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ON DEFICIENCY INDEX FOR SOME SECOND ORDER
VECTOR DIFFERENTIAL OPERATORS

I.N. BRAEUTIGAM, K.A. MIRZOEV, T.A. SAFONOVA

Abstract. In this paper we consider the operators generated by the second order matrix
linear symmetric quasi-differential expression

Iyl = —(P(y' — Ry)) — R"P(y' — Ry) + Qy

on the set [1,+00), where P~1(x), Q(z) are Hermitian matrix functions and R(z) is a
complex matrix function of order n with entries p;j(z), ¢ij(x),rij(z) € L} [1,+00) (i,j =
1,2,...,n). We describe the minimal closed symmetric operator Ly generated by this
expression in the Hilbert space L2[1,+o0). For this operator we prove an analogue of the

Orlov’s theorem on the deficiency index of linear scalar differential operators.

Keywords: Quasi-derivative, quasi-differential expression, minimal closed symmetric dif-
ferential operator, deficiency numbers, asymptotic of the fundamental system of solutions.
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1. INTRODUCTION

In [I] S.A. Orlov found a class of linear symmetric differential operators with real analytic
coefficients, whose deficiency numbers are determined as the number of roots in the left half-
plane of some explicitly written polynomial. Namely, the following theorem was given.

Theorem 1. Let functions po,p1, ..., pm be defined on the set [1,4+00) and satisfy the con-
ditions:
(1) po,p1,- - -, Pm are measurable, real-valued and for each b € (1,+00)

b b
/|pm!‘1<+oo,/|pk! <+o00 (k=0,1,...,m—1),
1 1

(I1) po(2),p1(2), ..., pm(2) are analytic functions as |z| = xg > 1 and

pk(Z) — 22k+u

+0o0
ay + Za§k)zj] (k=0,1,...,m;|z| =2 zo = 1),

j=1
where a,, # 0, and v > 0 is an integer number. Then the maximal number of linear independent
solutions to the equation

d

Lam Y] () == po(x)y + % {pl (2)y" + Iz [pa(2)y" + ...
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ot (a4 L) | b=

belonging to L*[1,+00) is equal
1) as v > 0, to the number of the roots of the polynomial

m k—1 2
A v+1 .
FQm(Z, I/) = E akH (Z + 5) — ( B +]) + ag
k=1 7=0

lying in the domain Rez < 0 and this number is independent of X\. At that, the spectrum of
each self-adjoint extension of the corresponding operator is discrete.

2) as v = 0, to the number of the roots of the polynomial Fy,,(z,0) — X lying in the domain
Re z < 0 and for non-real A, it is equal to m.

Assume that the functions py(z),p1(x), ..., pm(x) are represented as
ok x2m+u
pi(x) = 2 (ap +ri(x)) (k=0,1,...,m—1), pp(r)= 4T,
am +rm (Z‘)
where v is a non-negative (not necessarily integer) number; ag,ay,...,a,, are real number,

Ay # 0; and ro, 71, ..., 7, are real functions on [1, +00) such that
i) for some zo(> 1)

—+oo

d
[ @I < oo (k=01 m)
o

ii) all the roots of the polynomial Fy,,(z,v) as v > 0 and of the polynomial F5,,(z,0) — A are
different.

In work [2], F.A. Neimark established in particular that Statements 1) and 2) of Theorem 1
are still true if we keep Condition (I) and replace Condition (II) by Conditions i) and ii). Later
in the joint work [3] by R.B. Paris and A.D. Wood, Theorem 1 was discovered once again for the
particular case py(z) = apx®** (k= 0,1,...,m), where v is a non-negative integer number and
the polynomial Fy,,(z,v) was studied in details. In particular, by this method they established
that there exist positive numbers K and v such that the deficiency index of the minimal closed
symmetric operator generated by the expression

lely] = —(«"y™)® + Kavy,

is equal to (5,5) and they specified in this way the results by R.M. Kauffman [4] stating that
the deficiency index of this operator is not (3, 3).

Later the results of work [3] were involved in book [5], in which there were also considered
some differential operators generated by particular expressions of odd order and the associated
polynomials were studied. It seems that works [I] and [2] remained unknown to the authors of
work [3] and book [5].

