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TWO-SIDED K-ORDER ESTIMATE FOR DIRICHLET SERIES
IN A HALF-STRIP

N.N. AITKUZHINA, A.M. GAISIN

Abstract. We study Dirichlet series convergent only in a half-plane and whose sequence
of exponents can be extended to some “regular” sequence. We establish the best possible
k-order estimates for the sum of the Dirichlet series in the half-strip whose width depends
on a special distribution density of the exponents.

Keywords: k-order of the Dirichlet series in a half-strip, entire functions of a given growth
on the real axis

Mathematics Subject Classification: 30D10

Let A = {\.}, (0 < A, T 00) be a sequence satisfying the condition

— Inn
While studying entire functions
F(s) =Y ane (s=o+it) 2
n=1

defined everywhere by convergent Dirichlet series, the notion of R-order was introduced by
J.F. Ritt. Let us recall its definition.
Ritt order (R-order) of entire function F' defined by series (2) is the quantity [1]

T Inln M (o)

pr= lim ———=,
o—+o0 o

where M (o) = sup |F(o+it)|. We note that by condition (1), the series converges absolutely in

[t]<oo
the whole plane. It is known that In M (o) is an increasing convex function of o, hIJP InM(o) =
o—r+00
+00.
We consider the strip S(a,ty) = {s = o+it : |[t—to| < a}. Welet My(o) = lma|x |F (o + it)].
t—to|<a
The quantity
— In"In M,(o)
s = lim ———~ (at = 0
e )

is called R-order of function F' in strip S(a, to).
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Let
fim — =D < D'= Tm ~ | D(z
nlﬁrgo )\n o 0, o >\—1>I—POO )\
where D(z) = @, n(xz) = > 1 (D is the upper density, D* is the averaged upper density of
An<z

sequence A). It is known that D* < D < eD* [2]. It was shown in [2] that if
i (Auys — M) = > 0,

n—o0
then R-order p, of function F' in strip S(a,ty) as a > wD* is equal to R-order pg in the whole
plane. The most general result on the relation between quantities pr and ps, was established
by A.F. Leontiev [3].

Similar question in the case when H = 0 and the convergence domain of series (2) is the
half-plane Iy = {s = o + it : 0 < 0} were studied by A.M. Gaisin in [4].

As H = 0, if series (2) converges in the half-plane Ily, it converges in II, absolutely. Then
the sum of series F' is analytic in this half-plane. We denote by Dy(A) the class of all analytic
functions represented by Dirichlet series (2) convergent only in half-plane Ily.

Let S(a,tg) ={s=o0+it: |t —to| < a,o < 0} be a half-strip. The quantities

— InTIn M(0) In* In M, (o)
R . e e

are called Ritt orders of function F' in half-plane IIy and half-strip S(a, to) [4]. In what follows,
we call pgr and p4 orders in the half-plane and half-strip. If necessary, instead of pr and p, we
shall write pr(F') and p,(F).

It was shown in [4] that if
o In A,
lim
n—oo

Inn =0,

then order pg of each function F' € Dy(A) is equal to

n

Let sequence A have a finite upper density D. Then

L(z) = ﬁ(l—i—i) (z =2+ 1y)

is an entire function of exponential type. Let h(y) be the growth indicatrix of function L(z).
Then 7 = h(*%) < wD* [2]. It is obvious that 7 is a type of function L(z). Let

1
IL(z)| < 9@ (z > 0), i @) ne

Tr—400 €T B 07 (4)
where ¢ is a non-negative on R; = [0, 00) function. In this case h(0) = h(m) = 0. Therefore,
the adjoint diagram of function L(z) is the segment I = [—71, 73|, h(p) = 7|sin ¢|.

In [4] there was proven the following
Theorem I. Suppose that function L(z) satisfies conditions (4) and has type T, (0 < 7 < 00).
We let ¢ = q(L), where

— In\,
q(L) = lim A

n—oo A\,

1

. 5

L/(An) ( )

Then order ps in the strip S(a,to) as a > 7 and order pr of each function F' € Dy(A) in
half-plane 11y satisfy the estimates

ps < pr < ps+ q. (6)
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As a < 7, for half-strip S(a, o) the right estimate in (6) is generally speaking not valid [4].

