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CONFORMAL MAPPINGS OF CIRCULAR DOMAINS ON
FINITELY-CONNECTED NON-SMIRNOV TYPE DOMAINS
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Abstract. We consider a canonical factorization and integral representation for the deriva-
tives of the conformal mappings of circular domains on finitely-connected non-Smirnov type
domains. By means of the functions in the Zygmund class, we obtain the conditions for
the global univalence. Earlier similar results were obtained by a series of authors just for
simply-connected domains.
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1. INTRODUCTION

We consider conformal mappings f : D — 2 of the unit circle D = {z € C : |z] < 1}
on Jordan domains 2 with rectifiable boundaries. Tt is know that [I] that f’ belongs to the
Hardy class H'(D) by the Riesz theorem and the Smirnov canonical representation holds. This
representation is determined by the formulae f = e (f")e*t( f")t,

I\ ex 1 ﬂ1+z€_i9 1( 1 nin 1 7r1+z6_i9
In(f")"(2) = %/1_—26%) In|f'(e?)df, In(f")"™(2) = %/1——,23“)@(9)’ (L.1)

where v = const € R, p is a continuous increasing function, whose derivative is zero almost
everywhere. In 1928, V.I. Smirnov [2] considered first the class of the domains €2 characterized
by the absence of the singular factor, that is, by the identity (f’)"(z) = 1. M.V. Keldysh and
M.A. Lavrentiev [3] constructed geometrically an example of a domain Q, for which (f/)**!(z) =
1 and in this way they proved the existence of non-Smirnov domains. A more general analytic
approach for constructing non-Smirnov domains was proposed by Duren, Shapiro and Shields
in 1966 [4] by applying a series of interesting facts from various fields of the theory of functions.
In particular, they employed the functions obeying the Zygmund conditions [5]

lv(@+71)—2v(0)+v(@—T) =0(T)

to characterize the function ,
v(6) = ul6) + [ n|f(elar
0
and Ahlfors-Weill condition [6]

sup (1= [21%)° | (£"(2)/1'(2)) = (1/2) (£ (/)] < 2 (12)
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ensuring the global univalence for the conformal mapping f : D — C and the quasi-conformal
continuability of the mapping f on the entire plane. The developing of the results in [4] with
applications to the theory of general and applied inverse boundary value problems was given
in works [7] and [§] by the authors.

As N.G. Makarov noted in 1989 [9], the question on a complete characterization of Smirnov
domains is still open. There is still no general criterium, while in this direction there is a series
of interesting results. Among them we can distinguish the solution of a complicated problem
obtained by P.W. Jones and S.K. Smirnov in 1999 [10]: the non-Smirnov property of a domain
Q does not imply the non-Smirnov property for its complement Q= := C\ Q. We note that
in [I0] we employ essentially the results of the works [11] and [12] on local characterization of
the boundary of a domain by means of harmonic measures. The further development of these
results can be found in the paper by V.N. Dubinin [I3].

There are well-known natural generalizations of Hardy classes and Smirnov factorization
theorems for finitely-connected domains. The history of the problems, original definitions and
the results of the factorization and integral representations for the multi-connected domains
are described in the papers by G.Ts. Tumarkin and S.Ya. Khavinson [14], [15], G.Ts. Tumarkin
[16] and D. Khavinson [I7].

The aim of the present work is to generalize the results by Duren, Shapiro and Shields [4]
for finitely-connected domains and extension of our results from [7] and [§] for two-connected
domains. We also mention that the passage from simpy-connected domains to finitely-connected
domains makes no problems if we discuss the local properties of boundary curves with no explicit
estimates. But we shall be interesting in criterions for global univalence by boundary data
and we have to deal with sophisticated integral representations and related estimates. And
moreover, we need appropriate generalization of the aforementioned Ahlfors-Weill condition
for the global univalence. To obtain the conditions for the univalence, we shall employ
essentially the methods and the results of works [18]-23].

2. PRELIMINARIES

We introduce some notations and definitions. Let D,, be a circular (that is, each connected
boundary component is a circle) n-connected domain with non-degenerate boundary compo-
nents v = {2 : [z —ax| = R}, k = 1,n, and a, = 0, R, = 1 and the circle v, = {z : |z| = 1}
envelops the others.

