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SYMMETRIES AND EXACT SOLUTIONS OF
A NONLINEAR PRICING OPTIONS EQUATION

M.M. DYSHAEV, V.E. FEDOROV

Abstract. We study the group structure of the Schonbucher—Wilmott equation with a free
parameter, which models the pricing options. We find a five-dimensional group of equiva-
lence transformations for this equation. By means of this group we find four-dimensional
Lie algebras of the admitted operators of the equation in the cases of two cases of the free
term and we find a three-dimensional Lie algebra for other nonequivalent specifications.
For each algebra we find optimal systems of subalgebras and the corresponding invariant
solutions or invariant submodels.
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1. INTRODUCTION

A traditional model in the theory of financial markets is the Black-Scholes model [II, 2]
described by the inverse heat equation with variable coefficients. However, practical studies
show that due to made assumptions, this model is far from being adequate for real processes
going on the financial markets (see [3]-[6]). This is why during last decades, the researchers
proceeded to more complicated models of the dynamics of the financial markets, for instance,
they study the models with a stochastic volatility [7], the models taking into consideration
the transaction costs [§] as well as other models [3, 4]. Nonlinear models become more and
more popular among the researchers, in particular, nonlinear models of Black-Sholes type. For
instance, the transaction-cost model in [9] is of the form

1
wy + §a2x2wm(1 + 2pxw,,) =0,

where t is the time, x is the price of a share, w is the option price, ¢ is the volatility of the
share, p are transaction costs.

Another type of the models are ones with a reduced form of the stochastic differential equation
(reduced-form SDE models) having the form

ol LTI

2 (1 — brwg,)?

=0,

wt—i-

where b is the liquidity parameter [10]—[13].

M.M. DysHAEV, V.E. FEDOROV, SYMMETRIES AND EXACT SOLUTIONS OF A NONLINEAR PRICING OPTIONS
EQUATION.

© DysHAEV M.M., FEDOROV V.E. 2017.

The work of the second author is supported by the Goverment of Russia (law no. 211, 16.03.2013), agreement
no. 02.A03.21.0011 and by the Ministery of Education and Science of Russia, task no. 1.6462.2017/BCh).

Sumitted December 28, 2015.

29


http://dx.doi.org/10.13108/2017-9-1-29

30 M.M. DYSHAEV, V.E. FEDOROV

As it was shown in works [IT) 14, 5], the model of the cost of the hedge stategy on a
illiquid market with taking into consideration the influence of the large trader operations can
be represented as

o2’ w,,

ot 2 (1 — pa (@) wag )’ 0 M
In this case p is a parameter determining the influence of the the large trader operations, while
A(x) is chosen so that to obtain the required form of payment. The values p and A(z) can be
determined by the present option prices on the market.
One more model of the formation of the options price is the so-called equilibrium model with
the reaction-function model. The examples of using this model are given in [15, [16]. Let us
consider the equation

0222w,y

9" (pwz) 2

corresponding to the equilibrium model called also Schénbucher—Wilmott model [I7]. This
equation describes the formation of the option prices on a illiquid market with taking into
consideration the sizes of the open trader positions. In this case x is the price of a base asset,
o is the volatility, p > 0 is a parameter characterizing the size of the trader position w.r.t. the
total volume of the traded base asset. The models taking into consideration the influence of
the transaction costs and of hedge deals of the large traders on the base asset can be applied
to some assets sold on the exchanges of the developing countries.

In works [14], [17], [18], [19], in the considered model (2), the reaction function ¢ = 1 (Fy, p®;)
depended on the fundamental price of a share F; and of the the demand normalized volume of
the large traders p®,. In fact, the function 1 is the equilibrium price. It ensures the equilibrium
between the price of the base asset, the quantity of the position of the large traders on this asset
and the fundamental price of the base asset F;. In work [19] it is of the form ¢(f, ) = fe®, in
works [14], [17] it is taken as ¢(f, o) = f/(1 — «). While deriving equation (2), it was assumed
in [18] that ¢ (f,«) = fg(a) for some increasing function g = g(«). The assumption on the
increasing of the function g(«) involved in the function ¢ was first made in work [16] and it is
in a good agreement with practical observations, when the prices grows under the increasing of
the large traders positions.

