = (p + vy, ..o,y + i),
(&5, mj, 15,75 € R) and u € W3 (R") the inequalities

- 1 02

> Qa% @l < o3, (2.6)
i=1

- 1 6@ 8u n 2 n

Do Q5 LB || < oullVus LR, (2.7)
i=1 i O
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0 0
ZMJF—lamgfijr JF—I(%? C'|| < 6 || F; € (2.8)
j:1 K3 7
l

0 0
Zujp—la—?w+ ]F—laf L C| < 0y || FO; Y| (2.9)
=1 !

hold true.
Now we are in position to formulate the main result.

Theorem 2.1. Assume that conditions — hold and let the numbers o;, d;, (j =

1,4), are such that

o1+ 209 <4, (51+252 < 1, o3 + 204 <4, 53+2(54 < 1. (210)
Then equation is separable in Ly(R™)! and for all vector functions u(z) € Lo(R™)' N
W31 (R™)! such that f(x) € Ly(R™)" the belongings

9%u

A, V(x,u)u, V?(x u)8 2

c Ly(R™), i=1,2,...,n.

hold. At that, the coercive inequality
||A2u(x);L2(IR")l||+||V(:B u(z))u(z )'Lz(R”)lll

182 (2.11)

< M| f(2); La(R™)'|

Lz(R")

is valid, where a positive number M is mdependent of u(x), f(x).

Example. The assumption of the theorem are satisfied for equatz’on as V(z, u(x)) =
(14 [u(2)?)?, n =1, that is, Q(x,&,m) = (1 + & +n?)? as p < min{%; 4}

3. AUXILIARY LEMMATA

Lemma 3.1. Assume that in equation the vector function f(x) belongs to the space
Ly(R™)" and the vector function u(x) belongs to the class Lo(R™)" N W4, (R")". Then the
0?u
o2 ¢
Proof. Let ¢(x) € Cg°(R™) be a fixed nonnegative function equalling one as |z| < 1. For each

positive number ¢ we let ¢.(x) = ¢(ex).
Employing the identities
" 0%u )
Au = 92 and  (f, peu) = (A%u, pu) + (V(z,w)u, pu),
1
i=1 i

vector functions VY2 (x, u(x))u(r) i=1,2,...,n) belong to the space Lo(R™)".

we have

- 0%u dp: Ou
(f; p=u) —Z(a 272% ) Z(a 2’28(;8%)
(B0 e

where (-, -) denotes the scalar product in the space Lo(R™).
Since the function ¢, is real-valued and

dp.

axi

(3.1)

0.

< Moe?, Yz € R™,
0x,0x; 0 o

< le,




ON COERCIVE PROPERTIES AND SEPARABILITY... 57

where
My = sup [V (x)|, My = sup |Ap.(z)],
then passing to the limit as ¢ — 0, by identity (3.1]) we find
" (0%u O*u
Re (f,u) > 1“‘21 (3_9512«7 E)_xf) + (Vu,u),
which completes the proof. O

Lemma 3.2. Assume that conditions (2.2 (-) hold and let a vector function u(z) in the
class Ly(R")' NW3,,(R™)" solves equation with the right hand side f(x) € Ly(R™)!. Then

1 o*u
the vector functions F2(z,u(z))u(x), F2(z, u(x ))a 7 k=1,...,n, belong the space Lo(R™)".
Proof. Let the function ¢.(z) be the same as in proof of the Lemma [3.1] It is obvious that
(f;peFu) = (A%, o Fu) + (V(@, u)u, - Fu).
In view the identity

IpFu)  Op. OF Ju; 0 8F ou
Ox;  Ox Fu —|—g0€a U+Z e Re &L‘Zafju—i_; nj +%F3xz'7

after some simple transformations we obtain
(f; peFu) =A5(u) + 245(u) + 245(u) + A3 () + 245(u) (32)
+ Ag(u) + 245 (u) + 245 (u) + 245(u) + 247, (u) + (Vu, p.Fu), '

where

. " [ Pu = P, 6 dp. OF
Aj(u) = (8_:10,%’ 02 FU) o A(u) = Z (M,Z Ox: O )
k=1 i= i=1 T

0*u dpe . Ou A -
T@%’Z@sza_x)’ A4(u Z(ax%vzgpe >7

, Ag(u) = Z(a 272‘:05 1;>7

7

ou; O*F ou; O*F
R e omoe, M o, ax,an])

