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ON INVERSE NODAL PROBLEM
FOR STURM-LIOUVILLE OPERATOR

A.YU. TRYNIN

Abstract. In this paper we propose a solution to a certain inverse Sturm-Liouville problem,
which allows one to determine the potential and the boundary conditions of the differential
operator on the values of one of the differentials of Gateaux zeroes x, ,[q] € (0, 7) of some
eigenfunction y(z,q, A\p[g]) for an increment w from the set W. As W, we consider some
sets of classical and generalized functions.
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1. INTRODUCTION

The properties of the eigenfunctions and eigenvalues for Sturm-Liouville problem with non-
smooth potentials is the subject of study of leading scientific schools in spectral theory of
differential operators for a rather long period of time. The class of the problems in this field is
studied quite well. Not pretending to provide a complete survey in this field, we just mention
a series of known works published recently in this scientific direction.

In [I] for a fixed summable potential the authors obtained the asymptotic formulae for
the eigenfunctions and the eigenvalues of the classical Sturm-Liouville problem by a modern
interpretation of Liouville-Steklov method.

Works [2], [3] were devoted to studying the asymptotics of eigenfunctions and eigenvalues
of the Sturm-Liouville operator with a singular potential being a generalized first order eigen-
function ¢(x) = u/(z), where u € Ly[0, 7.

Works [4], [5] represent the studies where the estimates for the considered characteristics of
Sturm-Liouville problem were uniform w.r.t. the potential ¢ in a ball in a Sobolev space.

Paper [0] was devoted to proving the fact that the system of eigenfunctions and the associated
functions of a Sturm-Liouville operator with a square summable potential and subject to either
periodic or antiperiodic boundary conditions form a Riesz basis.

In [7] there was considered a class of discrete Sturm-Liouville operators for which the essential
part of the support of the measure contained a finite number of gaps.

A series of interesting publications [8], [9], [I0] was devoted to studying the properties of
various types of spectra for periodic self-adjoint second order differential operators on the axis
having important applications. One more result of these works was the asymptotic expansions
for the eigenvalues and the eigenfunctions of certain perturbed operators.

In fundamental works [I1], [12], [I3] an analogue of oscillating Sturm theory on distribution
of zeroes of eigenfunctions on a spatial net or graphs was constructed.
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In work [I4] there were obtained some asymptotic formulae for the values of differential
operators associated with Cauchy problem whose differential expression is a second order linear
equation 3" + [A — gx(x)]y = 0, where the potential ¢, could change subject to A, i.e., it was
a function of two variables x and A. The character of the dependence of the potential A was
caused by the fact that for each A function g, belonged to a ball centered at zero and the radius
growing slower v/ in the space of functions of bounded variations and vanishing at zero. In
addition, in [I4] the asymptotics for nodal lines of considered differential operators was given
under the condition that function g, belongs to the ball centered at zero and with a radius
growing slower than v/A/In\. In work [I5] an example of potential was constructed which
showed that if one neglected the boundedness of variation for ¢y, then the obtained order of
asymptotic approximation could be attained neither on the class of functions ¢ in C|0, 7], for
instance, in balls, no even for a particular element in the space of continuous potentials.

Starting from well-known classical works [16]-[24] and till the present (see, for instance, papers
[4], [25]), a large amount of interesting studies were devoted to the inverse Sturm-Liouville
problems, i.e., the problems on constructing Sturm-Liouville operator by some given data. In
[16] the author established the equivalence between the formulae A\, = n? n =0,1,2,3,... for
the eigenvalues and vanishing of a continuous potential in the Sturm-Liouville problem with
Neumann conditions.

Work [I7] contains the study of the inverse Sturm-Liouville problem on recovering the pa-
rameters of the problem by the spectra. It was shown that in the general case it is impossible
to recover Sturm-Liouville operator by one spectrum A = {\,}22 ,, while two spectra with the
same potential and different boundary conditions are sufficient to determine both the potential
and the boundary conditions.

It was proven in [I8] that in the case of nonnegative eigenvalues the scattering phase given
for all positive energies and any fixed angular momentum determines the potential uniquely.