It is clear that the left estimate in (6) is exact. Indeed, if o = 0 and a,, > 0, then M(o) =
M(o) and pr = ps. It was shown in [4] that if A is a sequence of all zeroes for a function like
sine, then there exists a function F' € Dy(A) such that pgr = ps + g as a > 7. In the general
situation the right estimate in (6) is not exact, moreover, the pair of conditions (4) can fail.
However, there can exist an entire function of exponential type () with simple zeroes at points
of sequence A satisfying conditions (4), at that ¢(Q) = ¢*, where

1

g = lim n)\n/n()\n’t)dt,

n—00 An t

¢(Q) is the quantity defined in the same way as ¢(L) in (5), and n(\,;t) is the number of points
Ak # A, in the segment {x : |z — \,| < t}. Paper [5] was devoted to constructing such entire
functions () with a prescribed zero set A and given asymptotics on the real axis. It happened to
be possible to provide general but simple and observable conditions in terms of special density
G(R) of distribution of sequence A under which the estimate

PR < ps+q°

holds true (p;s is the order in the half-strip S(a,ty) of the width large than 27G(R)) and this
estimate is not improvable in class Do(A) [6]. The aim of paper is to generalize and specify the
results of works [6], [4] for the case of k-orders.

1. PRELIMINARIES AND LEMMATA

19. Special distribution densities for sequence A. Let A = {)\,} (0 < \, T o) be a
sequence having a finite upper density, L be the class of positive continuous and unboundedly
increasing on [0, 00) functions. By K we denote the subclass of functions A in L such that
h(0) = 0, h(t) = o(t) as t — oo, @ last? (@ decays monotonically as ¢t > 0). In particular,
if h € K, then h(2t) < 2h(t)(t > 0), h(t) < h(1)t ast > 1.

K-density of sequence A is the quantity

e a(w(t))

G(K) = jnf fim = (7)
where w(t) = [t,t + h(t)) is a semi-interval, pa(w(t)) is the number of points in A located in
semi-interval w(?).

Let Q = {w} be the family of semi-intervals w = [a,b). By |w| we denote the length of w.
Each sequence A = {\,} (0 < A, T c0) generates an integer-valued counting measure fis:

pp(w) = Z 1, weq.
AnEw

Let pur be a counting measure generated by sequence I' = {u,}, (0 < p, T oo0.) Then
inclusion A C I' means that uy(w) < pr(w) for each w € Q. In this case we say that ur
majorizes measure fi.

By D(K') we denote the infimum of numbers b, (0 < b < oo) such that there exists measure
pur majorizing py such that for some function h € K

|M(t) — bt| < h(t) (t>0). (8)
Here A = {\,}, T ={u.}, M(t) = > 1.

pn<t

Lemma 1 ([6]). Quantities D(K) and G(K) coincide: D(K) = G(K).



TWO-SIDED K-ORDER ESTIMATE FOR DIRICHLET SERIES ... 21

20, Existence of entire function with regular behavior on the real axis. Let L and
K be the classes of functions introduced above,

S:{heK: d(h):EM<oo}.

z—oo  xln %

Theorem II [6]. Let A ={\,}, (0 <\, T o0) be a sequence having a finite S-density G(S).

Then for each b > G(S) there exists a sequence I' = {u,} (0 < p, T o0) containing A and
having density b such that the entire function of exponential type b

00 2’2 .
o =T[(1-%) G=ctm) )
n=1 n
possesses the properties:

1) Q(\n) =0, Q' (\,) # 0 for each A, € A;

2) there exists H € S such that
x

In|Q(z)| < AH(x)In" H(x) + B; (10)
3)if N(z)= > 1 and
An<z
A(:E+p)—A(x)<ap+b+f(—x) (p=0) (11)
In"p+1
(¢ is an arbitrary nonnegative non-decaying function defined on the ray [0,00), 1 < ¢(x) <
axln® x + B), then there exists a sequence {r,}, 0 < r, T 00, rpi1 — 1, = O(H(1,)) as n — oo
such that for x =r,, (n>1)
In|Q(2)| > ~CH()In* 57 = 20(w) = D (12)
4) if
1
— 1
A = Tim —/n()\"’t>dt < 0,
n—oo \,,
0
then under condition (11)
1
| — Ldt| KEH(\,) InT —2—
o e B (13)
0
+20(M\y) + Fln A, +L (n>1),
where n(A,;t) is the number of points Ny # A, in the segment {x : |x — \,| < t}.

