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WIENER’S THEOREM FOR PERIODIC
AT INFINITY FUNCTIONS WITH SUMMABLE
WEIGHTED FOURIER SERIES

I.I. STRUKOVA

Abstract. In the article we define a Banach algebra of periodic at infinity functions. For
this class of functions we introduce the notions of a Fourier series, its absolute convergence,
and invertibility. We obtain an analogue of Wiener’s theorem on absolutely convergent
Fourier series for periodic at infinity functions whose Fourier coefficients are summable
with a weight.
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1. INTRODUCTION

Let ['(Z) be the Banach space of two-sided summable sequences a : Z — C with the norm
lall = 3 pes la(k)] < oo,

By the symbol C,,(R) we shall indicate the Banach space of all continuous w-periodic func-
tions f: R — C.

We say that a function f € C,(R) has an absolutely convergent Fourier series if it can be
represented as the series f(t) = Y, ., a(k)e"s"t t € R, where a € I1(Z). We denote the set of
all such functions by AC,(R). We observe that AC,(R) is a Banach algebra (cf. [I]) with the

pointwise multiplication and the norm

1fllac = llally =) la(k)].

keZ

In terms of the introduced notations Wiener’s theorem reads as follows.

Theorem 1. If a function f belongs to AC,(R) and f(t) # 0 for each t € R, then
1/f € ACu(R), dce. 1/f(t) = Spey (k) S, where b € I1(7Z).

The proof of Theorem 1 is given in [2].

Wiener’s theorem was generalized in several directions. We mention Bochner-Fillips theorem
[3] for the functions with values in a Banach algebra, as well as papers [4], [5], where Wiener’s
theorem was proved for the operators whose matrices have absolutely summable diagonals. The
references to the studies related with applications of the results are given in [6].

In the present paper we extend Wiener’s theorem for the class of periodic at infinity functions.
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We introduce the set of periodic at infinite functions. Let X be a complex Banach space,
End X be the Banach algebra of linear bounded operators acting in X.

By the symbol Cy,, = G (R, X) we denote the Banach space of continuous and bounded

on R functions with values in X, the norm in this space is ||z||o = sup||z(t)||x. The symbol
teR

Co = Cp(R, X) will be employed to indicate the closed subspace of Cj,, consisting of the
functions decaying at infinity.

In the Banach space C}, we consider an isometric group of operators (or representation)
S: R — EndCy,, acting by the rule

(S(a)x)(t) =x(t+a), a € R. (1)
Definition 1. A function z € Cy, (R, X) is called slowly varying or stationary at infinity
if
S(a)r —x € Cy(R, X) for each a € R.

For instance, a function f € Cy, (R, C) being f(t) = sinln(1 + ¢?) is slowly varying at infinity.
Definition 2. A function z € Cp, (R, X) is called periodic at infinity of period w > 0 if

S(w)z — x € Co(R, X).

The definition of periodic at infinity function was suggested by A.G. Baskakov and was employed
in paper [7].
We denote the set of slowly varying at infinity functions by the symbol Cy = Cy(R, X),
while the symbol C,, . = C, (R, X) stands for the functions periodic at infinity of period w.
In case X = C, the considered spaces will be indicated as Cj,(R), Co(R), Cu(R), Cy(R).
We note that C, (R, X) is a Banach space with the norm

[2]lo = sup [l ()] x-
teR

Moreover, Cy(R, X) and C,, (R, X) form Banach algebras with pointwise multiplication if X
is a Banach algebra.
Definition 3. Given a function x € C,, (R, X), we call the series

x(t) ~ Zmn(t)ei%wmt, teR,

nez

its generalized Fourier series, where the functions x,,, n € Z, are defined by the formulae

