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EXISTENCE OF SOLUTION FOR PARABOLIC EQUATION
WITH NON-POWER NONLINEARITIES

E.R. ANDRIYANOVA, F.KH. MUKMINOV

Abstract. We consider the first mixed problem for a class of parabolic equation with
double non-power nonlinearities in a cylindrical domain D = (¢ > 0) x 2. By Galerkin’s
approximations we prove the existence of strong solutions in Sobolev-Orlicz space.
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1. INTRODUCTION

Let Q be a bounded domain in space R,, = {z = (z1,2z2,...,2,)}, n = 2. In the cylindrical
domain D = {t > 0} x © we consider the equation
(B(z,u)); = Z (ap; (z,u, Vu)), — b(z,u, Vu), where a(z,u, Vu) = a(z,u, p)

=1

(1)

p=Vu’
with a monotonous operator in the right hand side. The boundary conditions are homogeneous:

u(t, ) S:O, S ={t >0} x 08 (2)

u(0,z) = up(x). (3)
Function a(z,w,p), p = (p1,p2, --., Pn), satisfies Carathéodory condition as p € R,, and x € Q.
Function 5(z,u),B(x,0) = 0, is absolutely continuous and grows w.r.t. w, as well as it is
measurable w.r.t. x € Q as u € R.

In the present work we prove the existence of a strong solution to problem (1)—(3)) with
nonlinearities defined by N-functions. Existence of solution to parabolic equations with double
nonlinearities were considered in works [I]-[11] and others. An essential progress was made in
work [3], where there was also considered the uniqueness of the solution. Usually the existence
of solution was proven by discretization in time and nonlinearities were governed by power
estimates. Work [4] was devoted to the existence of weak solutions to quasilinear second
order parabolic equations with double nonlinearities in a bounded domain by the Galerkin’s
approximations methods. In work [5] a solution in unbounded domain was obtained as a limit
of solutions in a sequence of bounded domains. The existence of weak solution to parabolic
equation with two variable nonlinearities in appropriate Sobolev-Orlicz spaces independent
variables for a bounded domain € was proven in [6]. The existence of W- and H-solutions to
second order parabolic equations with a variable nonlinearity order was proven in work [§].
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Existence of a strong solution to problem — for an isotropic parabolic equation with
a double power nonlinearity was established in [9]. There were also obtained exact two-sided
estimates for the power decay of norm of solution in time. In [I8] there was also considered the
case of anisotropic parabolic equations.

In work [I0] there was proven the existence of a strong solution to a model parabolic equations
with non-power nonlinearities under the boundedness of the derivative '(u) in the vicinity of
Zero.

In works concerning the uniqueness of solution to problem f there were considered only
the equations with power nonlinearities. In work [I1] the uniqueness to problem f was
proven in the case 8 = |u|*%u, a € (1,2) under the assumption (3(u))} € Li(D?), ug = 0.
Similar results for equation written in another form were established in [12, [13]. The
uniqueness of a renormalized solution to elliptic-parabolic problem with power nonlinearities
was established in [I4].

2. NOTATIONS AND CONDITIONS FOR THE FUNCTIONS INVOLVED IN EQUATION

Here we define some functional spaces we employ in the work and we recall some known facts
in the theory of Sobolev-Orlicz spaces [21].
We introduce the notations

(1)) = / f(t, 2y, [f] = / f(t, 2)dedt, £(8) = (f, 6)a.

In this identity we write the value of a distribution f on an element ¢.
For convex functions B(s), s > 0, the function
B(z) = sup(s|z| — B(s))

520
is called complementary. The following Young inequality
|zs| < B(z) + B(s)

is obvious.
N-function B(s) is said to satisfy Ay-condition if one of three equivalent conditions holds:
1) there exists a number k£ > 0 such that B(2s) < kB(s), Vs > 0;
2) there exist numbers [ > 1, m > 0 such that

B(ls) < kKI™B(s), Vs > 0;

3) there exists a number ap > 0 such that sB'(s) < agB(s), Vs > 0.
Hereinafter B'(s) denotes the right derivative of a convex function. We also note that the
known identity uB’'(u) = B(u) + B(B'(u)) [21, Ch. 1, Formula (2.7)] implies the estimate

B(B'(u)) < cB(u). (4)

We shall denote all N-functions by capital Latin letters. All constants in the work are positive.
We assume that there exists an absolutely continuous odd increasing function y(u) satisfying
inequalities
v(w)/ey < wy'(u) < eyy(u), ¥(w) < Bz, u) < esy'(u). (5)
as u € R, z € Q. Hereinafter by /', 7/, ¢’ we shall denote the derivatives g, (x,u), 7., (z,u),
g.(z,u) of absolutely continuous in w functions and u/, v/, w’ will stand for the derivatives
wy(t, x), vi(t, z), wi(t, ). We shall write function u(t,x) as u or u(t) once it produces no ambi-
guity. The arguments of functions a = a(z,u, Vu), b = b(x, u, Vu), a,, = a,,(z,u, Vu) will be
also sometimes omitted.
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We also suppose that the integral