In [6], K.A. Mirzoev studied the deficiency index and the character of the spectrum of the
minimal closed symmetric operator generated by the quasi-differential expression [,, of arbitrary
(even or odd) order n with complex-valued coefficients on the set [1;+00). The obtained results
are similar to the statements in the Orlov theorem. At that, the conditions for the coefficients
of the expression [, are of the same nature as Condition (I) in Theorem 1, while Condition i)
is changed so that Condition ii) is no longer needed.

In joint work [7], I.N. Dolgikh (I.N. Braeutigam) and K.A. Mirzoev considered a similar
problem both on the half-line and the interval (0, 1], that is, they widened essentially the class
of the operators, for which Orlov theorem is still true.
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Our aim is to construct the spectral theory of differential operators generated by formally
self-adjoint expressions

Iyl = —(P(y' — Ry)) — R"P(y' — Ry) + Qy

in the space L2[1,4+00), where P, @, R are complex-valued matrix functions of order n (n € IN)
defined on the ray [1, +00) such that P is non-degenerate, P and ) are Hermitian matrices and
the entries of the matrix functions P~!, ) and R are measurable on [1,+0c0) and summable
on each its closed finite subinterval. Our aim is also to establish an analogue of Orlov theorem
and to construct examples realizing the limit-point case and limit-circle case for such operators

ly] = =(Poy') +i((Qoy) + Quy') + P1y.

Here the derivatives are treated in the sense of distributions theory, Py, Qg and P, are Her-
mitian matrix functions of order n with Lebesgue measurable entries such that P, ' exists and

IPoll 76, 1P HHIPLP, [P0 11 Qoll? € Liye[1, +00).
The rigorous definition of the expression [ as well as of the minimal closed symmetric operator
generated by this expression are given in Section 2.

A part of the results of this work was published without proofs in [§].

2. QUASI-DERIVATIVES AND QUASI-DIFFERENTIAL OPERATORS. DEFICIENCY INDICES

2.1. Let [ :=[1,400) and P(z), Q(z) and R(x) be square matrix functions of order n (n € IN)
defined on the set I and P(x) is non-degenerate, P(x) and Q(z) are Hermitian matrices as
x € I such that the following condition holds.

Condition A.The complez-valued functions p;j, ¢;; and 1 (i,5 =1,2,...,n), the entries of
the matrices P~%, Q and R, respectively, are defined and measurable on the set I and summable
on each its closed subinterval, that is, pij, ¢ij, 7i; € Li,.(I).

By the symbol AC),.(I) we denote the set of all vector functions y(z) = (y1(x), ya(x), - .., yn(z))’,
where t stands for the transposition, with locally absolutely continuous entries on I and we

introduce the first quasi-derivative of a given vector function y € AC),.(I) as
y' = P(y' — Ry).

Assuming that the vector function y!" is defined and y*! € AC),.(I), we introduce the second
quasi-derivative of the vector function y as

Y = (1Y + Rryll — Qy,

where * stands for the adjoint symbol, and we introduce the quasi-differential expression

yl(z) = —yP(x), wel
Thus,
llyl = —(P(y — Ry)) — R"P(y' — Ry) + Qy, (1)

and the set of vector functions D := {y(z)| y(x),yM(z) € ACy,.(I)} is obviously the domain
of this expression. It follows from Condition (A) that for each vector function y(z) € D the
expression [[y|(x) exists almost everywhere on I and the entries of I[y] are locally integrable.
Moreover, for each two vector functions f, g € D we have the following lemma, which is a vector
analogue of the Green identity.

Lemma 1. Let P, Q and R be square matriz functions of order n satisfying all aforemen-
tioned conditions on I. Then for each two vector functions u,v € D and each two numbers o
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and 3 such that 0 < a < B < oo the formula
B
/{(Z[U](w),v(w)) — (u(x), l[v)(z)) Ydz = [u(z), v(2)](B) — [u(z),v(z)](a) (2)

holds, where (g,h) = 3 gshs is the scalar product of the vectors g and h, while the form [u,v]
s=1
1s defined by the identity

[u, v)() := (u(2), v(z)) = (u(@), v (2)).

In [9], Lemma 1 was proved for a particular case of the expression [, when P(x) = I, (I, is
the unit matrix of order n), R(z) = o(x), Q(x) = —o?*(z), where o(x) is a given symmetric
matrix function of order n with real entries such that the entries of the matrix o?(z) are locally
integrable in I. The proof given in this work can be extended to the expression [ of form
with no major changes.