The methods for studying the mentioned models are quite various; these are numerical meth-
ods, the methods of the theory of time series, the theory of the neural networks, etc. [20]-[23].
As usually, once we deal with the processes modeled by differential equations, it is important
to have exact solutions of such equations. In the case of nonlinear differential equations one of
the most effective methods allowing to find such solutions are ones of the group analysis [24],
[25]. The first studies of the group properties of the linear Black-Scholes equation were made
in work [26] by N.Kh. Ibragimov and R.K. Gazizov. Apart from the linear equation, various
nonlinear modifications of Black-Scholes equation are studied by the methods of the symmetry
analysis. For instance, equation (1) was studied in this way in details in works by L.A. Bordag
with co-authors [18], [27], [28]. Moreover, in works by L.A. Bordag and A. Mikaelyan [29], [30]
there were obtained interesting results on symmetre and invariant solutions to equation (2).

This work is devoted to the group classification [24], [31] of equation (2) and to finding its
exact solutions by the methods of the group analysis. In order to do it, in the second section we
find equivalence transformations groups for this equation. By their means, in the third section
we succeed to show that for the functions v(a) = ¢'(«)/g(a)) = f/a corresponding to the power
function g(a) = Ca” and v = 1 (g = Ce®), the equation has a four-dimensional principal Lie
algebra, while in the case not reduced to the mentioned by the equivalence transformations, the
principal Lie algebra is three-dimensional. This result corrects the result of work [29], [30], in
which three specific functions v were found with additional symmetries; employing the obtained
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here equivalence transformations, it is easy to show the equivalence of two of them. The fourth,
fifth and sixth section are devoted to finding invariant solutions and submodels of equations
(2) with various Lie algebras (under different choices of the function g). In the seventh section
we summarize the results of the study.

2. EQUIVALENCE TRANSFORMATIONS OF SCHONBUCHER—WILMOTT EQUATION

We multiply equation (2) by the constant p, make the change pw = wu and redenote
g (pws)/g(pw,) = v(u,). We obtain the equation

0222 Uy

Uy + =0. 3
) (1 — 20 (ug)ugy)’ )
To find the functions v = v(u,), for which there arise symmetries additional to those defined
by the core of the principal Lie algebra of equation (3), we need to find a continuous equivalence
group of transformations for this equation. In order to do it, we write equation (3) as

o222 U
e 2 (1 — 20U, ) 0 @)
meaning that v is an additional variable depending of the variables t, x, u, u;, u,. We seek the
generators of the continuous equivalent transformations group as Y = 79, + £0, + nd, + uo,,
where the functions 7, &, 7 depend on ¢, x, u, and u depends on t, x, u, u;, u,, v. Hereinafter
for the sake of shortness we use the notation % = 0y, etc. We complete equation (4) by the
equations
=0, v,=0, v,=0, v, =0, (5)
meaning that in the original formulation of the problem, the function v depends only on u,.
We consider system (4), (5) as the manifold 9 in the extended space of the corresponding
variables. We apply by the extended operator

Y =Y + @0y, + 9™ 0u,, + 10y, + 10y, + 10y, + 1100,

Uz

on the left hand side of system (4), (5), restrict the result of the action on the manifold 91 and
obtain the equation
TT 2..3,,2

(pt n anumg 0'21:2(1 + 17”“:51’)90 0" T Uy [ —0 (6)
(1-— xvum)g 2(1- xvum)g (1- m)um)S n 7
/‘Lt|m = 07 Hﬂm - Oa Mu|m - Oa qut|m = 0. (7)

The coefficients of the operator Y can be calculated by the continuation formulae, for in-
stance,

pt= Et(ﬂ) - Utf)t(T) - Uwﬁt(f) - vuf?t(n) - Uutﬁt(SOt) - Uumf)t@x)v
employing the differentiation operators

5t = O + 110y + vy Oy, + V1200, + V14, Oy, + Uty O

Vuy

+ Utuza

Vug

and so forth. Then equations (7) become

pe = V' (ua)oy =0, pin — V' (ug)pp =0, py — V" (Uz)py =0, pa, — V' (us) 0y, = 0.
Since
OF = Ny A+ UMy — WyTy — Uy Ty — Upy — Uifu, (8)
we can write these equations as
,Ut_v/(uz) (ﬁm + Up My — WiTpy — Uy T, — Uzt — uiftu) ’m
020 Uy Ty U ta T\ _ (9)
(1 — zvug,)®  2(1— xvum)z) -