Glu) = / oy (s)ds

defines an N-function and in what follows it will be shown that it satisfies Ay-condition.
The monotonicity condition is imposed via the inequality

(b(l‘, u,p) - b({E,?}, CD)(“ - U) + Z(am(x’ u,p) - api($’ v, Q))(pi - Qi) =0 (6)

i=1
valid for each u,v € R, p,q € R™ and almost each x € ). Suppose also that the condition

ba,u,p)u+ Y ap (@ u,p)ps = S(p) = e(Glu) + (), f € La(9), (7)
i=1
holds true, where S(p) = >, Bi(p;), B; are some N-functions.
By Lg(Q) we denote the Orlicz space associated with N-function B(s) with the Luxembourg
norm

: u(x
lullLg) = |lullBo =1inf ¢ k>0 /B (%) dr <1
Q
In what follows as () there can serve domains 2, DT and other, at that, the subscript Q = Q
can be omitted. )
We also define the anisotropic Sobolev-Orlicz space W 5(Q) as the completion of C3°(Q) in
the norm

Bi.o + [[ulleo-

n
el o = 3 e,
=1

By V(D7) we indicate the completion of C§°(D?) in the norm

lullvory =D llua,

=1

B;,DT T ||U||G,DT-

It is known (cf. [21I]) that as v = |jul|gg > 1, Luxembourg norm satisfies the inequality
|ullpo < [ B(u)dz. As v > 1, we have
Q

/B(u)dx = /B(l/u/u)d:c < kl/m/B(u/V)dx < kv™.
Q Q Q
Thus, we always have

/me<hwmm,m@=me' ®)
Q

For anisotropic Sobolev-Orlicz spaces the Korolev embedding theorem is known [22]. In order
to formulate it, we define function ©(s) as follows:

The integral
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can happen to diverge at zero, then while calculating ©(s) we replace functions B; by éz by

the formula
- Bi(s), asl|s|>1,
Bi(s) =
s"B;(1), as|s| < 1.

We note that since functions B; are convex, the inequality B.(1) > B;(1) holds true. We choose
k € (1,n) so that the inequalities

Bi(1) > kBi(1), i=1,2,...,n,

are satisfied. The convergence of integral @D at zero is ensured by the inequality k < n.
We introduce an N-function B*(z) by the formula

||

assuming that the integral

S

I1(©) = / @(S)ds =00 (10)

converges at infinite. There known the Korolev embedding theorem [22] implied by the inequal-
ity

lullp-a < CY luwiliz,q (11)
i=1

valid for the functions u € C§°(2).
By x(M) we denote the characteristic function of a set M. We suppose the following condi-
tions

2

b*x(lul < 1)+ G (m

) + Zgi(am(x’uap)) < C(¢(IE,U) + S(p)), (12)

for each u € R, p € R™ and almost each x € ), where g(z, u,p) = b(x,u,p) — a,(z,u,p),
¢(w,u) = f(x) + G(u) + Y Bi(chu).
i=1

Here constants ¢, are so that the inequalities

n

;<Bi(cézu)> S (S(Vw)), u e G (), (13)
Tia(z,u,p) + co(w,u) > bz, u,p)u+ Zj; ay, (2, u, p)pi, ¢ € 0,1/2], (14)
b(w, u, p)u + 27_? ay, (2, u, p)pi = dralx,u, p) — co(z,u), (15)
[b(z, u, p)| < 10_571 (S(p) + 0w, u)) + cA(u, p) (16)

hold true, cf. Lemma 1, where A(u,p) = B* ' (S(p) + B*(u)). Hereinafter by c, ¢y, ¢, ... we
denote constant which can be different even for the same subscript.
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Theorem 1. Suppose that uy € WGB(Q) and conditions (@) @ @) (.) (@) hold true.
Then there ezists a generalized solution to problem (1] (l) (@ satisfying the relations

u(t) € Lootoc([0,00); Wl 5(),  (F(x,u)? ' € Ly(DT),  Blz,u(t,x)) € Cu([0, 00); Lr(R)),
where the continuity is understood in the sense of weak topology of space Lz(S2)).
The uniqueness of solution to problem — with the properties established in Theorem 1
will be proven in another work.
3. AUXILIARY STATEMENTS

Suppose that for almost each z € Q function g(x,u) is absolutely continuous in v € R and
is defined by the identity

g (x,u) =upf'(x,u), g(z,0)=0. (17)
Let us make sure that it satisfies the inequality
ug'(z,u) < ag(z,u), YueR, ze€Q, (18)

for some a > 0. We mention an inequality implied by

) = [((s))ds = [2()ds + Gw) < (e +1) [o(s)ds, uz0. (19)
0 0 0
Hence,
uG'(u) = u?y' (u) < cyuy(u ) < &y(ey + 1)G(u),

i.e., G(u) satisfies Ay-condition. By (f) it yields (18).

