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ON SIMULTANEOUS SOLUTION OF THE KDV EQUATION
AND A FIFTH-ORDER DIFFERENTIAL EQUATION

R.N. GARIFULLIN

Abstract. In the paper we consider an universal solution to the KdV equation. This
solution also satisfies a fifth order ordinary differential equation. We pose the problem on
studying the behavior of this solution as ¢ — oo. For large time, the asymptotic solution has
different structure depending on the slow variable s = 22/t. We construct the asymptotic
solution in the domains s < —3/4, —3/4 < s < 5/24 and in the vicinity of the point
s = —3/4. It is shown that a slow modulation of solution’s parameters in the vicinity of
the point s = —3/4 is described by a solution to Painlevé IV equation.

Keywords: asymptotics, matching of asymptotic expansions, Korteweg-de Vries equation,
non-dissipative shock waves.
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1. INTRODUCTION

In works by A.M. II'in and S.V. Zakharov [1-3] there was initiated the study on influence of
a small dissipation on the processes of transforming weak discontinuities into the strong ones.
It was shown in these works that in the leading term, this process is described by a special
solution to the Burgers equation. It was shown in work [4] that in the problems with a small
dispersion, a similar role is played by two special solutions to the Korteweg-de Vries equation
(KdV)
U + Uy + Ugpe = 0. (1.1)
In the present work we study one of these solutions with the prescribed asymptotics:

=0, = (t +V12 —4x)/2. (1.2)

The solutions u(z,t) plays an universal role [4] in problem on appearance of non-dissipative
shock waves [4,5]. In work [4], for the solution to problem (|1.1)), (1.2)), the asymptotic solutions
was constructed in some directions as x? + t? — 0o; in the domain of non-damped oscillations
this asymptotic solution was determined by quasi-simple solutions to the Whitham equations.
In the present work the asymptotics to this solution as ¢t — oo is studied in more details.
Namely, we propose an ansatz for the zone, in which fast oscillations arise, we determine
the equation for the phase shift in the zone of the Whitham oscillations, we construct the
asymptotics for the solution before the zone of these oscillations. We show that Painlevé IV
equation determines the leading term of the asymptotics in the vicinity of the zone of Whitham
oscillations appearance.

It was shown in [4] that the solution u(z,t) satisfies the fifth order ordinary differential
equation in the variable x:

( DUgzu  Hu? 5u3)/ 2u + 12Uy — 3t(Uppe + Uly)
U’$$xw

y
T—00 T—r—00

= =0. 1.
3 6+18 6 0 (13)
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Equation ([1.3]) is a combination of stationary parts of the symmetries for KdV equation. One
of them is the highest (generalized) fifth order symmetry:

Suge,u Su2  5ud\’
5 TTTT = o ; 14
Un, (u - 5 TG 18 )x (1.4)
the second one is the classical dilation symmetry:
Up, = 2u + TUy — 3t (Ugzy + Uly). (1.5)

Equation ([1.3) can be called as the first highest analogue of Painlevé I equation, see [4, Eq.

(6.2)].
The asymptotic solution to problem , , as t — oo has various structure depending
on the direction [4]. These directions are determined by the values of the variable

X

The Whitham oscillations zone associated with —% <s< %, some neighbourhood of the point
s = —% corresponds to the zone of the appearance of Whitham oscillations, s < —% is the zone

before the Whitham oscillations.

The work is devoted to studying the asymptotic solutions in these domains and to matching
these asymptotics. It should be mentioned that to solve this problem, together with usual
averaging methods [6], we employ the condition that the sought solution satisfy simultaneously
two equations. This condition allows us to obtain the equation in a slow variable, see [7], [§].

2. ASYMPTOTICS AS s < —3/4

We make the change of variables

x
u=tU(t,s), s= o
Under such change, equations cast into the form:
tPUges + tUy — 25U, + UU, + U = 0, (2.1)
1 1 1
7100 55 + gt’5(20UsU55 + (10U — 3)Usss) + 6(5U2 + 5 —3U)U, + U =0 (2.2)

In equation (2.2)), all the derivatives of the third and higher order in the variable x can be
replaced by the equation ({2.1)):

1 1

gt U+ Vs =17 sy + (U = 45U + 245" — 55)U—
2.3)

1 1 (

— (AU = 3+ 125)U; — (4U + 125 = 5)U = 0.