=t — U,(u:c) (ntz + Uy, — Uzta — uigtu + 5
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Mz_vl(ux) (T]xm + UgNpy — UtTee — UtUgTry — umgmx - u?gé—mu) |‘ﬁ

Y

020 Uy T 02x2umumu) (10
2(1 — 20Uze)”  2(1 — 20U, )

Mo — U/<uz> (nmu + UgThyu — UtTry — UtUg Ty — umgmu - uiguu) "ﬂ

020 Uy T, 0202 U Uy T, ) (11)
b

2(1 — 20Upe)®  2(1 — 20Uy,

oy, + V' (ug) (7o + upy) = 0. (12)

Due to the identity

Tx 2 2
2 =Nzx + Qanwu + u;gnuu + UgzNu — UtTze — 2utu:c7_:cu - 2utx7_x - utuxTuu
2 3
- 2ua:utx7_u — UtUgg Ty — U’Cngit - 2uq;€xu - 2“:{:9:5:(: — Uy Suu - 3uxux:c€ua
equation (6) casts into the form
o’x
2(1 — 2vuy,)°
Tx

+ ;C(l + xvumz)(nzz + 2“27]111 + uinuu + Ulzznu — UtTpy — 2utu:v7-:pu - 2ut:1:7—x

M+ Uy — UgTy — UfTu — Up&y — WUz &y + (2um§ + 2x2u92m,u

_utuiTuu - QUzUthu — UtUgy Ty — uargxcc - 2ui€xu - 2uazz§x - ux?’guu - 3uxux$€u>) |‘J’I

o ugyn, 02Uy, T otrtu? 7, R T TN
=M — 7+ 2 T — st + 3
2(1 —xvug,)”  2(1 —2vug,)”  4(1 — zvuy,) 2 (1 — zvug,)
13)
2 (
2 (1 — zvuy,)
020Uy Ty 022 U Uy T, 022U U T
5 5 — 2Ty + 5 — 2Ug Ui Ty
2 (1 — zvuyy,) (1 — xvug,) 2 (1 — zvuyy)
o’x*u? T,

TR ¢ € — u,’€ ¢ )

Differentiating the latter equation w.r.t. u,, we obtain
(1 + 2ty ) (1o + upmy) =0,

which implies 7 = 7(t). Therefore, equations (9)—(13) cast into the form

fe — V' (ug) (N + Usthe — Unpn — u2Es) = 0, (14)
Mz — U/(um) (nm + UMz — Uglow — uiﬁ%) =0, (15)
fa — V' (U0) (Now + UaThuu — Ul — U2Eww) = 0, (16)
fhu, = 0, (17)
o222 Ups o222, T (t 22U Uy
= 2(1 - xvuzxf 2(1— a:vufx;2 ~ Uale 2(1— a:vu:)2
o’ (18)

3 (2um§ 4+ 22702 g 4 (1 4 20U ) (Nez + 2UeNew + U
2 (1 — xvug,)
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We multiply equation (18) by 2(1 — zvu,,)® to obtain

2(1 — 20Ue )21y + (1 — 20U ) 020 e (T/ (1) — 1) — 2(1 — BVUL, )P U,

+ (1 = 20U, ) 02 2 U Uy + 02:U<2um§ + 2272 4 (1 4 20Ue) (New + 2Ueeu (19)

Splitting equation (19) w.r.t. the variable u,,, we get the coefficient 7, — u,&; at u2, under the
conditition v # 0 and this is why £ = &(x,u), n = n(z,u). Then by (14) we obtain that p; = 0
and equation (19) becomes

(1 — 20U ) WU (T (1) — 1) + (1 — 2VUe ) DU €y + 2 + 2072 p
+ 2(1 + 20Us) (New + 2Ua Mo + U + Usa N — s
— U2 — 2Upely — U & — BUgUze&y) = 0.
We differentiate this equation w.r.t. ¢t and get
() =0, 7(t)=At+ B,
and the equation casts into the form
(1 — DVUe ) DU (A — 1) + (1 — 20U ) TUG U €y + 2gr€ + 2% p
+ (1 + 20Ugz) (Tae + 2UaTou + U Ny + Usa Tl — Uaaa (20)
= 2u3Epy — 2y — U Euu — BUgttr€u) = 0.
Splitting (20) w.r.t. u,,, we find the coefficient at u2,:
(1w + 20w+ U Thun — Uz — 2050, — U3Ew) = 0.
By splitting this equation w.r.t. u, we obtain the system
§uw = Noz =0, 2Nzu = &ooy,  Nuw = 280u.
It follows from (21) that £ = C(z)u + D(x), n = E(u)x + F(u). Substituting these expression
into (22), we obtain 2E'(u) = C"(x)u + D”"(x). Then
C"(x)=D"(z)=0, C(z)=G2*+Hx+1, D(z)=Ja*+ Kzx+L,
1

E'(u)=Gu+J, E{u)= QGU2 + Ju+ M.

