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EXACT RELATIONSHIPS BETWEEN CERTAIN
CHARACTERISTICS OF GROWTH
FOR COMPLEX SEQUENCES
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Abstract. We establish exact estimates relating the classical densities of complex se-
quences (ordinary and averaged) with relative densities and lacunarity and sparsity indices.
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One of the main directions of the theory of entire functions is the studying the dependence
of the function growth on the distribution of its zeroes on the plane. A large amount of the
works related to this part of the complex analysis is devoted to the estimates of the indicators
and types of an entire function of finite order via such usual characteristics of the behavior
of its zeroes as usual averaged and other densities (see, for instance, [I]-[5] and the survey
[6]). Recently also less traditional lacunarity and sparsity indices [7], [8] were begun being
used. Recent studies of extremal problems for entire functions with zeroes on a ray [9], [10]
clearly demonstrated the impossibility of obtaining final results without understanding internal
connections between the densities of zeroes sequences.

As one can see at the example of work [8], the further development of the theory of extremal
problems generates the need in finding and studying laws connecting “quantitative” density
characteristics of tending a sequence to infinity with “qualitative” characteristics like lacunarity
and sparsity indices. By the present such connections are not studied well enough. Covering
this gap, here we find an exact connection of the aforementioned characteristics of growth for
the zeroes sequence of entire functions of finite order.

Thus, the subject of the work are sequences of complex numbers A = {\,} ~, tending to
infinity, which we take in order of ascending the moduli

0<|M]=... = ] <|As1l = oo = Ans| < gt = o= Mg < ...

The indices ny at which the moduli of the terms of the sequence have jumps are called central
indices of sequence A.

Lna(l
We denote by na(z) = > 1 the counting function of this sequence and Ny (z) = [ At( ) dt
[An|<2 0
stands for its averaged counting function.
The convergence index for sequence A (see [1]) is calculated by the formulae
— Innp(x)  — InNy(x)

pr = lim ———= = lim ———~.
z—+oo  Inx z—+oo  Inzx
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In what follows by p we denote the convergence index p, for sequence A assuming that p is a
positive number.
The quantities
_ —_— —_— % —_— N
A,(A) = Tm malr) AN(A) = Tim r(@)

z—+oo P 400 P

are called upper p-densities (usual and averaged) of sequence A. Replacing the upper limits
into the lower ones in these identities leads us to the definition of lower and averaged lower
p-density of a sequence:

na(z)

AN = tim M ey =gy @)
r——+00 P r—+00 P

For the sake of simplification the notations, if it does not lead to an ambiguity, we shall omit
the symbols p and A in the notations for densities and other introduced characteristics. More-
over, for the space saving, we shall use simultaneously both overline and underline assuming
that they are in the correspondence in all the identities.

We introduce also upper and lower relative densities of a sequence assuming by the definition

— N
v = lim (56)_
T—+400 n(a:)
Since it always holds
~_ = @) — — 1([An])
A= lim —= = lim = lim ,
T iS5t T oo [Mal” asee [Anl”

then it is natural to introduce discrete averaged upper and lower density of a sequence by the
formulae

K _ o N
A= lim ——=.
- n—00 P‘n‘p

We shall see later (see Theorem 1 and Proposition 1) that A* = A, and if [A,| ~ [A,41], then
~ n— o0
A A - -
The sequences satisfying condition A = A*, or, which is equivalent, A = A, are called
measurable. By analogy, as discrete measurable sequences we shall regard those satisfying the

~ N(|A
condition A = A, meaning the existence of the limit lim |(|—|n|) In the same way, if there
-~ n—oo n
x
exists the limit lim —), we shall say that such sequence is internal measurable. It is useful

T—+00 N(T
to note that in distinction to usual or discrete measurability, the notion of internal measurability
is not associated with any index p.

We first of all note that none of discrete and internal measurability implies its measurability.
It was shown in work [I0] that the class of discrete measurable sequences is rather wide: for
arbitrary numbers p > 0, f > 0 and « € [0, 5] there exist discrete measurable sequences with
the densities A = o and A = . Here we prove (see below Proposition 9) that the same
statement is valid also for internal measurable sequences.