Here all the constants are positive and finite.
We note that condition A < oo is not an implication of estimate (11) even if function ¢ is
bounded. Indeed, let sup p(z) < 00, 0 < p < 1. Then it follows from (11) that A(z+p)—A(z) <

x>0

C < oo, (x>0). Thus, if h, = r]ggnpxk — Anl, then

1

1 n(An;t) 1
InT — < | 224t <2CInt —.
n W / " dt Cln I

N

0
Since in this case A < oo if and only if
1

— 1
lim — Int — < 0.
n—oo /\n n
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If function ¢ is unbounded, under condition (11) there possible the situation
sup[A(x + 1) — A(z)] = 0.
x>0

Let us prove several technical lemmata. In order to do it we introduce the following notations:

Ingt =t, expyt =t, Inyt =lnln...Int, exp,t = expexp...expt (k > 1).
k k

We consider the series
Ze_aln:znkn, Ap Too, e>0, m=>1. (14)

n=1

Lemma 2. Series (14) converges for each € > 0 if and only if
Innln, A, 0

nl—>oo An

Proof. 2°. Necessity. Suppose that series (14) converges for each € > 0. Since the terms of the

series decays monotonically as n > ng, then, as it is known,
A
lim ne Tmn = 0.

n—oo

Thus, for each € > 0 there exists N(e) such that for each n > N(e) the estimate

e An
ne ‘hmin <1

is valid. Hence, as n > N(¢)

Inn < -
nn glnm "

that completes the proof.
20, Sufficiency. Suppose that
. Innlng, A, 0

11m
n—o00 An

Then for each € > 0 there exists N(g) such that as n
Innln,, A\,
—— S

> N(e)
€
An 2

Then for each n > N(¢)
. <1)2
e Ctm rn <([—-]).
O]

Hence, series (14) converges for each € > 0. The proof is complete

We consider the function
(m>1,q0>0).

—g—— —to

m(?) In,, t
This function is defined for ¢ > exp,, _;(0) except the point py = exp,,(0) at which the logarithm

vanishes.
Let to the a solution to the equation
q

= 0<o<l),

lnmto g ( 7S )
and Igaxgom(t) = p(ts), where p = exp,,q. Since ﬁ = 1, then p < t5 < to. Thus,
/p m
Pm(ts) < a2 <t <ty = exp,, (2).
Therefore,
max o, (t) < exp,, <2> :

t>p
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Hence, we have proven

Lemma 3. As 0 < o < 1, function ¢, (t) satisfies the estimate

max pp, (t) < exp,, (g) , D= exp,,q.
t=>p o

Let @ be an entire functions of exponential type (9), and v be the function associated with
it in Borel sense. The following lemma holds true.

Lemma 4. There exists a nonnegative majorant g for the function In |Q(x)| on [a,00) sat-
1sfying the condition
g(x)Ing_q x

Jim = =0 (k=>2), (15)
if and only if
lim §Ing [y(t)| <0 (k>2), §=]|Ret]|. (16)
5—>0+

Proof. 1°. Necessity. As x > x¢ > 1 for each € > 0 we have

i
Q) <exp (")

Therefore, letting § = |[Ret|, we obtain

It implies

|7(t)| < A+ Bexp [max (e +2lnx—5x>} (17)

2T Ng_1T

But

exp {max(s +2Inx — 5x)] <

r=T0 lnk_l X

e

< Bi(e) exp {g%(%lnkl .

~a)].

Applying Lemma 3 to the expression in the square brackets, by (17) we finally get

(0)] < C(e) expy (%) 0<5<1)

Thus, condition (16) indeed holds true.
20, Sufficiency. The sequence of all zeroes of function @ has density b. Therefore, the type of
function @ is equal to wb (the adjoint diagram of @ is the segment [—7bi, wbi]). Then, function

@ is even. For x > 0 we have
1
Q) = 51 [ e (18)

271
s

where I's; the boundary of rectangle with the sides on the lines Ret = £0 (0 < §d < 1, Im ¢ =
+(mb+ 1). In view of (16) by (18) we obtain that for each € > 0 as 0 < § < dy(¢)

Q)] < Ceexpy_y [655_1 n 51} (0 < C. < o). (19)

Estimate (19) is valid for each § € (0,do(¢)]. In view of this fact, we let

In(lng_; x)?
St=ctlnp 2% a=alr)=1- In(lny 1 2)° :
Inx
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We see that a(x) — 1 as © — oo, and as § — 0