The leading term of the asymptotics depends on the slow variable only s:

U=Vy(s)+:-, t— o0, 3<—%

Substituting this formula into equations (2.1)) and(2.3) lead us to two equations for Vg(s):

1 1

6(VO2 — 48V 0 — 5s + 24s*)Vy — 6vo(zu/o —54125) =0, (Vo—25)Vg+V,=0. (2.4)
This system implies the algebraic equation:

%2—%+S:0,

whose solutions satisfy system ([2.4]). It follows from (1.2]) that we should choose on the roots
to this equation:

Vo= (1++v/1—4s)/2. (2.5)
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It follows from the results of paper [4] that fast oscillations arise in the terms of the asymp-
totics, and this is the asymptotics for the solution is constructed as a partial sum of the series:

U = Vort-Vi(p, Vo)t >+ Va(p, Vo)t >+ Va(p, Vo)t~ 4+ Vi(p, Vo)t~ + Vs (p, Vo)t > +... (2.6)
For the fast variable p we construct its series:
p=t"2p_ 1 (Vo) +pun I t+po(Vo) +1(Vo)t > 4o (Vo)t =2 +ps(Vo)t "2 4 pa(Vo)t 10+ (2.7)

The coefficients Vi (p, s) we impose the condition of 27-periodicity w.r.t. the variable p. In the
coefficients of the asymptotic expansion, the slow variable s is replaced by the dependence on
Vo for simplicity of calculatlons

Substituting series ) and (| - ) into (| and (| . for Vi we obtain two equations:

)3 a3v 1 av
(p 1) 1 4z (5p_1—2p 1V0)

=0,

T2 1) op 3p
5 yu- 1( ) 63‘/1 1 2 8V1
12V — 16V + 3) — 2V5(2Vh — 1)(6Vh — 5 — =0.
2(2V0 — 1)2 9p3 (p i 0+3) 0(2V0 )(6Vo )p- )ap
Excluding 5 o Vl from this system, we obtain the relation:
A%
(206(6 — )Ly + 1523 — Dpa ) (V6 = 1oty —5p1) - = 0.

Since V; should depend on p, by the last relation we can find p_;. The bounded terms of
asymptotics exist under the only choice of p_;, namely, as
2v/2 3/2
(W) = ——=V" 7 (6Vh — 9). 2.8
p-1(Vo) 5730 (6o —5) (2.8)
Here the constatns of the integrations are determined by condition of 2m-periodicity of V;. The
equation for V; becomes:

IV oV
L =0
op? dp
we write its solution as
Vi = D1(Vo) + A1 (Vo) cos p, (2.9)

where D;(Vj), A1(Vp) are functions in slow variable to be determined by the existence and
boundedness conditions for the next terms of the asymptotics. Hereinafter, the third integration
constant corresponds to the phase shift p;(14).

For the function V5 we obtain two inhomogeneous equations in the variable p:

PV, OV

G gy — e Vo A Dy AL DL ),

Ve OV o
G gy — P2 Vo An Dy AL DL ).

The existence and boundedness condition for the solutions is that the right hand sides should
coincide and they should be orthogonal to the solutions of the homogeneous equation, that is,

F21(p7 ‘/071417 DlaAlla Dllapé]) - F22<p7 ‘/OaAla D17A/1)Di7p£))7

2
/ F21(p7%7A17D17A/laDllapé))dp:07
0

o (2.11)
/ F21(p7%7A17D1:A/17D/17p6)Cospdp:07
0

21
/ FZl(p7%7A17D17A,17D/17p6)81npdp:O'
0
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The solutions to system ([2.11)) are of the form:

A=
LV - 3)
D= VG , (2.12)
5VVo(2Vo — 1)

po = In((2V - 3V + ",

where O, p° are arbitrary constants. The equation for V5 is of the form:

