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SYMMETRIES AND GOURSAT PROBLEM
FOR SYSTEM OF EQUATIONS u,, = ¢""uy,, v,y = —e""y,

YU.G. VORONOVA, A.V. ZHIBER

Abstract.  We describe the higher symmetries and construct the general solution for
a hyperbolic system of equations. We also obtain the explicit formula for the solution of
Goursat problem.
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1. INTRODUCTION

In work [I], the authors considered Goursat problem for exponential system of equations

821’ r
by ape =0, i=1,...m, (1.1)

u'(z,y) — In (T,qb’(a:)ggz(y)) =0 as zy =0, (1.2)
a;r are the entries of Cartan matrix of a simple Lie algebra, and studied the dependence of a
solution on parameters 71, . . . , 7, involved in boundary conditions . A scheme was suggested
for constructing a solution to this problem with employing higher symmetries admitted by
system of equations . Examples of reduction to a closed system of ordinary differential
equations were provided.

In works [2]-[4], for linear hyperbolic system of equations with zero generalized Laplace
invariants, the general solution was constructed and an algorithm for solving boundary values
problems was given. In work [5], basing on the symmetry approach, there was constructed an
exact solution to Goursat problem for a nonlinear scalar hyperbolic equation of Liouville type.

In the present paper we consider the system of equations

Ugy = €40,
{ ool (1.3

— UTv
Ugy = —€"T0,,

obeying det(H; - K;) = 0, ord(Hy, K7) = 1, and its chain of the generalized Laplace invariants
breaks at the second step (see [6]), where Hy, K are the main invariants of linearized system
. We describe the higher symmetries and construct the general solution to system (1.3)),
which allows us to obtain an exact solution to Goursat problem.

YU.G. VORONOVA, A.V. ZHIBER, SYMMETRIES AND GOURSAT PROBLEM FOR SYSTEM OF EQUATIONS
U — €u+vu ) — _equvv
xy yr Vzy Y-
(© VORONOVA YU.G., ZHIBER A.V. 2013.
The work is supported by REBR (grants nos. 11-01-97005-r-povolzhe-a, 13-01-00070-a) and FTP (agreement
no. 8499).

Submitted July 17, 2013.

20


http://dx.doi.org/10.13108/2013-5-3-20

SYMMETRIES AND GOURSAT PROBLEM FOR SYSTEM OF EQUATIONS ... 21

2.  SYMMETRIES
For the sake of convenience of presentation, we introduce the notations
Uy = Ug, U2 = Ugg, - -+, V1 = Vg, U2 = Uggy -+,

ﬂlzuy,ﬂgzuyy,...,271:Uy,@2:vyy,....

It was shown in work [6] that system of equations (|1.3) possesses the integrals of first and
second order

w=1u; —v; —e*" and W =W,

W =uy —ugvg — e ™Puy and W = Z—f + Uy — U,
such that Dw = 0, DW = 0, Dw = 0, DW = 0, where D,D are the operators of total
differentiation w.r.t. x, y, respectively.

The system for higher symmetries of system of equations ([1.3]) reads as
DDp = e“*"Dp + "y (p + q),
DDq = —e"""Dq — "™, (p + q).
By formulae ([2.1]), the symmetries for system of equations (|1.3) depending on variables u, v,
uy, v1, - ..can be sought as

(2.1)

(2.2)

p :p(u7vvvl7w7w7wlvwl7 .. ')7 q= Q(uavyvluwaw7wluwlv o )

We calculate Dp, Dq, DDp, DDq and substitute them into system (2.2)). Then, we equate the
expressions at #;, v; and obtain the following system of equations

Dp, = e“(p+ q),

D (pv - €u+vpv1) = 2¢¥tY (pv - 6u+vpv1) )
DQU = _2€u+v%u

D (g, — €"q,) = —"(p+ q).
The second and third equations of system (2.3]) imply that

(2.3)

