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A CLOSEDNESS OF SET OF DIRICHLET SERIES SUMS

A.S. KRIVOSHEYEYV, O.A. KRIVOSHEYEVA

Abstract. In the work we consider Dirichlet series. We study the problem of closedness for
the set of the sums for such series in the space of functions holomorphic in a convex domain
of a complex plane with a topology of uniform convergence on compact subsets. We obtain
necessary and sufficient conditions under those each function in the closure of a linear span
of exponents with positive indices is represented by a Dirichlet series. These conditions can
be formulated only in terms of geometric characteristics of an index sequence and of the
convex domain.
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1. INTRODUCTION

Let A = {\;}72, be an unbounded strictly increasing sequence of positive numbers. In the
work we consider the Dirichlet series

Z di, exp(Ag2). (1)
k=1

It is known (see, for instance, [1, Ch. 1, Sect. 1, Subsect. 4]) that under certain natural
condition for the exponents Ay, series (1) converges absolutely and uniformly on the compact
sets in the half-plane {z € C: Rez < 7} to an analytic function and diverges in the half-plane
{z € C: Rez > v}. The number 7 called convergence abscissa is calculated by a formula being
an analogue for Cauchy-Hadamard formula for power series (see, for instance, [1, Ch. I, Sect.
1, Subsect. 4, Th. 2.1.2]). We also note the expansion of a function into the Dirichlet series is
always unique (see, for instance, [1, Ch. I, Sect. 1, Subsect. 3]).

Let D be a convex domain in C and H (D) stand for the space of analytic in D function with
the topology of uniform convergence on compact subsets in . The aim of this work is to find
out the conditions under those the set of the sums of series (1), whose convergence half-planes
contain domain D, is a closed subset in space H (D).

This set contains a linear span of the system & = {exp(A\z2)}32; and it is a part of the
subspace W (A, D), which a closure of linear span € in H(D). Subspace W (A, D) is closed
and invariant w.r.t. the differentiation operator. System & is the set of eigenfunctions for
this operator in W(A, D) and sequence A is its spectrum. The definition of space W (A, D)
implies immediately that it admits the spectral synthesis, i.e., each of its functions is a limit
of linear combinations of the eigenfunctions. It is easy to see that the closedness of sums
of series (1) in H(D) is equivalent to the fact that each function in W(A, D) is represented
by series (1) which converges uniformly on compact subsets of domain D. If W(A, D) is
nontrivial (i.e., system & is incomplete in H (D)) and the latter holds true, then one says
that the fundamental principle holds true in subspace W (A, D). The dual problem to that of
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fundamental principle in a nontrivial closed invariant subspace of H(D) admitting the spectral
synthesis is the interpolation problem in the space of entire functions of exponential kind whose
adjoint diagrams lie in domain D. The studies of both the problems made first independently
have a rich history. The survey of main results obtained within these studies was presented in
works [2] and [3]. A criterion of the fundamental principle (and for the interpolation as well) in
arbitrary nontrivial closed invariant subspaces admitting spectral synthesis was obtain in works
[3] and [4]. However, this criterion is formulated in terms of existence of certain special family
of entire function vanishing at the points A\, £k > 1, and obeying appropriate lower estimates.
In the general case, especially for unbounded domains D, there is still an open question on the
conditions for sequence A and domain D guaranteeing the existence of such family.

In the present work we obtain the complete solution for the problem on closedness of sums
of series (1) for an aribtrary convex domain D and, in particular, for the fundamental principle
problems in the case of positive spectrum. In contrast to work [3], we employ simple geometric
characteristics of sequence A.

In the second section we collect auxiliary results. In particular, we construct the aforemen-
tioned sequences of entire functions (Lemmata 7, 9) as well as an entire function in W (A, C)
which can not be represented by series (1) in any open subset (Lemma 3).

The main results of the work are given in the third section (Theorems 1-4). In particular, we
prove that the set of the sums of the Dirichlet series converging in a given half-plane is closed
if and only if Sy > —oo. Quantity Sy was introduced in work [3] (its definition is given in the
second section). It is similar to the classical Bernstein condensation index (see, for instance,
[1, Ch. T, Sect. 6, Subsect. 2]) but in contrast to the latter, it is effective for each complex
sequence.