Thus,
1
E=Gr*u+ Hru+ Iu+Jo* + Ko+ L, n= EGa:u2+un+Mx+F(u).
Substituting these expression into (23), we obtain the equation F”(u) = 3Gx + 2H, which
implies
G=0, F(u)=Hu’+Nu+P, ¢=Hzutlut+Jz®+Kz+L, n=Jrut+Mz+Hu’>+Nu+P.

Equating to zero the coefficients at u,, and u2, in the left hand side of equation (20), we
obtain the equations

A
n= E_nu+2ux£u+§w v,

Ax + 26 — 2x€, — 2xu,&, — x2ux§mv - 2x2ui§mv + 2x2ux77mv + x2u§77uuv
= Az + 2Iu+ 2L — 2J2* — 2Hx*u, — 2[zu, = 0.
The latter identity implies that A= H =1 =J = L = 0. Then
T=B, {=Kz, n=Mz+Nu+P, p=(K-—N). (24)
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At that, identities (14)—(17) hold true as well.
Thus, the solutions to the system of equations determining the generators of the continuous
equivalence transformations groups are given by (24). This leads us to the following statement.

Theorem 1. The basis of the Lie algebra of the infinitesimal operators of the equivalence
transformations groups for equation (3) with a function v not being identically zero is formed
by the operators

Yi :aty }/2 :81“ YFS :$0ua Yzl :xax_‘_uaua Y:’) :uau_vav-

Here the element of the basis corresponding to the solutionat K =1, B=M =N =P

replaced by its sum with its element corresponding to the solution N =1, B=K = M =

in order to minimizes the amount of basis operators involving the additional variable v.
In view of formula (8) we obtain the extensions of the basis operators

}71 :at7 i}Z :aua i>3 :$au+auza i :$az+uaU7 i% :uau _Uav+uwauz- (25)

This implies that the basis of the core of principal Lie algebra for equation (3) is formed by the
operators Y7, Ys, Yy, whose extensions do not involve the additional variables v, u,.

01is

P=0

Corollary 1. The basis of the cores of principal Lie algebras of equation (3) with a function
v not being identically zero is formed by the operators X, = 0;, Xo = 0,, X3 = x0, + u0,.

3. GROUP CLASSIFICATION OF EQUATION

We consider the Lie algebra obtained by the projections of operators (25) on the subspace
of the variables v, u,, that is, the algebra with the basis

Z1=0y,, Zy=100,— u0,,. (26)

First of all we observe that the operator Y3 corresponds to the operator Z; and the operator
—Y5 corresponds to the operator Yj.

Non-zero structural constants for this Lie algebra are ¢, = —1, ¢3; = 1. By the formula E, =
clﬁeﬁaew we find the generators of the inner automorphisms of the Lie algebra E; = —e20,1,

Ey = e'0.1 and the associated transformations groups:
E, et =e' —e%ay, E,:é" =ele™.
Here e’ is the coefficient at the operator Z; in the expansions of an element of the considered
Lie algebra in its basis.
Let €2 # 0, then e! = 0 by E;. We obtain the subalgebra with the basis Z,. Otherwise we
have a one-dimensional algebra with the basis Z;. Thus, the optimal system of one-dimensional

subalgebras of the algebra L, with basis (26) is of the form ©; = {(Z;), (Z2)}.
We calculate the expressions Z(V (u,) —v)|,=y = 0 for the operators Z in the optimal system:

