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SPECTRAL PROPERTIES OF DEGENERATE ELLIPTIC
OPERATORS WITH MATRIX COEFFICIENTS
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Abstract. In the work we study some spectral properties of the non-self-adjoint operator A
in the space H! = Lo (0, 1)l associated with a noncoercive sesquilinear form. We address the
issues on completeness of a system of root vector-functions for operator A in #!, description
of the domain of operator A, estimating resolvent of operator A and asymptotic distribution
of eigenvalues of operator A.
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INTRODUCTION

The present paper is a continuation of work [1]. We study some spectral properties of a
certain class of degenerate elliptic non-self-adjoint operators A in the space H! = Ly(0,1)!; the
operators are associated with non-coercive sesquilinear forms. We also consider the issues on the
completeness of the system of root vector-functions for an operator A in H!, a description of the
domain of an operator A, estimates for the resolvent of an operator A, asymptotic distribution
of eigenvalues of an operator A.

Spectral asymptotics for degenerate elliptic operators far from being self-adjoint were studied
in works [2-7] in the situation when the eigenvalues of the operator split into two series, one
being located outside the angle | arg z| < ¢, ¢ < 7, while the other was accumulating to the ray
R, = (0,400). This paper, as [1], is related to works [2, 3, 7]. The most general results were
obtained in [7], where it was assumed that the leading coefficient of the operator A satisfies

a(t) = apmm(t) € C™([0,1]; EndC') (0.1)

and has different simple eigenvalues for each t € [0, 1].
Instead of (0.1) we just assume a(t) € C([0, 1]; EndC!).

1. FORMULATION OF MAIN RESULTS

1. An operator A acting a Hilbert space H will be called far from being self-adjoint if it can
not be reduced to the form

A=B(E+D), B=DB* DEeo(H). (1.1)

Hereinafter the symbol 0. (H) indicates the class of linear completely continuous operators in
H, B* is the adjoint operator for B.

Spectral properties of elliptic differential and pseudodifferential operators close to self-adjoint,
i.e., which can be reduced to (1.1), are studied well enough, see [8, 9]. Also in details there
were studied spectral properties of elliptic differential operators (DO) and pseudodifferential
operators (PDO) far from being self-adjoint in the case when the are defined on a compact
manifold without the boundary (see [7, 10-12] and the references therein). In the case of
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domains with boundaries, DO and PDO far from being self-adjoint were studied in [3, 4, 13—
18]; degenerate elliptic problems were considered in [3, 4, 13].

2. In the present paper we study spectral properties of a non-self-adjoint operator in Ly(0, 1)!
associated with the sesquilinear form

1
m

Afuv] = 3 / < pi(®ag (O)u? (1), p; (00D (1) > dt. (12)
Here )
p0) = {1 = 0} (=T, 0 < m, u(t) = L0,

aij € Loo(J; EndCY)  (i,5 = 0,m),
where J = (0,1). The symbol <, > denotes the scalar product in C'.
By H. we denote the closure of linear manifold C§°(.J) by the norm

1/2

el = | [ sl @+ [owPar
J J
We let
H=1yJ), H=HD -®&H (Iltimes),
H o=H, o - dH, (I times).

In what follows we denote the scalar product in the spaces H, H' by the same symbol (, ).
In the same way, the norms in the spaces H, H!, and H, H', C' will be denoted respectively
by | |+, | |- By the symbol ||T|| we shall denote the norm of a bounded operator T" defined
either in H or in H'.

As the domain of sesquilinear form Afu, v] (1.2) we take space H.,.

Suppose that @, (t) € C™(J; EndC') and for each ¢ € J the matrix a(t) = Gmm(t) has
[ different nonzero eigenvalues p1(t),...,u(t). Then the eigenvalues of matrix a(t) can be
ordered so that ,uj(t),,uj_l(t) cC™J),j=1,l

Suppose the conditions

lai; (1) < Mt°(1—t)° (i+j<2m), &>0, (1.3)

)¢S (=11 tel), (1.3)
where S C C is a closed angle with the vertex at the origin and p;(¢) are the eigenvalues of
matrix a(t).

Under the above conditions the following theorems hold true (see [1]).