In [21] methods for recovering a second order differential equation by its spectral function
were given. This problem was reduced to a linear integral equation. It was also found out which
monotone functions could serve as spectral functions for second order differential equations.

It was shown in work [22] that Sturm-Liouville operator can be uniquely recovered by its
spectral function.

In interesting papers [4], [25] an exact uniform asymptotics for the spectral data of Sturm-
Liouville problems was obtained under the assumption that the potential ranges in a ball of a
fixed radius in the Sobolev space W$*[0, 1] for some o > —1. These studies ensures the uniform
stability while recovering the potential by the spectral data.

The topical problem on recovering the density of the string by the reaction operator mapping
a boundary control into the force applied to an end of the string was considered in work [26].

Beginning from pioneering work [27], in papers [28], [29], [30], [31], [32] there were given
uniqueness theorems of nodal problem for various second order differential operator.

A rather wide survey of results obtained for inverse Sturm-Liouville problems can be found
in well-known monographs [33], [34], [35].

Let ¢ € L[0, 7], and A, = \,[¢] be the nth eigenvalue of the regular Sturm-Liouville problem
(for the definition see [35])

J'+[A—dy=0,
sinag’'(0) + cos ag(0) = 0, (1)
sin B9 (7) + cos fy(m) = 0,

where «, § € R, and g(x,q, \,) = J,(x) are the associated orthonormalized eigenfunctions of
this problem ||3(-,q, \n)|lzs00, = 1. We order the zeroes of function g, so that 0 < zg, <
Tip < -0 < Tpp, <7 Wefixsomen € Nand 0 < k < n, k € Z. By wx,[q] we denote the
functional mapping the potential g into left k& + 1th left zero of nth eigenfunction g(x, ¢, A\, [q])-



114 A.YU. TRYNIN

We indicate by

. 9lg +tw) — ¢(q)
the Gateaux differential of a functional ¢ : L[0, 7] — R with an increment w € L[0, 7].

In the case of Dirichlet condition, in [27] there were obtained certain differential relations in
terms of Gateuax differentials for the nodal points of Sturm-Liouville problem. However, these
relations involved the derivatives of the eigenfunctions w.r.t. both variable x and the spectral
parameter.

Theorem 1 ([27)). Let q, w € Lo[0, 7|, then the Gateauz differential of functional xy ,[q]
mMeNandd<k<nasa=0=01n ) with an increment w satisfies the relation

1 Tkn
Dzylq, w] = 5 / w(T)y*(7, ¢, \n) dr
[y/(xk,n7 q, )\n)} 0

y(mk ny 4, )\n) /ﬂ— 2
- 7 w\T y T? q7 )\n dT,
y<7ruq7)‘n)y/(xk,n7Q7 )\n)y/<7T7Q7>\n) 0 ( ) ( )

where 5 5
y(x)Q7A) = %y('x7Qa)‘)7 y(%%/\) = ay(I7Q7A>

This relation was employed by the author for studying the properties of the inverse nodal
Sturm-Liouville problem with a potential in space Lo[0, 7|. In [27] the uniqueness theorem was
established for recovering the potential by an arbitrary dense in [0, 7] set of the zeroes of the
eigenfunctions.

In work [36] there were provided the differential relations similar to that established in [27].
These relations were provided in terms of Gateuax differentials for the nodal points of regular
Sturm-Liouville problem with a summable potential and Robin boundary conditions and it
was necessary to remove Dirichlet conditions (« # wl and 5 # 7mm, I,m € 7). In particular,
by means of these relations, we succeeded in showing the absence of the stability of repre-
senting a continuous on [0, 7] function by interpolation Lagrange processes constructed by the
eigenfunctions of Sturm-Liouville problem.

In work [37] there were obtained some differential relations in terms of Gateuax differen-
tials for the nodal point of regular Sturm-Liouville problem with arbitrary Robin boundary
conditions.