N x
1% = ——— — o0.
In;_,

Substituting the chosen value of 6~ into (19), as x > z¢(c) we obtain that
T £T

1 <InC. + e 20
n Q) . lni_lm Inj;_, (20)

We check that as © — oo,
Ing_12%=(140(1))Ing_y 2 (k> 2).
In view of this identity, by (20) we finally get

xr
1 <2 L o> .
n1Q()| < 2ep=—, = >m(e)

It means that
In|Q(z)| < g(z) (z>0)
for some nonnegative (and non-decaying) function g satisfying condition (15). O

2. FORMULA FOR CALCULATION k-ORDER FOR SUM OF DIRICHLET SERIES

We shall call the quantity
(k>2) (21)

k-order of function F' € Dy(A) in the half-plane IIy = {s : ¢ = Res < 0}. Here M(0) =

sup |F(o+it)|. Tt makes sense to consider only the functions F' € Dg(A) satisfyin sup M (o) =
[t|<oo <0

oo. By the definition of k-order (21) we see that ps = pgr, where pg is R-order in half-plane Iy
[4].
The following theorem holds.

Theorem 1. Condition
Innln,_ A,

Jim SIS0, (k2 2) (22)
is the criterion for k-order (21) of each function F € Do(A) satisfies the formula
PR = n@ mAl—a”'mkl A (B >2;0< pp < o0). (23)
Remark. Suppose that the power series
9(2) =Y _an* (pn € N) (24)

n=1
converges in the circle {z : |z| < 1} and

M,(r) = r|n|ax\g(z)| — 00, ' — 0.

We let Iy, M, (1)
_ T Bk Vg T
Since 1 —r = (14 o0(1))|Inr| as r T 1, then

— Ing M,(r)
= lim ———2~2 2
= S T (25)
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We make the change z = e®. Then
f(s) =g(e®) = Zanep”s (s = o +it). (26)
n=1

It is clear the Dirichlet-Taylor series (26) converges absolutely in half-plane Ig. Since r = €7,
then My(r) = M(o) and ry, = py, where py, is the k-order of series (26) (one can see it by (25)
and the definition of py.).

Let us formulate a corollary of Theorem 1.

Corollary. k-order ry of each function g given by (24) satisfies the formula

— Inla,|
rr, = lim
n—oo pn

hlk,1 Pn (k 2 2)

if and only if -
lim nnlng_1pn
n—oo pn

—0 (k>2).

Proof. 1°. Sufficiency. Let k-order p; of function F is finite. Let us prove that then o < py,

where
— In|a,|
a= lim
n—oo

g1 An (k> 2).

Indeed, by the definition of k-order we obtain that for each € > 0 there exists § = d(¢) such
that for 6 < o < 0 the inequality

In M(o) < exp_y (pk|—+|€) . (27)
o
holds true. For o < 0 we have |a,| < M(c)e*l?l (n > 1). By (27) it follows that as § < o < 0,

) + Aol

Pkt ¢

o]

In|a,| < exp,_; (

If we let t = |o|™!, then
An
In |a,| < expy_i(px + &)t + e
We let t = t,, where

1 In(Ing_1 \,)?
t, = Ing_1 A", anzl——n( 1 An) )
Prt+ € )\n
We see that a,, = 1 as n — oo and \i» = ﬁ Since t, = t,(n) — oo as n — oo and

k—12n
An
Injan| < expy_y (o +)ts) + = (n = N = N(e)).
It yields that for each n > N

An An (pk + E)
lnz_l >\n lnk_l )\%”

(k > 2). (28)

In|a,| <

Since by straightforward calculations one can check that for n — oo
Ing_1 A0 = (1 +0(1)) Ing_1 A, (k= 2),
then as n > N; > N, by (28) we obtain the estimate

In|a,|

lnk,1 )\n < pr + 3e (l{ = 2)

n

Since € > 0 is arbitrary, it follows that a < py.
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Suppose now that o < oo. Let us prove that in this case pp < a. By the definition of «, for
each € > 0 there exists N = N(¢) such that forn > N

In|a,|
An
Let kg = min{n : A\, > py = exp;_»(0) (k > 2)}. We choose A(e) such that for each n > kg
the inequality

Ing_ 1 Ay, <a+e (k>=2).