I

Theorem 1.1. There exists the unique closed operator A in H' with the properties
(1) D(A) c "y, (Au,v) = AJu,v] VYu € D(A), v e H,

(1) for some zy € C there exists the bounded inverse
(A—2E)™" : H — H.
Let A be the operator from the previous theorem.

Theorem 1.2. Operator A has a discrete spectrum. The system of root vector-functions of
operator A is complete in H', i.e., their finite linear combinations are complete in H'. The
order of the resolvent of operator A does not exceed ﬁ The number N(X) of the eigenvalues
of operator A whose moduli does not exceed A\ taken counting multiplicity satisfies the estimate
NA) < MAY2m x> 1.
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We observe that in the case of a symmetric form (1.2) the above formulated results are
well-known.
3. We denote by H_ the completion of the space H by the norm
(w.0)
0pers  |¢l+
We let H. = H_@---®H_ (I times). An element F' = (Fy,..., F)) € H' generates an
antilinear functional over Hﬂr by the formula

jul- =

< Fvo>= lim (u;,v), veH,
1—+00
where the sequence of vector functions uy, us, ... € H' is chosen so that u; — F (i — 4+00) in

H.
We note that if v = (vy,...,v;) € H',, then

I !

<Fu>=> <F,u> [Fl_=0_|F>)"
i=1 =1

Hereinafter, both for [ = 1 and for an arbitrary [ € N we adopt the same notations | |_, <, >.

And vice versa, for each continuous antilinear functional g(v) (v € H!) there exists the

unique element F' € H' such that g(v) =< F,v >, Vo € H'. At that, the norm of functional

g is equal to |F|_.
In what follows continuous antilinear functionals over H. are identified with the elements of
the space H! .
4. Under condition (1.3), by Hardy inequality we have
|Afu, v]] < Mul¢|v]y  (Yu,v € HY).
This is why we can introduce the operator A : Hﬂr — H' acting by the formula
< Au,v >= Alu, v (Vu,v € HL).
Let A be the operator from Theorems 1.1, 1.2. The following theorem holds true.

Theorem 1.3. For A € S with sufficiently large modulus there exists bounded inverses
(A-XE) ' HY - H, (A-XE)' H — H,
and the identity
(A=XE) lu=(A-XE)'u  (VueH)
holds true. At that, Au = Au (Vu € D(A)) and

D(A) ={ueH, : AueH}.

Similar result for a scalar partial differential operator was obtained in work [19]. We note
that that first part of Theorem 1.3 can be proven by the approach of paper [19] only in the
case if one assumes additionally that for some continuous on J non-zero function (¢) and for
sufficiently small € > 0 the condition

m™—E£&

larg {7y(t) < a(t)h,h > }| < (Vte J,0#£heC) (1.4)

holds true. Hereinafter we assume the function arg z takes the values in the segment (—m,7|.
In particular, it follows from (1.4) that

T —¢€ e
Jargy (s (0] < T (Ve J, j=T1)
5. The proof of Theorem 1.2 is given in Section 2. We note that in Section 2 we also prove

the following estimate for the resolvent of operator A in sector S:
I(A=AR) I <M, (AeS, A > e(9)),
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where ¢(S) > 0. The summability of Fourier series for the elements f € H! in terms of root
vector functions of operator A by the Abel methods with brackets was established in [1]. In
the present work we prove the completeness for the system of root vector functions of operator
A in space H'.

In Section 3 we describe the domain of operator A. In Section 4 we study the asymptotic
behavior of the eigenvalues of operator A.

The results of this work were announced partially in [20].

2. ESTIMATE FOR RESOLVENT OF OPERATOR A

1. Let P be the self-adjoint operator in H associated with the sesquilinear form
4 [uav] = (peu(m)’ pev(m))> D[Pl] = Hy,
where p(t) =t(1 —t), t € [0,1], € is the same as in (1.2).
We denote (see [1]) by H,,, v > 0, the space of functions u € H’, with norm
1/2

= | [ o @R+ v [ fute)Pa
J J

We indicate by H" ,, v > 0, the space of elements F' € ‘H" with the norm

v

|F|_y, = sup | < F,v>|.
UE’H:_
[vlp<1

As vy, > 0, the sets HY, , H',, coincide, while as the normed spaces they differ only by the
equivalent norms. For v = 1 we have H,, = H' , H" , = H" . Space H",, v > 0, is the negative
one in the triple H}, C H" C H", w.r.t. the positive space H], (see, for instance, [21]).