By the definition of the counting function for sequence A = {\,} we have ny(z) = 0 as
z € [0, |\]) and na(x) = ng as « € [|[An]s [At1])s & = 1,2,... For the sequence of central
indices N = {n;};-, € N we define the characteristics

. . Ng41
pny = p = lim and oy =8 = lim ——.
k—oo My k—oo Tk

Nk+1

We shall call puy a lacunarity index, and dn will be called a sparsity index for sequence N. In
the same we define lacunarity index [, and sparsity index p, for sequence A = {\,} C C (more
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precisely, for the sequence |A| = {|\,|} CR,):

— Pati] = Pa .
Iy =1= lim = = and py=p= lim
noo A koo A | hooo | Anl

A sequence A is called Hadamard lacunar if its lacunarity index is greater than one, i.e.,
pa > 1 (as pp = oo we have so called Ostrowsky lacunas). If lacunarity index of sequence A
equals one, [y = 1, then A is called weakly Hadamard lacunar (shortly weakly lacunar). For
instance, the sequence of all prime numbers is weakly lacunar. As b > 1, the same property is
possessed by sequence A = {b""} for o € (0,1). If @ = 1, then py = Iy = b, while for & > 1 it
happens pp = oco.

The connections between usual and averaged densities of sequence A are reflected by classical
inequalities (see [I, Ch. I, Sec. 12], [2, Ch. II, Sec. 4, Subsec. 4]):

A<pA < pAT <A< peA. (1)

In book [3, P. 16] the matter is an estimate specifying the latter inequality in the case when
not only the upper but also the lower density of a sequence is known. Namely,

pe N EZexp{é/Z}.

The general results on a relative growth of convex functions established in monograph [7]
imply the following inequalities improving all previous relations (see also [11]):

pai AT <AL pZilZ*, P A" <AL pagz*. (2)
Here a; and a, are the roots to equation

aln < = A*/A7,
a

while a; and as are the roots of a similar equation with a “corrected” right hand side

e *
aln—=A/A".
a
The roots to these equations are relaEed by the inequalities 0 < a; <a; <1< ay <as <e.
In view of (2), by the condition A = A" (see Theorem 1 below) for discrete measurable
sequences the exact identities

— k

A=pa A, A =paA” (3)

hold true.

Thus, we can state that at the present the relations between usual and averaged densities of
sequences are quite well studied. Unfortunately, this is not true for the relations between the
densities (usual, averaged, relative) and the lacunarity and sparsity indices of sequence A. At
the same time, such study is of great value in studying the growth of entire functions whose
zeroes are A.

The present work is devoted to finding out the exact relations between the mentioned char-
acteristics of sequences.

In what follows we assume that number p > 0 is given and the corresponding quantities are
calculated for this index p. Moreover, it follows from inequalities (1) that the conditions A = 0
and A" = 0, as well as conditions A = 0o and A" = 0o are equivalent. This is why in what
follows we assume and sometimes we say it explicitly that the condition 0 < A < oo is satisfied.
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Proposition 1. The inequalities

Ap <A, (4)
Al <A, (5)
A< AP, (6)
v, (7)
Inl<v—v. (8)

Proof. Since the counting function of sequence A satisfy the identities na(t) = n(t) = ny as
te I = [ .l [Aps1l)s k=1,2,..,

A = lim sup n(z) = lim i, A = lim inf n(z) = lim 1k (9)
k_moazelk x’ k—o0 |)\nk|p k—oo T€LK TP k—o00 |>\nk+1|p
N — N(|\, N An
V—hmsupﬂ:hmM, g:h_minfﬂ:h_mM. (10)
k=00 per, N(T)  k—oo My koo €l N(T)  hooo Mk
By (9) we easily get
A — m nE Nkt > A Tm Nk+1 — Ay,
k=00 | Ay, [P M k—oo My,
i.e., inequality (4) holds true. In the same way
Z hm ng |>‘nk+1‘p > é r |)\nk+1|p =A P7
k=00 |)‘nk+1|p |)‘nk|p koo [ A, [P
that justifies the validity of inequality (5).
In the same way by (10) we obtain (7):
— N(|M N\ —
i M) o V)
k—o0 N k—oo Mkl k—oo Mg

Due to the increasing of function N(x), for arbitrary e > 0 and sufficiently large k for each
x € I, we have