_j2mny
xa(t) = c /x(t +7)e S dr, teR, neZ, (2)

w

0

and are called Fourier coefficients for function z. We shall say that the generalized Fourier
series of function x converges absolutely if there exist functions y, € Cqy(R, X), n € Z, such
that y, — z, € Co(R, X) and Y~ ||yn|lc < o0.
In what follows we shall omit the word “generalized”. It is also possible that a considered
Fourier series does not converge to function x. In this case it is regarded as a formal series.
Example 1. As an example of a function in C,, »(R) with an absolutely convergent Fourier
series we consider the function f : R — C defined as

1 9w
ft) = Z (—2 sin(a, In(1 + t2))) eZQTt, teR, a,€R. (3)
neZ\{0} n

We note that the functions f,,, n € Z, constructed for function f by formula (2) do not coincide
with the functions v, : t — # sina,, In(1 + t?), t € R, n € Z, however, f, —y, € Co(R).
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Remark 1. If x € C,(R), then the Fourier series in Definition 3 coincides with the usual
Fourier series of function z.
In what follows we shall make use of the notation

en(t) = 5 teR, ne.

We observe that the mapping =z — P,z = z,6, @ Cuo (R, X) = Cuoo(R,X), n € Z,
is a bounded operator obeying || P,|| < 1. Moreover, Im (P? — P,) C Cy(R, X) for the image
Im (P? — P,) of the operator P2 — P, (the proof is given in the end of Section 3), however, the
operators P,, n € Z, are not projectors.

Till the end of this section the symbol X will indicate a Banach algebra.

Definition 4. We call a function z € C} (R, X) invertible w.r.t. subspace Co(R, X) if
there exists a function y € G, (R, X) such that zy — 1 € Cy(R, X). We call function y inverse
for x w.r.t. subspace Cy(R, X).

Remark 2. From Definition 4 it immediately follows that a function = € C,, (R, X) is
invertible w.r.t. subspace Cy(R, X) if and only if it can be represented as = = y + zy, where
o € Cp(R,X), and function y € C, (R, X) is so that gg}ﬁ”y(t)”x > 0. Definition 4 also

implies that a function z € C,, (R, X) is invertible w.r.t. subspace Cy(R, X) if and only if

there exists a number A > 0 such that |i‘an |lz(t)||x > 0.
t|>

It is easy to see that if y;, yo are inverse for z € Cp (R, X) w.r.t. subspace Cy(R, X), then
y1 — 42 € Co(R, X).

Consider a function a € C, (R, X) and introduce the notation d,(k) = |lax]|~, k € Z,
where a;, is the k-th Fourier coefficient for function a defined by formula .

The considered function is supposed to satisfy one of the conditions in the following assump-
tion.

Assumption 1. Function a € C,, (R, X) satisfies one of the conditions:

1) > do(k)a(k) < oo, where a1 Zi — R is a weight obeying the relation |kl|im ln‘o;c(‘k) =0;
kEZ oo

2) |kl|im do(K)E[" =0, keZ, v>1,
—00
3) d,(k) < Constexp(—c¢lk|), ke€Z,e>0.
In particular, the assumption holds true, if the Fourier series of function a has a finite number
of non-zero Fourier coefficients, that is, there exists M € N such that d,(k) =0, |k| > M + 1.

The main result of the present work is

Theorem 2. If an invertible w.r.t. subspace Co(R,X) function a € C, (R, X) satisfies
one of the conditions 1)-3) of Assumption 1, then its inverse b w.r.t. Co(R,X) obeys the
corresponding condition among the following ones:

)3 dylk)alk) < oo
kEZ
2°) lim dy(k)|k|” = 0;
|k|—o00
3’) dy(k) < Constexp(—eolk|), k € Z for some g > 0.
We note that quantities C'onst and ¢y depend on quantities C'onst and ¢ in the conditions of
Assumption 1.

2. PERIODIC VECTORS AND THEIR FOURIER SERIES

Let B be a Banach algebra with the unit and w is a positive number. Consider a w—periodic
isometric strongly continuous group of operators (representation) 7' : R — End B acting in B
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and having the properties

T(t)(ab) = T(t)a - T(t)b,
T(t)e=e, teR, (4)

where a, b are arbitrary elements in B, and e is the unit in algebra B.