We observe that if u,,, — u in Lg(2) and B satisfies Ay-condition, then there exists C' such
that (B(u,,)) < C. Indeed, a converging sequence in bounded |tz < ¢, m = 1,2,...
This is why the desired estimate follows easily from .

Let us show that
T
Ip = / u() | - adt < 00, u € V(D). (20)
0

We write the relations

e | 5,00y <1+ (Biluz,)) < 1+ (Bilug )x (| > 1)) + (Bi(1)x (|t | < 1)) 21)
<1+ (Bi(ug,)) + (Bi(1)).
We make use of inequalities and (| @
||U B* OZHUwz“B Q= C2+OZ uﬂ%
It implies . Moreover, by . we obtain
(B*(u)) < es3(k),if(S(Vu)) < k. (22)

Lemma 1. Suppose that domain 2 is located in the half-space x1 > 0. Then for an arbitrary
N -function B the inequality

/ Blu(z))dz < / Blru,, (z))dz, u e C(Q), (23)
Qr Qr
holds true.
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Proof. Let f(z1) € C*0,r], f(0) = 0. By the Newton-Leibnitz formula we obtain

x1

ol =| [ £enin| < [IF@ldn, o e o]
0 0
Now we apply Jensen integral inequality (see [21, Ch. 2, Sect. 8.2, Ineq. (8.2)]):

B(ﬂm)<37ﬂ/uumwl<§]3wwmmy

r

We integrate the latter inequality w.r.t. z;

jB (f<f1)) dr, < jB(f’(xl))dxl.

After the substitution f(z1) = ru(z) and integrating w.r.t. 2’ = {xo,...,z,} we arrive at

23). =

A corollary of Lemma |1|is, in particular, inequality in the case of a bounded domain 2.
By the passage to a limit we also establish it for functions in Wé 5(22). By employing it is
easy to prove the inequality

(B, w) < clllullis o) (24)

The case of a power function G(u), G(u) = |u|P, was considered in work [I6]. At that, as
p = 2 and p < 2, there were employed different techniques of passing to the limit in Galerkin’s
approximations. In the case of N-functions G(u) it can have different power behavior different
p on different intervals. The passages to the limit happen to be made in the sign-definiteness
intervals of the function y(u) = u(y(u) — uy'(u)). At that, different signs require different
techniques of the passage to the limit.

We shall assume that the ray (0, +00) is partitioned into disjoint connected intervals Iy, I,
... without finite accumulation points. In each of these intervals is in turns either y(u) < 0 or
y(u) > 0. Welet N* = {klu € It = y(u) >0}, N~ = {k|u € I; = y(u) < 0}. Sets N*, N~
can be empty, finite, or countable.

Let a(t) be the inverse function to y(u). We let j(t) = G(a(\/|t])), 1(7*(u)) = G(u).

Lemma 2. Let I}, = [ay, by] be the closure of segment I,. If k € N*t, then function j(u) is
convez on I} = (v*(ax),v*(bx)) and function 2j(u) — j(ay) is linearly extended to a conver on
[0,00) function jx(u). At that,

82

B, u)

where Jy(s) = jx(s?) is an N-function.
If k € N—, there exists N-function Hy(u) such that

5%y (u) < e(G(u) + Hy(s)), |u| € Iy, s> 0. (26)

Proof. The graph of convex function f(s), s > 0 is located above the tangent f(s) > f'(¢)(s —
t) + f(t), for instance, with the right derivative f’(t), and thus

sf(t) < f(s) = f(1) +Lf(2). (27)

< c(G(u) 4+ J(s)), |u| € Iy, s> 0, (25)

Let k € N*. Then as u € I,
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i.e., function y(u)/u decreases. Then with 1 € Nt implies the inequality
1
p'(x,u)
Let us check that j(t) is a convex function on the interval I}
1 L a/It) w

7'(t) = wy(u )7 \u o/ o/l 2] 2w
(

) is an increasing function. In view of (19),

<c,ue (0,by),z €. (28)

The convexity is proven since u/~y

| . UV( ) 1
J(t) =) 2G (u)

Hence, function ji(t) = 2j(¢) — j(v*(ax)), t € [y*(ar),¥*(br)], can be extended from segment
I} to a convex on [0,00) function by the formulae jix(t) = tj(v*(ax))/7*(ax), t € [0,~v*(ax)],
Ju(t) = (¢ = 7(0r)) (v (b)) + k(7 (i), t € [y*(be), 00). We let Ji(s) = ji(s?).