Definition 1. (see [14]). The Hardy class H,(D,,) is the set of holomorphic in D,, functions
g such that given g and g, k = 1,n, there exists a sequence of circles v, C Dy, j = 1,2,...,
satisfying the conditions v, — v, and

sup/|g(z)dz| < 00. (2.1)
i J

o
Let f make a univalent mapping of D,, onto some domain €2,,. We assume that the function

f is holomorphic in D,, and can be continuously continued to the boundary dD,, = |J 7 and
kf

=1
this mapping is continued to a homeomorphism of the boundaries. In the case n > 1 there
exist two equivalent definitions of Smirnov class; the equivalence was proved in [14].

Definition 2. [14] A domain ,, with a Jordan rectifiable boundary is called a domain of
Smirnov class if one of the following conditions is satisfied:
a) the function In f’ is represented by the Schwarz operator applied to the limiting values

In f'(Ck), Gk = ar, + Rie®, k= 1,n;
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b) domains Qui, k = 1,n, belong to Smirnov class, where Q. is a simply connected domain

with the boundary Ty = f(v) and Qpx D Qny () Qe = Q.
k=1

Representation just expresses that f'(2) # 0 and f' € Hy (D), and this is why the
function f can be non univalent in D; = D also in the case p(6) = 0. There are numerous studies
providing various additional restrictions for In|f’(e?)| as () = 0 to ensure the univalence for
fin D;. For the case u(f) # 0, in papers [4], [7] and [8] there was established the relation
between global univalence f with the belonging of v to the Zygmund class A(K), that is,
V(0 + h) — 2v(0) + v(0 — h)| < Kh; the relation was expressed in terms of restrictions for the
constant K > 0.

Following G.Ts. Tumarkin [I6] and D. Khavinson [I7], we obtain a convenient for us formula
recovering the values of the function ¢ = f’ in the class Hi(D,,) by a known up to a zero set
measure absolute value of the boundary values ®(6) = |g(Cc(0))], ¢u(0) = ar + Rie®®, k =1, n.
We note that in the simply-connected case n = 1 the proof of the structural formula for the
class H; was given by V.I. Smirnov and is related with constructing the best possible analytic
majorant for some family of analytic functions. This result on constructing the majorants was
generalized by G.Ts. Tumarkin [I6]. We describe briefly the main result. Let H be a family of
functions g analytic in a finitely-connected domain Q,,, Q7 be a sequence of domains converging
to 2 as 7 — oo such that

/supanr ]g(z)]WdS<C<oo, j=1,2,.... (2.2)
geEH n

I

Here IV is the boundary of the domain €7, G,(z, z0) is the Green function of the domain Q7 with

the pole at a point 2o € O/, 7 =1,2,.... we denote by u the best possible harmonic majorant

of subharmonic function supln|g(z)|. Let v be the conjugate harmonic function. Then, if
geH

g(z) = exp{u(z) +iv(z)} is single-valued in €2,, it is the best possible analytic majorant of the
family H. If the constructed function g is multiple-valued, the best possible analytic majorant
does not exist. Let us consider the class Hy(D,) from this point of view. Condition ([2.1)
ensures inequality . Therefore, there exists the best possible harmonic majorant u, but at
that, the constructed function ¢ can turn out to be multi-valued. We consider non-negative
functions &, @, ..., &, satisfying the conditions

o, € L'[—7, 7], In®, € L'[-7,7],

- .
Z%/cpj(e)zaj(zk,zj(e))dezfx, k=1n, A=const, (2.3)
ok <

where Pj(z,z;) = ReSj(z,2;), {Sj(z,2;)}7-, is the Schwarz kernel for the circular domain

D,, proposed by V.A. Zmorovich (see, for instance, [I7]). By ®(D,,) we denote the subclass

Hi(D,,) of functions g with the single-valued logarithm such that almost everywhere in 7, the

inequality |gx(2:(0))| < ®1(0), k = 1,n, holds true. The best possible harmonic majorant for
sup {In|g(z)[} is

ge®(Dy)

/(I)k(Q)Pk(z, W(0)d0— A, 2 €D,

—T

"1
k=1



6 F.G. AVKHADIEV, P.L. SHABALIN

By relation (2.3), the analytic function g defined by the identity

2) = exp{i % j By (0)Si (2, 21 (60))d6 — A}. (2.4)

is single-valued in D,,. Its logarithm In g({) is also single-valued.