Thus, each of the operators T'(t), t € R, is a homomorphism of algebra B, and each function
t— T(t)a: R — B, a € B is a continuous w-periodic function.

The above properties immediately yield that if an element a € B is invertible, then

e=T(t)e=T(t)(aa™) = (T(t)a)T(t)a = (T(t)a )T (t)a, ac B,

and hence, (T'(t)a)™! = T(t)a™'.
Consider the Fourier series (see [§])

T(t)a ~ Zanei%Tnt, teR,

nez

of the function t — T'(t)a : R — B, a € B, where the Fourier coefficients are defined by the
formulae

w

a, = l/T(i&)ae_i275%6#, ne€Z. (5)
“ 0
We call the series a ~ ) _, a, Fourier series of an element a € B and a,, n € Z, are called
Fourier coefficients of this element.
If the Fourier series of an element a € B converges absolutely, i.e. the condition ) . [|a,| <
oo holds true, then the identity a = ), _, a, is valid.

2mn

Lemma 1. Let a € B. Then T(a)a, = €« %a,, n € Z, for each a € R, where a,, n € Z,
are the Fourier coefficients of an element a. At that, the operators P, defined by the formula

P,a = a, = %fT(t)ae_i%Tntdt, n € 7, are the projectors with ||P,|| <1, n € Z.
0

Proof. We take an arbitrary element a € B and fix an arbitrary number a € R. Let a,, n € Z,
be the Fourier coefficient of element a defined by formula . Then they satisfy the following
chain of identities

w w

T(a)an =T() | = / T(t)ae St | = = / T(a)T (t)ac™ 5" dt
w w
0 0
y -27Tn wta
1 _Agzﬂt 61457a omm
= | T(a+t)ac™ v dt = T(r)ae ™27 dr
w w
0 «
P
- /T(T)ae_iQI’nth = ¢, neZ
w

0

That is, we have shown that T'(a)a,, = e*5"q,, n € Z, for each o € R.
Now let us show that the operators P,, n € Z, defined by the formula P,a = a,, are projectors,
ie. P2=P,, neZ.
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Let a € B. Then

w

]. s 2T

P,a=— /T(t)ae_Zthdt, n ez,
w

0
2 1 [ —j2mny 1
Pla=P,(P,a)=— | T(t)ape "« 'dt = — [ a,dt =a, = P,a, n€Z.
w w
0 0

Let us show that || P,|| < 1, n € Z. Employing the property ||T'(¢)|| = 1, t € R, we obtain

w

1 _jimm
|Pall = sup [[Pual| = sup H—/T(t)ae <t <

flall<1 lall<1 W

flall<1 @ flal|<1 W

17 17
< sup L / IT(t)allde < sup ~ / IT(0)llllalldt < 1.
0 0

The proof is complete. O
Given an element a € B, we consider the operator A € End B of the form
Ar =ax, z€B.

We associate with this operator a w-periodic operator-valued function ® 4 : R — End B defined
by the formula
GA(t) =T)AT(—t), teR.
We associate with function ® 4 its Fourier series
Da(t) ~ Y AT, tER,
nez
where the Fourier coefficients are defined by the formulae

-2mn

A, =L / TOAT(—t)e= it n e Z. (6)

We call a series ) ., A, Fourier series of operator A, and the operators A, are called
Fourier coefficients of this operator. We define a two-sided number sequence (d4(n)) by letting
da(n) = [| 4., n € Z.

Lemma 2. The Fourier coefficients A,,, n € Z, of an operator A satisfy the representations
A =anx, n €Z, x € B. At that, ||A.l| = |lan]|, n € Z.