Theorem 2 ([37]). Suppose q, w € L[0,w]. Then the Gateauz differential of functional
Tralg) (m € N and 0 < k < n) with an increment w satisfies the relation

1 " ~2
ka:,n [Qa ’LU] = [:l)l(ajk’n, q, )\n):| 2 /0 ’lU(T)y (Ta q, /\n)ﬁk,n('f) dT) (2)

where

1 —apn, if7€[0, 21, Thn
Bk,n(T) = { b fT [ " ] Qpn = / y2<7-7 q, )\n) dr.
0

—O.n, ZfT € ($k,n7ﬂ']a

Remark. In the case at least one of the boundary conditions becomes the Dirichlet conition
a=2nlor f=2rwl1¢€Zie., x9,[q =0 or z,,[q) =7, the associated Gateaux differential
for each ¢, w € L[0, 7] satisfies

Dxg ,[q, w] =0 or Dz, ,[q,w] = 0.

In the present work we suggest the solution to some inverse Sturm-Liouville problem allowing
one to determine the potential and boundary conditions for a differential operator by the values
of Gateaux differential of one of zeroes wy ,[g] € (0,7) of some eigenfunction §(x, ¢, \,[q]) with
an increment w in set W. In the case W = {0[1](z), x € M}, (§[1](x) is the Dirac delta
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function) and M is dense in [0, 7], up to then normalization foﬂ q(z)dx = 0 we determine the
potential of Sturm-Liouville prlblem ¢ € L[0, 7] or ¢ € C[0,7]. For each fixed ¢ € L[0, ]
the values of Gateaux differentials and of their derivatives w.r.t. x for one of zeroes zy,[q] €
(0, ) of an eigenfunction y(z, ¢, A\,[¢]) at the end-points of the segment [0, 7|: Dy ,[g, [1](0)],

W’ and Dxy,,[q, 0[1](m)], W allow us to determine the parameters

«a and S of the boundary conditions in problem , 7Izespectively. In the case W is the set
of continuously differentiable functions on [0, 7] with an absolutely continuous derivative, we
obtain the uniqueness theorem for solution of the inverse problem under the normalization
condition for the potential fo x)dx = 0. These studies are based on a differential relations
obtained in work [37].

The topicality of the studies presented in our work can be demonstrated from the point of
view of mathematical physics as follows. We take a non-homogeneous string with an unknown
linear density which can have first kind jumps. We suppose that the tension of the string in
the state of rest is known. If the initial conditions are so that the vibrations are a standing
wave with one of the eigenfrequencies, then the wave nodes are the zeroes of the eigenfunctions
associated with this eigenfrequency. The results of the work allow one to find the linear density
of the string in the point where mass m is concentrated by observations of the motion dynamics
of one of internals wave nodes during the motion of the point mass m with a constant speed
along the string. Knowledge of Gateaux differential and of its derivative w.r.t. the indepdendent
variable for some internal node of Sturm-Liouville problem under the perturbation of summable
potential by the Dirac function on the end-points of the segment gives a possibility to determine
constants a and 8 in Robin boundary conditions of problem . In its turn, it allows us to
determine completely the resisting force for the motion of the string’s end-points.

2. MAIN RESULTS

Changing the potential ¢ € L[0, 7| of problem by an additive constant ¢+ C' produces the
shift of the spectrum A = {\,}°°, by the same constant {\, + C'}>° ;. Thus, except explicitly
mentioned cases, we assume that the normalization condition

t[ﬁ@mxzo 3)

holds true. We define d[f](x) which the Dirac delta function (the rigorous justification of the
definition can be found, for instance, iun [38, Ch. 2, Sec. 5], [39, §16.7]) as the functional
mapping each summable on the segment [0, 7] functlon f into the real number

_111%/f U(r,x,e)dr

E(xz,e) =[x —e,x+e] N[0, 7],

1
€ E(x,¢)
] — J mesBE@ey T )5
(7.,¢) { 0, as 7 € [0,7] \ E(z,¢).

where

We shall denote by

Dlg, 8[1](2)] = lim lim 24T :6)) = 6(0)

e—=0t—0 t

the action of Gateaux differential of a functional ¢ on an element ¢ € L[0, 7] with an increment
5[1](x). And by

d*D¢lq,0[1] ()] _ d'“{

gy A0 192)) 00
dx* dxk

e—0t—=0 t



116 A.YU. TRYNIN

we indicate its kth derivative w.r.t. z. Generally speaking, this derivative can be treated
as the generalized one [38, Ch. 2, Sec. 6, Subsec. 1]. But in the case when the function

;i—kk{limg_)() lim,;_,¢ ¢(q+t‘l’("§’5))_¢(‘;’)} is continuous w.r.t. =z, we assume that the generalized

derivative coincides with the classical one in the sense of definitions in [38, Ch. 2, Sec. 5, Items
5, 6].