0P S D O, OF O, OF
Az(u) = (8_1‘,%’ ' Ox; Z (Re 0x; 8_5] +1m ox; 877] )
(a

2, OF | 0P, OF
© o2 o¢; o2 om; ) ")

-1
. PP Oou; OF Ou; OF\ Ou
Ajp(u) = (8_5(:,267,2% 1 (R Oz: O, +Im oz, 3%) 8%) :

OF OF OF 0*F O*F
Hereinafter the values of F, —, —, —, , are taken at the point
Ox; 0§ 0On; 01;0;°  Oxi0n,

(X1, ..., Tp, Reus(x), ..., Rew(z), Imuy(x), ..., Imwu(x)).
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Estimating the functionals, we find that by Lemma [3.1| the functionals A5(u), A5(u), A5(u),
As(u) tend to zero as € — 0.
For the functionals A (u), m =4,5,6,8,9,10, we obtain the following estimates

b1 — 1 0%u 1 0%u o1
AS < —= Fe— o F2— —(Vu, p.Fu),

k=1

c B2 u 0%u oD
|AZ (u)] < 5 Z <3 27¢5F8xk +2—B2(Vu,g06Fu),

_ n 762 . 2 . n 78 u . 2
|A ( )l Z QDEQF O QaLQ(R )l ) |A ( >| 5 90€2F o Q’LQ(]R’ )l )
k=1 k=1
. n 1 ;8214 . 2 n 1 .
[A5()] <82 ) |2 P2 o LR Z 2 F a g: La(RY)'|
k=1 T k=

Here (1, By are arbitrary positive numbers and oy, 09, §; and d, are the constants in conditions
(2.2)—(2.5). While estimating the functionals A§(u) and Aj,(u), we have employed inequality
(2.5 twice: in the case

W = (w17w27 s ,Cdl) = U(I) = (ul(l‘)7u2(l‘)7 s ,U[(l')),
and
—( ) = Ou _ (0w Oup Ouy
W= (W1,wWa,...,Ww; _axl_ axi,axi,...,axi .

On the basis of the obtained estimates, by identity (3.2]) we have

(. peFu)| = (1 - @> - (Vu, e Fu) — A (w)] = [A5(u)] = [A5(u)] = [A7(u)]

B " (0% o%u
1—— —085—20; — 209 — 2 — . F— .
+ ( 5 B2 01 o (P ; (‘%i’% (‘%i

Then we apply Cauchy-Schwarz inequality and passing to the limit as ¢ — 0, we obtain the
inequality

1f5 La(R™)![[| Fus Lo(R™)'|| Z|(f, Fu)| = (1 vl —) (Vu, Fu)
2&1 B2 (33)
ﬁl " 82u 82u '
1—— — [0y —20; — 46 — . F— ).
=+ < 2 52 1 2 ; 0xi’ ax%
Now we choose positive numbers 1, B2 so that to satisfy the conditions
01 B
—+ =<1, — 201 + 409 < 1.
2ﬁ1+52 2+52+ LA
Since by Lemma Fu € Ly(R™)!, it follows from inequality (3.3) that the vector functions
a2
Fi—— o2 (k=1,2,...,n), F2u belong to the space Ly(R™)!. The proof is complete. O

4. PROOF OF THEOREM [2.1]

We proceed to the proof of Theorem Proceeding as above and employing the identity
(f, pVu) = (A%u, p.Vu) + (V(z, u)u, p.Vu),
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by simple transformations we obtain

+ Bg(u) + 2B (u) 4+ 2Bg(u) + 2B5(u) + 2B5,(u) +

(f,peVu) =Bi(u) + 2B5(u) + 2B5(u
where
n 62908
E(U) — , ’
-3 (L%
) = Y (L P
3 ot 81'%7 — 81,’@ 81'1
] B n n 8@ ou
5(u)—; O 27Z¢axZ8xz>
B: = ; i
7(u) = 8xi’z ox; Z
k=1 =1 =t
§M=Zawz%z<
k=1
BS(U): 8%2,2()082(
k=1 /
Biy(u) (8 Q’Z Z(
1 Jj=
Hereinafter the values of @, ngZ’ g_g’

, Tn, Reuy(z), .

(1'1, ..