2. PRELIMINARY RESULTS

We shall make use of some results from the theory of entire functions of exponential type,
i.e., of the functions f satisfying the estimate: In|f(z)] < A+ B|z|, z € C, where A, B > 0
depend on f. As the upper and lower indicators of f (subharmonic function In|f|), we call
respectively the functions

—In|f(tA R 1 In|f(tz
h¢(A) = lim M, hy(N\) = (lslirél}i_rzloﬂ—(p Mdazdy, A e C,
B(\S)
where z = x + iy. By these definitions and Hartogs theorem on the upper limit of a family of
subharmonic functions, it is easy to obtain the inequality Qf()\) < hy(X), A € C. We say (cf.
[5, Ch. 1) that f has (completely) regular growth if
by = tim BN e
t—o00,t¢E t

where E is a set of zero relative measure on the ray (0, +00), i.e., the Lebesgue measure of its
intersection with the interval (0,r) is infinitesimal w.r.t. r as r — 4o00. There is a series of
other equivalent definitions of regular growth. Let us provide one of them. A function f (cf.
[6, Ch. 4, Def. 4.1]) is called function of regular growth if hy(A) = hs(A), A € C.

The upper indicator hy is a convex function positive homogeneous of order one which coin-
cides with the support function of a convex compact set K (more precisely, complex conjugate
with K compact set) called adjoint diagram of f (see, for instance, [7, Ch. I, Sect. 5, Th. 5.4
(Polya)]),

hy(A) = Hx(X) =supRe (Az), A € C.
zeK

Let A = { M}, be a sequence of complex numbers with the unique limiting point co. By
the symbol n(p1, @2, 7, A) we denote the number of points \; lying in the sector {\ = te? : p €
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(p1,92),t € (0,r)}. We say (see [5, Ch. I, Sect. 1]) that A has an angular density (as of order
one) if for each ¢, o except possible countable set there exists the limit

. n ) 7T7A
T(p1, 2, A) = lim —(<p1 r2 )

r—00 r

Set A is called well-distributed if it has an angular density and there exists

. 1
m )5

‘)\k|<7'

According to Theorem 4 in Chapter Il in book [5], a function f has a regular growth if and only
if its zero set (counting multiplicities) is well-distributed. At that, if K is the adjoint diagram
for f, then except possible a countable number of values @1, s, the identity

(01, 2, K) (2)

holds true [5, Ch. I, Sect. 1, Formula (2.07)], where s(¢1, p2, K) is the length of the arc on
boundary 0K between the support points z(p;) € 0K and z(y¢y) € OK of respectively support
lines I(p1) = {2z : Re(2e™) = Hy(e*)} and I(p2) = {z : Re(ze"?) = Hp(e'¥?)}. Except
possible countable set of values ¢ (associated with straight parts of the boundary), support line
() has the only support point z(¢). Among two arcs connecting points z(y1) and z(¢s), we
choose one so that each its point is the support one of some straight line I(¢) (depending on
it) with value of ¢ in the segment [py, ¢so]. In the case K is the segment of length 7 (and only
in this case), the length of the arc s(¢1, 2, K), where 1 and ¢y are not equal to two opposite
numbers ¢y and —pg, can take just one of three possible values: 0 if the interval (g1, o)
contains none of these numbers, 7 if it contains just one of them, and 27 if —pg, @0 € (1, Y2).

Let D be a convex domain in C and H*(D) be the strongly adjoint space for H(D). The
Laplace transform f(\) = v(exp(Az)) makes an isomorphism (see, for instance, [8, Ch. I,
Sect. 12, Th. 12.3]) between H*(D) and space Pp consisting of entire functions of exponential
type whose adjoint diagrams lie in domain D. By Hahn-Banach theorem, the incompleteness
of the system € = {exp(A,2)}52, in H(D) (i.e., non-triviality of W (A, D)) is equivalent to the
existence of a non-zero linear continuous functional v € H*(D) vanishing at the elements of
the system. Thus, the incompleteness of £ is equivalent to the existence of the function f € Pp
vanishing at the points Az, k =1,2,...

