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ORTHOSIMILAR EXPANSION SYSTEMS
IN SPACE WITH REPRODUCING KERNEL

V.V. NAPALKOV (JR.)

Abstract. We study expansion system similar to orthogonal ones (orthosimilar systems)
in reproducing kernel Hilbert spaces. We establish the equivalency of two definitions of
orthosimilar system. We show the relation of orthosimilar system with the problem on
description of the dual space to a Hilbert space in terms of a special system of functions.
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Expansions systems similar to orthogonal ones (orthosimilar expansion systems) in a Hilbert
space were introduced by T.P. Lukashenko in work [I] and they are applied, say, in wavelet
analysis. In this work we study orthosimilar expansion systems in spaces with reproducing
kernel. The need of studying spaces with reproducing kernel is motivated by the problems of
complex analysis.

Definition 1 (See, for instance, [3]). Let H be a Hilbert space over field C consisting of func-
tions defined on a set M. Space H 1is called reproducing kernel Hilbert space if for each point
z0 € M the functional

0:: H—C; bf — f(2), fEH

18 linear and continuous on H.

By Riesz-Fischer theorem, a linear continuous functional on Hilbert space H is generated by
some element of H. The identity

f(&) =bcf = (f(2), Ku(2,8))n, §€M, (1)
determines the reproducing kernel of space H as a function Ky (z,&) of two variables z,£ € M.
The main properties of Hilbert spaces with reproducing kernel are presented, for instance,
in [3]. The most important fact of the theory of spaces with reproducing kernel is the following
Moore-Aronszajn theorem (see, for instance, [5]).

Remark. We assume for simplicity that H is a Hilbert space over the field of complex
numbers. For Hilbert spaces over the field of real numbers all said below is also true with
appropriate changes.

Theorem A. Let M be an arbitrary set of points, and K(z,£) : M x M — C is a complex-
valued function. This function is a reproducing kernel of some Hilbert space H consisting of
complex-valued functions defined on M if and only if for each finite set of points zq, z9, ..., 2, €
M and for each finite set of complex numbers cq, co, ..., ¢, the condition

n
Z CLCm - K(21,2m) 20
I,m=1
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holds true. At that, H is the only space with reproducing kernel having function K(z,&) as the
reproducing kernel.

In works of T.P. Lukashenko [1], [2] the following definition of orthosimilar expansion system
is given.

Remark. The definition of orthosimilar expansions system the notion of Lebesgue integral
with the values in a Hilbert space is used. The theory of such integrals is exposed in [4]. To
distinguish the case when the integral is treated as the usual Lebesgue integral, we introduce
the notation: the symbol féH) indicates the integral of a function with values in a Hilbert space
H (see below).

Definition 2. (see [1]) Let H be a Hilbert space over field R or C, and Q) is the space with a
countable additive measure p. A system of elements {e,},eq is called orthosimilar (similar to
orthogonal) expansion system with the measure p in H, if each elementy € H can be represented
as

(H)
y=A (1, e0) 16w dpi(w).

where the integral is treated as the proper or improper Lebesque integral. In the latter case there
exists an exhaustion {Q;}72, of space S, namely, all Qy, are p-measurable, Q C iy ask € N
and Jr—, Qx = Q. This ezhaustion can depend on y and is called appropriate for y and it is
so that the function (y,ey)m - €, is Lebesque integrable on 2y and

(H) _ (H)
y = / (¥, ew)mew dpp(w) = lim (L) / (s €w) mew dp(w).
In this work we consider a countable-finite space €2 with a countable additive measure p. If
measure /i is non-negative, the orthosimilar system {e, },eq is called nonnegative.

Definition 3. A space Q2 with a measure i is called countable-finite, if () is represented as a
countable union of subsets Qp C Q: Uy Qe =Q, k=1,2,..., at that, u() < oo for each k.

In this work we employ a theorem proven in by T.P. Lukashenko in work [I].

Theorem B. Let H be a separable Hilbert space over field R or C, space Q) with countable
additive measure j1 be countable finite, {e,}ueq a system of elements in H, and for each y € H
the Parseval identity

M@:AMwwﬁWW)

hold true. Then {ey,},ecq is an orthosimilar expansion system in H (in the sense of Definition 2).