In the case when, for instance, I; = (0, 00), there is no need to extend function j;(s) and we
just assume that J;(s) satisfies the conditions of N-function at the vicinity of zero and infinity.
Here it is sufficient to assume that

lim M =0, lim LS)

s—0 8 s—o0 8

Let us show that inequality ensures Ao-condition for function Ji(u). Indeed, in view of

(19) we have

Then
o A
o) TS Ty =t T Gy
This inequality implies Ay-condition for function Ji(s).
Let us prove (25). Since by (B)) we have ¢, (u) = ¢,y (u) = v(u)/u, |u| € I, then

1 U

ey B (u) S v(w) |u:a(\/m) = Ji(®).

Applying , we get
s

ey (u)
that yields (25)).

Let £ € N—. We define a function

< G(8) + k() < cagi(®)],_n(yy + I0(5) < 262G (u) + ji(s),

Then A'(u) = “/2(_\/:7|) is an increasing function as u € I, i.e., h(u) is a convex function. At
u

that, due to ,
W(uwu _ /fuly(y/]ul)
h(uw) Vil
2 [ (s
0

[\J|P—‘
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Hence, function hy(u) = 2h(u) — h(ag), u € [ak, b], can be extended from the segment I to

a convex on [0,00) function by the formulae hy(u) = uh(ax)/ag, v € [0,ax], hx(u) = (u —

bk)hgc(bk) + hk(bk), U € [bk, OO) By inequality ,
h (u)u o 20 (u)u
hi(u) = h(u)

Inequality hy(u?) < 2¢,G(u), u? € I follows from the definition of function iy, and ([5). We let

Hy.(s) = hi(s?). Applying to function hy, we have

sy(uw)/u = shi(u®) < uh}(u?) + hi(s) < (e, + Dhg(u®) + hi(s) < e3(G(w) + Hi(V/3))
Now follows from ({5)). ]

<oy + 1

4. PROOF OF EXISTENCE THEOREM

A generahzed solution to problem . is a function wu(t,z) belonging to spaces
L((0,7); WGB(Q)) C V(D7) for eachT > 0 and satisfying the identity

[—B(x, u)¢’ + b(x, u, Vu)p] + Z ap, (z,u, V) gy, | = (B(x,u0)p(0)). (29)

=1

for p(t,z) € C5°(DT).
Let us show that the functional

a(u) = b(z,u, Vu) — Z ai ap, (z,u, Vu)
=1

is bounded on the unit ball in space V(D7)
(@(u),v)pr = [b(z,u, Vu)o] + Y [ay, (z,u, Vu)o,] = I + L.
i=1

Let us estimate integral I, by means , ([24), and by of Young inequality for ||v||ypr) < 1:

|I5| <

S(Vv) + Zgi(am(x,u, Vu))] < +c[S(Vu) + ¢(x,u)] < ca.

We estimate integral I; employing
——1
1] < |G (S(Tu) + oz, w) [ol| + ¢ [Au, Vu) o]
<c[25(Vu) + G(u) +2G(v)] + [A(u, Vu)|v|] +e3< ey
In the latter inequality we have employed relations , and

/ o)
Thus, we have proven the boundedness of functional a(u).
We proceed to constructing Galerkin’s approximations, We choose a sequence wy, € C§°(12)
of linearly independent functions whose linear span is dense in W 5(2). We let 3, (z,u) =

[ 8., (x, s)ds, where
0

| B odt <

(A, Va) o] < / ()

5+l Alw,

B, u) = e + B'(2,0) + ey (B'(z,6m) — B'(2,w)x(0 < [u] < en),
c, =1if1e Nt ande, =0if1 € N™.
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We introduce the functions g,,(z,u) = [ s8,,(z, s)ds. Numbers &,, > 0 will be chosen later.
0

As u > 0, we mention the inequality

g(x,u) — gm(z,u) = /s(ﬁ’(x,s) — B (x,8))ds < /sﬁ'(az, s)ds = g(x,e,) < cgG(em). (30)

A similar inequality is valid also for v < 0. In the same way, by we establish that
Gm(x,u) — g(z,u) < epu?/2 + /sﬁ’(az, Em)ds < et /2 + G (em). (31)
0

We shall seek Galerkin’s approximation for the solution as

m

U (t, ) = Conte (D) wi (),
k=1

where functions ¢, (t) are determined by the equations

a n
<wj& (B, um)) + ; p, (T, Uy V) (W) )y + 0(2, U, Vum)wj> =0, (32)

where j =1,2,...,m.
Let us make sure that equations are solvable w.r.t. the derivatives ¢/ ,. It is obvious
that they read as

m
Z Ajk(t)clmk = Fj(th Cm2y -+ Cmm)~
k=1

For each ¢, the matrix of the coefficients A;,(t) = (O),(x, um)w;wy) is the Gram matrix of
the system of linearly independent vectors wy, & = 1,2,...,m and thus it has an inverse. By

equations and initial conditions ¢,,(0) chosen so that u,, (0, x) — ug(x) in I/f/é 5(02) we find
functions ¢, (t). First we find these functions on a small time interval, but the boundedness
of Galerkin’s approximations to be established below will allow to define these approximations
on the infinite time interval.