Let L2(I) be the space of the equivalence classes of all complex-valued measurable vector
functions y such that the sum of the squares of their entries are Lebesgue measurable in I. In
the literature devoted to the spectral theory of ordinary differential operators, the procedure of
determining the minimal operator Ly generated by the expression [[y] in the Hilbert space L2 (1)
is well-known. Namely, denoting by Dy, the set of all complex-valued compactly supported on
I vector functions in D such that [[y] € L2(I), arguing as in the scalar case (see, for instance,
[10]) and using Green formula (2), we establish that the set Dj is everywhere dense in L2 (1)
and by the formula Lyy = [[y|, the expression [ defines a symmetric (unclosed) operator in
L2(I) with the domain Dj. By the symbols Ly and Dy we denote the closure of this operator
and its domains, respectively. Thanks to this, similar to the concept of scalar symmetric quasi-
differential expression, in what follows the expression [ is referred to as (formally self-adjoint)
the quasi-differential expression generated by means of the matrices P, @) and R.

Let A be a complex number and ImA # 0. By R, and Ry we denote the domains of
the operators Ly — AZ and Ly — A\Z, respectively, while Ay and N5 stand for the orthogonal
complements of the spaces Ry and R in L?(I). The spaces N, and N5 are called defect spaces,
the numbers n; and n_ equal to their dimensions, n; = dim N,, n_ = dim N5, are called
deficiency numbers of the operator Ly in the upper and lower half-planes, respectively, while
the pair (ny,n_) is called the deficiency index of the operator Ly.

Arguing similar to [11] and [12], one can establish that the numbers ny and n_ coincide with
the maximal number of linearly independent solutions to the equation

ly] = Ay (3)

belonging to the space L?(I) as the parameter A ranges in the upper (ImA > 0) or in the
lower (Im A < 0) half-plane, respectively. These numbers satisfy the double inequality n < n,,
n_ < 2n, and ny, = 2n if and only if n_ = 2n. Moreover, the case n, = n_ = 2n is realized
if and only if all solutions to equation belong to the space L2(I) for all A € C. Using
the analogy with the spectral theory of scalar Sturm-Liouville operators on the half-line, one
sometimes says that the expression [[y| (for the operator L) is in the limit-point case occurs if
ny = n_ = n, while as n, = n_ = 2n, one says that the expression l[y] (for the operator L)
in the limit-circle case (see, for instance, [11]).
Equation (3)) is equivalent to the system of first order ordinary differential equations

y = (F =Ny, (4)
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where y = ( y1]>, the matrices ' and A are of order 2n and have the form

n
R P O 0
(o ) 2=( o)

while, as usually, O and I,, are the zero and unit matrix of order n, respectively.

Equations (3)) and are equivalent in the sense that if y(z) is a vector solution of system ,
then the vector column y solves equation and vice versa, if 2n-dimensional vector column
y is a solution of system , then the vector y formed by first n entries of the vector y solves
equation ((3)).

Remark 1. The conditions on the entries of the matrices P, ) and R ensure the unique
solvability of the Cauchy problem for system posed at arbitrary point of the set I and are the
most general conditions ensuring such solvability, see [I3, Ch. 1, Th. 1.2.3]. The equivalence

of systems (@ and imply the unique solvability for system (@

Employing the terminology from the theory of operators generated by linear differential
expressions with non-smooth coefficients, one sometimes says that the quasi-derivatives yl(:=
y), y!, ¥y and the quasi-differential expression I[y] are generated by the matrix F.

2.2. Let Py, Qp and P; are Hermitian matrix functions of order n with measurable entries
such that Pyt exists and || Py, 1P P12, IPo I/Qoll? are locally Lebesgue integrable.
Let ¢ :="P1 +19Qp and ¢* := P; —1Qy. We consider the block matrix
F = < P*[;lﬂ 77*011) .
—¢"Py e ="
Employing the properties of the matrix norms and the hermiticity of the matrix function Py,
Qo and P4, it is easy to confirm that all the entries of the matrix F belong to the space L} (I).

loc
By means of the matrix F we introduce the quasi-derivatives y%, y1, y letting as before

y[o] =y y[l] _ ,Poy/ — oy, y[2] _ <y[1])/ + QO*PJIZJM + (p*/];algoy.