We shall prove that if H is a separable reproducing kernel Hilbert space over field C consisting
of functions f(z), z € M, where M is a some set, then we can give an equivalent definition of
orthosimilar expansion system.

Definition 4. Let H be a separable reproducing kernel Hilbert space over field C, and €) is
a space with countable additive measure p (see [4]). A system of elements {e,(2),z € M}, ecq
is called orthosimilar (similar to orthogonal) expansion system with measure p in H, if each
function f € H is represented as

f(z) = /Q(f(T)yew(T))H6w<Z> du(w), z € M.

The latter identity is treated “pointwise” for each z € M, and the integral is treated as the usual
Lebesgue integral.

As it is noted in work [2], function f, = (f(7),en(2))g of variable w € Q is not necessary
p-measurable. Because of this fact, in [2] the notion of measurable orthosimilar expansion
system was introduced.
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Definition 5. Suppose that in a Hilbert space H there is an orthosimilar expansion system

(in the sense of Definition 2) {e,(2)}wea with a measure p. This system is called measurable
def

if for each f € H function f.(w) = (f(2),ew(2))n is p-measurable on €.

As it was proven in work [2], for each considered orthosimilar expansion system {e,(z) }weq
there exists a function 6(w), |#(w)| = 1, such that the system {0(w) - e, (2) },eq is measurable.

Theorem C ([2]). If {e,} C H is a non-negative orthosimilar expansion system in H, and
the space with measure ) is countable-finite, then there exists a function 0(w) with values either
in R orin C subject over which field we consider H such that |0(w)| =1, on Q and {#(w) - e, }
18 a measurable orthosimilar expansion system in H.

Let €2 be a countable-finite space with a non-negative countable additive measure p. Consider
the system of functions {e, (2)}.car of variable w € 2. Without loss of generality we can assume
that this system has the property: for each z € M the function e, (z), w € Q is y-measurable
on Q. If it is not true, then there exists a complex-valued function f(w), |#(w)| = 1 such that
all the functions of the system {f(w) - e,,(z)}.cm are p-measurable (see [2]). Assume also that
for each z € M

/Q lew(2)P du(w) < oo.

By Cauchy-Schwarz inequality each finite linear combination of the elements of system
{e,(2)}.em is square summable over 2 w.r.t. measure u. By R(£, ) we denote the com-
pletion of a linear span of functions {e,(2)}.cp w.r.t. the norm

Ihln \/ / Ih(@)]? dpu(w)

R(€, 1) is a Hilber space with the scalar product

(h.g)r = / hw) - @) du(w).

By Riesz-Fischer theorem, each linear continuous functional S over R(f), i) is generated by
some element A according the rule

S(f):<f7h)Ra fER(Q,,U,)

With each linear continuous functional generated by function h € R(2, ) we associate the
function

7)Y (eul2), h(w))r = / @) - eu(z) du(w), =€ M.

We shall call this function the transform of the functional generated by function h € R(€2, ).
These functions form a Hilbert space

~ de ~
R(Q,p) (b he RO, p)}
with the scalar product
A~ PR def ~ A~ A~
(h,D)z = (¢,h)r,  |bllg =/ (h,h)z = [|hllr,  h,q € R(Q, p).

We note that space ﬁ(Q, 1) is a Hilbert one with reproducing kernel. Indeed, each element
h € R(2, i) is represented as

h(2) = (ew(2), h(w))g, 2z € M.
For an arbitrary zy € M the estimate

[1(z0)] =I(ew(20), h(@))rl < llew(z0)lIrlAllz = llew(z0)llxl7] 5
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holds true. Hence, for each zy € M the functional h— ﬁ(zo) is linear and continuous functional
on space R(, p), this is why space R(€, 1) is a reproducing kernel Hilbert space.

1. MAIN RESULT

Theorem 1. Suppose in a separable reproducing kernel Hilbert space H over field C there
exists a system of functions {e,(2)}weq C H, and a space Q with countable additive measure
is countable-finite. Let for each z € M the function e,(2) is measurable w.r.t. variable w € €.
Then the following conditions are equivalent

1. System {e,(2)}weq C H is an orthosimilar expansion system with measure p in space H
in the sense of Definition 2, i.e., each function f in H is represented as

(H)
ﬂd=A (F(7), el meu(=) du(w). @)

Here the integral is treated as that of a function with values in a Hilbert space [4, Ch. III].
The identity of two elements is treated as that of two elements in a Hilbert space.