BV, 0V, 302
_ in 2 2.13
o op A, —3mp P (2.13)

and its solution is
o
8(2Vy — 3)21¢7

For the next terms in the asymptotics we obtain systems of form (2.10) with solvability
condition of form . We failed to prove the solvability of these systems for all the terms.
By straightforward calculations we checked that up to V5 all terms are constructed uniquely
and no new constants arise. We provide explcit formulae for Dy, Ay, p1:

c? 124V — rh, 1

Vo = Do(Vo) + Aa(Vp) cosp + cos 2p. (2.14)

D = = v — D@V —3) BV — 1) T @2V — 1)
A= — 3v6(14V; + 15)Cip,
20(2Vp — 3)3V¢ (2.15)
B V6 (4VE — 96V + 63)p2,  (2Vo +9)C? '
P TR oy, s ( 502V, —1) 288
(2Vp + 1)(212V2 — 204V, + 45)>
24(2V, — 1)2 '

These formulae determine V5 completely.
The coefficients p,, p°, C; in series (2.6)) and ([2.7) are still arbitrary. They can be determined
by comparing the series with formula (5.3) and the next formula in [4]. We find:

5ln2 3v/61n2 In21n 24 1n 2
o202 o 3VEm2 G 22w, e (102
2 s 2T 2

Employing expressions (2.9), ([2.12)), (2.14), (2.15) for V; and Vs, we find the applicability
domain for asymptotic expansion by the condition V; > t=%/2V,. We find |V — 3/2| > t75/4,
in terms of the variable s the domain is of the form |s+3/4| > ¢=5/%. This is why slow variable
for the internal variable is of the form:

(2.16)

2T

y = (s +3/4)t°/4 (2.17)
Replacing the variable s by formula (2.17)) in series (2.6) and ({2.7)), we obtain:
3 6ln2 108In*2  432In2(57% — 9In*2
U~ -+ —g—l— - -+ g n2(5m 1 )—i- cosp |t 4 ...
2 2 Y w23 395 (2.18)
4 5Im2Int 42 In2ln(—y) 3In2In(3/2 '
p—dpz o BIN2INE 7 In n(—y) 3n n(/)+po+m
5t 47 12 s 2T

These formulae determine the asymptotics of the coefficients in the internal expansion as y —
—00.
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3. ASYMPTOTIC SOLUTION IN THE VICINITY OF THE POINT s = —3/4

To construct the asymptotic solution in the vicinity of the point s = —3/4, we make the
change:

3
U=3+t71Wlyt), y=(s+3/4)7" (3.1)
Equations ([2.1)) and ([2.3) become

3 1 3
Wy + W, — Wy = W)+ 14 (3W, + ) T Wi=0

1
t=5P W, — t7/2%(4wy —21) + t*lﬁ(wy((ﬁgy — 12W) + 22W + 27y)—
; (3.2)
— t’9/44—8(Wy(8W2 — 12yW — 27y%) + W (8W + 9y))+
W,
+ t‘5/41—2y(8W +9y) — W, 4 tY/42(2W, + 1) = 0.

An asymptotic solution W is constructed as:
W = Wo(u,y) + Wi, y) + 2 Walt,y) + 2 Wa(v,y) +.., t =00, (33)

with the fast variable
4 5/ 5/4 5In2 —5/4 ~5/2
Y=oty = ==t o (y) + () 1 (y) ot 0o (34

By substituting (3.3)) and (3.4) into (3.2]) we obtain the equations for the coefficients of series
(3.3). The equations for the leading term Wy coincide and are of the form:

Wy 4 0 Wy = 0. (3.5)
We write its soltion as
WO = Ho(y) + Ro(y) COS w, (36)

where Hy(y), Ro(y) are unknown function of slow variable, the term with sin is taken in the
phase shift ¥y(y). The equation for W; is

2

R 3 R
OSWy + 0, W; = 70(3; +2Hy) sin ) — (1 + 2Hg) + P sin 20,

5R 1 R2 (3.7)
W + 0 W, = To(y +2Ho) sin ¢ + (1 + 2Hy) + 70 sin 21).
The existence and boundedness conditions for the solutions of this system gives:
Holy) = ~3.