Knowing the Gateaux differential of some internal node of Sturm-Liouville problem under the
perturbation of the potential by Dirac function on a dense in [0, 7| set allows us to determine
each summable potential in our problem.

Theorem 3. Let M be an arbitrary dense in [0, 7] set,
Ln S (0, 7T) (4)

be a zero of an eigenfunction of Sturm-Liouville problem and Gateaux differential of func-
tional x,[q] on an element g € L[0, 7| with the increment 6[1](x) takes value Dxy g, 0[1](x)]
in each point x of set M.

Then the potential of Sturm-Liouville problem satisfying the normalization condition
can be represented as

d*, [im_ . Dzxyplq, 0[1](zp)] .
o(2) a.e. \/{ wp B dx: q |<\/| lirlv? Dmk,n[qﬁ[ﬂ(%)”)

Tp—T

-2 /0”{ d2\/‘hmzp%x S;’“’”[q’ el <\/| lim Dy g, 5[1}(%)”)1} dz,

™
Tp—T

(5)

o - : . :
where {:Ep}p:1 is an arbitrary sequence converging to x along set M, i.e., x, € M, z, = x.

Proposition 1. Let be a zero of an eigenfunction to Sturm-Liouville problem and the
Gateaux differential of functional xy,[q] on an element ¢ € L[0, 7| with an increment 6[1](x)
takes the value Dxy ,[q, 0[1](x)] in almost each point x the segment [0, 7].

Then the potential in Sturm-Liouville problem (1)) satisfying normalization condition
reads as

e wm'ﬁ’é[w” (V|Dzealg. o))

2 /Oﬂ{ dz\/‘mk;;[? el (\/\ka,n[q, 5[1]<x>]l)_1} dz.

q(z)

(6)

™

Knowledge of Gateaux differential and of its derivative w.r.t. the independent variable for
some internal node of Sturm-Liouville problem under the perturbation of summable potential by
the Dirac function on the end-points of the segment gives a possibility to determine constants
a and S in Robin boundary conditions of problem . It allows us to find completely the
resisting force for the motion of the string’s end-points.

Proposition 2. Let be a zero of an eigenfunction of Sturm-Liouville problem and the
Gateaux differential of functional xy,[q] on an element g € L[0, | with the increment §[1](x)

and its derivative w.r.t. x take the values Dxy,[q, 6[1](0)], Dzgnlg, 6[1](m)], W ,

=0

and i

on the end-points of the segment [0, ).

T=T
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Then the parameters of boundary conditions in Sturm-Liouville problem (1)) can be found
from the relations

( -1
- —arccot { (—de’“’”C[gc’d[l](w)] :1::0) (Dx;w[q, 5[1](0)]) } +7p, pE€Z,
if Dxynlq, 6[1](0)] # 0,
| 7™, P €Z, if Dryalg, 6[1](0)] =0,
( —arccot { (W - ) (Dx;w[q, 5[1](#)])1} +7r, reZ,
P=\ i Dla, 61 ()] 0. g
| 7, 1 €Z, if Drgy[q,0[1](m)] = 0.

To determine the continuity of potential of Sturm-Liouville problem as well as to deter-
mine it everywhere in [0, 7] we can specify Theorem [3|

Proposition 3. Let be a zero of an eigenfunction of Sturm-Liouville problem and the
Gateaux differential of functional xy,[q) on the element g € L[0, 7] with the increment 6[1](x)
takes value Dxy ,[q, 6[1](z)] in each point x of a set M dense in the segment [0, 7]. Then the
function

d?, /(im_ w Dzxynlq, 0[1])(zp)] -1
\/‘ Ty - q ‘ (\/‘ liﬁl ka,n[q,é[l](xp)]‘>

Tp—T

is continuous w.r.t. = on [0,7| if and only if the potential of Sturm-Liouville problem 1S
continuous on [0, 7|. And function (B)) on [0, 7] is the potential in Sturm-Liouville problem
satisfying normalization condition (3)).