Zy(V(ug) = 0)|pmy =V' =0, V=0

s
Zo(V(ug) = 0)|pey = =V —u, V' =0, V= -

xX
The first case by the equivalence transformation Yj; is reduced to the case V = 1. In the second
case the equivalence transformations found in the previous section can not change the constant
S.
For each basis operator in the optimal system we calculate the projection of the corresponding
generator of the equivalence transformations group (Y3 or —Yj5) on the subspace of the variables
t, z, u. Up to a multiplicative constant, we obtain the correspondence 7 : x0,, Zs : ud,. This

is why in the case v = 1 we have the additional symmetry xd,, while in the cases
v=pPu,', BER, (27)

the additional symmetry is ud,.
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Theorem 2. 1. The basis of the principal Lie algebra of the equation

020Uy
U+ ———5=0
2 (1 — zugy)
1s of the form X1 = 0y, Xo = 0, X3 = 20, + u0,, X4 = x0,.
2. The basis of the principal Lie algebra of the equations

022Uy

2
18 of the form X1 = 0y, Xo = 0y, X3 = 20,, X4 = u0,.

3. If the function v is not reduced to the above cases by the equivalence transformation, the
principal Lie algebra of the equation

Ut + :()7 BERa

o Yo

2 (1 — 2v(ug)ugy)

coincide with the core of the principal Lie algebra and is the form Xi = 0;, Xo = 0,, X3 =
10, + ud,.

U +

5 =0

In the second statement of the theorem we have employed a linear transformation of the
basis to simplify its elements.

Remark 1. In work [29], apart from the choices of the function v in Statement 2 and 3 in
Theorem 2, extra two cases were indicated:

v=PB(1—-u,)"", BER, (28)

see [29, Sect. 4, Thm. 4.2.1, Stm. 4], having additional fourth symmetry. However, by means
of the transformation v — —uv, which is obviously the inner automorphism of the correspond-
g equivalence transformations group of the algebra Ls in Theorem 1, and also employing the
equivalence transformation generated by the operator Ys, which shifts the argument of the func-
tion v, we can transform these cases to form (27) in Statement 2 of Theorem 2. The described
transformations correspond to the change of variablest =t, T = x, u = = — u, where the line
over a symbol denotes a new variable. It is easy to check that under such transformations the
Lie algebra corresponding to the case (28) is reduced to that of the equation in case (27). This
is why from the point of view of the group analysis, cases (27) and (28) are equivalent.

4. INVARIANT SUBMODELS IN THE GENERAL CASE

We consider the equation
o222 U s
up + =0, 29
) (1— xv(ux)um)Z (29)

whose Lie algebra L3 has the basis

X1 = @, X2 = 8u, X3 = x&z + u@u (30)
Its nonzero structural constants are c¢3; = 1, ¢3, = —1, and hence, the groups of the inner
automorphisms are of the form E, : €2 = e + a1e3, B3 : €2 = e?e 2. Employing them,

let us seek an optimal system of one-dimensional subalgebras of this Lie algebra Ls. The
infinitesimal generators of the required basis operators for these subalgebras are of the form
3
X =Y erX, = (e, e?ed).
k=1
1. Let € # 0, then by means of F, we obtain e? = 0, and hence, the basis vector of the
subalgebra is of the form X = (a,0,1), a € R.
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2.1. Ase® =0, e #0, e # 0, we obtain X = (1,1,0). At that, we used the inner

automorphisms Fs3 and € = —e?.

2.2. The cases X = (1,0,0) and X = (0,1,0) remain.

Lemma 1. The optimal system of one-dimensional subalgebras of Lie algebra Ls with basis

(30) is of the form
0, = {{(X1), (Xo), (X1 + X5), (aX; + X3),a € R}.

Employing the operators in the optimal system, let us find invariant submodels of equation
(29) and, if it is possible, its invariant solutions. The results of the study is presented in Table
1, where in the second column we write an one-dimensional subalgebra in the optimal system,
third column contains its invariants, while in the fourth column we provide the corresponding
invariant submodel of the original equations or its solution under the assumption that the
restrictions implied by the equation or the domain of the function v are satisfied. The symbols
A, B stand for arbitrary integration constants.