Let A = {\¢}32, be an unbounded strictly increasing sequence of positive numbers n(r, A)
and denotes the numbers of its terms lying in the semi-interval (0,r]. We sat that A has density
7(A) (is measurable) if there exists a limit

1
T(()O17 ()027 A) = 2

-—S
™

(A) = lim U0

T—00 r

As maximal density of sequence A, we call the quantity

(A) = ﬁmn(r, A) — né((l —§)r, A)
—0 r—00 r

We note that in accordance with Lemma in Section E3 of Chapter VI in book [9], the upper
limit as § — 0 in the definition of 79(A) can be replaced by the limit since it always exists. We
let
A S— A
r(A) = lim O 2y = A,
T—00 r r—00 r
Quantities 7(A) and 7(A) are called respectively lower and upper density for sequence A. The

latter is measurable if and only if 7(A) = 7(A). It is easy to see that inequalities

7(A) < 7T(A) < 7o(A) (3)
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hold true. The former follows immediately from the definitions. For the case 7(A) < 400, the
latter is implied by the relations

h_)—mn(r, A) — né(ﬁl —o)r,A) > E—mn(T;A) B E}—mn((l —5;5)7“, A) _
_T(A) —n((L=38)r,A)  T(A) T(A)
=5 ~U=lm=g—s— =5 ~ (=== =7(4), 4>0.

If 7(A) = +o00, then one can easily select a subsequence A’ in sequence A with an arbitrarily
large finite upper density. Then by the proven we obtain: 7(A") < m9(A’) < 79(A). Therefore,
To(A) = 400, i.e., inequality (3) is valid in this case as well. Similar arguments show that
in the case when the sequence has density 7(A), the identity 79(A) = 7(A) holds true. In
the general case, the second inequality in (3) can be strict. Indeed, consider the following
example. Let A = UX_ A, where A, = {A\p,k(m) < k < k(m + 1)}, Aggmy4; = 10™ + 4,
0<j<kim+1)—k(m),m=1,2,...,and k(1) =1, k(m+1) — k(m) = 10! as m > 1. By
direct calculations one can easily get the relations 7(A) < 1/9, 75(A) = 1.
Let A = { A}, be a complex sequence. Following work [3], we let

a0 = 1 <Z36_\Ail|€)

Here B(w, ) is an open circle centered at w with radius 7. The absolute value of the function
qf\(z, J) can be interpreted as a measure of accumulation of the points A\, € B(\;, d|\;]), k # J,
at z. In the case of absence of such points, we assume that qf\(z,é) = 1. We note that
the absolute value of each of multipliers in the definition of ¢}, in the circle B()\;,8|\,|) is
estimated from above by the quantity 2(3(1 —6))~! (for 6 € (0,1)), i.e., as § € (0,1/3), it
does not exceeds one. Moreover, if §; < d, the number of multipliers in the definition of
qf\(z, 1) does not exceeds the number of multipliers in the definition of qf\(z, d2) and each of
the multipliers for qf\(z, d1) is not less in absolute value than the corresponding multiplier for
qi(2,05). Thus, if 0 < & < 0y < 1/3, then |g4(2,61)] > |gh(z,02)], z € B(\;,82|\,]). We let
Sx = 0 if A consists of a finite number of elements and

k
Sx = lim lim In jgx (A, 9)|
60T 500 [ Ak ]
otherwise. This definition is well-defined, since according to the latter inequality, the limit w.r.t.
0 always exists. By the said above, Sy < 0. We note that the coefficient 3 in the definition
of ¢} is chosen just for convenience (cf. [3, Rem. 1 to Th. 5.1]). It ensures the non-positivity
for quantity Sy. It is close by the meaning with the classical Bernstein condensation index,
but it is effective for each complex sequence, not only for a measurable positive sequence and
a complex sequence of zero density. Together with Sy, we introduce one more quantity

Sy = lim lim ————*—
A 0—0 k—o0 5‘ )\k|
As for Sy, the inequality Sy < 0 is valid. If Sy is finite, then, obviously, Sy = 0. As an example

we consider the sequence of positive numbers A = {A\;}72; such that \gyy — Ay > h > 0,
k =1,2,... Taking into consideration the inequality n! > (n/3)", we have

|k (A, 0)] > I1 Am = A | o (m(k, 8)1hm 902 (m(k, §)h)2m (kD)
e  AmEBOw SNk 30Am |~ (36(1+ 6)Ag)2mk0) = (96(1 + &) Ay )2 (k0