, Rew(z), Imuy (), ...,

59

)+ Bi(u) + 2Bt (u)
(Vu, p-Vu), (4.1)

)
c))

8908 oQ
Ox; 0x;

Bs(u) =

(0xz7iz:
-3 (54305

1=

3 )—l

B
3
—_

Bg(u — (a PR Z QOEQ )
-1
au] 8Q o du; 0Q "
axz afg Ox; anj ’
Ou; 0%Q - ou; 9*Q
8331 0x,;0&; Ox; Ox;0n;
0? u; 8@ m 82uj @ "
o2 ¢; ox? On; ’
Ou; 0Q m du; 0Q '\ du
8% 0¢; Ox; 0n; ) Ox; |~
@ &Q &Q are taken at the point
87]]' ’ 83318@ ’ 837187]] P
Imw(z)).

Estlmatmg the functlonals B5(u), j = 1,10, we find that the functionals Bf(u), Bj(u),

B5(u), B5(u) tend to zero as € — 0.

For the functionals BE (u), m = 4,5,6,8,9,

82

Bs
or 2)905

2

|$w\@2(

Bs(w)] < 2 F8“)+
o%u

2
Ll

> (5

0%*u

a 27()062

2

Bs(w)] < |le Q%wxml,
k=1

n 82 l 2

|BS(U’)| < 54 0 QaLQ(Rn) )

k=1

10, we obtain the following estimates:

25 (Vu, . Vu),

)2N”%”>

2

| Bs(u Ly(R")'

kZ
DY

k=

Y

82’

2

2 La(R™)'|>.

F@ 2,

Here (33, (84 are positive numbers and o3, 04, 03 and d, are the constants in conditions ([2.6[)—
(2.10). While estimating the functionals B§(u) and B§,(u), inequality (2.9) is used twice: in
the case

w= (w1,wa,...,w) =u(x) = (u(x),us(x),...,ur)),
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and

Ou _ (0w duy — Ow
8@ Ox;’ Ox;” ' 0x; )
By the obtained estimates and identity (4.1] . we have

|(f,0eVu)| = (1 - 2—53 - E) (Vu, o Vu) = [Bi(u)] = [By(w)] = [ B (u)| = [ Bz (u)]

3 "L (D% 0%u
1—— - — 205 — 204 — 26 —. 0. V=—=].
+ ( 92 54 3 4 4);(8‘%%’@ axz

Applying Cauchy-Schwarz inequality and passing to the limit as € — 0, we obtain the inequality

W = (Cdl,(.dg,.. wl)

1 La(RY Vs Lo > |, V)| > ( _ o _ —) (Vu, V)
2/83 54

n 2 2
+ 1—@—@1—253—454 a—z,va—g‘ .
Oz, Oz,
k=1

Then we choose positive numbers 63, B4 to satisty the conditions

Ps

253 54

By the obtained inequality via simple transformations we arrive at coercive inequality (2.11)).

The separability of nonlinear operator (2.1) in the space Ly(R")! is implied by coercive
inequality (2.11]). The proof of Theorem is complete.

5. LINEAR CASE

For the sake of a pictorial presentation, we formulate the statement of Theorem in the
case of a linear biharmonic operator. We assume that V' (z,w) is independent of w and is of
the form V(z,w) = V(x), where V(z) = V*(x) € C*(R",End C'). We also suppose that for all
r € R" and u € W3 (R") the conditions

n 2 2

STFE- 1 O°F _F5 0 <o,

=1 l’z

" 18F 8u 2 3 2
F- s Lo(R" 2u; 5 Ly(R™)

; axla T ( ) IR 2( ) )

n 2 2

Z Vﬁia ‘;YV*HCl < g3,

— Ox;

" L OV du 2

Z Vv 56%8—%; Ly(R™)Y| < aul|Vs; ; Lo(R™)?

1

(2

hold, where o;, j = 1, 4, are some numbers.

Theorem 5.1. Assume that the conditions formulated in this section hold and let the num-
bers o;, j = 1,4, be such that 0 < o1+ 209 < 4, 0 < 03 + 204 < 4. Then equation
is separable in Ly(R™)" and for all vector functions u(z) € Ly(R™)' N W3, (R")" such that

f(z) € Ly(R™)! the belongings

L 0%
A? u, Vu, V2
Ox?

€ LyMR", i=12...,n,

1
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hold true. At that, the coercive inequality
[A%u(); Lo(R?)']| + HV >'L2(R">l||
Vi 82

). L mmy|| < M || £(x); Lo(R™)!|

hold, where a positive number M is mdependent of u(z), f(x).
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