Applying Remark 1, we conclude that the theorem on the unique solvability of the Cauchy
problem posed at an arbitrary point in I holds true for the equation

—yll = \y.
If we assume that the entries of the matrix Py also belong to L}, .(I) (||Po|| € L},,(I)), then it is

loc loc
easy to see that the entries of the matrix ¢ are locally integrable in /. Under these assumptions,
one can prove that if we treat ' as the differentiation in the sense of the distribution theory,

then in the expression y!? we can open the brackets and we obtain the formula

Yy = (Poy) = i((Qoy)' + Qoy') — Piy.
Thus, in terms of the distributions, the expression {[y] (see (1)) is written as

Iyl = =(Poy') +i((Qoy)’ + Qoy') + P1y, (5)
and the operator Ly introduced above can be treated as the operator generated by this ex-
pression in the Hilbert space L?(I). Such interpretation of the operator with the distribution
coefficients allows us to include it into the class of the operators generated by quasi-differential
expressions with locally summable coefficients in the space L2(I) and to construct the spectral
theory of this operator.

We observe that a correct definition of the Sturm-Liouville operator with a first order scalar
distribution potential, that is, of the operator generated by the expression of the form

lyl = —y" + o' (2)y
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in the space L*(a,b), where o is a complex-valued function such that o € L] (a,b), seems to

be given first in some works by A.M. Savchuk and A.A. Shkalikov (see [14], [15]), while for the
vector analogue of this expression, when o(z) is a square symmetric matrix function of order n
with real entries such that the entries of 0% are locally integrable in the half-line, such definition
was given in [9].

In particular, if Qy(z) = O, then vector quasi-differential expression casts into the form

lly] = =(Poy')" + Piy.
3. ANALOGUE OF ORLOV THEOREM
3.1. In what follows we shall need the following lemma, see [16], [I7, Ch. III, Problem 35].

Lemma 2. Consider the system of ordinary differential equations
U'=(A+G@)U, (6)

where A is a constant matriz, whose canonical form has Jordan blocks J,, k > 1, and the
mazimal number of the rows for all the blocks Jy is equal to r + 1. Assume that

/tr||G(t)||dt < 0. (7)
1
Let z; be a characteristic root of the matriz A and let the equation y' = Ay has a solution of
the form
eitthe + O(e '),
where ¢ is a constant vector. Then equation (@ has the solution ¢ such that
o(t) = e¥'t*(c+o(1)) as t— +oo.

3.2. In what follows we suppose that the matrix functions P~!, Q and R are the coefficients
of the expression [y], see , satisfy the following condition:
Condition B. For all z > 1 and some real v > 0

P (z) =27 (P + Pi(2)),  Q(z) =2"(Qo + Qu(2)), R(z)=2""(Ro+ Ri(x)),

where Py, Qo, Ry and Py(z), Q1(z), Ri(x) are Hermitian constant matrices and matric func-
tions of order n, respectively. Let det Py # 0 and moreover,

“+oo

[ EHA@I+ 1@ + [ Fa(@))ds < -+,

T
1

where r + 1 is the mazimal number of the rows for all Jordan blocks Ji, k > 1, in the canonical

form of the matrix
4 ( Ry + 31, P, )
v Qo — )\X(V)In —Ry — (V + %)In 7
where x(v) =0 as v > 0 and x(0) = 1.
The following theorem holds true.

Theorem 2. Let the elements P~', Q and R of the matriz F satisfy Condition (B) and
let | be the quasi-differential expression generated by this matriz (see (1)). Then the maximal
number of linearly independent solutions of equation (@) belonging to the space L2(I) is equal
1) as v > 0, to the number of the roots of the polynomial F(z,v) = det(A, — zls,) (counting
the multiplicities) lying in the domain Rez < 0 and is independent of X;

2) as v =0, to the number of the roots of the polynomial F(z,0) := det(Ag — zI3,) (counting
the multiplicities) lying in the domain Re z < 0 and for non-real \ it is equal to n.
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Moreover, in the case v > 0, the spectrum of each self-adjoint extension of the operator L is
discrete.

Proof. 1t follows from Condition (B) that the entries of the matrix F' satisfy Condition (A)
of Subsection 2.1. This is why due to formula , the quasi-differential expression I[y] gener-
ated by this matrix is well-defined as well as the minimal closed symmetric operator L, and
Statements 1 and 2 of Theorem 2 describe the deficiency numbers of this operator.