>

where m(k,0) is the maximal integer satisfying inequality m(k, d)h < . Therefore,
~ 2 1 1 21
> lim lim m(k,d) In(m(k,0)h/95(1 4+ ) \g) > _ n9.
50 k—oo Ok h
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Lemma 1. Let A = {\}32, be an unbounded strictly increasing sequence of positive num-
bers. Suppose that Sy > —oo. Then the maximal density To(A) is finite.
Proof. Let § € (0,1). Employing the definition of qi, we obtain

' A — A\ ON;
In|gy(Aj,0)] = In H <]35>\kk> <l H (35);) S

AeEB(N,00;), k] AREB(Nj,00;), k]

VRN
<hn | ———— = —(m(j,0) — 1) In(3(1 — 9)),
(5555 (m(7.8) ~ 1) (31 - )
where m(j, 0) is the number of points Ay, in the circle B(\;, d);), i.e., m(j,9) = n((1+6)A;, A)—
—n((1 —d)A;, A) if the point (1 + &)\, does not belong to A, and the number m(j, §) is less by
one otherwise. Therefore, we have
—In(3(1 = 9))m(j, %)

T 1 7/ (V) |

Sx = lim lim A DL gy _

A ke O 50750 o\
——m(j,0)

(- s E0D) gt DAL A) (=)l A)

0—0 Jj—00 5)‘3 0—0 j—oo 5)\j

Let us show that the double upper limit in the latter identity is estimated from below by the
quantity 7o(A). If 70(A) =0, it is obvious. For each 6 € (0,1), by r,(d), k = 1,2,... we denote
the sequence implementing the upper limit as » — oo in the definition of the maximal density.
Let 79(A) > 0. Then we can assume that each semi-interval ((1 — §)rk(d),7(d)] contains
some nonzero number of sequence A. We choose arbitrarily one of them and by j(k,d) we
indicate its index. Since ;) < 7%(0) < Njr,s)/(1 —0), it is easy to observe that the inclusion

(1 =0)rk(0), me(8)] C (1 = ) Ajs), (1 + S)Aj(m)] holds true, where 6 = §/(1 — §). Thus,

ro(d) = T T A == A) e ne(0) A) = n((L = 9)n@). )
6—0 r—00 or 60 k—yo00 61(0)
< mém”«l + 5))\]»,A)~— n((1 —=0)A;, A) _
6—00 j—o0 5>\]
(L 9ALA) — (1= 9N A)
§—0 70 5)\]

Hence, in view of the above arguments, we obtain Sy < —In 310(A). It implies the required
statement. The proof is complete. O

Lemma 2. Let A = {\}32, be an unbounded strictly increasing sequence of positive num-
bers. If Sy > —oo, then T(A) < 400

Proof. Suppose T(A) = +o0. Then for each A > 0 there exists a subsequence A(A) of sequence
A such that the upper density 7(A(A)) is finite and greater than A. We fix § € (0,1) and
A > 0. We have

F(A(A)) = En(’r, 1:(A)) < En(r,A(A)) — ni(l —0)r, A(A)) N @n((l — 527’, A(A)) _
_ En(r,A(A)) — ni(l —9)r,A(A)) L (1= S)R(A(A)).
It follows that for each A > 0,
5A < STA(A)) < Hn(T,A(A)) —n((1=9)r A(A)) < Hn(r, A)—n((1—=0)r, A)'

r—00 r r—00 r
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Hence,

mn(r, A)—n((1—9)r,A) ~ oo, GE(01).

r—00 r

Let 6 € (0,1/2). We choose a sequence r; — 400 such that

ol A) (=0 N
Jj—oo ]
We can assume that for each j > 1, the semi-interval ((1 — &)r;,r;] contains
some points of sequence A.  Let Az, be one of such points.  Then the inclusion
(L =08)rj,r;] € (1 —=28)Ag;, (14 26)Ax;) holds true. This is why
02
lim m(k;, 20) = 400,
Jj—00 )\k

J

where m(k;,26) is defined in Lemma 1. As in this lemma, we obtain
In |¢¥ (Ar, 26)] < —(m(k;, 26) — 1) In(3(1 — 25)).
Therefore, we have

k;.
In g3 (A, 9)] In gy’ (A, 20)] _

Sy = lim lim < lim lim <
60T 500 k 507 500 k;
—(m(k;,20) — 1 ——(m(k;,20) — 1
<limIn(3(1 — 20)) lim — P20 =D g e k20 =1
50 prey )\kj 60 j—00 )\kj
It contradicts the assumption. Thus, 7(A) < +o00. The proof is complete. O

By S(z,7) we denote the circumference centered at z of radius r > 0. The proof of the next
two statements is based on the ideas of the proof of Theorem 3.1 in work [10].