Assume now that g € Hy(D,). It is known that almost everywhere in -, there exist the
angular boundary values ®(0) = |gx(2x£(0))| and @, and In P, are summable functions. To
transform the analytic function In g to the single-valued form, we consider the function defined
by the identity

o(:) = [Tron)] ™
k=1

Here ©f maps conformally but not univalently the domain D,, on the domain ¢; < |w| < 1 and
the circle |w| = g is in one-to-one correspondence with the circle ;. As it was proved in work
[15], there exists the unique choice of numbers 4, ay, such that In F, F(z) = 27°g(2)0(z), is a
single-valued analytic function. The function F' possesses angular boundary values |F'(zx(6))| =
|2(0)|° @1 (0) g, ** almost everywhere in v;, and these values satisfy conditions . Therefore,
F can be represented as F(z) = e®§(z)o(z), where § is the function of the maximal absolute
value , a holomorphic in D,, function In o belongs to the Carathéodory class and hence, it
can be represented by the formula

o(z) = exp{; %_/ Sk(z, 2 (0))dvy(0) — B}, B = ;%_/Pj(zk,zj(e))dyj(@)? (2.5)

k =1,n, v;(0) is a non-decreasing singular function. Thus, the following statement holds true:
each function g = f' in the class Hi(D,) can be represented as

9(2) = 72071 (2)g(2)a (=), (2.6)
where o s a holomorphic in D, function of form (-) g is a function with representation
mazimal for the set |z, (0)| °®x(0)q, **, k = 1,n, 2°071(2) selects the multi-valued part
of Ing(z).

3. CONDITIONS OF UNIVALENCE FOR THE MAPPING OF AN ANNULUS

Assume that the function f is holomorphic in the annulus Dy = E(q,1) = {z € C: ¢ <
|z| < 1} and can be continuously continued to the circumference || = ¢ € (0, 1). Suppose that
f € Hi(E(q,1)), f'(2) # 0 for each point z € E(q,1). Then for each point z € E(q, 1)

s

f(z):/exp 2i/P(e)s (=) d0+—/ () — ASde. (3.0)

™

—T

Here S, is the Ville kernel, that is,

Sy(2) =

1—|—Z O°1+ 21/Z 1_|_ 21/271
oyl L

1—2z = 1—q*z B 1— g2zt

We suppose that the relation

™ m

1 1
o P(0)df = 7

—T —T

du(0) = A = const
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holds true, where p is a non-increasing singular function with a derivative vanishing almost
everywhere, and P is a continuous 2m-periodic function. The singular function p is continued
to the entire real line by the identity:

2
w(@+27) = pu(@) — 275, 6 €R, where (= —(27r)_1/ du(0) = 0.
0

Let a € (0, 1), K be a positive constant. We consider the following three classes of real-valued
functions:

a) A\(K) is the class of all 27-periodic functions P satisfying the Lipschitz condition |P(6 +
h) — P(0)| < K, where 0, h € R;

b) A1yo(K) is the class of all 2r-periodic functions P satisfying the Zygmund condition of
order 1 +a € (1,2):

|P(6+h) —2P(0) + P(6 — h)| < Kh'"™™ VO, heR;
c) A(K) is the class of all singular functions p satisfying the Zygmund condition of order 1:
10+ h) —2u(0) + (@ —h)| < Kh 6, heR.