2. System {e,(2)}weq C H is an orthosimilar expansion system with measure p in space H
in the sense of Definition 4, i.e., each function f in space H is represented as

fz) = L(f(T)aew(T))Hew(Z) dp(w), z € M. (3)

Identity (@ is understood “pointwise” for each fived z € M, the integral is treated as the
usual Lebesque integral.

3. The system of functions {e,(2)}oeq belongs to space H. The reproducing kernel of space
H reads as

MM@zéaw«&mwm,MeM (4)

Here the integral is treated as the usual Lebesgue integral. The identity is understood
“pointwise”.

4. Space H coincides with space E(Q, w). Spaces H and ﬁ(ﬂ, W) comprise the same elements
and for each functions h,r € H the identity

(h)T)H = (h,?")ﬁ
holds true.

Let us prove that Condition 1 implies Condition 2. Suppose system {e,(z)},cq C H is an
orthosimilar expansion system with a measure p in a space H in the sense of Definition 2. We
employ the following theorem being a particular case of a theorem proven in [4]:

Theorem D. Let H be a Hilbert space and ) be a space with a measure u, S be a linear
continuous operator mapping H in another Hilbert space Y. If a function f : Q — H with
the values in the Hilbert space is p-integrable in the sense of [4, Ch. III], then the function
Sf:Q—=Y s also p-integrable and

ASﬂM@m®=SAfWMMM-

We take an arbitrary fixed point zg in set M and apply this theorem with delta-functional
acting from space H into C as the operator S:

0. 0 [ — [(20).
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We obtain the identity

f(20) =02, f(2) = 0z

:)\

() eu2) dp(e)
=/<<><ﬂh%%<>«wzéqwmuﬂm%%mmw.

The both sides of this identity are complex numbers. The integral is treated as the usual
Lebesgue integral with values in C. Since point zy € M is arbitrary, {e,(z)}weq C H is
an orthosimilar expansion system in the sense of Definition 4. Thus, Condition 1 implies
Condition 2.

Let us show that Condition 2 yields Condition 3.

It is obvious that the system of functions {e,(2)},ecq C H belongs to space H. Since for a
fixed £ € M the function Ky (z,£), z € M, belongs to space H, we can substitute this function
into identity to obtain

KH@@>=[}KHv@»amﬂnwu@duw>
=/@mmmm¢memww=/%@«uoww»z@eM
Q Q

The identity in is understood “pointwise”. The integral is treated as the usual Lebesgue
integral. Thus, Condition 2 yields Condition 3.

Let us show that Condition 3 implies Condition 4. We first prove that if Condition 3 holds
true, then space R(S2, 1) defined above is a Hilbert one with reproducing kernel. In identity
we let & = z and obtain

(5)

Ky(z,2) = /Q lew(2)|? du(w) < oo, z € M.

Thus, all the functions in the system {e, (2)}.car are p-measurable and square integrable over 2
w.r.t. measure pu. By Cauchy-Schwarz inequality each finite linear combination of the functions
in system {e, (z)}.ca is also measurable and square integrable over {2 w.r.t. measure p. As it
was described, space R(€2, 1) is the completion w.r.t. the norm

nw3:¢émwwwm»

of linear span of functions {e,(2)}.cnr-

By Condition 3, the system of functions {e,(z)},cq belongs to space H. We denote by @
the completion of the linear span of system {e,(2)},eq w.r.t. the norm of space H. Thus, @
is a closed subspace of space H. If g € @, then ||g|lg = ||g||x. Since H is a reproducing kernel
Hilbert space, the same is true for (). Indeed, if g € ), 2 € M, then g € H

l9(2)| = [(9(7), Ku (7, 2)) | < 1 Ku(7, 2l - Ngllr = [ K7 2)lu - llgllq, =€ M.