Lemma 3. Let A = {\;}32, be an unbounded strictly increasing sequence of positive numbers
such that Sy = —oo. Then there exists an entire function g € W (A, C) which does not expand
into a Dirichlet series w.r.t. the system € = {exp(A\xz)}32, on any open subset in the plane.

Proof. Suppose first that 7(A) < +oo. By assumption, Sy = —oco. Hence, there exist a sequence
of positive numbers {4, } and a subsequence {Ay)} such that 6, — 0 as p — oo and

k
g3 " M. 0,)]

li = —00. 4
po Ak(p) OO @

We can assume that
Akp+1) = 2Mkp), O <1/4, p=>1. (5)

Consider the functions

1 exp(Az)dA
gp(2) = — / ( k)(p) , p=12 ...
(A= Ak(p))QA (A, dp)

S(Ak(p) 50p Ak (p))

Let us find the upper estimate for |g,|. We have

A—A
k k
2" (A, 6,)| = I1 >
30,0
Ak €EB(Ak(p) 0p Ak (p) ) K7k (P)

40, M k(p) m(k(p),6p)
> it >1. Ne S 50\
B <35p(1+5p))‘k(p) z 1 A€ S 50k,
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where m(k(p), d,) is determined in Lemma 1. Thus, the inequalities

=5 exp(A2)dA

21 A— A k®) () 5
S(Mk(p)59pAk(p)) ( k(P))QA ( ) p)

A
< SAep)0p sup W’ < sup lexp(Az)] <
AES O 50 | A= Ak | A€S (i) 585 Anir)
< exp(Re (Agp)2) + 50 e |2]), 2z € C, (6)

hold true.
Consider the function

z) = Z Cpgp(z)a (7)

where ¢, = \/ |q/k\(p )()\k(p),épﬂ, p > 1. Let us show that this series converges uniformly on

each compact subset of the plane. Let R > 0. By (4), there exists a number p, such that
|cp| < exp(—2RNi(p)), P > po. Then in view of (6) we have

Z ey Hﬁ% lgp(2)] < A+ Z exp(—2RAp) + RAkp) + 50pRAk(p)) < +00.
p=po

This estimate holds true thanks to inequalities Ayp+1) = 2Mip), p > 1 and that §, — 0 as
P — 0.

Thus, function g(z) is entire and belongs to space W (A, C). Suppose it is represented by
series (1) on some open subset U C C containing a point zy. Then by Abel theorem for
Diriclhet series (see, for instance [1, Ch. T, Sect. 1, Subsect. 2|, series (1) converges uniformly
on compact subsets of the half-plane II = {z € C : Rez < Rezy}. On open subset [ N U
its sum is equal to g(z). This is why it converges to g(z) in the whole half-plane II. Since
upper density 7(A) is finite, there exists (see, for instance, [1, Ch. IV, Sect. 1, Subsect. 1])
the biorthogonal to £ sequence of functionals {v,} C H*(II) € H*(C), i.e., vg(exp(Ax2)) = 1,
k > 1, and v(exp(A;z)) = 0, if k # j. Since series (1) in the topology of space H(II), the
identities

are valid.
Employing the residua and the definition of function g,, we obtain
9p(2) = bi(p) exp(Arp)2) + > b exp(Ar2),

Ake((lfép))\k(p),(1+5p))\k(p)),k;ﬁk(p)
where by, = (qi(p)()\k(p),ép))_l, p > 1. By (5), the intervals ((1 — ;) A(p)s (1 + 9p) Ai(p)) are
mutually disjoint. Then, taking into consideration the convergence of series (7) in the topology
of space H(C) and identities (8), we obtain
~1
k
ki) | = (V) (9)] = legbrr] = W 7 i, 35) ) . opzlL
It follows from (4) that for each z € C

|di(p)| exp(Re (Agp)2z)) = +00, p— o0,

It contradicts to the convergence of series (1) in half-plane II. Thus, function g € W (A, C) does
not expand into the series w.r.t. system £ on any open subset of the plane.