Theorem 4. Consider two Sturm-Liouville problems of the form and
sin ay'(0) + cos ay(0) = 0, (8)
sin 5y’ (7) 4 cos By(m) =0

with summable potentials satisfying the normalization conditions and assume that their
eigenfunctions Jn and Gm n,m € N of have a common zero x*, i.e., there exist such 0 < k <
n,0 <l <m,n,m e N that v* = x4, = T1m € (0,7) and the Gateaux differentials of this zero
coincide for the increment §[1)(x) in each point x of a set M dense in the segment [0, 7], i.e.,

Dxy g, 6[1)(z)] = D14, 6[1](x)], for each x € M. (9)
Then § = q a.e. in [0, 7], A\, = A and & = a, B = 0.

By WL [0, ] we denote the set of continuously differentiable and having absolutely continuous
derivative on [0, 7] functions.

Theorem 5. Consider two Sturm-Liouville problems of the form and with summable
potentials satisfying the normalization conditions and assume that their eigenfunctions i,
and gjm, n,m € IN, have a common zero x*, i.e., there exist such 0 < k < n, 0 <l < m,
n,m € N that v* =z, = Tym € (0,7) and the Gateauz differentials of this zero coincide for
each increment w € WL_[0, 7],

Dxy. (g, w] = DTG, w], for each w € WL [0, 7). (10)

Then ¢ = q a.e. in [0, 7|, A\, = A and & = a, 3= 0.
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By C?0, 7] we denote the set of the functions in C'[0, 7] which are twice continuously differ-
entiable on each of the segments [0, ] and (¢, w]. At the point ¢ € [0, | the second derivatives of
the functions in CZ[0, 7] can have a jump of the first kind. Classical solutions to Sturm-Liouville
problem obey the following

Proposition 4. Let eigenfunctions 9, and §m n,m € N of two Sturm-Liowville problems
and with continuous potentials satisfying normalization conditions have a common
zero, i.e., there exist such 0 < k < n, 0 <1 <m, n,m €N that * = xy, = Ty, € (0,7) and
the Gateauz differentials of this zero coincide for each increment w € C2.[0, 7], i.e.,

Dzy..lq, w] = Dy,,[4, w], for each w € C2.[0, 7).
Then § = q everywhere in [0, 7], \, = A and & = o, 3= 0.

The hypothesis of Proposition [I] being a corollary of Theorem [3|is convenient but it employs
a redundant information since to recover the potential in Sturm-Liouville problem one has to
know the value of Dzy,[q, 6[1](x)] in almost each point x of segment [0, 7]. The statement of
Theorem |3| is non-improvable in the sense that it is impossible to neglect the density of set M
in [0, w]. This fact is justified by

Proposition 5. For an arbitrary interval (a,b) C [0, 7| there exist two potentials satisfying
and having a bounded variation

a.e.

q # q (11)
such that there exists n € IN for which the eigenfunctions g, and Un of two Sturm-Liouville
problem and (with o« = &, B = [ and potentials q and q, respectively) have the same

zeros Trnlql = Trnld) € [0,7], 0 < k < n, and Gateaux differentials for each of these zeros
coincide for each increment 0[1](x) in each point x of [0, 7]\ (a,b), i.e.,
Daynlg, 0[1](x)] = Dy n[q, 0[1] (x)], (12)

for eachx € [0,7]\ (a,b), rnlq) = Trnld) € [0,7],0 < k< n.

3. THE PROOF OF MAIN RESULTS
Proof of Theorem[3. By Theorem , for an arbitrary node of Sturm-Liouville problem

we have

1 s
D n ;51 =1i v y by )? ) 7>‘n n d
Y e [ v )t dr

1
- S[32( 4 M) B ()] (@)
TP 68 A (] @

The function (7, q, A\n)Brn(7) is continuously differentiable on [0,7]. This is why the set
0, 7] consists of Lebesgue points of the function §*(7, ¢, \n) Bk (7) and everywhere in [0, 7| the
identity

Daala (el = 1q 8 el (13)

holds true.
By Theorem 2| and we have [, (z) # 0. Thus, on the set [0, ] the representation

[lgl(xk,na q, )\n)] ?