This is @ is a reproducing kernel Hilbert space.
The system of functions {e,(z)},cq is obviously complete in space Q). With each linear
continuous functional on () generated by a function g € (), we associate the function

9(w) = (ew(2),9(2))e-

The set of such functions forms a Hilbert space

{g:9€Q}

def
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with the scalar product

@ 0g ™ (w9)e, 9% = @.9)g = llgls, g.ueQ. (6)

Let us show that @ is a reproducing kernel Hilbert space. Indeed, given an arbitrary point
wp € (), we have the estimate

|9(wo)| = [(ewy(2), 9(2))al < llew(2)llq - lglle = llew(2)llq - I9ll5-
Thus, @ is a reproducing kernel Hilbert space. Since for each zy € M

€w(20) = (ew(2), Kq(2, 20))o; (7)
the function e, (zy), w € 2, and each finite linear combination of elements of system {e,(2) },en
belongs to space () as a function of w € €.

Lemma 1. Space R(), p) coincides with space @ and is a reproducing kernel Hilbert space.

Proof. System of functions {e,(z)}.cns belongs to space Q and is complete in it. The same
system of functions {e,(2)}.em belongs to space R(€2, 1) and is complete in it. This is why it

is sufficient to show that the norm in space @) is an integral one

anQ:\/ / F@Rduw), fed.

—_—

Ko( 2)(w) = (ew(n), K(n,2))q = ew(2), z€ M.
We note that for each g € )

In our notations

9(2) = (9(n), Ko(n, 2))q = (Kq (-, 2)(w), 9(w))g = (ew(2), 9(w))g, =z € M.
The system of reproducing kernels {Kq(z, w)}ywen is complete in space @ (see [3]). Each
element f € () can be approximated in the norm of space ) by finite linear combination of
elements in {Kg(z, w)}wen. Namely, there exists a sequence of functions

kn,
def
z) 2 ZamKQ(z,wj,n),n: 1,2,..., (8)
j=1
where {a;,}jnen is a sequence of complex numbers, and {w;,};»en is & sequence of points in
M with the property

1£(z) = pu(2)llQ = 0, n — oo. (9)
We note that by identity

Pole) = (00(), (=) = (ew<z>, S ;K= wj,n>>Q

o (10)
= Z%n ew(2), Ko(2,win))g = Y Gjmeu(wjn).
j=1
Thus, function p,(w), n = 1,2,..., is a finite linear combination of elements of system

{ew(2)}.en- The obvious identity
1 (@) = Pa@)llg = 1f(z) = Pa(2)l

show that the system {e,(2)}.car is complete in space Q. We observe that identity implies

Koz &) = / e(o)ewl2) du(w) = / (ol €0), eu(r))aeulz) du(w). (11)
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Let us prove by induction that for each function
def = n
Z) = Za’jKQ(Z7£j)7 ze M, {gj}jzl ceM

the identity
7wazémmm%mm%@mmw (12)

holds true. For n = 1 it follows from and the linearity of scalar product. Suppose that
identity holds for n = ny. Let us show that identity is valid for n = ng + 1. It is easy
to see that

Tno-‘rl(z) = Tng (Z) + ano-i-lKQ(Z’ Sno-i-l)'
Then the identity

Tno+1 (Z) = Tng (Z> + ano-i-lKQ(Zv §n0+1)
- ]/<rno<7>,ew<f>>Qew<z»(1u<ao +—an0+1u/"<fc@<77§no+l>,ew<f>>Qew<z>cu$«u>
Q Q

= /Q(rno <T>> ew(T))Qew(Z) d:u(w> + /Q(anoJﬂKQ(T? 6n0+1)7 GW(T))HGW(Z) dﬂ(w) (13)
ZL@Mﬂ+%wﬂdﬂ%m%%mb%@WM@
- ]Q<rn0+1<7>,ew<7>>Qew<z>cu¢«u>

holds true. Thus, we have proven that identity is valid, and thus for each function p,(z)
(see (8)) the representation

pulz) = jg<pn<f>,ew<f>>Qew<z>caiau> (14)

is true. It follows from identity that for each £ € M we have

(Pn(n), Kq(n,&0))q :/Q(Pn(T),ew(T))Q(ew(n)aKQ(%fo))Q dp(w). (15)

Since function p,(z) is a finite linear combination of the elements in system {Kq(z,&)}eenm,
then by employing and the linearity of integral and scalar product one can prove easily
that

Ipalll = (Pa(2),pa(2))q = /Q(pn(Z)y ew(2))q(ew(2), pn(2))q du(w). (16)
As it was mentioned above, see ,

Pn(w) = (€u(2), Pn(2))q-
At that, [|pnllg = llpallq. This is why it follows from that

H%%=Mﬂé=/@A>w@» A2l dile)

=Amw> /mn|%u

We shall make use of Fatou theorem (see, for instance, [6]).
Theorem E. If a sequence of measurable nonnegative functions {y,} converges a.e. in § to

a function y and
[ ) dute) < 1
Q

(17)
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where K is a constant, then y is integrable over 2 and

/Q y(w) dp(w) < K.