In what follows we shall make use of the following lemma (see [1]).

Lemma 2.1. Tlhere exists the bounded inverse operator T,, : H_ — H, w > 1, such that
Tou=(P+wFE) 2u, Yu € H, at that
T,F| < M|F|_, Yw>1,ve[l,2w), VFeH_,
where the number M > 0 is independent of w, v.

2. Let T, be the operator from 2.1, 7, : H — H_ be the inverse operator for T, : H_ — H.
As in Lemma 2.1, one can prove that

[Toul—y < Mlu] Yo >1, vell,2w), YueH),
where number M > 0 is independent of w, v. At that, if u € H,, then
Tou = (P + wE)%u.
We introduce the operators T : HL. — H', T!: H' — HL by the formulae
T! = diag{T,, ..., T}, T!=diag{T,,...,T.}.
We let P, = diag{P,...,P}.

Theorem 2.1. For A € S, |\| > o, where o > 0 is a sufficiently large number the represen-
tations

(A—=AE)" = (P +|AE) @\, (2.1)
(A= XE)™ = (P4 |\E) @) (P + AE) 2, (21)

hold true, where ®(\) : H' — H' is a bounded operator
sup || P(N)]| < +oo. (2.2)

AES, |A\[>0
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Proof. Let us prove that if v = |A|, then for A\ € S with sufficiently large modulus we have
(P + [NE)Z (A, — AE) " Thul < Mlu| Vu e H.
In order to it, we employ the identity (see [1, Sec. 4, Egs. (4.6), (4.7)])

/

(A, = AE)™ = X, (NI, (A).
Here the operator A, : H!, — H' is defined by the formula
< A, v >= Au,v], (Yu,v € H.).
It is clear that
ITATR Tyl < TR Tyl

<MThul | < Moful, A€ SN >0y

—|Al RN

It remains to show (see [1, Sec. 4, Egs. (4.6), (4.7)]) that
1
(P + N E)2 X (N TRjul < Malul, u et (2:3)

Employing (4.3), (3.13) from [1], as above, we reduce the proof of estimate (2.3) to checking
the following inequality

1
(P4 [ALE)2 Ry (M) Tino| < Mafof, v e #H.

The validity of this inequality for A € S with sufficiently large modulus follows from represen-
tation (3.12) in work [1]. Thus, we have

(A, = AE) ™ = (B +AE) Z0(NTh, A€ SN >0, (2.4)

where ®()\) : H! — H' is a bounded operator obeying estimate (2.2).
We note that

(A, —AE)'F=(A—=\E)"'F. Yv>1,FeH. (2.5)
For u € H' we get
Thiu= (P + \E) 2u, (A= AE)'u=(A-AE)u
and together with (2.4), (2.5) it proves (2.1), (2.1"). The proof is complete. O
3. Representation (2.1") implies the estimate
[(A=XEY Y| S MM Xe S, |A >o. (2.6)

Since the order of the resolvent of operator P, equals 3, it follows from (2.1’) that the order
of the resolvent of operator A does not exceed the number ﬁ Applying Theorem 6.4.1 in [10],
by (2.6) we conclude that the system of root vector functions of operator A is complete in H!'.

We note the summability of Fourier series by Abel method with brackets w.r.t. the system
of root vector functions of operator A was established in [1].

4. Let H be a separable Hilbert space. We denote by o,(H), 7 > 1, the class of operators
L € 0,,(H) for s-numbers are summable with the power 7 [22]:

Il = (Z s}-(L))T < +ox.