N(l‘) N(’)\nk+1|) N(’)‘nk+1|) ’)‘nk+1| N
< - A ,.
w ST D Dy ) < BTT

Passing to the upper limit as © — 400, and then as ¢ — 0, we prove (6).
To prove (8) and in what follows we shall make use of the following formula

N1 |p

An
N( M) = N(Aw]) =:nk1n}’Ak+TL (11)
N
which follows directly from the definition of function N(x):
Tt TP P
n(x dx g
N =N = [ P dr=n [ S ommled
To obtain (8), we write (11) in a convenient form
‘)\nk| g Ny
and pass to the upper limit taking into account formulae (10). The proof is complete. O]

The proven proposition implies the following fact.
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Corollary. If a sequence is measurable (A = A = A) with A > 0 or only internal measurable
(v =7 =v) with v > 0, then this sequence and the sequence of its central indices are weakly
lacunar.

Indeed, the first statement is implied by formulae (4) and (5), while the other follows from
inequalities (7) and (8).

The next proposition states relations between usual, relative and discrete densities of se-
quences.

Proposition 2. The inequalities

égmin{éﬁ, Zg} gmax{éﬁ, Zy}éA (13)

hold true.

Proof. Employing formulae (9) and (10), we get

N (| A\, — N(|\
- k—o0 |)\nk+1 |P /n/k‘ k—o0 |)\nk+1 |ﬂ k—o0 nk:
or
N(|\, — N(|\, —
= koo [Angl? k=00 | Ap, |P koo Tk
Thus, the inequality A < min {é 7, A y} is proven.
The inequality max { Av, A g} < A is checked in the same way
~ N(|\, — N(|\,
A = Tim N (| k+1|) > h_m Tk im (| k+1|) _ éﬁ,
k—o0 |)\nk+1 ’p Nk k—o0 ’)\"kJrl |p k—o0 Nk
~ - N )\n . . N )\n N
k—o0 |)\nk|p ng k—o0 |)\nk|p k—o00 N
The proof is complete. O

In book [12, Part IV, Ch. 1, Problem 60]) the connection between relative densities of a
sequence and its convergence index was indicated

v<1/p<T.

Which properties does a sequence possesses once the identity is realized in one of these inequal-
ities? In our opinion, Proposition 2 can provide an interesting information on this issue.

Corollary. If the upper relative density of a sequence attains its minimum, i.e., 7 = 1/p,
then the identities A" = A = A /p hold true. If the lower relative density of a sequence attains

its maximum, i.e., v = 1/p, then A =A= A/p.
Indeed, it follows from (1) that A /p < A*. Under the condition 7 = 1/p the left estimate in
(13) yields A < A /p. Hence,
A/p<A"<A<LA/p

that leads us to the first statement of the corollary. The second follows from similar arguments
leading us to the inequalities

Alp<A<SA <A)p

in the case v = 1/p.
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Proposition 3. For each sequence of complex numbers with the convergence index p > 0 the
Jollowing statements hold true.
If 0 < A < o0, then the inequality

) (14)
is valid and if 0 < A < oo, we have
P < (15)
The estimates
np <wu-1) (16)
Inl>7v g g ! (17)

hold true.

Proof. Under the condition A # 0 we can write

o - 1 (P < 1P
A= Tim —* < lim M1 = lim e | =A —.
k—o0 |)\nk|p k—o0 |)‘nk+1|p lim Tkt koo |)‘nk| 0
k—oo Tl
Canceling out by A, we obtain inequality (14). If A # 0, then
1 An r P
A= Lim —% < lim k! —nk;lh_m<@) A
k—o0 |)\nk+1’p k—00 P‘nkjLz’p lim L NS |)\nk+1‘ 1%
k—oo T

that implies inequality (15).
Estimates (16), (17) can be proven by a generalized Stolz-Cesaro theorem (see, for instance,
[7]) and formulae (12), (10):

k—o0 |)‘”k| k—o0 Nk
~ lim N (A ) = N[ A, ]) (nkﬂ B 1)
k—oo Nir1 — Ny N
N[ D = N, ) —
< h_m (‘ k+1‘) (| k|) im <nk+1 B 1)
k—o0 Ngy1 — Ng k—00 N
N(|n,
k—o0 N