Under such choice of Hy, the solution to system (3.7]) exists and bounded as ¥ — oco. Function

W1 is of the form:
2

R
Wy = Hi(y) + Ri(y) cos 29 + 1—5 oS 21). (3.8)

For the terms of the asymptotics we obtain equations of form (2.10)), the solvability and bound-
edness conditions for the solution are of form (2.11)). By the existence and boundedness condi-
tion for W, we obtain:

H=-0_2 _Z , (3.9)
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D 1 y?
Rq = Ro(v6)” + 5y R + =5 Fo + 5 R — 75— o, (3.10a)
) 1
The solution Ws(p,y) becomes
3 2
Wy = Ry cost) + Ho(y) + % cos 2t — %wé cos 29 + %Rl cos 2t — %Rg sin2y.  (3.11)

Then we checked that all the terms up to V5 are in the class of bounded periodic in p functions.
The functions Ry, Ro, Rs, 11, ¥, 3, Hs, Hy are determined uniquely, with no additional
arbitrary coefficients.

Let us show that system is equivalent to Painlevé IV equation. We observe that this
system possesses the first integral quadratic in the derivatives:

3my® + 4 1,
A8 14477
System (3.10al) and (3.12) can be considered as a one second differential equation for Ry(y)

with the parameter ¢). We make a change in this system:
o = iRy/Ro + P(y) — y/4, (3.13)

where 7 is the imaginary unit. Excluding the function Ry(y) from (3.10a]) and (3.12)), for a new
unknown function P(y) we obtain the Painlevé IV equation:

I = (Ro)® + R3(U4)* + S Rivh + R (3.12)

1 2 1
PP ) = (PO 3700 + P+ (- + 5= w2/ ) P, (310
The function Q(z) = (2 + 2i)V/3P((—2 + 2i)V/3z) satisfies the usual Painlevé IV equation.
In (3.14)) we have substituted the value I found by means of formulae (2.18]), which give the
asymptotics of the functions ¢, Ry as y — —oo, and therefore, they allow to find the value I
and the asymptotics P(y) as y — —oo:

I:1n22’
472
y 1. 6 (6iln2 3In?2
Plyy==+—(1—In2 — — 4 3.15
)= g5+ - tnzymye o (S22 22 o (3.15)

By straightforward calculations we can check that equation (3.14]) has a solution with asymp-
totics (3.15)). However, at present, we do not know the asymptotics of this solution as y — oo;
such problem can be solved by the approaches from work [9].

4. ASYMPTOTIC SOLUTION IN THE ZONE OF WHITHAM OSCILLATIONS

In the zone of Whitham oscillations, the asymptotic solution U to system (2.1), (2.3]) is
constructed as a series in inverse powers of t:

U =Uy(p,s)+t4U(p,s) +t752Us(p,8) + ..., t— 0. (4.1)
Here Uy, U; and U, are 2m-periodic function in the fast variable ¢. This variable is of the form
p =177 f(s) +n(s),

where f(s), n(s) are unknown functions.
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For the function U, we obtain the following nonlinear system of equation in the fast variable

®:
10 OPU ol
(f")? &p30 + (Uy — a(s)) 0_@0 =0,
(4.2)
U, 1 oU, 0*U, 1 oU,
"2 0  */rpen2YY0 o, - 2 i e U

G(S)(f) 0@3 3(f) 0@ awg + 6 (UO +5 +4a(S)U0 3@(8)) 880 0.

Here we denote
a(s) =2s — 5—}{

Excluding the expression 85;’,U0 from (4.2)), we obtain the second order equation for the func-
tion Up:

?Uy 1 s — 3a(s)
12 0 2 2
— J— — . 4.
P50+ U8 — als)th + 3als + 2 o (4.3
Equation (4.3)) can be integrated once:
U\ 1, ) )
f % + gUo — CL(S)UO + (66L — 3a + S)UO + b(S) = 0. (44)

Here b(s) is an arbitrary function arising an integration constant.

We shall an explicit formula for Uy later, while now we assume that this is some 27-periodic
function satisfying equation . By this equation all the derivatives of 9,U, can be written
as fractional-rational expression in terms of

Us, 0,Up, 05Uy, 02U, .. ..