We multiply equations by ¢m;(t), sum up, and employ the definition of function g,,:

n

(gh(, um)ul, 4+ b(x, Uy, Vg )t ) + Z (p, (T, Uy V) Upp;) = 0.
i=1

Employing inequality , we get
((gm (@, um))i + S(Vum(t)) < {Glum(t)) + f(2)).
Integrating w.r.t. ¢ and using , we obtain

(gm (T, unm (1)) + /S(Vum)dxdt < A{gm(z, umn(0))) + C/G(um)dl’dt + c1t.

0 0

We choose ¢, so that
G(em)cpmes(2) < —, (33)
and

(emi () < =
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Then by we obtain the inequality

(92, um (1)) = gm (2, um(1))) < /CﬁG(&n)dx < ¢pG(em)mes(2) < o~

It follows from that the integrals
(gm(z,un(0))) <c, m=1,2,...
are bounded. Then by means of we establish the inequality

«m%@»+/stmMﬁgayumw/ammmw

By Grownwall’s lemma we obtain the following estimate

(G unm(®))) + [S(Vun)] < C(T), ¥Vt € [0,T). (34)

By we arrive at the boundedness of sequence u,, in space V(DT for each T' > 0 and in
space Loo([0,T]; Lg(Q2)).
We multiply equations by ¢;,;(t) and sum up to obtain

(B (s (8, 2)) (11,)% + b, iy Vit )+ {p, (2, tny Vit )it) = 0,
i=1
or
(B (@, wm(t, 2)) () + (a(, U, Vtim))y) = (@ = b) (@, U, Vi uy,).
We integrate the latter inequality w.r.t. ¢:
By (@, ) (ur,)?] + (a(@, un (T, ), Vi (T, 2)))

= (a(z, um(0), Vu,(0))) + [(an — b)(z, tp,, Vun)ul,] = I + Ip.

We employ conditions , , , :
Io = (a(z, um(0), Vur(0))) < c((¢(z, un(0)) + S(Vun(0)) < cr.
In what follows we shall show the boundedness of the sequence fo integrals
Is = (B (@, um) (ur,)*] < c. (36)

To estimate integral Ip, we write the inequalities

(35)

o] < [(ﬂ;m,um»ﬂum%] <Ij2+ [M] (37)

(ﬁfn(x:um))? Qﬁ;n(mvum)

We estimate the second integral in the right hand side of the latter inequality by means of
Young inequality, relation and the formula for f,,

] <] [P

2

< [aumv'(um)) e ( 0 ))] + elgX(em > ltom] > O)].

U B (@, U )Y (U

Hence, substituting ¢ = (b — au)(, Um, V), Uny (un) = G'(uy) and employing (4)),(12), we
have

[lumel] < er(T) + 15/2 + c2[d(w, um) + S(Vun)].
Applying as well as , we obtain
]D < Cg(T) + ]5/2
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Combining estimates for the integrals and identity and employing ,, we have

1

S0 )]+ {S(Tun(D)/T1) < 1+ { 0o un(T,2) ) < 65+ 1 (S(Tun (7))

The latter inequality and follow the boundedness of sequence (3,2, in Ly(DT). Se-

quence u,, is also bounded in space L ([0, 77; I/f/éB(Q)) for each T' > 0.

By means of the diagonal process we choose a subsequence u,,, weakly converging in the
below mentioned spaces. For the sake of simplicity of notations we shall omit the subscript k
in the subsequences. We have

Upm — u  weakly in  V(DT), (ﬁ;n(x,um))% ul — @ weakly in  Lo(DT), VT > 0.

Since u,, is a bounded sequence in Lo, ((0,7); Wcl; 5(Q)), a(uy,) is a bounded sequence in space
(V(DT)) and it contains a weakly convergent subsequence: a(u,,) — x weakly in (V(DT))".
The convergence holds for each T'= 1,2, ..., at that, the limiting functions coincide in common
domain. Then, in fact, the convergence holds true for each T" > 0.

In what follows we shall show that @ = (5'(z, u))% u', x = a(u), and function u is a generalized
solution to problem —. We split our arguments into three steps.

STEP 1. Sequence u,,(t) is bounded in space I/?/IG 5(92) on each finite segment ¢ € [0, T]:
[tm @) lwy, @) < C(T), m=12,...