Arguing in the same way, we obtain

g — T 1 Pl _ = N ) = N )

k=oo | Ay, k—o0 ng

_1_ N(’Ank+1’)_N(|>\nk|) (nk_nk:—1>

= lim
k—o0 nk‘ — nk—l nk
— N(|A\, — N(|\, 1 — N(|\, 1

> T (s ]) = N, D) i (1 B ) > Tm ([Ane]) (1 B _) |
k—o0 Nk — Ng—1 k—oo N/ Nk—1 koo My 5

i.e., inequality Inl > v . The proof is complete. m

We shall also need several simply checked facts and it is convenient to summarize them in
the following statement.
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Lemma. [. The function
Inx
Y X 1 Y
()=} z—1 7
1, r=1,

strictly decreases on (0, +00).

z—1
II. The function ga(x) = <

and is attained at the point x = 1.

b 1
III. The function q3(x) = y, a>0,b>0 has the unique mazimum in (0,+00); this
x

has the unique minimum in (0, 400); this minimum equals 1

. a pé—l . . . 1_b
mazimum equals — e’ <" and it attained at the point x = er .

Let us study now the dependence between the sparsity index and its usual and discrete
densities.

Proposition 4. Sparsity index, the density and discrete densities of a sequence with conver-
gence index p > 0 are related by the inequalities

(P’ —1DA<Anp, Ap’hp<(p’—1)A. (18)

Proof. As p =1, both the inequalities become to a trivial identity 0 = 0. As p > 1, we denote
An
L = | |)\’“+|1‘ and apply Stolz-Cesaro theorem employing identity (10) and Item I of the previous
lemma: '
.~ — N(|\, — N(|\, —
5 = MO M) =N _ o me I
k—o0 |)\nk’p k=00 ‘)\nk+1’p - |)\nk‘p ko0 |)\nk|p Ckp -1
— — P A P
T ™ En e 4 et
pk%oo|>\nk|p k—so00 Ckp—l P pp—l
~ o 1
Thus, A <A - B2 In the same way,
pr—1
N(|\, N(| — N(|\, . |
At YD o N =N o m e
N k—o0 |/\nk|p k—o0 |)\nk+1|p - |)\nk|p k—o0 |/\nk+1|p 1— Ckp
—p PlnpP
>Lpm gy D% _ 4 pilnp ,
P1
ie, A>A- pp HZ;‘ The proof is complete. O
= PP —

As a corollary of Proposition 2-4 we can obtain

Proposition 5. If0 < A < co and the sequence { A }rey has Hadamard lacunas, then the
estimates

| |
Py L (19)
w—1 pr—1
hold true.
If 0 < A < oo and the sequence {ny};-, has Hadamard lacunas, then the estimates
r1 0Inl
PP <5 <28 (20)
pP—1 0—1

are valid.
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Proof. Since {\,, },-, has Hadamard lacunas, we have p > 1. Thus, comparing the right hand
Inp
pr—1
It implies the right hand side of relation (19). The left hand side of this relations follows from

(16), since in accordance with (15) we have p > p > 1.
In the proof of estimates (20) we act in the same way, now we just combine the left hand
side of (13) and the second inequality in (18) and apply then (17). The proof is complete. [

side of inequalities (13) with the first inequality in formula (18), we obtain v A < A < A

The result is exact in the following sense. The identities in (19), (20) hold if the same is true
for (14), (15). And it holds, for instance, for each sequence A = {\,,} ~, such that the moduli
of its terms and its central indices form two coherent “almost geometric” sequences, i.e., for
some ¢q > 1 the satisfy the conditions

|)\nk+1| ~(q |>‘nk|7 Ngy1 ~ qpnk, k — oo.
In this case | = p = ¢, p = 0 = ¢” and the formulae
Ingq q”Ingq

v=——— U=
- qgr—1 g’ —1

are valid.
Theorem 1. The lower discrete averaged density A and lower averaged density A™ an ar-

bitrary sequence A C C tending to infinity coincide

A=A
Proof. 1t is obvious that
N\, N
At YD NG
-~ n—00 |>\n‘ z—oto0 TP
. . . . . . N(z) .
In order to obtain the inverse inequality, we consider function ®(z) = p and to study it for
x
k€ N we let
N[\, Int
o(t) = MU k’i/f i )
Since on the intervals I, = [|An, |, [An,+1]|) We have ny(t) = ny, then
N(|/\nk|)+nk1nﬁ 1 ( " ) .
xr) = = k s T k-
ar [Ancl? "\ A