Employing this conditions, we can find the boundedness condition for the next terms of the
asymptotics, which are the equations for slowly varying functions f(s), n(s), b(s).
The equations for U; have the form:

Us, 0,Up, OsUp, a,a’', 1/, s)

F
(f")2O5UL + (Uy — a) 0,Uy + 8,UsUy = i

f )
1 1
a(s)(f/)28iU1 . g(f/>2(aiUlagoUO + 8920[]03@(]1) —+ éaapUl(Ug + s+ 4alU, — 3@) (45)
1 FQ(anagoUO;asUOaaw ba a'/ab/7n,?5)
s 9 - .
+ 3aon(Uo +2a)U; 78,0

Here F}, F, are polynomial functions of their arguments. Excluding the higher derivatives of
Uy w.r.t. the variable ¢ from system (4.5)), we arrive at a relation not involving function Uy,
which is a compatibility condition for this system:

( £(360a — 30s — 45 — 540a%)d’ — 10V

+2f/(108a° — 10842 + 6as + 6b + 27a — 2s)> Us
+ 15f(54a* — 72a* — 12as + 4b — 9a + 3s)a’ + 15f(4a — 1)¥
+6f'(72a* — 66a® + 12a*s — 16ab + 15a* + 5as — 5b) = 0.

Since equation (4.6) should be satisfied identically, the coefficients at various powers of Uy
should vanish. Therefore, we obtain the closed system of equations for a(s), b(s):

. (2a — 1)(288a® — 192a” + 24sa + 27a — 4s — 4b)
= (a4 — 25)(—576a% + 504a? — 126a — 48sa + 8b + 125 1 9)’
108a® — 108a? + 6as + 6b + 27a — 4s
2a — 4s '

(4.6)

(4.7)

V' = (36a — 3s — 54a* — 9/2)d’ —
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System (4.5)) is compatible if and only if a(s) and b(s) are determined by equations (4.7)).
If this condition is satisfied, all the derivatives of U; w.r.t. ¢ of order higher than two can be
expressed via lower derivatives, for instance,

(f/)z(?iUl = (a — Uo)Ul + (n' + 8SU0/8¢U0)G1(U0, a, 8)/8 + GQ(UO, a, b, S)/f/aon,

where (G1, G5 are some functions.
The equation for Uy are of the form:

F:
(f’)283U1 + (U — a) 0,Uy + 0,UgUy = 73’
1 1
a(s)(f')282U1 - g(f’)Q(aiU]@@Uo + 33U05¢U1) + 63¢U1(U§ + 5+ 4aly — 3a) (4.8)
1 F,
+ ga@Uo(Uo + 2(1)U1 = faon.

Here Fj3, F, are functions depending on previous terms.
Excluding the derivatives of the function U, from these equations, we obtain the relation:

92Us 92U00,Uo G5(Uo, a,b)
O,sUy — —2—0,U d L o,U
SRR WA 1+( @007 (f8¢U0)2(2U0+3—12a)> U1 o)
92 Up0sUo G4(Uo, a,b) '
. © s N 0, Uy _ roon
( (0,007 (JO.U02(2U0 + 3 = 12@) U = Gs(Us, a,b, ', 7).

Differentiating this equation in ¢, we obtain a relation of the same form and excluding 0,,U;
from these equations, we obtain

_ U, n"Ge(s,a,b, f) +7'G1(U, 5,0,b, f)
" o,U, ! d,Uo (4.10)
+ Gg(@i’Uo, ano, asU07 U07 a, b7 f7 8)'

Substituting (4.10)) into equation (4.9), we obtain the relation of the form:

8¢U0(n'" + Aln” + AQTL/) + a?Uo + BlaganSUo + BQ&?U@
+ B3(0,U0)? + B4(0,Up)* + Bs0,Uy + Bg = 0,

0,U;

(4.11)

where
A; :Ai(safaaab)7 B; :Bi(U0787 f,&,b)
are some functions.