We fix a countable dense subset {t;} C [0,00]. We can assume that t, = 0. For a bounded
domain € we know that the embedding W1(Q2) C Ly(Q) is compact. Since WéB(Q) c Wi(Q),
by the diagonal process we can choose a subsequence such that u,, (t;) — hs strongly in
L1(92) for each natural s. Choosing a subsequence once again, we can suppose that (omitting
subscripts), that w,,(ts,z) — hs(z) almost everywhere in €2 for each t5. In particular, as ty = 0,
we have u,,(0,x) — ug(x) almost everywhere in €.

In the next step we employ a lemma proven in [16].

Lemma 3. Suppose that a sequence vy, (t) € C([0,T]; L2(2)) possesses the properties

1) vy (ts, z) converges almost everywhere in Q for each t;

2) sequence v!, is bounded in Ly(D7T).

Then we can choose a subsequence v,,, converging to a function v in space C([0,T]; L1(£2))
and vy, — v almost everywhere in (0,T) x €.

Um

STEP 2. We apply Lemma (3| to the sequence v,, = fo(z,un) = [ (B, (z,7) — Em)2dT.
0

At that, the sequence v/, = (8. — g,,)2u, is bounded due to (B6). In what follows we shall
establish the uniform convergence f,,(z,u) — f(x,u) = f(5/($,7'))%d7',m — oo w.r.t. w for
0

almost each fixed z € 2 that will imply the first statement of the lemma. The belonging of
U (t) to La(Q) follows from its smoothness and the boundedness of (3,,(x, ) on finite intervals
w.r.t. w:

The aforementioned uniform convergence f,,(x,u) — f(z,u) w.r.t. v as z € Q follows easily
from the identity

Fnlws ) — fla,u) = / (B, 7) — )} — (B'(2,7) D)
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and Cauchy-Schwarz inequality
2

Em

/(5,(%7));657 < 6m/6'(x,7)d7 — 0.
0

0

Employing Lemma |3| and the arbitrariness of » > 0, T'= 1,2, ..., by the diagonal process we
choose a subsequence v,,, converging in D almost everywhere. Since f(x,u) is an increasing in u
continuous function having the inverse, by the identity v,, = (fo (2, um)— f (2, um))+ f (2, uy) =
Vi + f(2, %), vy — 0, we find that u,, = f~'(2, v, — V). Then the convergence of sequence
Uy, follows the convergence of sequence w,,, almost everywhere in D to u. The fact that the
limiting function is exactly u is followed by

Lemma 4. Suppose that sequence z,, converges to z almost everywhere in ) and is bounded
in Lp(Q). Then z, — z weakly in Lg(Q).

The proof of this lemma provided in [2, Ch. 1, Sect. 1.4, Lm. 1.3]) for L,(Q), ¢ > 1, is
obviously transferred to the general case.

Thanks to the weak convergence u,, — u in V(D?) and the continuity of the embedding
V(DT) c Li([0,T] x Q) the weak convergence u,, — u holds true in L;([0,T] x ). It also
follows from Lemma [4| that v,,, — v = f(z,u) weakly in Ly(D?) for each T' > 0.

By Lemma [3| we know that v, (T)) — v(T") in L;(£2). Then we can choose a subsequence
convergent almost everywhere in Q: v, (T, z) — v(T,2) = up, (T,z) = w(T,z) almost
everywhere in Q. In the same way we establish that w,,, (0, ) — u(0,z) almost everywhere in
Q, ie.,

u(0, ) = up(x).

The boundedness of sequence w,,(7") in space Wé 5(92) by a constant C'(7") allows us to choose
a subsequence such that u,,, (T') — u(T") weakly in Wé 5(Q2) for a fixed T'. Since constant C(T)
increases in T, it yields that u € Lag joc([0, 00); W& 5(Q)).

We have (v, ©)pr = —(vm, ¢’ ) pr, ¢ € C5°(DT). Passing to the limit, we obtain

(@, p)pr = —(v, ©')pr.

It follows that @ = o' = (8'(x,u))2.
Let us show that sequence B(x,u,,(t)) is bounded in Lg(£2) by a constant independent of
t € [0,T]. We first establish an inequality by employing :

— T, U, — V(U — —
G (7)) <6 (M) <Gl () = GO () < Gl
CRCy Cy
The boundedness of sequence [B(z,u,,(t)) is proven. In particular, it is bounded in space
L&(DT). Then we can choose a subsequence weakly converging to function 8(x,u) in Lg(DT).
Indeed, sequence u,, converges to u almost everywhere in DT and Lemma 4| ensures the desired
fact.
For further limiting passages we define the operator Tju = u(® %) where

0, as |u| < a,
u @ = { u—asignu, asa < |ul <b,
(b — a)signu, as |u| > b.
We also let

TP B(x, ) = B, agsigny, + Titim) — B(z, agsignuy,),  T) B(z, um) € Lg(DT).
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We observe obvious formulae which will be employed in what follows:

(T2 8, un)) = (2, un) (Tt = B/ )y x (] € 1)), = T,
k

Let us show that the sequence
B, )ty X(tem] € i) = B2 1) (T, s € N7,
is bounded in Ly-(D"). Indeed by (36), (7)), and Lemma
18" (, )t px ([t € L)]| <l(8)2 [ty ol (7 () 2 X(|im] € )]

<erlle(y (um)) x| € 1) oo
<calHy() + Glum)]* < 3 2 [Hi(p)] < 1

Therefore, we can choose a weakly convergent subsequence

B (@, um)ul, X (|um| € Ix) = T € LH—k(DT).