Let v > 0. We denote by D the block-diagonal matrix

V2], O

In system we make the change y = DY, where Y is a new unknown 2n-dimensional vector
function. As the result, system becomes

Y'=(D'FD—-D'AD—- D 'D"Y.

Simple calculations show that the matrix functions D~'FD, D='AD and DD’ in the block
representation have the form

i (—1)21, 0 v (O O
b D= < 0 w+ion,) P AP=T - 0)
—1 | TR v t2p-t

D'FD ==z (xVQ op

Thus, the unknown function Y satisfies the system of differential equations
Y = (A, + B(2))Y, ®)
where A, is the scalar matrix defined above and B(z) is the matrix function
Ry(z) Py(z) >
B(r) = N .
I R Y i

Letting = e', we observe that system (§)) becomes (), where U(t) = Y(e'), A = A, and
G(t) = B(e').

We consider the system of differential equations with constant coefficients

U =AU(t).

The fundamental matrix of the solutions of this system is ® = et

Let z be a characteristic root of the matrix A, of algebraic multiplicity ry and geometric
multiplicity . We denote by k; (i = 1,2...1) the dimension of Jordan blocks corresponding

to the number z. We note that 2n-dimensional vector columns of the fundamental matrix ®
corresponding to ¢th Jordan block are

e*ey,, tete, +OH e, j=1,... k —1, (9)

where ¢y, is the eigenvector of the matrix A corresponding to this Jordan block (for more details
see [17, Ch. III, Sect. 4]).
Let (il), where X; (i = 1,2) are n-dimensional vector columns, be the eigenvector associ-
2
ated with the eigenvalue z of the matrix A,, that is,

(A, — 21,) (§;> _ 0.
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Hence, the vectors X; and X, satisfy the system of equations

(R() + (% — Z)]n)Xl + POX2 =0
(—Ry— (v+ 3+ 2),) X1 + QoXo = O.

Taking into consideration that det By # 0 and excluding the unknown vector X, from this
system, we obtain that the vector X; satisfies the equation

(~Ry— v+ 5+ =) — QoPs (R + (3 — 2)I)Xi = 0. (10)

The vector X is obviously non-zero and moreover, the geometric multiplicity of the root z
is equal to [. Hence, the rank of the matrix coefficient in system is equal ton —1 (I €
{1,2...,n—1}). Thus, this system has [ linearly independent solutions, that is, [ eigenvectors

of the form §1 are associated with the characteristic root z and first n coordinates of these
2

vectors do not vanish simultaneously.

Taking into consideration Condition (B), we observe that system (8)) is reduced to system
@ and at that, holds true, that is, all the conditions of Lemma [2| are satisfied. Applying
this lemma to each function in list @, we obtain that system @ has a fundamental matrix of
solutions formed by vector columns, which can be represented for t — oo as

the*(cr, +0(1)) (k=0,1,...k —1).

Making the inverse change x = e’ and taking into consideration that y = DY, we obtain that
the vector columns of the fundamental matrix of equation associated with the characteristic
root z of the matrix A are of the form

272 In* (G, + o(1)), (11)

where ¢, are non-zero vectors consisting of first n entries of the vectors cy,.
The functions, which can be represented as , belong to the space L?([) if and only if

+o0
/ | 227 (Inz)?* dr < oo,
1

and this is true if and only if Rez < 0. Moreover, as v > 0, the polynomial F(z,v) is
independent of A. Thus, the deficiency numbers of the operator Ly coincide and are equal to
the number of the roots of the equation F(z,v) = 0 satisfying the condition Rez < 0.

Then one can show that the Green function of each self-adjoint extension of the operator
Ly is the Hilbert-Schmidt kernel and is a meromorphic function of A\. This implies that the
spectrum of each self-adjoint extension of the operator L is discrete.

Assume that v = 0 and let us show that

det (Ag(N) — (—2)Ip) = det (Ag(N) — 21, . (12)

Indeed, the identity
det (Ag(X) — 21o,) =det(—Rj — (1/2 + 2)1,,)
~det(Ro + (1/2 — 2)1,, — Po(—=Rj — (1/2 + 2) 1) (Qo — M,,))

holds. On the other hand, employing the properties of Py, (g, Ry, of the transposed matrices
and determinants, it is easy to see that

also satisfies the above formula. Thus, identity holds true.
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Let A be a non-real number and the number of the roots of the equation
det (4g(X) — z215,) =0 (13)

obeying the condition Re z < 0 is equal to k counting the multiplicities. It follows from identity
that the number of the roots of the equation

det (Ag(A) = (~2)Ion) = 0 (14)

such that Re z < 0 is equal to 2n — k counting the multiplicities, that is, the deficiency number
n, and n_ satisfy the inequality n, +n_ < 2n. Taking into consideration that n, > n,n_ > n,
we obtain n, = n_ = n. The proof is complete. O