The infimum of the numbers 7 such that L € o,(H) is called the order of operator L.
We indicate by v(t), v5(t), ...the eigenvalues of operator L € o.,(H) taken in the order of
ascending modulus counting their root multiplicities. We note that

v, ((L*L)%) = s,(L), j=12...
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In what follows we shall make use of well-known inequalities (see, for instance, [22]):

+0oo
Z I ()] < ||Llly, VL € oy (H), (2.7)
j=1
ILL'lp < Ll IIZ'Ns 1L Ll < IE LA, (2.8)
if L €oy(H),p>1, L is a bounded operator;
Ly Lol < [ Lallwy - - (1Ll (2.9)
lij EO’,{].(H% 1 <p< /ij,jzl,_r, Z/ﬁ);l = % As L1 = ... :Lr =L EO’l(H), Rj =T,
j=1

j = 1,r), thanks to (2.9) we obtain inequality
L7 < L (2.10)

By (2.7) we obtain the convergence of the series
“+oo
spL Z v;(t), VL e o (H).
j=1

5. In conclusion of this section let us prove the statement of Theorem 1.2 on the estimate
for the spectrum of operator A.
We denote by Ai, Ao, .. .the eigenvalues of the operator A taken in order of ascending moduli

counting the root multiplicity.
Employing (2.1'), (2.8)—(2.10), we find

. 1 1T 1 2r
1A= XE) " < (P + IALE) 2 @A) B+ NE) 2, < MI(P+ [NE) * ],
Ae S A > o, (2.11)

where r = 4m, o > 0 is a sufficiently large number. It is known that

No(t) «f Z 1 ~ const - t7m (£ — +00),

wjgt
where wq, wy, ...denotes the eigenvalues of operator P. This is why
gm <X AN (1)
_1 8m —4m 0 S —4m
IR+ INE) = D g+ )™ = [ SR <M a2 1
- VRGEDY)

By (2.7), (2.11) it implies that
+oo
ST =N KM Ae S, A >0
j=1

We choose a number ¢ € (—m; 7] so that the ray I' = {\ = te’¥ : ¢ > 0} is the bisectrix of
angle S. Then

lz| + [N < dlz= N VzgS, MeT, (2.12)

where number ¢ > 0 depends only on angle S. For sufficiently large j > jo we have \; € S. It

is obvious that
t

N(t) = /dN(T) < (275)4’”/<dNi < (2t)'m / (dN_(T) -

t 4 7)im t 4 7)im
0 0

—+00

= (26)" Y (gl + 07,

J=1
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where N (t) = card {j : |\;| < t}. Therefore, (see (2.12))

—+o00
N(t) < My + Myt*™ >~ |x; — | ™" < Myt (£ > 1).
Jj=jo

The proof of Theorem 1.2 is complete.

3. DESCRIPTION OF DOMAIN OF OPERATOR A
1. Let A be the operator from Theorem 1.1 and
ai;(t) € CV(J; EndC') 1,5 =0,m. (3.1)

Theorem 3.1. The domain D(A) of operator A is the class of wvector functions u €
W3n (J) N HY such that

f= S ) O a9 € 1.

1,7=0
At that, f = Au.

Proof. Let u € Wi’féc(J )'NH. and f(t) € H'. Then integrating by parts for an arbitrary vector
function v(t) € C5°(J)!, we obtain

(frv) = Y (pilt)ay()ut (), pi (o (1)) = Alu, v].

1,j=0

By continuity these identities are valid for each v € ?—[ﬂr Hence, in accordance with Theorem 1.1,
u € D(A), f = Au.
And vice versa, let u € D(A), fi = Au. Then

(fr,0) = Y (mau®,ppo), Vo e C(J),
i,j=0
so the element
f2= > (=1 (pi(t)p; (D) as; (t)uV ()
i,j=0

treated in the distribution sense belongs to H!. At that we have f; = f,. Then by the general
theory of elliptic equations we get u € W37 (J )" O

2. In relation with Theorem 3.1 we note that as —% << m—%, space Hﬂr is described (see
[23]) as the class of vector functions u(t) € H' with the finite norm

1
2

lul, = /\p% @) dt+/|u dt | < +o0 (3.2)

and having zero traces
u(0) =u9(1) =0, j=0,1,...,5 —1;

here sq is an integer such that m — 9—5 so<m—0+3 LIt < 2 or m—— < 6 < m, then

space H!, comprises vector functions u(t) € H' (see [23]) Wlth finite norm |u|+
3. Together with Theorem 3.1 we also have
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Theorem 3.2. Suppose (3.1) and
o (0] < M{r(1 =)}, (k=0,1,...j).

ij
Moreover, let 0 +% ¢ {1,2,...,m}. Then the domain of operator A is described as the class of
vector functions uw € W (J)' NHY such that

Jloc

m

po(t)u(t), Z(—1)j(pi(t)pj(t)aij(t)u(j)(t))(j) cH.