We let y,(w) = |pn(w)]?. The sequence {|p,(w)|?}n>0 converges pointwise in € to the function

y(w) = | f(w)[>. Indeed, the sequence of function {p, }.>o converges to function f in the norm
of space @ (see (9)), and thus for each wy €

152 (wo)| = [ F(wo)l| <IBn(wo) = Flwo)| = (e (2), pu(2) = F(2))al

(18)
<llews (2@ - lpn(2) = f(2)llq — 0, n — oo
The function u = 22, > 0, is continuous and thus it follows from . that
[1Bn(wo)? = | f(wo)[?] — 0, n — oc.
Since N
Bulls — 1f1E  n— oo, (19)

there exists a number € > 0 such that
[P dute) =17l < 11+ n=12.....
Q
By Fatou theorem the function | f(w)|? is integrable over € w.r.t. measure z and the inequality

J VP dute) < 171 + e (20)

holds true. We consider the sequence {p,}22 y, where N is a natural number. Due to (19),
increasing /N, we can make the number £ > 0 as small as needed. In inequality the left
hand side is independent of €. Thus,

[P ante) <11, Fed (1)
Let us prove that
VP aut) = 171, Fe (22)
We consider two functions
w:0—R, ulf)=IFls (23)

v:Q — R, o \//|f )2 dp(w (24)

By the triangle inequality we get

u(f) <ulf -9 +u@, [7€Q
that implies

u(f) —u@| <ulf-9). [geQ
Hence, the function u : @ — R is continuous. By inequality 1} function v is defined on @
Cauchy-Schwarz inequality yields

o(f) So(f=9) +0(@), f5eQ,
and thus, employing , we obtain

(f) —v@| <o(f—9) <u(f-7), f.7€Q.
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Hence, the function v : @ — R is continuous. Identity means that everywhere on a dense

set @ being the linear span of the system {e,(z)}.en, continuous functions u and v coincide.
If the sequence {p, }n>o of finite linear combination of the system {e,(z)}.cy approximates an

element f € @, then
w(pn) =v(pn), n=12,...

Employing the continuity of functions u and v, we obtain
u(f) =o(f), [fe@.

Thus, for each ]?6 @ the identity holds true.
As it was mentioned above, functions p,(w), n = 1,2, ..., are finite linear combinations of the

elements in system {e,(2)}.en. We note now that space @) can be considered as the completion
of the linear span of the system {e,(2)}.em w.r.t. the norm |- [5. As it was mentioned above,
space R(£2, 1) is the completion of the linear span of the system {e,(z)}.car w.r.t. the norm

1Al r@n < \//Q (@) dp(w).

This is why spaces Q and R(Q, ) coincide. Therefore, space R(S, ;1) is one with reproducing
kernel. The proof of Lemma [1] is complete. O

The next theorem holds true.

Theorem 2. Let H be a separable reproducing kernel Hilbert space consisting of the functions
defined on a countable-finite space ) with a countable-additive measure p. The norm of space

H has the integral form
17 = \/ JNEGRTE 29
Q

if and only if the system of the functions {Kg(&,t)}ieq is an orthosimilar expansion system
with measure p in space H in the sense of Definition 2.

Proof. Necessity. Let a system of functions { Ky (&, t) }ieq is the orthosimilar expansion system
with measure p in space H in the sense of Definition 2. It means that each function f € H is
represented as

(H)
f(2) = /Q (), K (7, €)) K a (=€) du(e).

Then an analogue of Parseval identityy for orthosimilar expansion systems holds true [I, Thm.
1)), i.e., for each f € H we have

||f||H—/| ), Kot (m,€))ul? dp(€) /\f )P du(e)

Thus, the identity @ ) is valid. The necessity is proven.
Sufficiency. Suppose that the norm in space H reads as . It means that

115 = [ 1#©Faue) = [ 1), Knlr.€)al dute).