Table 1.
Subalgebra | Invariants Submodel or solution
1| (Xy) T, u u=Ax+ B
2| (Xy) t, x 1no
31 (X1 + Xy) u—t,x 2% = =2(1 — zv()y')? # 0,
u=t+op(@), ¢ =1
4| (X3) t, x u= Ax
51 (aX, + X3), [alnjz|—t, |[u = Az or 2(1 — (ay’ + a*¢")v(p + ay’))? =
a#0 zlu o?(ap’ + a*¢") /¢ # 0, u=zp(aln|z| — 1)
5. INVARIANT SOLUTIONS AND SUBMODELS IN THE CASE v = f3
The equation
o LT
ug + =0, 0 31
has the Lie algebra L, with the basis
X1 = 8t, X2 = 0u, X3 = l'ax + u@u, X4 = x@u (32)
The nonzero structural constants of this algebra are c23 =1, 2, = —1, and hence, its groups of

inner automorphisms are Fy : &2 = €2 + ae®, Bs : €2 = e?e 2. Let us find the optimal system

of one-dimensional subalgebras of this Lie algebra Ly.

1. Let €3 # 0, then by E, we obtain e* = 0 and hene, the basis vector of the subalgebra is
of the form X = (a,0,1,b), a,b € R.

2.1. As e3 =0, ¢ # 0, we obtain the following.

2.1.1. If e! # 0, then X = (1,1,0,a), a € R. At that, we employed the inner automorphisms
F5 and 2 = —e?.

2.1.2. Let ¢! = 0, then X = (0,1,0,1) or X = (0,1,0,0). In the first case we have also
employed F3 and &2 = —e?.

2.2. If e2 = ¢3 =0, then X = (1,0,0,a), a € R, or X = (0,0,0,1).

Lemma 2. The optimal system of one-dimensional subalgebra of the algebra Ly with basis
(32) is of the form

@1 == {<X2>7 <X4>, <X2 + X4>, <X1 + CLX4>, <X1 + XQ + CLX4>, <CLX1 + X3 + bX4>,(l, b S R}

For the one-dimensional subalgebras in the optimal system we obtain Table 2.
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Table 2.
Subalgebra Invariants Submodel, solution, restrictions
1| (Xy) t, x no
2| (Xy) t, x no
31 (Xo+ Xy) t, no
41 (Xy) T, u u=Ar+ B
51 (X1+aXy), r,u—atr |u = atx + AggexIn|z| + Az + B,
a#0 o2, [k 2802
7 Aapo = d Qaizﬁéaz “—, 0 #0,
0.2
420
0'21 oc4z2 2ﬁo’2
25_ ax az)2 axr
6 (X1+Xo+aXy) |z, P = — J;;; —
u— (Lt an)t | g £0,u=(1+an)i + ()
71 (X5+0Xy), t, % —bln|z| u:bxln|x|+Ax—%
b#£1/8
8| (aX, + X3 +|aln|z] — t,|u=Axrasb=0or
bX4), a #0 Y—bln|z| |o*(b+ay +a*p")/¢ =2(1-B0+
ay’ + a*¢"))? # 0,
u=bxln|z|+xp(aln|z| — 1)
6. INVARIANT SOLUTIONS AND SUBMODELS IN THE CASE v = fu, '
For the equation
022 Uy
U + 5 — 07 /8 7é 07 (33)
the basis of the Lie algebra L, is of the form
X1 = 8t, X2 = 81“ X3 = x@x, X4 = u@u (34)
The nonzero structural constants are c¢3, = 1, ¢}, = —1, and this is why the structure of this

Lie algebra does not differ from the algebra in the previous section up to a renumeration of yhe
operators X3, X4. This observation and Lemma 2 yield immediately the following statement.

Lemma 3. The optimal system of one-dimensional algebras of the algebra Ly with basis (34)
1s of the form

©, = {<X2>7 (X3), (Xa + X3), (X1 +aXs), (X1 + Xo +aXs), (aX; +0X3+ Xy),a,b € ]R}-

Employing the operators in the optimal system, we find the invariant submodels of equation
(33) and, if it is possible, its invariant solutions (Table 3).

As 8 = —1, the operator X5, + X3 has no invariant solutions.
As a # 0, the invariant submodel for the operators X; + a X3 is of the form

o*(¢" — ¢') = 2a(¢’ — B(¢" — ¢'))* # 0.
We denote the argument of the function ¢ by z. By the substitution ( = e* and by decreasing
the order of the equation we obtain a2(iy)’ = 2a(¢) — B¢')?, where (¢) = d%go(ln ¢). Making
the inverse change £(z) = 1(e*), we obtain the quadratic equation for the derivative
o€ = 2a(€ - BE')*.
Asa > —%, in the case of positive 3, and as a < —% for negative 3, by the integration we
obtain £(z) = Ae“'*| where

o 4aB + o £ o/0? + 8af3
1= :

4a3?
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Therefore, the invariant solution is of the form shown in the fifth row of the table.