[Ben ()]

[9(x, ¢, An)| = | | Dzinla, 0[1](2)]]
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holds true. It follows that on each of the segments [0, o], [Z0.n, T1.n]s - s [Tn-1.ms Trnl, [Tnn, T]
the eigenfunction can be represented as
Tp—T

where each subscript [ of constant 7;,, corresponds to the index of the segment in which z
is located and {x,}72, is an arbitrary sequence converging to z along set M dense in the
segment [0, 7], i.e., x, € M. By the definition [40, Ch. IV, Sec. 1] of a generalized solution to
the differential equation in Sturm-Liouville problem (I)), on each segment [0, o], [Zon, Z1,n),
ooy [®n—1m, Tnn), [Tnn, ) the function y(z,q,A,) has an absolutely continuous and almost
everywhere the second derivative. After the substitution in the equation in , this second
derivative transforms the equation into the identity almost everywhere. It implies the existence
of the second derivative

d> \/‘hmxpﬁ% Dayplq, 6[1](z,)]]
dx?
for almost each = € [0, 7] as well as the representation
a.e.@"(ﬂlﬁ, q, )\n)
1) )
Lo \/\nmzp% Daynlq, 6[1)(2,)]] ' B (15)
- (\/\ lim Day,ofa, 3[1](x,)]])

@

Tp—T

Thus, the potential in Sturm-Liouville problem satisfying normalization condition ((3))
can be represented via the values of Gateaux differential with the increment being Dirac delta
function as

d2\/|limxpM>m ka,n[Qa 5[1] (.I‘p)] |

o) " o (T2 Dol el 1
Lo \/yhmmp% Dzyplq, 0[1](z,)]| . ;)
-- /0 { yo ( ‘;clﬁx Dy (g, 5[1](xp)]|) } d.
The proof is complete. O
Proof of Proposition[]. The desired statement follows immediately from Theorem [3if as M one
takes the segment [0, 7], while sequence {z,}:2, is to be taken stationary. O

Proof of Proposition[Z By the definition [40, Ch. IV, Sec. 1] of a generalized solution to the
differential equation in Sturm-Liouville problem , on each of segments [0, zo,], [Tnn, 7] the
function y(z, g, \,) has an absolute continuous derivative. The representation yields also

the existence of y on the end-points of the segment [0, 7] and the possibility of
recovering the parameters of boundary conditions in Sturm-Liouville problem by formulae
(7). The proof is complete. O

Remark. In particular, it follows from representation and theorem [2| that as x < xy,,
Dxy, (g, 0[1)(z)] = 0, whileDxy, [q,0[1](z)] < 0 for x > z,. If we perturb the potential in a
node by Dirac function, then this node and other nodes remain unchanged. Indeed, it follows

from that
[@,(xk,n7 q, An)} ?

ka,n[Q7 6[1]($l,n>] Bk (xl ) - y2(xl,n7 q, An) - 07 k7l € [07 n]
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Proof of Proposition[3. The continuity of function in implies the validity of the iden-
tity in (15 everywhere in [0, w]. The proof is complete. O

Remark. Under the hypothesis of Theorem , for a potential normalized by relation (3)),
the nth eigenvalue of problem is determined by the formula

« (d*, /|lim  Dxy,lg, 0[1](x,)] -1
/\n:_l/o { \/| Tp—T q ‘( “HMP ka,n[Qvé[l](Ip)H) }dﬂ

2
g dx Tp—T

The values of Gateaux differential allow us to calculate not only the eigenvalue but also to de-
termine the eigenfunction g(z, ¢, \,,). In order to do it, we need to choose appropriate constants
M in representation (14)).

Proof of Theorem [ By (@ and , for each x € Ml we have the identity

P (0l =Dl )

= Dty 0[1)(2)] = 33 (F. . An) B (2).