Let us obtain conditions for positive numbers ¢, § and K ensuring the univalence for mapping
(3.1). We shall need the inequalities

(14_(161)2 1 f(qQ Kg) a2q TR

(143%2 +K {1 + Ei’ = Zjﬁ ((5) a+B@)+ (6,6 + 1”_‘1%) 11+_1’q§q] <1, (33)

where

<1, (3.2)

l+a [t
B(a) = +a/ —dt.
T sint
0

Theorem 3.1. Let o, q be numbers in the interval (0,1). Let f be the holomorphic function
defined by integral representation in the annulus FE(q,1), in which P € A11o(K) and
p € ANK) for some K > 0. The function f is an univalent conformal mapping of E(q,1) if
the numbers K > 0 and qf > 0 are small enough, namely, if they satisfy inequalities and

73

In order to prove the main result of this section, we shall need a series of auxiliary estimates.
Let

™

[ POz e, g2) = o [ Sitee (o). = € Bla.1).

—T

1

qi(z) = oy

Lemma 3.1. Let z =re"? € E(q,1). If P € \(K), then the inequality

0 .
i
‘ Re o g1(re'?)

<K

holds true. If P € A1o(K), then

<SRG v me). e =20 [ e
0

Im 2 g1 (Tew)

dyp
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Proof. Letting
S,(re) = P,(r,t) +iQq(r,t), P,(r,t) = P(r,t) + Po(r t),

Plrt) = — = = S [P, 1) — P(¢% fr, 1))

1+7r2—2rcost’

Jj=1

for a harmonic in E(q, 1) function % Reg1(z), 2 = re?, we obtain the representation

0
%Regl ———/ <P+t Fylq/r, t)dt

in which we denote ¢ = 0 — ¢. Replacing ¢t by —¢, in view of the oddness of the function
S Py(q/r,t) we obtain

soRean(:) = o= [ Plo =05 Pyafr vy

—Tr

Therefore,
0 0
5 Rean(: _——/ (p+1) = Plo— O Pyla/r.

Employing the inequality £ d 5:P4(r,t) < 0 [24], we estimate the absolute value:

K/ 'at (q/r,t) ‘ - —KPq(Q/T77T)+g/wpq(Q/Tvt)dt

0

‘8 Regl

To complete the proof of the first statement of the lemma it remains to observe that

™

/Pq(p,t)dt =7 qg<p<l.

0

Assume that P € Aj,(K). Tt is easy to check the identity

0
%Imgl = ——/ Qq q/r, 0 — p)do,

where

2psint

QCI(p7t) :Q(p’t)+Q2(p’t)v Q(pvt) = 1+p2—2pcost’

Q5(p.1) ZQ 7*p,t) + Q4% /p, 1)

Employing the oddness of the function %Qq(q/r, t) and the identity

™

%Qq(p, t)dt =0, ¢ <p<1,
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we transform the formula for % Im g;(2) to the form

%Imgl@z_ﬁ [Plp+1) ~ 2P(o) + Plo — 1)) 2 Qula/r. )it

—T

This implies the inequality

K [ ]
< i I+a| 7 ‘
' Im gy (2 27T/t ath(q/r, t)|dt,
0
which we represent as
9 ()<—K[1(/ )+ Ia(q/r, a)] (3.4)
m < , ,a)l, .

9o g1z 27T1q7“04 2\g/T, &

8 0
14+a 1+a| 7 M0
hip.a) = [t SQpnit Bpa) = [ 40| 2 Qb0

0 0
0 (14 p*)2pcost — 4p?
at@(p7t)_ (1+,02—2pCOSt)2 ) Q<,0<1,
2 gty =3[ 20t + 2o ) (35)
ot 1 ’ — ot ’ ot B '

We rewrite the formula for ;(p, «) as

™

[ e ® ?
h(pa) = [ 042 QG 0t — [ 12 @m0
0 T

where 7 = arcsin(1 — p?)/(1 + p?). By the integration by parts we obtain

Lip,a) =21"Q(p,7) + (1 + ) /t"‘Q(p, t)dt — (1 + «) /taQ(,o, t)dt
T 0
By the identity Q(p,7) = 2p/(1 — p?) we get
14+« 1— 2\« A
Ii(p,a) < 2p% + (14 «) /taQ(p, t)dt. (3.6)

0

Letting p = ¢/r in (3.6) and estimating the right hand side by means with the the inequality
Q(p,t) < 2p/sint, we obtain

L(g/r,a) < 2r {(g)a a+Bla)]. (3.7)

In order to estimate I5(q/r, «), we observe that series (3.5)) converges absolutely and uniformly
and hence, we can write the inequality