The invariant solution of the subalgebra (bX5 + X4), b # 0, (row 9 in the table) is in fact
the solution with an arbitrary nonzero power of |x| (to avoid u, = 0) and the corresponding to
this power coefficient at ¢ in the argument of the exponential function in the same term of the
solution. Its particular case is the invariant solution for (X + aX3), a # 0 (row 5).

Table 3.
Subalgebra Invariants Submodel, solution, restrictions
1| (Xy) t, x no
2 [ (X3) t,u 1no
3 | (Xo+Xs) t, u—In|z| u=In|z|+ 5 1+62+A p#—1
4 | (Xy) T, u uw= Az + B, A%O
5 | (X1 + aXy), In|z| —at,u |u= Ae Yz|°+B, A#£0,
a+#0 _ 4aB(B+1) +02ia\/m
¢ = 4aB?
o#0,0%+8a3>0
6 | (X1+Xo+aX3)|[Injz| — at, |2(ap’ — 1)(¢ — B(¥" — ¥))?
u—t a0 (" — @), p(z) # AelH1/P): +B,
u=t+ ¢(ln|x| — at)
7 1 (Xy) t, x no
8 | {aX; + Xy), x, e Yy ac’x? " = 2p(p' —Bryp”)? # 0,
a0 u = et/%(x)
Zb—1)t
9 | (bX3 + X4), t, |z|~bu u = Aez(b(ﬁ?:‘l) ﬁ)2|1;|1/b + B,
b#0 A#0, b#ﬁﬂﬁ#
10 | (a X, +0X3+Xy), [ alnjz| —0bt, |a®0?p?(ap” — ¢') =
a#0,b#0 ety 2(abg’ — ) (¢’ — Blag” — ¢))?,
p(z) # Aea(D2 1 B,
u = e/*¢(aln|z| — bt)

7. EXACT SOLUTIONS TO SCHONBUCHER—-WILMOTT EQUATION EQUATION

Let us analyse the obtained results in terms of the original problem. The functions v = (8
correspond to the model

022 Wy

2 (1 — Bpriwg,)’
with the function g(a) = GeP* at the integration constant G. We restrict ourselves by con-

sidering the found exact solutions. Returning back from u to the function w, in view of the
arbitrary choice of some constants, we obtain the solutions

w(t,z) = Az + B;

Wy +

o2 ot 2802
atr 20— 5 T\ d@ — T ot 2802
w(t,x):7+ 255, zln|z|+Bx+C, a#0, o#0, 1 > 0;
b bo’tx 1
w(t,z)=—-zrn|r| - ———= +Ax+ B, b# —.
(o) = rinlel = o gy 7

In the latter case the family of invariant solutions of the operators X3+ bXy, b # % is extended
by the admitted groups of the shifts in the variable u corresponding to the operator Xs.
B

By the equivalence transformations corresponding to the operator Y3, the functions v = =

z
B
Ug+7y ’

can be reduced to the equivalent form v = v € R. These functions correspond to the



SYMMETRIES AND EXACT SOLUTIONS OF A NONLINEAR PRICING OPTIONS EQUATION 39

function g(a) = G(a + 7)? and the model

2,.2
w4 —— e, (35)

2
ww‘f’%

It is easy to see that solutions (35) are related with the solutions of equation (33) by the identity
w(t, ) = (u(t,x) —yx)p~!. This is why in accordance with the table in the previous section,
equation (35) has exact solutions

wt,z) = Av + B, A#4—2;

P
Ao?t v
t,x)=Al —— + B—— A#0 —1;
s20(C—1)t v

w(t,r) = Ae 20-8C022¢ £ B— Ly AC #0.
p

At that, the class of solutions u(t,z) to equation (33) invariant w.r.t. the operator Xs + X3,
is extended by means of the action of the admitted operator X, and this is the reason of the
presence of the factor A in the first two terms.

We mention that in work [29] the symmetries of model (35) in the cases v = 0 and ~ # 0 are

studied independently. We can omit such study if we establish a passage from one symmetry

to

the other by means of the equivalence transformations group of the studied class of the

equations, see Remark 1.

It is clear that we keep the condition on monotonous increasing of the function g(«a), then in

the considered cases of the function g we need to impose the condition 5 > 0.
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