[y/('%l,ma (j, )\m)]
It yields that the sets of the nodes of considered problems coincide and for each of the segments

0, 20.0], [Ton, Tin), -+ [Tn—1.n, Tnn), [Tnn, 7] the eigenfunctions can be represented as
9@ 3, Am) = (2,4, M) = D[ lim Dazyg, 0[1)(z)], 0<wv<n+1,  (16)
Tp—T

where each subscript v of constant 7,, corresponds to the index of the segment in which z is
located and {:Ep}gozl is an arbitrary sequence converging to x along set M dense in the segment
[0, 7] set, i.e., x, € M. Then representation implies

q~ — A = q— An
almost everywhere in [0, 7]. Integrating the obtained relation w.r.t. 7 from 0 to 7 and taking
into consideration the normalization condition , we get \, = Am. Identities yield also

&=aand =4 n

Remark. In the same way one can show that a zero zy,[q] (4) of an eigenfunction of Sturm-
Liouville problem and values Dxy,[q, 0[1](z)] of Gateaux differential of functional xy ,[g]
on element ¢ € C[0, 7] with the increment §[1](x) in each point x of a dense in segment [0, 7]
set determines uniquely the potential ¢ € C[0, 7] up to the normalization ((3)).

Proof of Theorem [5. Suppose for some 0 < k < n,0 < I <myn,m € N z* = x4, = T €
(0,7) is a common zero for considered in Theorem [5| Sturm-Liouville problems, then by Theo-
rem [2| and for each w € W [0, 7] we have the identity

0 :D'xk,n[Q7 U)] - Di‘l,m[d? U)]

" 1 ~2 5 ) \A (17)
= w(T T,q, An) B (T) — — ——U (T, G, Am) Bim (T) ¢ dT.
I ){[y'(a:*,q,An>}2y( A nlT) e g R T A }

By , the function

1 . -
o )]QQQ(T,q, ) B () — T )}zg%, G Am) B (7)

belongs to the set W [0, 7]. Taking the function

1 -
wW\T) = 2A2T7 7An/6,n7— S < 2~ Ta~a)‘m6,m7—7
(7) e a] 97 (7, 4, An) B (7) B g ] Y (T, @, Am) B (T)
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as the increment for both Gateaux differentials, by we obtain

W ! 1 R L 2
/o {[@’(x* .\ )]Q@Q(T,q, An) B (T) — [g]’(m* = )]2?32(77 i )\m)ﬁl,m('r)} o,

Since the integrand is nonnegative, by Theorem [2] we have the representation

2 s ovae | Ciyg(r,g,\,), asT €027, ' -
y(TJQJ )\m) - { OQy(T,q, )\n)7 as T E (CC*’W], CZ ?é O, 1= ]., 2 (18)

The relation C; # 0, i = 1,2, follows from the condition z* = z, = Z;,, € (0,7) and thus
Brn(T) # 0, Bim(T) # 0. Since y and y solve differential equations in problem for the
corresponding eigenvalues \,, A\, and potentials ¢ and ¢, we obtain

a.e. Q”(Taqa )‘n) a.ce. gj”(Ta g: >\n) a.e. ~ N
(1) = A =" = = = (1) = A
y(T’ 4, )\n) y<7—7 q, )\m)

Integrating the obtain relation w.r.t. 7 from 0 to 7 and bearing in mind the normalization ({3]),

we obtain A, = 5\m )
Identities a = «, § = [ follow from , and . The proof is complete. O

m- (19)

Proof of Proposition[f} To prove the proposition, in the proof of Theorem [5] we continue po-
tentials ¢ and ¢ in relation by continuity and it completes the proof. O]

Proof of Proposition[5 In order not to overload the arguments by technical details, we provide
the proof for Dirichlet case « = mm, = 7p, m,p € Z.

As g we take ¢ =0, then 74, = ’% for each n € IN and 0 < k£ < n. For an arbitrary interval
(a,b) C [0, 7r] there exist n € N and 0 < ky < n — 1 such that [z, ., Thot+1.0] C (@, D).