L(q/r,a) < Z/tlm 82 Q(q*r,t) ‘dt—l—Z/t”o‘
v=1 0

By this inequality and (3.6) we obtain the estimate

ﬂ.l—l—a 0 , 1 — q4u+2 +a X - 1 _ q41/ e
hlafra) <3 g o 0 i g

a 41/21a Av\1+a
20 =7 (14 q)tt — (L4 g*)t*

Q(¢* /r, t)’dt
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1+a Z/t“@q Yrt)dt + (1+ Z/tO‘Q (¢% /r,t)dt

This implies the relation

Liq/r.a) < 4quz [(3)" +B@)].

1 2
Substituting the latter inequality and inequality (3.7) into (3.4]), we arrive at the second state-

ment of the lemma. ]

Lemma 3.2. Let z = re®? € E(q,1). If p € A(K), then the identity

0,4(1+7)+2,1¢/(1 — q)

<K
1—7r

0 )
‘Re %92 (re'?)

holds true.
Proof. We take the derivative w.r.t. ¢ of the both sides of the identity

:—— — igo
Re go(2 / 89 P,(r,0 —p)df, z=re"?.

and obtain

0 Rega(:) 1]<9>52 R0 )b, == 1

_ e Z) = — T Z=rer.

D 92 27 062 P18,

Employing the evenness of the function aa—;qu(r, 0 — ¢), we represent the latter formula as

™

soRean(s) = 5 [luto+0) = 20(e) + o~ 0] 5P

2
(r ) dt, 2 =re'?

Since the function p belongs to the class A(K), we obtain the inequality

0 K
5 e / o]
Using the expansion
0? 0? *
ﬁPq(r, t) = 5 = P(rt) + @Pq (r,t),
we write 5
‘% Rego(2)| < Li(7) + L(r), z=re",
where
K 0?
Li(r) = ‘8t2P(T t)' dt, / '@Pg (r,t ' dt.
Following work [7], we obtain the inequalities
0,4 K(1+7r 21K
R < BHUED gy < 21K (338)

Taking into consideration the formula

0 0( 2j 0 2j
?qut Z(w (rqg¥,t) ~ o P(¢7 /r,t)|,
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in which the series are majorized by the geometric progression with the general term
12¢%~1/(1 — ¢)? and they hence converge absolutely and uniformly for ¢ < r < 1, we obtain
the following inequality for I5(r):

27r/ ‘3752 (rq* ,t) 'dt—i——/ ‘82 (¥ )r, t)‘dt

Employing the second inequality in (3.8)), we write

2j a J

q? r q 2,1Kq
<2,1K A <2, 1K <
Z(l—TQQJ 1_q2j/7~) Zl—qj (1—(])

By inequality (3.8) this implies the statement of the lemma. O]

M

Lemma 3.3. Let a function F' be holomorphic in the annulus FE(q,1), be continuously con-
tinuable on the boundary circumference |z| = q and have the zero real part on the circumference
|z| = q. If the inequality | Re F(re™)| < ﬁ holds in the annulus E(q,1) with some constant
C, then

8,2C(1+1,8¢q)
+ max |Im F(qée
(1=7)1—=¢%)  eel-n, w]‘ (@€l

Proof. Let p be some number obeying the condition ¢ < p < 1, § = q/p. The function F is
holomorphic in the annulus E(q, p) C E(q,1) and is continuously continuable on the boundary
circumference |(| = p. First we estimate the absolute value of the function F', which we write
as

[F(2)] <

/ 1] i | 4 a1 d —1, —i
F'(z) = %/ReF(pe 9)[53(/) Lze™i) —i—ESg(p Tze 9)] do.

Since

2p
TTQP(T/,@Q —¥),

d -1, _—i0\| _
Lot =

d o, —1_ —ip - 2p3*™ ~2j 2p3*™ ~2j
5 ze )‘ <Zl[pg_—WP(W/p,H—sOHﬂ_—WP(pq]/h@—w) :
]:

estimating the absolute values in the representation for F”(z), we obtain

C [ 2 —  2p7” 2pg>
Lt R D A

L=plp?—r? i p?=r2qy 12— p2q¥

Taking into consideration the inequalities

—  2pG” NQJ_ 2pq
Zp 2 _ p2 4J\p_rzz r2)(p? — ¢2)’

J=1

o0

—  2pG” 2p 27 2pq
- S - 77 < ,
; - T (1-@) o T (e =)0t - @)

we obtain the following estimate for |F’(z2)|:

2Cp
(1—=p)(p? —1?)