Pv — €u+vpv1 = Oa Qu = 0.
Summing the first and the fourth equation of system ([2.3]) and integrating the obtained identity
w.r.t. u, we obtain the following expression for p,

p=—qu+ e g, + Cu+ h(v,v,w,W,...), (2.4)

where h(v,vy,w, W, ...) is an arbitrary function, and C'is an arbitrary constant. It remains to
substitute the found function p into the second and first equation of system (2.3)) that leads us
to functions p and ¢, namely,

p=(D+wu)a—b, ¢qg=uvia+b. (2.5)
Here a(w, W, wy, Wy, ...), b(w, W,wy, W1y, ...) are arbitrary functions.
Then the symmetries depending on variables u, v, %, ¥1, ...can be sought as

p = p(ty, 0, W, w01, W1,...), q=q(iy,0, W, @, Wy,...).
In system of equations , we make the change of variables,
ut+v=U u—v=1V.
Then system of equations is equivalent to the system

{ Ugy = € Vy, (26)

Ugy = €"Uy.
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For the sake of convenience, here we denote new variables U, V again by u, v. Then the

linearized system (see (2.2])) becomes

{ DDp = e*(Dq + v1p),

Z , 2.7
DDq = e“(Dp + up). (2.7)

Integrating the second equation of system ([2.7) w.r.t. y, we obtain the following system of
equations equivalent to the previous one

{ DDp = e*(Dq + v1p),

Dq = e“p. (28)

We shall seek the solution to system of equations (2.8)) as
p=Y pfPW). ¢=> afPW), (2.9)
k=0 k=0

where f®)(y) = D®) f(w, W, 1wy, W1, ...).
Then we substitute functions (2.9) into system of equations (2.8) and equation coefficients
at like derivatives. We obtain a system of equations equivalent to system ([2.8)), namely,

Dq, = e"py, k=0,1,...,n,
- DDpy = e"(Dgo + v1po),
DDpk + D(pk—l) = e“(Dqk + qx—1 + Elpk), k= 1, 2, RN (R
Dpn = €"(n.

Consider the case n = 0. Here system ([2.10)) casts into the form

(2.10)

DDp, = eu(DQO + U1po),
Dqy = e“py, (2.11)
Dpy = e“qo.

We make the replacement v, = /43 — 4w in the second equation of system (2.11)) to obtain

the equation
(90)ay \/ 0§ — 4w = po.

We differentiate this equation w.r.t. @; and expressing (po)z, by the third equation of system
(2.11)), we obtain

!/

((q0)a, (@} — 4w) — w190) 0

u1 =
or

(q(])ﬂl (a% - 411_)) - ﬂlQO = A(U_)v I/T/7 s ')7 (212)
where A(w,W,...) is arbitrary function. Equation (2.12)) is a first order linear differential
equation whose solution can be represented as

A
qQo = _Eal + By/u? — 4w, (2.13)

where B(w,W,...) is an arbitrary function.
Then we substitute expression for ¢y (2.13]) into the second and first equations of system

(2.11)) to find that pg, qo read as
p():alB(U_),W,...), quﬁlB(w,W,...). (214)
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Now we consider the case n = 1 in system ([2.10f). Here system ([2.10f) can be rewritten as

Dqy = e"py, (2.15)

Dq, = e"py, (2.16)

DDpo = *(Dgo + t1po), (2.17)

DDpy + Dpy = €"(Dg1 + qo + T1p1), (2.18)
Dp, = e"q;. (2.19)

Equations (2.16]) and ([2.19) coincide with equations of system ([2.11f), therefore, p; and ¢; are
located above and read as

A A /

Differentiating equation (2.19)) w.r.t. y, we obtain
DDp, = e“(Dq; + t1q1). (2.21)
We subtract equation from equation and after simple transformation we obtain
Dpy = €“(qo + A(w, W,...)). (2.22)

We differentiate equation (2.22)) w.r.t. y and subtract then equation (2.17)), we find the expres-
sion for py,

1 -
Do = @—(DA+a1q0 +uA). (2.23)
1

We substitute expression ([2.23)) for py into equation (2.15) and replacing v, = /u} — 4w, we

obtain first order linear differential equation for function ¢y, namely,
Uy DA u A