Proof. Let us show that A,z = a,z for each x € B.
Employing formulae and @ as well as the fact that the operators T'(t), t € R, form a
homomorphism of the algebra, we obtain

]. r - 271N ]_ r -27Tn
Az =L / T(#)AT(—)ze St — / T (aT(—t)x)e— 2 dt
w w
0 0
1 r _g2mng 1 r _g2mny
=— [(T®)a)Tt)(T(-t)x)e = 'dt = — [ T(t)ae "« 'dt | x = a,z.
w w
0 0

The inequality [|A,x| < ||a,||||z|| holds true for each x € B.
Since a,, = A,e and |le| = 1, then ||A,|| = ||a.||,n € Z. The proof is complete. O
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We observe that if the Fourier series of an operator A converges absolutely, i.e.

S da(n) = 3 flaull < oo,

nez neZ

then function ® 4 is continuous in the uniform operator topology.
We suppose that for the considered operator one of the conditions in the following assumption
is fulfilled.

Assumption 2. Operator A € End B satisfies one of the following conditions:

1) > da(k)a(k) < oo, where a1 Zi — Ry is a weight satisfying the relation |kl|im lnlo;c(lk) =0;
kez 0

2) lkllim da(R)k) =0, k€ Z, v>1;
—00
3) da(k) < Constexp(—c¢lk|), k € Z, € > 0.
In particular, the assumption holds true if the Fourier series of operator A comprises finitely
many non-zero Fourier coefficients, i.e. there exists M € IN such that d4(k) =0, |k| > M + 1.

In what follows we shall make use of

Theorem 3. Suppose that an operator A € EndB is invertible and satisfies one of Con-
ditions 1)-3) of Assumption 2. Then the inverse operator B = A™' € EndB satisfies the
corresponding condition among the following ones:

1) 5 dp(ka(k) < oo

2’) |kl|im dp(k)|k|" = 0;
—00
3’) dg(k) < Constexp(—eolkl|), k € Z, for some €9 > 0.

This theorem follows from [9, Thm. 1].

3. HARMONIC ANALYSIS OF PERIODIC AT INFINITY FUNCTIONS

Throughout this section X stands for a Banach algebra with unit.

It is clear that the group of shifts S defined by formula is not periodic in the space of
periodic at infinity functions.

In what follows, by the symbol B we denote the factor-space C, (R, X)/Co(R, X) which
becomes an algebra if we define the multiplication as

¥y =1y, I,j€B. (7)

In this factor-space we construct as isometric group of operators T': R — End B acting by the
rule

—_—~—

T()F = S(t)z = S(t)z + Cy(R, X), t € R, 8)

where z is an element of class 7 € B.
Since

T(w)x

S(w)r = S(w)r + Co(R, X)
(S(w)z —z)+x+ Co(R, X) =2+ Co(R, X) =17,

representation 7T is w-periodic. Moreover, the strong continuity of presentation S implies the
same for representation 7.

In terms of group T, the belonging of a class T to algebra B means that T'(w)z = z. The
Fourier series of a function z € C, (R, X) being an element of a class T reads as x(7) ~
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Y nez 2, (7)€" where the Fourier coefficients z,, n € Z, are determined by formula (Z)}

while the mean xg is
w

1
l’o(t)_;/x(t—i-T)dT, t € R.
0
We have

Lemma 3. The Fourier coefficients of a function x € C,, (R, X) possess the property x,, €
Csl(R,X), n € 7.

Proof. Let us show first that mean zy of function = € C, (R, X) belongs to space Cy(R, X).
We take an arbitrary number o € R and let us show that (S(a)zg — z9) € Cy(R, X). From
Lemma (1] it follows immediately that the class zy comprising function xy obeys the identity
T(a)Ty = To, i.e. xg satisfies (S(a)zg — o) € Co(R, X). Since number o € R is arbitrary, the
definition of slowly varying at infinity function yields zy € Cy(R, X).

Now let us prove this property for the Fourier coefficients z,,, n € Z, of function x. Intro-

-27n

ducing the notation y(t) = z(t)e’™= ', ¢t € R, n € Z, we obtain that S(w)y —y € Co(R, X),
ie. y € Cuun(R,X). Then the mean of function y defined by the formula yo(t) = = [z(t +
0

T)e_i%Tn(t—H)dT, t € R, belongs to space Cy (R, X). Comparing the latter formula with formula
(2), we obtain that x,, € Cgq(R, X), n € Z. The proof is complete. ]

Thus, we have the factor-algebra B = C, (R, X)/Co(R, X) and the w-periodic strongly
continuous isometric group of operators (representation) 7" acting in this factor-algebra and
defined by formula .