2 2
[1+q+ d

F'(2)| < .
()] PP (=)




12 F.G. AVKHADIEV, P.L. SHABALIN

Choosing p = (1 4+ v/2r)/(1 ++/2) in this inequality, we obtain

8,2C q? q°
+ + :
(1 — 7“)2 1 — q2 702(1 _ q2)
Integrating the latter inequality w.r.t. the radius, we obtain the statement of the lemma. [J

Proof of Theorem[3.1 We consider the mapping of the annulus F(q, 1) by function . We
assume that P € Ay ,(K). The necessary and sufficient condition for the convexity of the
curve 'y, which the image of the circumference v, = {¢, ¢ = ¢e, —7 < 6 < 7} under the
mapping by the function f, is the inequality

f"(z)

lianéRer’(z) > —1, ¢ €, (3.9)
By formula (3.1)) we obtain
[z 0 0 _ g
1z ) &pgl(z>+ 6@92(2)’ 2 =re'?.
This implies the representation
) _ 9 0 :
i = (O + - 0a(0), € = g
f'(Q) 9 ©) O 2(¢)
To ensure condition (3.9), it is sufficient to satisfy the inequalities
Im2 (C)—O—Im2 Q) <1 (3.10)
a(pgl 8<pg2 : .

Due to the inequality

9 Qulac) < 1a/(1— )"

for the function

5 1 [0 | |
- - — | = = d(0 — gt
o] = o [ 5@ auo), ¢ = ac
we obtain
0 4q , 1
— S 77— b (=qe%, [f=_—[|du0)]
O] < s c=aen, =5 [l
In view of inequality 1) by Lemma 1, for the function %91@ ) we have

o 0] < 25| (5) 2+ 0+ 20080

Therefore, inequality (3.10) holds by condition ({3.2)).
By formula (3.1)) we obtain the inequality

f"(z)
f'(2)
Employing the above obtained estimates, we write the inequality
" 2 Iy
zé((j)) < (145’5)2 +K [1 - Ei’ - 3)3 ((5) a+B@) + (6,6+ 117_?;) 11+_1;§q} 7
which together with condition yields the inequality |z f"(2)/f'(z)| < (1 — |2]?)~! for each
point z € E(q,1).

0
%92(2)

z + . z=re¥ e E(g1).

< ‘%91(2)
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To complete the proof of Theorem [3.1]for a holomorphic in the annulus F(q, 1) function f, we
establish a sufficient condition for the univalence by the continuation method presented in [1§],
see the proposition after this proof. This condition completes the prove of the theorem. O

Proposition. Let a function f be holomorphic in FE(q,1), the harmonic function
Relzf"(2)/ f'(2)] be continuously continuable on the internal boundary |z| = q. If

2f"(2)/ ()| <1/(1 = |2[*), 2 € E(q,1), (3.11)

/Re[l + O/ F(Old0 = 2m, Re[L+¢f"(O)/f Q)] 20, ¢=qe, (3.12)

—T

then the function f is univalent in E(q,1).

Proof. By condition (3.12), the image of the circumference , := {|¢| = ¢} under the mapping
by the function f is a closed convex curve I', passed once counterclockwise, when 6 ranges
from —7 to . We choose a homeomorphism g of the circle B, := {z : |2| < ¢} on the closed
bounded domain with the boundary T, satisfying the gluing condition f(qe?) = g(ge®). Let d
be some number ¢ < d < 1. We define the mapping of the entire plane as follows:

g(C)a CGEQ?
7). ¢ € Bq. d).
FO=9 ra + (c- BV (L &
@0+ (-2)1(Z) cer(a)
| Flae”)+ (1= L) ref(ae”), ¢ € By i={C 1 I| > d*/q}.