lan| < A(e) exp [%1 (k> 2)

holds. Then

Ano
|<Z|a|e < B+ A Zexp(m“A )

n=ko

t S An
< — —
<B+ Ale )tmixx exp ( S ta) E exp ( 51nk-1 )\n> ,

> k
0 n=ko

where g = a+¢, 3 = a+2¢, 0 = Res < 0. In view of condition (22), we employ Lemma 2 to

obtain
o An
g exp (—51nk-1 /\n> = Ay (e) < 0. (29)

n=ko
Let us estimate the function

t) = —to.
90( ) Q1 Iyt o
It follows from Lemma 3 that
q1
< — <
g}f\iﬁé o(t) < expy_q (O_> , 0<]ol <1 (30)

Thus, due to (29) and (30), we have
|F(s)| < B + As(2) exp, (@) L 0<lo| <1
o
Therefore, as —1 < 09 < 0 <0,
|F(s)] < expy, <%> , Q2 = o+ 3e.
It implies that for each ¢ > 0
Ing M (o)
o]~

< qo, —1<o9y<o<O.

It means that p, < a. Hence, a = pg. It yields that o = oo if and only if pp = co. The proof
of sufficiency is complete.
20 Necessity. Let us show that condition (22) is necessary for the k-order of each function
F € Dy(A) to satisfy formula (23). Indeed, suppose that condition (22) fails, i.e.,
— Innlng_ A\,
m 0 o (k> 2).
n— 00 )\n
Then there exists a subsequence {n,,}, such that for each m > 1
Inng,Ing_1 Ay,

A
We let a, = e (n > 1) and we estimate the k-order of function F' defined by the series

s) = 626)‘"8 (s =0 +it). (32)

>8>0 (31)



TWO-SIDED K-ORDER ESTIMATE FOR DIRICHLET SERIES ... 27

We assume that the condition

lim 27 (33)

n—oo M\,

holds true. Series (32) converges (absolutely by condition (33)) in half-plane II;. Calculating
k-order by formula (23), we get pr = 0. Let us make sure that the k-order of function F is
positive. Indeed, since a,, > 0, then M(c) = F(o) (¢ < 0). Thus, for each natural N we have

N
N
M(o) > e Z e Mol > 656_’\1\"‘" > Ne 2ol = exp(In N — Aylo]). (34)

k=31

We write condition (31) as

1
A, < 3 Inn,lng_1 A, (6>0) (35)
and we let N =n,, in (34). Then for each m > 1 we have
M(o) =z exp(Inn,, — A\, |o|) = exp(Inn,, — ‘%' Inng, Ing_1 Ay, (36)

We see by (35) that In)\,, < 2Inlnn,, as m > my. It follows that Ing_; A, < 2Ingn, as
m = my = mg. By (36) it yields the estimate

2
M (o) = exp(Inn,, — % Inn, Ing n,)  (m > my). (37)
In (34), |o| > 0 is arbitrary. We let o = o,,, where o, solves the equation
lnk Ny = —F7— (m 2 ml).
4lo|
Then by (37) we get
1
M (o) > exp {iexpk_l %} , 0= 0m.
Hence,
1 s
InM(o) > 5 €XPj_1 1o] o =0, (m=m),
and
1 1 B
Inln M(o) > In 5 €XDj_1 10| > 5 €XDg—2 1] o=0, (Mm=my).
Proceeding in the same way, we finally obtain
Ing M(o) > 8%’ o=0, (m>=my).
It means that pp > g. The proof is complete. n

3. TWO-SIDED ESTIMATE FOR k-ORDER VIA k-ORDER IN HALF-STRIP

Before we formulate the theorem, we introduce the following classes of functions:

Ly={he€L: h(x)lng_y2z=0(x), x— oo} (k> 2),
R,={heS: h(x)ln%zo(ﬁ), T — 00} (k> 2).

Theorem 2. Let A = {\,} (0 < A\, T 00) be a sequence satisfying the conditions:
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1). The inequality

Ma+p) = A@) <cptrd+ 29 (>0, (33)
InTp+1
holds true, where A(x) = > 1, ¢ is a some function in Ly (k > 2);
A<z
2). The relation
1 A / A

0
holds true, where n(A\,;t) is the number of points A\, # X\, in the segment {x : |x—\,| < t}.
If R is the density of sequence A is equal to G(R), then k-order ps of each function F' € Dy(A)

in strip S(a,to) as a > nG(Ry) and order pr of this function in half-plane Iy satisfy the
estimates

ps <pr < pstap (k=2). (40)
Proof. Since ¢ € Ly, it follows from estimate (38) and the definition of Rj-density that G(Ry) <
oo. Indeed, if py = exp,_5(0), (k = 2), h(x) = N D ST (x > 0), then one can check

easily that h € Ry and

Tm pia(w(t)) <e
where ¢ is a constant in condition (38), w(t) = [t,t + h(t)). Therefore, G(Ry) < ¢ < 0.