3.3. Assume that the expression [[y] is defined by the formula
I[y] = =(Poy')" +i((Quy)" + Qoy/') + Pry,

see (), and assume that the coefficients Py(z), Pi(z), Qo(z) of this expression satisfy the
following condition.
Condition B’. For each x > 1 and some real v > 0

Pyt (x) = a7 2Py + By (), Pilz) =a""(P) + Pi(z)), Qolw)=2""(Q) + Q).

where PY, PP, QY and P)(x), Pl(z), Qi(x) are constant Hermitian matrices and Hermitian
matriz functions of order n, respectively. Let det P{ # 0 and moreover,

+oo
In"
[ AP @+ 1P < oo, i=0.1,
1
+o00

/m%m%@m+m&MWM<+m

X

1

where r+ 1 is the mazimal number of the rows for all Jordan blocks Jy,, k > 1, in the canonical

form of the matriz
A = P00¢0 + %[n POO 1
: —05P0 b0 — (W) — Py — (v +3)1n)

where x(v) =0 as v > 0 and x(0) = 1, while ¢y = P +1QY, ¢f = P) — Q).

It follows from Condition (B') that the coefficients P = Py, Q = —p*Py ‘¢ and R = Py in
expression (/1) in the present case satisfy Condition (B) of Subsection 3.2 and, hence, Theorem 2
remains true. Applying this theorem, we obtain the following theorem.

Theorem 3. Assume that the matriz coefficients Py ', Py and Qq of the expression l[y] (see
(@) satisfy Condition (B'). Then Statements 1 and 2 of Theorem 2 are true for the equation

ly] = My.

4. EXAMPLES

4.1. In the proof of Theorem 2 we have obtained the asymptotic formulae for some fundamental
system of solutions of equation as r — oo and these asymptotic formulae are true without
assumption that the coefficients of the expression [[y| are Hermitian. They are surely of an
independent interest.

Below we give the formulation of the corresponding result for a particular simplest case of
expression ([5)), namely, the following theorem holds true.
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Theorem 4. Letv > 0, Py be a constant matriz such that det Py # 0, the matrix function
Py(z) satisfies the condition x'(||Pi(z)| + ||Pi(2)||*) € L'(I) and X\ is a non-zero complex
number. Then the vector equation

("2 Py’ + (2" Py(x))y = Ny
has a fundamental system of solutions y; (j =1,2,...,2n), which as v — oo can be represented
as
yj=c;+0(1),  Yar; =2 ey + 0(1)),
where ¢; and cp4; (7 =1,2,...,n) are linearly independent systems of n-dimensional vectors.

We point out that Theorem 4 ensures the above given asymptotic formulae for the vector
equation [[y] = Ay, where

() = —(PY) +Qy,  xel, (15)

P(x) = 2""2Py and Q(x) = (z*"'P,(z)). Thus, the coefficient Q in expression can be
highly oscillating.

4.2. We provide some particular examples of realization of various deficiency numbers for the
operator Lg. In expression ([I]) we let n =2 and R(z) = O. Then it is written as and the
matrix functions P(z) and Q(x) satisfy Condition (B) of Subsection 3.2. Simple calculations

show that
( +y>2 v+1 2 < +1/>2 v+1 2
T3 2 S 2

The polynomial F(z, v) is obviously an arbitrary quadratic trinomial w.r.t. [(z + g) 2 (%1) 2]

and this is why by choosing the entries of the constant matrices Py and @)y, the number of the
roots of this polynomial can be any of the numbers 2, 3 and 4. Thus, it is easy to construct
examples with minimal, not maximal and maximal deficiency index for the operator Ly. For
instance, letting sp (PyQo) = 0 and det Qo = 0, we obtain the limit-point case for the operator
Lo. Assume now that sp (PyQo) = —2 and det (PyQo) = 1, then the deficiency index of the
operator Ly is equal to (4,4) as 0 < v < 1 and to (3,3) as v > 1.

2

F(z,v) = sp (FoQo) + det (FyQo)-
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