The function f is locally univalent in the entire complex plane. Indeed, in Eq, the function
f(¢) = g(¢) is univalent by the construction. As ¢ € E(q,d), the inequality |f/(¢)] > 0 is
implied by (3.11). In the annulus E(d, %2), the condition for the local univalence for the

2

f"(d/Q)

function f is the inequality I = |f¢|> — |j}|2 > 0. We write an explicit expression for the
Jacobian of the mapping f in the annulus E(d, dg)

d? 2}
clir@/anl

2 /7Y |2 d?
r=Ira@oR)- [(c- %)
¢

It clearly yields that the positive orientation of the mapping is implied by condition (3.11)). If

(€Ep /¢ then the condition of the local univalence at this point is equivalent to the inequality
" 0 2 2
ief (qe ) d / 10 d
i >O7 f(qe #07 TZC>_
Flae) T ) ) =5

implied by condition ((3.12)).
Since the mapping f transforms each sequence of the points converging to infinity into a

similar one, by the Hadamard theorem (see, for instance, [I8], [21]), the local univalence of f
implies the univalence in the entire plane. Thus, f is univalent in the annulus E(q,1). O

1+ Rege

4. (CONDITIONS OF THE UNIVALENCE FOR MAPPINGS OF FINITELY-CONNECTED DOMAINS

Let f be a univalent conformal mapping of D, onto some domain €2,; 2, be the simply-
connected domain introduced in Definition 2b). In the same way we introduce the domains D,.
This is clearly a circle or the exterior of the circle with the boundary ;. We take a concentric
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with 7y circumference 7, v, = {¢ : | — ax| = R} and by D!, we denote the circular annulus
with the boundary v, U 7.

Lemma 4.1. The representation

Q) = (frowr)(C), ¢ € Dy,

holds true, where fi is any of univalent mappings of Dpy onto Q. and wy, s a homeomorphism
of Dy onto itself conformal in D!,.

Proof. We continue the mapping f of the annulus Dj; onto the two-connected domain {2, to

the homeomorphism f of the domain D, onto €2,,. For instance, this can be done as follows.
We choose some function ¢y, which is a univalent conformal mapping of D, \ D!, onto the
domain 2, \ €2 .. Then as f, we can take the function defined by the identities

| elak+rem), T =arg{e  [flar+ Rie) —art, (= ar+re? € By \ By

The function f is a homeomorphic mapping of D, onto §2,,;, and therefore, it is inner in Stoilov
sense. By the Stoilov theorem, f(¢) = (F o wy)(¢), where wy, is the homeomorphism of D,
onto itself, the function F is analytic in D,. Since F(w;) = (f o ¢)(w), then F is univalent
in D/, that is, F'(2) = fr(z). The conformity of wy in D!, is implied immediately the identity
wi(¢) = (fi' o £)(€), ¢ € D!,.. The proof is complete. O

For further purposes, it is convenient to select a thin annulus D!, located in the annulus
D! .. Namely, let v, = {¢ : |( — ax] = R}} be located in D/,. Then we let that D/, is the
annulus with the boundary 74 Jv. Taking into account the analyticity of wy on 7, by the
Riemann-Schwarz symmetry principle we obtain that wy is a univalent analytic function in the

o= .. . . . .
closed domain D, . This is why all derivatives of wg(() and continuous and uniformly bounded
4 . o, =/ .
in D,,. And moreover, there exist positive constants C; such that in D, the estimates

Cl < |1H’LU;€<C)’ < 027 03 < (Rk — ’C — ak|)/(Rk — |wk — ak|) g 04 (41)

hold true.
By means of the lemma we propose a simple proof of the equivalence of Definitions 2a) and
2b). Indeed, we have

In f(¢) = In f{ (wi(¢)) + Inw(¢), ¢ € Dy,

Let v’ be closed rectifiable curves in D!, converging to 7, as m — oo. Then the curves

e = {20 2= wi(Q), € € e}
possess similar properties. By inequalities (4.1)) we obtain:

/|1nf'(g)d<| <M1/|1nf,;(z)dz|+M2, k=T, (4.2)
Vi Ve
[ Imsias <ot [ Qe+ M k=T, (13)
W Vi

where M, = 1,4 are positive constants.