Applying the diagonal process, we can get the weak convergence of a chosen sequence for each
k € N~. Passing to the limit in the identity

(T B2, ) '] = —[B'(, um)(Teum)' @], ¢ € C3(D7),
we obtain that [T 8(x,u)¢'] = —[uy], i.e.,
(T7B8(z,w)), =u € Lg(D"),k € N~. (38)

Let us prove the boundedness of sequence (Typum) = ), X(|um| € Ii) in space L7-(D") as

k € N*. Indeed, by (37), (36)), and Lemma[2]
[lumelx(Jum| € Ik)] < 13/2 + [Je(@) + Glum)] < c1, as [Je(@)] < 1.
By analogy with we find that
(Tew)' = u'x(Ju] € I) € L7-(D"), ke N*. (39)

STEP 3. We proceed to the proof of identity xy = a(u). We multiply equation by a
smooth function d;(t) and integrate w.r.t. ¢ denoting d;(t)w;(z) by ¢ in the final expression

(B (@, wim )i 0] + (@(um), ) pr = 0. (40)
We rewrite the first term
(B (@, wm 0] = [ (%, um ), 0] + Am,
where
A = [(em + e (B'(7,6m) = B'(2,um))x(0 < fum| < 5m)))u;n90] = —[(1m)" ],
frm = (¢4 B(2, um) — (Em + 4B/ (2,€m)) ) a8 [tum| < em.
Let us show that A,, — 0 as m — oco. Indeed,
A = @] = (i (T)p(T)) + (1 (0)(0)) — 0.
The latter follows from since ¢ is compactly supported and
[t + EmUm| < V(Em) + 5m7/(€m) — 0.
After the integration by parts in formula (40) we have
A = [B(x, um)¢'] + (B2, un(T))p(T)) — (B2, un(0))9(0)) + (a(um), p) pr = 0.

We have mentioned above the weak convergence of sequences 5(z, u,), B(x, u,(T)) in spaces
L&(DT), La(Q), respectively. Then by passing to the limit, we obtain

— [B(z, w)¢'| + (B(z, u(T))p(T)) — (B(x, u(0))¢(0)) + (X, p)pr = 0. (41)
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In particular, it yields that B(z,u) = x in the distribution sense and thus [(z,u) €
Cu([0.50): L ()

Hence, u is a generalized solution to problem f if x = a(u). Let us justify the possibility
of substitution ¢ = wu into formula . In order to od it, we first substitute function ¢ €
Ce°(DT 1) vanishing as |u| < e and we integrate by parts:

— [T B, w) T B, u(T)) (1)) —(Ty B, u(0))(0)) = (T B, w))'p] = [8' () (Tw)'p].

The convergence of the integral in the right hand side follows from , and inequality
(see (A))
B'(x,u) < ca¥'([u]) < cry(ful)/ul < ca, |ul € [e, bl.
Thus, casts into the form
[B' (2, w)u'] + (X, ) pr = 0. (42)
By passing to the limit we justify the substitution in of a bounded function ¢ = uER¢,
where £(x) is a Lipschitz function with a bounded support. We have
(8 (, u)u'uHeE] + (x, uPE) pr = 0. (43)

Let w,, = (g(x,um))%, Wy — W = (g(az,u))% almost everywhere in DT. If we prove that
w € Ly(DT) has a generalized derivative w; € Lo(DT), then the identity

T
/ / a
[6'(x, w)u'u] = /allwllidt = WD)l Lo = w0} Lo (44)
0
holds true. We employ to obtain
/g(a:,um(T, x))dxr < cl/G(um(T, x))dr < cs. (45)
Q Q

Hence, sequence w,,(T) is bounded in L,(f2) and by Lemma {4 we can choose a subse-
quence converging to w(T) weakly in Ly(£2). We observe that then ||w|]? = lim(w,w,,) <
liminf ||w||2]|wm]|2. It implies the inequality

i nf g, ()20 > g, u(T)) 10 (16)

Integrating inequality w.r.t. T, we obtain the sequence w,, is bounded in Ly(D?) and by
Lemma [4| we can choose a subsequence converging to w weakly in Lo(D7).
In order to prove that w' € Ly(DT), we apply condition (18):