With representation T" we associate its Fourier series

T(t)F~Y Bies™, teR, TeB.
nez

The Fourier coefficients of representation 1" read as
D~ 1 ~ _j2mny
Px=— [ Tt)ze "« 'dt, necZ.

On the elements of the considered classes we have
w w

.27 - 27N

(Pyx)(1) = é/(S(t)m)(T)e_Zwtdt = i/x(t + T)e_i%Tntdt = x,(7)e 7w T,
0 0
where x,,, n € Z, are the Fourier coefficients of function x defined by formula .

Directly from formula it follows that the Fourier coefficient of representation 71" satisfy

the identity
Ef =z, necz.

Let = be an element of class * € B. Then the latter identity means that P;/x = T,, le.
Px —x, € Cy(R,X), n € Z. Since 18; are projectors, the identity ﬁf%’ = ]3;5 = I,
n € 7, holds true. This is why PE;: =T, ie. Plr—1x, € Co(R,X), n € Z. Tt follows
that P?x — P,z € Co(R, X), n € Z, i.e. Im(P? — P,) C Cy(R, X).

If the Fourier series of class © € B converges absolutely, i.e. the condition

DIzl < oo

nez
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holds true, then from the properties of the norm in the factor-space it follows that in this case
there exist elements ¥, in classes 7, satisfying

D lallss < co.

nez

We note that function o € C, (R, X) is invertible w.r.t. Cy(R, X) if and only if the class
Z € B, comprising it, is invertible. This statement is implied by Definition 4.

4. PROOF OF THEOREM 2

In order to obtain the main results, as algebra B, we consider the factor-algebra
Cuoo(R, X)/Co(R, X), and as the representation 7' : R — End B, we consider the w-periodic
group of isometric operators T : R — End B defined by formula .

Let us show that group 7" possesses properties .

By employing formulae and , we obtain that

T(#)(F) =T()@) = S{t)(wy) = SESE)y + Co(R, X)
=(T(t)x)T(t)y, re€xz,ycy, teR,

i.e. property indeed holds for group T
Consider the operator A € End B

Ar =azx, a€bB. (9)
With this operator we associate the w-periodic operator-valued function &4 : R — EndB
defined by the formula
Ou(t) =T()AT(—t), t €R.
Theorem 3 holds true for the considered operator.

Proof of Theorem 2. Consider the Banach algebra B = C, (R, X)/Cy(R,X) and the w-
periodic isometric group of operators T acting in this algebra and defined by formula .
Given the invertible function a € C,, (R, X) introduced in the hypothesis of the theorem,
we construct the class a € B which is invertible as well. Denoting the inverse class by the
symbol b, we obtain that ab = 1.
We introduce the operator A € End B by formula @D This is the operator of multiplication
by element a € B and it is invertible. Then its inverse acts as

B =bz, beB.
Theorem 3 also holds for operator A, and hence, there exists an element b of class b such

that ab — 1 € Cy(R, X) and it satisfies the appropriate condition in Theorem 2. The proof is
complete. [

Corollary 1. If a function a € C, (R, X) is invertible w.r.t. subspace Co(R, X) and it has
the absolutely convergent Fourier series, then the Fourier series of the inverse w.r.t. Co(R, X)
function converges absolutely as well.

Corollary 2. If a function a € C, (R, X) is invertible w.r.t. subspace Co(R, X) and its
Fourier series converges absolutely, then there exists a function b € C, (R, X) with an abso-
lutely convergent Fourier series such that ab — 1 € Cy(R, X).

In conclusion we should mention that in recent paper [10] almost periodic at infinity functions
were introduced. And there naturally appear the questions similar to ones studied in the present

paper.
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