Assume that €2, = f(F,) belongs to the Smirnov class and we represent In|f’(z)| by the
Green formula. Then in accordance [14] the function In f’ belongs to the class Hi(D,). On the
base of the definition of the classes H; and inequality we conclude that In f, € Hy(Dyy).
Therefore, €2,,;, is the domain in the Smirnov class.
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The inverse statement can be proved in the same way, just instead of inequality (4.3]), one

should employ (4.2)).
By means of Lemma, , we can easily estimate the growth rate in r = |( —ag|, Ry —e < r <

Ry at the boundary 7, for many functionals on univalent functions in D,, if we know similar
estimates for the functions, which are univalent in a circle or in the exterior of a circle. Exactly
this is employed in the proof of the following statement.

Lemma 4.2. If f is holomorphic and univalent in D,,, then

//
sup f
ZeDn

Proof. If f, is univalent in D, then by the known results (see, for instance, [19], [23]) we can
write

n

H (Ry, — |z—ak|)> = M(f) < oo.

Zse%p ( fé/((j)) (R, — |z — ak])D < M < oo. (4.4)
It follows from (4.1)) that

f"©Q) _ i (wi(Q)) wi ()

7O~ ) gy ¢

By (4.1), (4.4) and the inequality C5 < |w}(¢)/w;(¢)| < Cg we obtain the relation

/") )
sup - R —1|C—a < M, < o0,
e, (f(C)( Pl i
which implies immediately the statement of the lemma. O

Now we consider the domain €2, not belonging to Smirnov class and bounded by Jordan
rectifiable curves. By the Riesz theorem we have f' € Hy(D,) and this is why we can use
parametric representation . It is obvious that we have the following structural formula for
the function mapping some canonical domain D,, onto €1,:

f(z) = / 2ot exp{z /sk 2, z(0))dvg () —a}dz 2k € Vi, (4.5)

1 -
=2 g/sj(% 2(0))dv;(0), k=Tn.
gk =0

Here v} is a function with a bounded variation and its expansion involves a non-trivial singu-
lar component px(6), k = 1,n. Let the simply-connected domain €, is bounded by Jordan
rectifiable curves I'y, £ = 1,n. We interested in the question what restrictions are imposed for

mapping function (4.5) by the latter conditions.

Theorem 4.1. If function maps D,, onto ), in the univalent and conformal way, then
there exists a constant K > 0 such that vy € A(K) for some k=1,2,... n.

Proof. We represent expression (4.5) in the annulus D/, as (see [17]):

™

1 -2
In f(2) :51nz—ln®(z)—l—Q—/Wduk(e)%—tpk(z), 2eD.,,  (46)
™ — <k

—T
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where ¢y is a function holomorphic in the domain D¥ = () D,; and is hence holomorphic in
i#k

the annulus b;k. Let

™

B 1 Z 4 2z — 2ay
qr(2) = 5 /yk(e) E— db

be a function holomorphic in D,;. Then on the circumference v, the identity Re gx(z(0)) =
v (0) holds true. By (4.6)) we have

i(z—ap)g(z) =Inf'(z) —dInz+O(2) — pr(z), 2€ D,
Hence, by Lemma [4.2] we find that

sup (R~ |2 — axl) (= — )b (2)]] < M < oo.

We map the unit circle D = {( : |(|] < 1} onto the domain D,; by the function z;({) =
ar + Ry /C. Then we consider a holomorphic in the unit circle function deﬁned by the identity
Qr(C) = qi[z1(¢)] and the function Q; defined by the identity Qx(6) = Qx(e). It is easy to
see that

d
sup [(1 — [¢[*)
¢eD

C[C QL) = Zzlép [(Ry — |z — ax|) Z[(Z — ap)q(2)]] < M < o0.

This implies [5] that Q) € A(K) with certain constant K > 0 depending on M only. Estab-
lishing a relation between the boundary values of Qx(¢) and gx(2), we arrive at the statement
of the theorem. ]

We mention that this theorem extends the known result by Duren, Shapiro and Shields [4]
for multi-connected domains.
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