According to Ttem III of Lemma, ®(x) is either monotone on I}, or it has the unique maximum
on this interval. In any case we have

inf {8(@)} = min {®( A ), (hui i)}, kEN,

Hence,
A" = lim inf ®(z) = lim min {@(|As,]), D(|An,..])}
k—oo T€IL k—o00
> lim inf ®(|A,|) = lim ®(|An.]) = A, ie. A">A.
k—oo M2k m—00 - -
Comparing with the previous relation, we obtain A = A*. The proof is complete. m

In the formulation of the next result we make use of the following standard notation a* =
max {a,0} .
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_ Theorem 2. For each sequence A C C tending to infinity with the averaged upper p-density
A:(A) = A" € (0, 400) the inequalities

—* ~ err1
A <A : (21)

pv

. _ oprU—1
A epv , (22)

—% g
A SR (23)
AT<A !’ 24
SAmrrr e 24

hold true.

Proof. First of all we observe that inequality (23) specifies inequality (5) in the case [ > 1. Now
we proceed to the proof. _

If A = A", inequalities (21)-(24) are obviously true since each factor in quantity A in the
right hand sides of these inequalities is at least one. B

Let us study the case A < A”. We choose a positive number ¢ < A~ — A. Keeping the
notations of Theorem 1 and employing the definition of upper averaged density, we find the
sequences of indices K and points x; so that the relations

A" = Tim sup ®(z) = lim su P(x),
®(zp) =sup®(z) > A+¢e, keK
€l

hold true. For sufficiently great indices k, at the end-points of segment I;, function ®(z) takes
the values

O(|An,]) < A+e < D(ay).

Thus, neglecting a finite number of the indices in K if it is needed, we can suppose for each
k € K the point xj lies strictly inside [, i.e.,

Ane] < @6 < | Apys | ke K.
w Pl VDD .
e denote ¢, = Do | and v — Applying Item IIT of Lemma to function ®y(t),
n k
due to the identity '
1 T
(I)(x) = 7% < > , T € Ik,
A |7 | A
we obtain
1< Tk _ i <, (25)
| A
N )\n prp—1 prp—1
0z = i et = M gy (26)
A | An P pun P Vk
Finding the logarithm of (25), we arrive at the inequality
1—Ind, < py, < 1. (27)

After the above preliminary work, estimate (21) can be easily proven by passing to a limit

in (26):

A = £16I§ O (xy)

~tiy { (1.

ePVk—l

P Vk

prp—1
<

_ ~ epr—l
(1An]) Tim A°

k—o0 P Uk

}gﬂcb |



EXACT RELATIONSHIPS BETWEEN CERTAIN CHARACTERISTICS... 25

z—1
Here we have used that go(z) = decreases on the interval (0, 1) in accordance with Item II
x
of Lemma.
Inequality (22) can be proven in the same way. We write
N(|)\nk+1|)+nklnm 1 T
(I)(ZL‘) = = O ({ —— |, r € I.
xP ‘)\nk+l ’p |)\nk~+1 |
N[\,
We denote v}, = NAnssi ) to obtain
ng,
1 T 1,
— < =er k<1
Ck |)\nk+1 |
And finding the logarithm,
l<py,<l+Ind. (28)

The next relation is deduced completely in the same way as formula (25) and it casts into the

form
, N )\n pv,—1 pv,—1
®(xk> _ T epykfl — (| k+1D € / _ (b(‘)\nk+1’) 6—/
|)\nk+1 |p |/\nk+1 |p PV PV
Using again Item II of Lemma, this time on interval (1, +00), where function gs(z) increases,
by the passage to a limit, from (28) we get (22):

(29)

P —1 v—1
el ~ eP
) lim — <A ——.
k—o00 PV pv

A" =1lim ®(z;) < Lim (|
k—o0

kK g

In order to prove inequality (23) we employ the definition of lacunarity index. According to
this definition, for each € > 0 and each k > ko(¢) we have ¢, < [ + e. For sufficiently large
k € K, it allows us to obtain by (28) that 1 < pr, < 141In(l+¢€)”, and then by (29) and Item II
we get