()] = <M> < [olete )y

297 (2, )

Qo 1 \2 @
=— m = Iz <cs.
) )] = S5 <
Hence, w!, converges weakly to W in Ly(DT). Then, [w,¢'] = —[wl,¢], ¢ € C(DT). Passing
to the limit, we obtain [wy¢'] = —[wg]. Thus, w = w' = (g2(z,u)),, is proven and

B'(z,u)u'u € Ly (DT).
We let u® = u(">) By Lebesgue dominated convergence theorem we can pass to the limit
inﬁrstask—>oo

(8 (ar, u)u'u@E] + (x, uDE) pr = 0,
and the as ¢ — 0. We obtain (u(® = u)

[ﬁ'(x,u)u’uf] + (X, UJS)DT = 0.
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Since B (z,u)u'v € Li(D7T), passing to the limit by an appropriate non-decreasing sequence
&n — 1, such that u&,, — u in V(DT), we obtain

(8’ (x, u)u'u] + (x,u) pr = 0.
Applying , we get
We then employ the monotonicity of operator a:
X = (@(um) — a(h), Uy — h)pr =0, VYh e V(DT).
Equations as ¢ = u,, imply easily the relations
(@t )7 = g (2, 1 (0)) 2210 = 19 (2, e (T)) |0
Hence,
X = [l () 22() = N9 tn (T 1s) = @t 1) pr = (@(h), s — B)
It follows from that
0 < limsup X, < [lg(e, u(0)) e — g, u(T) yi@) — (6 h)pr — (@(h).u — h)pr.
Applying , we get
(x —a(h),u—h)pr = 0.
Welet h=u—dw, A >0, w € LOO((O,T),Wé (€2)), then
AMx —a(u — Iw),w)pr = 0.
)

Letting A — 0, we obtain (x — a(u),w)pr = 0, Vw € L ((0,T); WéB(Q)) Thus, x = a(u).

5. EXAMPLES
We provide examples of equations satisfying assumptions in the Introduction.

5.1. Example 1. Let us consider the equation

() = S (Bllus,) + ala)), + O(a), (48)
i=1
where B; are N-functions, ¥;(x) € Lz, (§2), ®(z) € Lz(£2), v'(u) is an even unbounded function
decaying on (0, 00) such that the condition ({5)) holds true. Then N~ is empty and Nt = {1}.
It is easy to make sure that conditions , — are satisfied and Theorem 1 hold true.
Despite of a long list of conditions in the Introduction, there is a wide class of equations
satisfying these conditions. However, we restrict ourselves by a particular example.

5.2. Example 2. We introduce the notation
Jod] _ t]*, as |t| < 1,
[t]°, as [t] > 1
Let n = 2 and domain €2 be bounded. We choose N-functions Bj(s), Ba(s), G(s), as well as
functions 51 (x, u), v(z,u), a(x,u,p), b(x,u,p) as follows:

3. 5
Bu(s) = 5%, Ba(s) = 82, G(s) = [s2 4 |s|"/%, /() = Gl V% + 382,

2+ [a| | p?+ el
a(z,u,p) =2/5B(p1) + 2/332(]?2)1 T :J}: + 1|u||+2|1 +u27

2+ |z|

5
b, p) = au( wsp) + ulpy Y, () = (Bl gl sgng
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2
Let us check that operator a is monotonous. Calculating the Hessian of the function Jﬁ,
p2|°/*

DS is also convex.

we see that it is nonnegative and the function is thus convex. Function
Let us prove the inequality

F = (|s1**signs; — s/ %signs)(s1 — s2) + (w1 — u2)® + (51|23 = 55| 3) (ug — un) >0

which together with the convexity of the functions mentioned above ensure monotonicity con-
dition @
1) Suppose first that sys5 < 0. Then it is sufficient to establish the inequality

(151172 + |5272) + (ur — u2)® + (|s1|PV2 = [59)BV2) (w0 — up) > 0,

which can be easily checked by considering the cases |s;] < 1 and |s;] > 1 and employing
inequalities B? < 4AC, A>0=A+B+C > 0.

2) Suppose that s;, sy have the same sign. After redenoting we can assume that these
numbers are nonnegative and s; > so. Then

(181251 = [52*?s2) (51 = 52) > (51 = 52)*(5F + 3) /([s1]*2 + [52]*%) = (51— s2)%]s1]"/%/2;

|31|[271/2} _ |52|[2’1/2] < 2(sy — 32)|31|[17—1/2]‘

Now it is easy to make sure that function F'is nonnegative.

Employing the established relations, we complete the proof of the monotonicity of operator
@. By direct calculations we find that ©(s) = s/%°, integral (10)) diverges and B*(s) = (s/30)%.
It is easy to check that these functions satisfy conditions (), , f and Theorem 1
holds true.
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