4,5=0
4. ASYMPTOTIC DISTRIBUTION OF EIGENVALUES OF OPERATOR A

1. Let A be the operator from Theorem 1.1. Suppose that the eigenvalues p(t), ..., wu(t) of
matrix a(t) are located in the complex plane as follows

(0, pa(t) € Ry 2 {2 € C:Re,2 > 0,Imz =0}, frasa(t), ..., fu(t) & @,

where 1 <n <[, ®={z¢eC: |argz| < p},p € (0,7). Then in accordance with Theorem 1.3
each closed sector S C ®\ R, with the vertex at the origin contains a finite number of eigenvalues
of operator A. It implies easily that

li A=0
JJim_arg ) =0,
where Ai, Ag, ... are the eigenvalues of operator A in angle ® taken in the order of ascending

moduli counting root multiplicity.

Theorem 4.1. Ast — 400, function
N(t) = card {j : |\;] <t}

satisfies asymptotic formula

1
1 1 & 0 -l
N(t) ~ctom, ¢= %Z/p w () 2 (t)dt.

Jj=1 0

Similar result for second order differential operator was obtained in [4, 13]. We however note
that the approach of works [4, 13| can not be directly employed in the case m > 1 even if
condition (1.4) holds true. A key point of our approach is that we “extract” explicitly the main
term of the “generalized” resolvent as an operator acting from H' , into H..

We note also that similar result for a class of non-self-adjoint elliptic systems was proven in
[24].

In combination with some other analytic approaches, it allows us to calculate the main term
of the asymptotics for the function sp (A — zE)~! as z — +oo along some rays ' C ®\R,
starting at the origin. The asymptotic formulae established in this way relate to classes of
operators wider than in works [4, 13] even in the case m = 1.

2. To prove Theorem 4.1 we employ (4.6), (4.7) from [1] as v = |\|. Let B, T., T! be the
same operators like in Item 1 of Section 2.

We denote by w1, us, .. .the orthonormalized vector eigenfunctions of operator Fj. Let Piu; =
witj, w; < wy < .... Since ug, ug, ...is an orthonormalized basis in H' and (A — /\E)_luj =
(A, —AE)"'u; Vv >1, then

+00 +o00
p(A=AE) " =3 (A= AB) ) = 3 (A, — AE) ™y, u)) =
Jj=1 Jj=1

= Z(XV(A)uj,uj) + Z(X,,(A)FV(A)uj,uj), ANES, [N >o0=0(9), (4.1)
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where S C ®\R, is an arbitrary closed angle with the vertex at the origin. Taking into

consideration
l

(P + N E)E2u; = (w; + A2y,

we obtain
D (XN (N ug) = mer (NP, + [NE)2uj, (B + N E)2uy)

(4.2)
- 2R+ ) X O T T T () T ).

According to (4.6) (see [1, Sec. 4]), as v = ||, u € H' we have
[Ty (N Tiajul < ML, () Tjajul-x < My Tiajul—ppy = Ma|A| ™ ul.

Hence, the operator 7jyI',(A)7]y induces a bounded operator in H! with the norm not exceeding
M| A=, In view of (4.1), (4.2), we thus find

+00
def — —e! _1
Z(N) = Jsp(A = AE) ™" =Y (X (Nug, )] < MIATEN (B AE) 2 X, (A T -
j=1
Although here 7}, is an unbounded operator in H!, the operator X, (A)T)y induces a bounded
operator in H!. Applying (2.3), we find
Z(\) < MNP+ A B) M < My A2
We then have (see [1, Sec. 4, Eq. (4.3)])
+0o0 “+oo

> (X (Nuj,u) =Y (U(B, = AE)"' U uy, uy)
j=1 j=1
400 l
:Z B, — \E)~ uj,uj Zsp@k—/\E

k=1
Here the operators @k, k = 1,1, are defined in space H as follows

D(@k) ={veH; :QueHH}, Vwv>1, Qiv = Qurv, Yv e D(@k).
Operators @, were introduced in [1, Sec. 4, Subsec. 1]. We remind that

(B, — AE) ' = diag{(Q,1 — AE)™",...,(Q,. 1 — A\E)'}.