) ~Go + —3 e -

uy — 4w uy —4w  uy — 4w

(QO)TH =

The solutions to this equation can be represented as

DA
%Z—MZE—A+RMﬁ—@% (2.24)

where R = R(w, W, ...) is an arbitrary function. We substitute expression (2.24) into equation

(2.23) that allows us to find py,

Do = _EIE + ur R. (2.25)
As a result, we obtain that system of equations (2.15)—(2.19) has solutions (2.20)), (2.24)), (2.25)).
It follows from (2.9) that the symmetries for system of equations ([2.6)) read as

DA At =
p=(-n-"2vuR)f+(wB-"2) Dy, (2.26)
4w 4w
DA A _
4w 4w

In view of formulae ([2.14]), symmetries (2.26)), (2.27)) can be represented as

p=2DaG, ¢=4G6+2Da, (2.28)
w w
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where G = —iA f. We remind that found symmetries (2.14]), (2.28) are defined in terms of
new variables U, V. Returning to variables u = %, v = YZY we obtain the following

2
representation for symmetries of system of equations (1.3

1 - 1 _
p=u1—DG+uB+2G, ¢q=-0,—DG+ 1B —2G. (2.29)
w w

3. CONSTRUCTION OF GENERAL SOLUTION

By employing higher symmetries (2.5)), (2.29)), the problem on integrating system of equations
(1.3) is reduced to the following dynamical system (see [I]),

(794 = (D +w)yp' —¢? = i L DY + wyp? 4 29,
T3 =0l +9° = —0 L DY + 01?207,
o
T% :7—633;1)2; lg&l Zide}u;vu 1/_)2
8z g2 1 ! o
TG = "o 2 DYt — e o2,

(3.1)

\

We shall assume that o' = ¢'(z), ¢¥* = ¢*(2), ¥* =¥ (y), P> = P*(y).
The first and second equation of system ([3.1]) are first order partial differential equation for
functions u, v, respectively. The solutions to these equations can be represented as

¢2 wQ
u=—Iny'+ Edw—l—F(a,y}, v=— de#—G(a,y), (3.2)
where F'(a,y), G(a,y) are arbitrary functions, and by a we denote the expression
dx
a=1In7t+ E

Then we substitute the found functions (3.2)) into system (3.1)), we obtain the system of
equations for functions F' and G

| _ _
Fa:leG_+¢2Fy+2¢17 (33)
)
_ .1 _ _
G, = —lef +°G, — 29, (3.4)
Yy
F,=e"tCF,,
Gya = —e1G,,
_ .1 _
Foo = €F+G (D,lvblG_ + ¢2Fy) ) (37)
)
_ .1 _
Gaa = €F+G (Dl/}lf - ¢2Gy) . (38)
)
In view of (3.3)), (3.4), equations (3.7)), (3.8) can be rewritten as
faa = eergfa,
{ Jaa = _eerggm (39)

where f = F —2a1)!, g = G+ 2a)'. We subtract first equation of system (3.9) from the second
one and integrate the obtained identity w.r.t. a,

fo—go=¢eT14 Ci(y), (3.10)
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where C(y) is an arbitrary function. Then we multiply the first equation of system ({3.9) by
Ja, the second equation by f, and sum the obtained expressions to find

G = Ca(y)
a fa Y
where Cy(y) is an arbitrary function. We substitute the found formula for g, (3.11)) into equation

(3.10) and we get

(3.11)

g=—f+In(f—Cifa—Co) —Inf,. (3.12)

We return back to system of equations (3.9) and in view of formula (3.12), the first equation
can be rewritten as

faa = ff - Olfa - C’2~

The right hand side of this expression is a polynomial of second degree and we factorize it

faa = (fa - a)(fa - 6)7

«, [ are arbitrary functions of y. Integrating this equation, we find f, namely,

f= (= Bla+9] =In[l —exp{(a = fla+7} +d(y), a # b, (3.13)