Without loss of generality we can assume that the function Uy is even in ¢. Then in (4.11]),
the first part is odd, while the other is even w.r.t. . Therefore, by (4.11) we get immediately
two equations:

n" + Ain" + Aan’ =0, (4.12)
03Uy + B10%Uy0,Uy + By02Uy + Bs(0,Up)? 4 B4(0,Uy)? + Bs0,Uy + Bg = 0. (4.13)

Let us determined the leading term of asymptotic solution (4.1)). We seek a solution to

equation as
?Ez;p; k:(s)) + C(s), (4.14)

where A, B, k, C are functions in slow variables, dn is the Jacobi elliptic function. They are
determined by substituting (4.14)) into (4.3)), equating to zero the coefficients at various powers

Uy = A(s)dn? (
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of dn and postulating the oscillation period to be 27. By this system we find:

B
A =682 e — _4}2B? + 8B+ C
] f K(l{;) ) a + —"_ M
; 2w B(4B%k? — 8B — C + 2s)
B 5K (k) ’

4.15
b =4608(2k* — 3)(4k* — 17k* + 19) B® — 384(k* — 2)(7k* — 13)(10C — 3)B* (4.15)

+ 8(4C(41k* — 79)(5C — 3) + 12(2k* — 3)s + 63(k* — 2)) B?
- %(100 _ 3)(32C(5C — 3) + 125 + 9).

Hereinafter, K (k), E(k) are complete elliptic integrals. Moreover, we have one more algebraic
relation:
45(2k* — Tk* + 7)B* — 4(k* — 2)(10C — 3)B* 4+ 5C? — 3C + 5 = 0. (4.16)

At the present step, all functions of slow variables are expressed via B, k, C, we have
one algebraic equation and three differential equation, (4.7) and the implication of the
identity (f)' = f’, where f, f’ were determined independently in (4.17)). Differentiating (4.16]),
we obtain a differential implication. Excluding the derivatives B’, k', C’ from four differential
implications, we obtain an additional algebraic relations in terms of B, k, C, ¢ = E(k)/K(k).
It can be also differentiated w.r.t. s and again substitute the found derivatives to obtain an
additional algebraic equation.

Employing these relations, the functions B(s), k(s), C(s) are found implicitly:

B 5(k?q+ Kk +q—1)
- 12(3Kk3q + Kk + 2k2q + 2k2 4+ 3¢ — 3)’

1 3K2+1)2 1/, 5k2(k% —1)2 ?
s = — -k +1+ .
3kt +2k2+ 3 4 3 3kiq + k* + 2k%2q + 2k> + 3¢ — 3

C =6B*k* —1)

The dependence on the slow variable s in the functions A, B, C, k, f, a is determined.

In this paper we do not give an answer to the question on which solution to equation (4.12))
corresponds to the studied solution. However, by matching with the expansion in the vicinity
of the point s = —3/4 we can find the asymptotics of the function n(s) as s — —3/4.

In order to do it, we find the asymptotics of solution as s — —3/4:

3

U:§—|—t_5/4 (—%—k(%—l—...)cosgp)—l—..., y = (s+ 3/4)t°?,
4 2

go:—gt5/2+t5/4y+ (—%Jr...) + ...

These formulae allow us to find the leading term in the asymptotics of the function P(y) as
y — 00. By formula (3.13)) we find:
Y

—1
Ply)=—=+—+... — 00.

By means of equation (3.14)) we can find the next terms in the asymptotics for this solution:
In2/m—i 6(3n*2/7%—4—6iln2/7
y | W2r—i 63’2 /m

P== — 00.
36y 3 YT
Returning back to the variable s for the function n(s), we find
In2 3In21In(3/2
n(s) = n—ln(s+3/4) + (po - %) +..., s— —=3/4.
T T

We see that in this case the function n(s) is not a constant in contrast to similar problems [8], [7].
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5. CONCLUSION

In the work we study the solution introduced in paper [4]. The main result is the description
of the asymptotics of the leading front. We show that the main term is described by Painlevé
IV equation. In the work we also found the equation for the phase shift in the Whitham
oscillations zone. We show that in this case the function n(s) is not constant in contrast to
similar cases in [7,§].

In future we plan to show that equation has a solution with prescribed asymptotics
and as y — +oo and to determine function n(s).
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