Thus, for system of functions { Ky (&, t) }cq the analogue of Parseval identity holds true [I]. By
Theorem B, system of functions { Ky (&, t) }+eq is an orthosimilar expansion system in the sense
of Definition 2. The proof is complete. O
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The norm in space R(S, 1) has the integral form and since R(S2, 1) is a reproducing kernel
Hilbert space, by Theorem [2| the system of reproducing kernels { Kr(w, t) }1cq of space R(€, 1)
is an orthosimilar expansion system in space R(€), 1) in the sense of Definition 2. As we have
already proven, it implies that system { Kg(w,t)}icq is an orthosimilar expansion system in the
sense of Definition 4.

Lemma 2. Suppose we are given a space ) with a countable additive measure p and let in a
separable Hilbert space H consisting of functions defined on space €2 the system of reproducing
kernels {Kp(z,€)}ecq is an orthosimilar expansion system in the sense of Definition 4, i.e.,
each element f in space H can be represented as

f(z) = / (), K (7€) Kt (5,€) dpu(€), = € Q.

Then system {Kg(z,€)}eeq is an orthosimilar expansion system in the sense of Definition 2,
1.e., each f in space H is represented as

(H)
f(z) = / (), K (r, )i K (,€) dpe).

Proof. The system of reproducing kernels { Ky (z, ) }¢cq is complete in space H [3]. As in the
proof of Lemma [1} one can show that if {p,(z)},>0 is a sequence of finite linear combinations
of the elements of system {Kp(z,)}ecq approximating an element f € H, then

pall?, = / (on(T), K (7€) (i (7, €) pu(7 / @R dul). n=1.2,...

(26)
We let 4, (&) = |pn( &)]2. The sequence of functions {|p,(&)|*}n=0 converges pointwise in 2 to
the function y(£) = |f(£)|?, and

/ﬁ% OF du(€) = Ipallfy < IfI5 +e, n=1,2,...,

where ¢ is a positive number independent of n. By Fatou theorem, function f(§) is integrable
over ) w.r.t. measure p and the inequality

JNGRAGHTIRE @0

holds true. Considering the sequence {p, },>n for sufficiently large N, we can make € as small
as needed. The left hand side in inequality . ) is independent of . This is why

[ OF aue) <111, s e 29
Let us prove that
JGIRIGE (29)
We consider two functions
wiH—R, ulf) = Ifln. (30)

viH R, off) = \/ / F©OI2 dpu(©). (31)

By the triangle inequality we have
u(f) Su(f—g)+ulg), fgeH

It implies

lu(f) —u(g)| <u(f—-g), fgeH
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Hence, the function v : H — R is continuous. By inequality , function v is defined on H.
By Cauchy-Schwarz inequality

o(f) <o(f —g) +olg), fgeH,
and employing , we obtain
[(f) —v(g)l <o(f—9) <ulf—g), fygeH

Thus, the function v : H — R is continuous. Identity means that continuous functions u
and v coincide on a dense subset of H, which is the linear span of system {Kpy(z,&)}ecq. If a
sequence p,, of finite linear combinations of the elements in system { Ky (2, €) }ecq approximates
an element f € H, then

u(pn) =v(pn), n=1,2 ...,
and in view of the continuity of functions v and v, we obtain

u(f)=v(f), feH.

Hence, for each f € H identity holds true. Identity means that the analogue of
Parseval identity for system {Kp(z,§)}ecq holds:

112 = / FO due) / (F(r), Kn(r ) ul? dule), f € H.

Since measure p is countable additive, by Theorem B the latter identity implies that the
system of reproducing kernles is orthosimilar in the sense of Definition 2, i.e., each element is
represented as

(H)
£ = [0 Kulr k() duc).
The proof is complete. O

Consider the space
R(Q ) {h: he RQup), (h7)g< (rh)r}
Each function h € R(€, 1) can be represented as
(R)
hw) = [ ((r), Knlr, ) K.t dult) (32
Q
It yields
h(w) = /(h(T),KR(T, ) Kr(w,t)du(t), weQ. (33)
Q
We take the complex conjugation of this identity to obtain
h(w) = / (h(7), Ka(m D) K (o, ) du(t) = / (), K. 0) n K d) du(t),  w e Q. (34)
Q Q