«

a—pf

f=aa—1In(e —a)+ k(y), a=0, (3.14)

where a(y), B(y), v(y), d(y), €(y), k(y) are arbitrary functions.
Now we substitute the found formulae (3.13)), (3.14), (3.12)) into equation (3.5)). We obtain
the following relations:

1. as a # f3,
- 71 ;. B
B'+2DyY' =0, a=pB+c, &+ BIO’ (3.15)
0 —
where c is an arbitrary constant;
2. as a = [,
o +2DY' =0, ac’ + K =0. (3.16)

Then we substitute functions (3.13]), (3.14)), (3.12)) into equations (3.6)), (3.3), (3.4), and in view
of conditions (3.15)), (3.16), we obtain the true identities. Thus, the solution to systems of
equations (1.3) can be represented as (3.2), where functions F' = f + 2ay!, G = g — 2a3)! are

determined by relations (3.13)), (3.14]), (3.12)), namely, as a # 3,

ad’

u=1Ing¢(z)+ ¢a(x) — T In <1 — exp{a — g}) + 4,

0= —tnla) + a5+ %5~ (o @ Dewp{a- 53] =5

«

and as a = f3,
u=In¢|(z) + ¢2(z) — In(e(y) — a) + K(y), (3.17)

b= —éafx) —In [—< () + 1] k(). (3.18)

Here ¢ (z) = =5, ¢h(x) = z—f, e(y), k(y), aly), 6(y) are arbitrary functions.
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4. EXACT SOLUTION TO GOURSAT PROBLEM

Consider Goursat problem for system of equations (1.3),

w lyeo=np(a), 0 lyo=ng@), uloeo=p(y), © o= Ing(y). (4.1
We let y =0, 7 =1 in the solution to | - - ) to obtain
U |y=0=Inp(z) = In ¢} + ¢> — In(e(0) — ¢1) + £(0), (4.2)
K'(0)
U |y=o=Ing(x) = —¢o —In m(d)l —(0))+ 1) — &(0). (4.3)
We sum expressions (4.2) and (4.3)) and integrate the obtained identity w.r.t. x that allows us

to find function ¢;(x),

¢1(x) = £(0) — (Cz + {Cil - Cz} qud&) h : (4.4)

where C1 = £(0) — ¢1(0), Cy = %.
Then by expression (4.2]) we find function ¢o(x), namely,

¢o(z) = In [(q(0)6¢2(0)+”(0) —-1) e_Oqudg + 1| —Ing — k(0). (4.5)

Now we let 2 = 0 in formulae (3.17), (3.18),
U [o=o=Inp(y) = In ¢} (0) + $2(0) — In(e — $:1(0)) + &, (4.6)
0 lama= n(s) = 62(0) = I (5 (01(0) = 2) 1) < . (4.7

We sum identities , . then obtain a first order differential equations with separating
variables for functlon £(y). Solving this equation, we find
—1

y
/ __y 1(0
) = 6200) + 0,0 | [ aptde + A (45)
0
Then £(y) can be found by expression and reads as
Yy
K(y) =Inp— $»(0) —In / qp'dg + p(0)e= 70 | (4.9)

0

Now we employ the matching condition. We let x = 0, y = 0 in (3.17)), (3.18)) and obtain the
relations

¢1(0) = p(0)q(0)C1(1 — C1.Co), (4.10)
$2(0) + ( )= In (Q(U)(1—0102)) (4.11)
We substitute the found functions (4.4] , , into solution (|3 - - and taking

into consideration matching Condltlon 4 10, 4 11, we finally obtain the representation for

the solution to Goursat problem (L.3), (4.1)),

p(x)p(y)q(0)

u=In J — ,

p(0)q(0) + bf Padé(l — eXp{bf pqd€})




SYMMETRIES AND GOURSAT PROBLEM FOR SYSTEM OF EQUATIONS ... 27

4(=)()p(0) exp{oqudg}

v=1In

(93— fpfqd@(exp{oqudf} 1) + p(0)q(0)
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