The above introduced operators @1, e ,@l are independent of number v > 1.

We employ Theorem 1.3 for the situation when [ = 1, A = @);, j = 1,I. Then we obtain
that in angle ® operator @);, j = n + 1,1 has a finite number of the eigenvalues. Since u;(t) €
R.(j=1,n), then Q; = Q5 >0, j = I,n. Thus, we have

!
sp (A —\E)” ZZ k=N TTHO(MNT ), Ae s, A > o(9), (4.3)
i=1 k=1
where ¢’ > 0, S C ®\R, is a closed angle with the vertex at the origin and Ay, Mgy, ... are
the eigenvalues of operator (); taken in the order of ascending moduli.

Let ¢ € (0,¢),
L={ze€C:argz=+y}U{0}
is a contour enveloping R, from the left. We choose numbers ¢, § > 0 to satisfy the conditions
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(i ) |(arg N;) £ | >0, |(arg A\jx) £ ¢| > 9, if respectively [Ni| > cor [Aji| > ¢, j=1,2,...,
k=

(u) /\j,k EO, (k=n+110),if |\l > c
Here N|, \), ...are the eigenvalues of operator A taken in the order of ascending moduli.
Then in the case |Nj| > ¢, [A\jx] > ¢, for A € £ we have |A — N|70 < MN;|77|A[7,
A= Xkl < M| T7IATTY, where 7 € (55,1) . Hence,

SN = AT Mir(g) AT (4.4)
a<|N|
rg) € ST T =0, g oo, (4.5)
g< V|

Here we have employed the statement of Theorem 1.2 on the estimate for the spectrum of
operator A.
We then have

L SN = )T d= 3 N (4.6)

211 - -
L a<|/\j\<q a<|/\j\<q

where the symbol Y denotes the summation over only j satisfying |arg M| <.
Taking into consideration that (see (4.4), (4.5))

lim r(q)/l)\]Tl\tJr)\\ld)\:O

q——+00

and passing in (4.6) to the limit as ¢ — +o0, we find

1 _ ! _
o E+NT Y= d =) )T (4.7)
T a<|/\9\ a<|)\;\

In the same way we get

1, (4.8)

]. "
o E+NT DD =) T A= D> )Tk

E a<|)\j,k| a<|)‘j,k|

where the symbol >~" indicates the summation over such indices j satisfying |arg \; | <

Operators Qn+17 .. Ql have a finite number of eigenvalues in angle ®. In view of thls fact
and by (4.3), (4.7), (4 8) we conclude that

+oo +o0o n
ST+ =D+ )T O, o
7j=1 7=1 k=0

Since arg \; — 0 (j — +00), then \;|\;|™! — 1, j = 4o00. Hence, for ¢ = 1,2,... we have

+o0
Al
. 1\2 ‘
>l A0 = (D Z{Hm}
J=q
+oo |)\| +oo

J / -1
a2 e <M

Jj=q
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where ¢, c; — 0, ¢ = +oo. It easily implies that

+o0 +o00
SN~ (Nt +oo.

j:l j:l

For the eigenvalues of operators Qx, k = 1, n, the following estimate

+00 e
_ dN;(7)
4 Ajig) t o~ d t
S0+ M) / S oo,
0

j=1

is known, where

+00
I & A
Nj(1) = =72m [ pm(t)p,; > (t)dt
0
Thus, we get
—+o0 +oo o~
/dN(T) /dN(T)
— N [ /Lt oo,
T+t T+t
0 0
where

() =N,

Applying an appropriate tauberian theorem, we obtain the formula

N(t) ~ Y Ni(t), t— +oo,
j=1

that proves Theorem 4.1.

10.
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