Due to Lemma [2]

(R)
h(w) = /Q (h(7), Kp(7,t)) g Kr(w,t) du(t). (35)

Identity means that the system of functions { Kr(w,t)}icq is an orthosimilar expansion

system in the sense of Definition 2 in space R(§2, p).
The operator T acting from R(£2, ) into R(€2, i) by the rule

T:h —s h(z )def/gm-ew@)du(w), z€ M,
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is a linear continuous operator (the definition of space E(Q, i) was given above). We apply
operator T to identity and employ Theorem C to get
- (R) (R)
B(z) =T / (W), K. 0)) K. ) dia(t) = / (W), K, 1)) T Ko, 1) du(t)
5 2 (36)
R - (R) _
— [ B Rl D Reot) dutt) = [ (. Ko () e

Q

In the latter identity we have employed the fact that
Rin(e,t) = | Kalo®) - o) duw) = eu(2), 2 € .
Q

As it was noticed above (see the definition of space R(£2, )

(h(7), Kr(7,1))g = (h(7), Kr(7,t))r = (Kr(7, 1), h(7))r = (h(2), €1(2)) - (37)
Substituting relation into identity , we obtain
(R) _

ﬁ@%=[;(ﬂ@mﬂdmwﬂddMﬂ- (33)

The latter means that the system of functions {e, (z)}weq is an orthosimilar expansion system in

the sense of Definition 2 in space R(£2, ). As it was noted above, space ﬁ(Q, () is a reproducing
kernel Hilbert space.

Let us calculate the reproducing kernel of space E(Q, ).

In order to do it, we substitute an element K5(z,§) for fixed £ € M as % into identity .

Then one can show easily that the reproducing kernel in space R(€2, 1) reads as
Ki(6) = [ o) a@dn(w), =€ € M.
Q
On the other hand, identity holds true

Kﬁ@fwaéauw@@mmw,zfeﬂf

®

By Moore-Aronszajn theorem, space H coincides with space ﬁ(Q, i), i.e., these spaces consist
of the same elements and the identity

(fag)H:(fmg)ﬁ’ f7gEH7

holds true. Thus, Condition 3 implies Condition 4 of Theorem 1.
Suppose Condition 4 of Theorem 1, i.e., space H coincides with space R(f), ). By construc-
tion, system {e,(2)}weq is an orthosimilar expansion system in the sense of Definition 2 space

R(Q, p). It means that in space H system {e,(z)},cq is an orthosimilar expansion system in
the sense of Definition 2, i.e. Condition 1 holds true. Theorem is proven.

2.  EXAMPLES
2.1. Weighted Hilbert transform in Bergman space. Let G be a simply connected
Jordan domain in C. As system {e,(z)}weq we take functions {ﬁ}geg defined on the set

M = C\G. As Q we take domain G; in domain G we have a countable finite measure . We
choose measure p so that the space

def

BMMO—UEMQJW&—LU@WM@<w}
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consisting of analytic and square integrable w.r.t. measure p in domain G functions is a
separable reproducing kernel Hilbert space and the system of functions { ? }eeq 1s complete

in this space. Space BQ(G, ) is defined as the set of functions
ey def
f(Z) - ( 7f(5))32 (G,p)» f € BQ(G7 HJ)

with the scalar product
(fag)§2(G“u) (g f)BQ G 9, f € BQ(G7 M)
Under these assumptions Theorem 1 holds true. R N
As space R(Q, u) we take space Ba(G,p), and as R(2, u) we take space Ba(G,p). The
orthosimilar system { GE }eee and the problem on description of the dual space for By (G, )

were considered in [7].

2.2. Weighted Fourier-Laplace transform in Bergman space. As ) we take here a
convex domain G in the complex plane with some measure p satisfying the hypothesis of
Theorem 1. As system {e,(2)},eq, we take the * system of functions {et* }5eg, M = C, and as
space R(€, 1) we take space By(G, p). As space R(Q 1) we choose the space BQ(G ) consisting
of functions

72) = (€. £(6) /f V- e Cdu(€), 2 € C, [ € BaGip).

At that,

(fa )EQ = (h‘vf)Bw Evfe §2(G7:u)
Then Theorem 1 holds true.
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