We make use of Theorem II. For each b, G(Ry) < b < £, there exists a sequence I' = {1, },
(0 < pn, T 00), containing A and having density b such that the entire function of exponential

type mb

mazjj(r—é) (s =+ i) (a1)

possesses the properties:
1) Q(A) =0, QM) #0 (n=1);
2) n|Qz)| < g(x) (x20), ge Ly
3) qx(Q) = ¢}, where g is defined by formula (39) and
T lnk—l /\n

. 1
0(@) = Jin "5
We note that estimate 2) and identity 3) follow from estimates (10) and (11) in view of fact
that Rj-densities in estimates (10), (11) obey H € Ry, and ¢ € L.
We introduce A.F. Leontiev interpolating function [3]

(k> 2).

t

1
sl Py =e v [ | [ Flera=memay |

2mi
c 0
where F' € Dy(A), v is the function associated with entire function @) defined by (41) in the
Borel sense, C is a closed contour enveloping the segment I = [—mbi, wbi], which is the adjoint

diagram of @), « is an arbitrary complex parameter Rea < 0. It is clear that (t + o —1n) € C,,
where C, is the shift of C' by vector . As C' we take the boundary of the rectangle

P={t:|Re t|<h(0<h<1), |Imt<a}, 7G(R) < wb < a.
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Let us prove that py < ps + ¢; (estimate p; < pj is obvious). We have
2
Ay, F)| < Z(1 4 a)?le M An t F(u)).
0 )] 2 (14 @)l mae e max 3 1) mae )

We let « = 0 — h+ ity (0 <0). Applying Lemma 4 and taking into consideration the fact that
|7(t)| < M on the horizontal parts of the contour, as h < hy(d) for each § > 0 we get

)
W, 0, F)| < el expy () max | F (u)]. (42)

Here P, is the shift of rectangle P by vector a.
We assume that p, < co. Then p, < co. It follows from the definition of k-order p4 in the
half-strip S(a, o) that as 0 < |o] < gg(e) for each € > 0

M(0) < expy(ps +€)lo] ).
For 0 < |o| < 0¢(e) it implies

max |F(u)| < expy[(ps +€)lo| ™). (43)

Letting h = v|o], (0 < v < o0) and taking into consideration (43), by (42) we obtain that
o 0 p
’w()‘na «, F)’ < €(1+2’Y)/\n| | exp eXPk(’ﬂ_O') + eka(H) ) (44)

where p = ps+¢, 0 < |o| < 01(d,¢), v > 0.
Let § = €%, v = &. Then employing the formulae for the coefficients [3]

~ w(h,a, F)

“="ong "2V

and bearing in mind (44), we have

exp [(1 4 2e) At ™" + exp,_y (m11)]

ol <| ¢
Un| X |57 v~
Q' (An)
where t = |o|7!,t > to(¢), p1 = p+ €. In particular, this inequality holds true as n > ng(e) for
1 InIn® A
t=—Ing" Ay, o =1———.
Pl et “ In A,

For such ¢ we have (cf. (28)):

aa] < \ (1> no(e)).

1 (14 2¢)pi A A
ex — 5
Q'(\) In“" \, In; | A\,
Since Ing™; A, = (1 4+ 0(1)) Ing_1 A\, as n — oo, by applying formula (23) for calculating order
pr in half-plane, we obtain that pr < ¢x(Q) + (1 + 2¢)(ps + €). Since ¢x(Q) = ¢;, € > 0, is
arbitrary, then p, < ps + ¢ and it completes the proof. O

Remark. In the above theorem, instead of S(a,ty) one can take a curved half-strip K de-
scribed by a vertical segment of length 2a while its center moves along a curve in half-plane 1l
having a common point with the imaginary azis. In this case estimates (40) hold true.

The left estimate in (40) is exact. The exactness of the right estimate as k = 2 was proven
in [6]. In the general situation this issue will be considered in an independent paper.

The authors express their gratitude to the participants of Ufa city seminar named after
A F. Leontiev on theory of functions for the attention to the work and useful discussion.
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