In(l+€)? . l P
< (A+e) (4
In(l+¢)+1 In(l+¢)+1
Passing to the limits as k — oo, k € K and € — 0, we arrive at the desired estimate (23).
The proof of inequality (24) follows similar lines. Indeed, the inequalities

O(z1) < S([Any i, [)

I—In(l+e)f <l—Incg, <prp <1, prg>0,

follow from (27) that implies pvy > (1+1In(l+¢€)~?)*. The rest is clear. The proof is complete.
[

We note that estimates (21) and (22) of Theorem 2 can be written as

_A ¢ _A* > e =PV n

61—927 A

1-pv €

> pret Pl =¢c In

el—p?’

g

e
respectively. Since function aln — strictly increases on the segment [0, 1] and strictly decreases

a
on the segment [1,00), the previous inequalities are equivalent to the following ones

e >, TP < ay, (30)
o . e A _ ~ o .
where a1, as are roots to the equation aln — = =~ 0 <a; <1< ay <e. Finding the logarithm
a
of (30), we arrive at the relations
e A e A
pras < azln — = — and pra; > aln — = —

a A o a A"
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Hence, inequalities (21) and (22) of Theorem 2 can be shortly written in the equivalent form

praz < —A* S prar.
- A
Proceeding in the same way, we write (23) and (24) as
LSS and 2> pml (31)
A [ A l°
that is equivalent to
a >l a<l (32)

Let us complete now inequality (21) by a lower estimate in terms of lower averaged and
relative densities.

Proposition 6. The inequalities

pr—1 _ opr—1
. € e

<A <A
pv pv

A

(33)

hold true.

Proof. We need to justify only the left hand side of estimate (33) in a nontrivial case when 0 <
pr—1

A* < A" < +00. We argue by contradiction assuming that A~ < A* . Then prel=rv <

pY

> ag, where, as above, as

* *

?, or, which is equivalent, e!=*%In

< NG Therefore, e!=r%

61—02
*

indicates the greater root of the equation aln £ +. In view of the left hand side in (13) it

a A
yields that
A” e A
=5 =axIln— > aypr > CLQPK-

A as

* *

The obtained inequality ~ > asp _f implies the estimate A > agpz* contradicting the latter

relation in (2). The proof is complete. O

We note once again in the case of a discrete measurable sequence determined by the condition
A" = A the inequalities in Proposition 6 becomes identities justifying the exactness of estimates

(33).

*

e
In work [11], for the roots a; and as of equation aln — = ? the representation
a

. 1
ap =eqi-a, ag =eql-a

a
was found via the parameter ¢ = —2. It was shown that in the case of a discrete measurable
a1
sequence of complex numbers with the lacunarity index [ the identity ¢ = [” holds true. We
employ these facts to obtain the next result; it is interesting to compare it with estimates (23),

(24) in Theorem 2.

Proposition 7. For an arbitrary sequence of complex numbers with finite positive averaged
densities A*, A" and the lacunarity index | the inequalities

A > A*lmp_llp;l (34)
- elnlr’
-1 — -1
* <A <A ——m—
— ag Inlr — ailP Inlr (35)
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*

As above, a1 and as are the roots to equation alnE = E* The presence of the discrete
a
measurability provides the identities in (34), (35).
A a
Proof. 1t follows from inequalities (5) and (1) that [» < x < =2 =g¢, ie, I’ < ¢. Employing
2 ai
Item I of Lemma, we see that the expression ay(q) = eqﬁ increases as g does. Hence,
e
as(q) > az(l?). Since the function aln — decreases on the interval [1, +00), we have
a
A* e e pInl?
= = 1 < ao(l?)1 =elT-”
&~ el@hors S el oms = et e

that implies (34). Inequalities (35) can be proven by similar arguments if one also notes that

a; = ai(q) = eql%q decreases as ¢ increases. For instance, the right hand side of (35) follows
from the relations

> aql =al’ .
ai(q) — i aq (1°) T

The proof is complete. O

- =ai(q)In

As it has been observed, the discrete measurability of a sequence does not imply its measur-
ability. It is interesting to know what are the additional conditions ensuring the measurability.
As we see by Proposition 1, one of such condition is a weak lacunarity of a sequence. Indeed,
as [ = 1, it follows from (6) that A" < A" <A =A% ie, A" =A". Another condition is the
internal measurability of a sequence that implies, in accordance with inequality (8) in Propo-
sition 1, its weak lacunarity. However, we can obtain a stronger statement from Theorem 2.