Let 0 < 2 <t < 5-. We consider the potential

2
(T—zpgn—t)2—t2+227
2

Thom T2 < T < xkon—l—t

iz, 2,t) = [EIAp——— L Trot1in — T ST K Tigy1n — 2, (20)
—712, RS [O ﬂ \ [37k0 ny Lho+1, n]
0, otherwise,

not obeying normalization condition (3.
The eigenfunction of problem with potential associated with nth eigenvalue A\, =0
reads as

y(x7 qJ’ Xn? Z? t) =

(_Dkoy(x — Thom, %5 1), Thom < T < w,
= (_]‘)koy(xko-‘rl,n —T,Zz, t)7 w <z < xko-‘rl,n’ (21)
sinnz, z € [0,7]\ [Tron, Thot1.m)s
where
nx, as x € [0, 2],
Y(z,z,t) = —ﬁ(w—t)z—knz—l—#, as x € (z,t],
nz+@, as r € (t, 5]
Here the eigenfunctions of problems with potentials and g =0foreach0 <2<t < 5

are both normalized by the condition (0, ¢, A, z,t) = ¢'(0,n*) = n. Moreover, the sets of
their zeros g, = Tp, = ’%r, 0 < k < n, coincide.
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We consider the function

1 o ¥ 1, .5, .
F(z,1) :§Hy2(.,q, Ans Z>t)H2Lz(xkO,mxkO+1,n) — EHyQ(.’Q7n2)”%2(xk0,naxko+l,n)
n?z3 +n2(t—z)3 n?(t + 2)(t — 2)* +{n(t+z)}2<7r ) 7T
— ——z) - —.
3 20 6 2 2n 4n

in the triangle 0 < 2z <t < 5. Function F'is continuous in the closed domain 0 < 2z <t < 5-.
Through the points with the coordinates 2 =0, ¢ =0 and 2z = 3, t = 5~ we draw a continuous

curve I' belonging to the interior (except the end-points of the curve) of the domain 0 < z <
2

t < % Since F(0,0) — ™ and F(l 7r> - X (7‘— —% on curve I' there exist pOil’ltS with
21)))

: ~ o 2) = a6 rve
coordinates (2*,t*) € I', 0 < z* < t* < 7~ obeying (see the identity

T

* g%k 1 VY * g%k 1 ~ ~
F<Z at ) - §‘|y2(7Q7 )\n7z 7t )H%Q(xko’n,xko_’_l’n) - §”y2(‘7Q7n2)”%2($k0’n,xk0+1,n) = 07
where 0 < 2" < t* < . Together with Theorem 2| and it yields the relations

197G s Ans 2%t a0y = 1722 @0 Fa0m)s Bim = Brn on [0,7], 0 <k <,
and
Dy nlq, 6[1](z)] = Dynlq, 0[1](x)],
for each = € [0, 7] \ (kg ns Thy+1.0), 0 < k < 1.
It implies .
After the renormalization of the potential

2
(T—Tpgyn—t*)2—t*242*27
2

Lko,n + z* < X < xko,n + t*a

x —t'"<zx<z — 2z
v *ogk\ o f*\2_4%2 *2 9 ko+1,n X X Lko+1,n )
— n
q(:@z ,t ) (Thg+1,n—T—t*)2—t*2+2
2
—n-, YIS [077T] \ [x/fo,mxko-l—l,nL
0, otherwise,

we obtain the potential satisfying (3)), and (12):

q(z) = q(z, 2", t") — l/ G(z, 2", t") dz.
T Jo
Since the function (z —z, , — t*)? — t*2 4 2*2 is separated from zero on the segment T + 27 <
z < Tp, n+t* and the same is true for the function (zg, 11, — 2 — t*)? — #** + 2*2 on the segment
Tot1n — t° < & < Xpoy1, — 25, potential ¢ is a function with bounded variation on [0, 7. By
all the zeroes of eigenfunctions y(-, ¢, \,, 2%, t*) and ¢(-, ¢, n?) coincide.
The case of arbitrary «, # € R can be proven in the same way. The proof is complete.  [J

Remark. Since curve I' in the proof of Proposition [5| was chosen in arbitrary way in the
interior of domain 0 < z <t < -, then the amount of various points (*, 2*) and thus of various
potentials ¢ satisfying conditions , of Proposition 5| is at least continuum.
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