Proposition 8. Let A be a discrete measurable sequence of complex numbers. Then each of

the conditions v = % orv = /l) implies the measurability of this sequence.

Proof. The discrete measurability means that A = A*. And each of the conditions from the

proposition, in accordance with formulae (21) and (22), imply the inequalities A* < A" < A <
A" that yields the measurability. O

There appears a natural question: whether only the weak lacunarity or only the internal
measurability (with the discrete one) of a sequence implies its measurability? We shall give
the negative answer to both the questions by using the notion of Valiron’s specified order-
ing. We remind that it indicates a differentiable on R, function p(x) satisfying two condi-
tions lim p(x) = p > 0 and lim p'(x)x Inz = 0 which are equivalent to one condition

T—r+00 T—r—+00

/
lim x h'(z)
z—+oo  h(x)
the condition

= p for the function h(z) = 2°*) or, which is more convenient for our aims, to

. xLl(x)
)

=0 (36)

for the function L(x) = h(x)z~".

Proposition 9. Given any p > 0, > 0 and o € [0, 5], there exist internal measurable
weakly lacunar sequences with p-densities A = o« and A = f3.

Proof. Suppose numbers p, [ and « satisfy the hypothesis of the proposition. If a > 0, to
construct the desired sequence we take the function a(z) = a. If a =0, we let a(z) =In"" z,
where v € (0,1). As L(z) we choose then the function

L<x>=§ a(x)@( i) ,

a(x)
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and it is easy to check that it satisfies condition (36). We define then the function n(x) =
[z h'(z)] and choose sequence A so that its counting function coincides with n(z). Here h(x) =
x? L(x), and [z] denotes the integer part of number x. The results of monograph [7] follow that
as r — 400, conditions N(z) ~ h(z) and n(x) ~ x h'(x) for the counting functions of A are
equivalent. Sequence A is internal measurable since by the construction it satisfies

N(z) i h(z) 1

li = =—.
xalrlloo n(x) z—to0 x W/ (1) p

On the other hand,

pA* =p lim N(I)Zp lim @2,0 lim L(x)

=400 L z—+oco T T—r+00

«Q (LC) T—+400 T—+00

sinln” z
= lim a(:z:)ﬂ( i) = lim y/a?(z) = lim a(z) =«

and

sinln” z
pA =p lim —2==p lim L) = lm a()s ( m) =B
Applying the corollary of Proposition 2, we obtain

A=pA*=a and Z:pz*zﬁ.

Thus, the constructed sequence has prescribed p-densities, is internal measurable and its weak
lacunarity follows from inequality (8) of Proposition 1. The proof is complete. O

Summarizing the above arguments, we can formulate the following statement.

Proposition 10. An arbitrary sequence A = {\,} —, of complex numbers with the conver-
gence index p >0 and 0 < A < 0o is measurable if and only if it is discrete measurable and at
least one of the following conditions holds

a) sequence A is weakly lacunar, i.e., [y = lim
n—00 ‘)\n|

N 1

b) the condition v = lim (z) = — holds true;
sotoo N(T) P
— N 1

¢) the condition 7 = lim z) = — holds true;

a>too ) p
d) sequence A is internal measurable, i.e., there exists the limit

lim N(z) <: 1) .
s (@) \ 7
Proof. The sufficiency of the discrete measurability of sequence A with each of conditions a) or
d) for its measurability has already been discussed before Proposition 8, and similar discussion
for conditions b) and c¢) was made in Proposition 8.
Suppose now sequence A is measurable, i.e., A = A = A. Its discrete measurability follows
immediately from the definition. The weak lacunarity follows from inequality (5) of Propo-

sition 1, and its internal measurability is implied by inequalities (1) and the existence of the
limit

N(z) lim N(a:)/a:”_A/pzl

pu 1' e —_— .
VT oo n(r)  z—too n(x)/xP A p

The proof is complete. O
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