It remains to consider the situation when 7(A) = 4o00. In this case there exists no (see, for
instance, [1, Ch. I, Sect. 1, Th. 1.1.2]) entire function of exponential type f € Pg vanishing at
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all points of \;. Therefore, system £ is complete in H(C), i.e., W(A,C) = H(C). Let Ay > 0
differ from the points A;, & > 1. Suppose the function exp(Agz) € W (A, C) is represented by
series (1) on some open subset of the complex plane. As above, this representation can be
extended on some half-plane. Then in this half-plane, the identity

0= Z dy exp(Ax2)
k=0

holds true, where dy = —1. In the beginning of the work we mentioned that the representation
by the Dirichlet series is always unique. Thus, the relations dy = 0, k = 0,1, ... hold true. We
obtain the contradiction. The proof is complete. O

Corollary. Let D be a convex domain in C, A = {\;}72, be an unbounded strictly increasing
sequence of positive numbers. Suppose the set of the sums of series (1) converging in domain
D is closed in space H(D). Then Sy > —oo and T(A) < 400.

Proof. 1If Sy = —o0o, by Lemma 3, there exists a function g € W(A,C) C W(A, D) which does
not expand into series (1) in domain D. It contradicts the assumption. Thus, Sy > —oo. Then
by Lemma 2, 7(A) < +00. The proof is complete. O

Lemma 4. Let A = {\}32, be an unbounded strictly increasing sequence of positive num-

bers. Suppose Sy = —oo. Then for each T > 0, there exists > 0 and function g € W(A,G),
where G = ({z : Rez < 70} N B(0,7)) U{z : Rez < 0} is represented by series (1) with the
convergence abscissa vy = 0.

Proof. Let
9(z) = Z pgp(2), (9)

where ¢, = exp(—=670tn(p) )

exp(Az)d\
gp<z): / p( ) I p:1727"'7

1
2mi ay(h — im0 (N, 6
S 550 p(A = timp))az (A, 90)
and the sequence A = {}1,,,}2°_, is a part of A. We shall choose numbers a, > 1 later. Now we
determine number 4, construct A, and select m(p). In order to do it, we first of all observe that
according to the assumption, Sy = —oo. This is why the exist § € (0,1/4) and a subsequence
{ Ak fpzy of sequence A obeying condition

3" ey, 0)| < =670y, P=1,2,... (10)

At that, we can assume that
Ak(pr1) = 22Xy, P=1,2,. .. (11)

We shall seek sequence A C A as the union Up Ay Fix p=1,2,.... If n((1+6) ), A) —
n((1 = 0) ey, A) — 1 < 1276 M) + 1, as A, we take the set of all points in sequence A lying
in the circle B(Ay@p), 6Ak@p)). Otherwise we put the point Ay into A, and as many points in A
lying in the circle B(Ap), 0Ak(p)) as we need the number of points {(p) of set A, to satisfy the
estimates

1270 Ak(p) < U(p) — 1 < 1276 A () + 1. (12)
We note that by (11) and the choice of number §, the circles B(Agp), 0Aipy), p = 1,2,. .., are
mutually disjoint. This is why the sets A,, p = 1,2,..., are mutually disjoint, too. We shall
assume that the elements p,, of sequence A are indexed in the ascending order. By m(p),
p=1,2,..., we denote the number for which pi,,) = Ar(py. The inequalities

(¢} (tm(p), 0)| < —670pmy, p=1,2,... (13)
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m(p)

hold true. Indeed, the function ¢; ™" comprises the multipliers constructed by the points of set

A,. If it coincides with the set of points in A lying in circle B(Ag(p), dAk(p)), then qA i) (Hm(p), 0) =

(p)()\k(p 9) and (13) are implied by (11). Otherwise, taking into consideration (12) and
1nequahty 0 < 1/4, as in Lemma 1, we get

I |¢7 7 (i), 6)] < —(Up) = DIn(3(1 = 6)) < (=(U(p) = 1))/2 < =676 }1mngp)-

Let us show now that the upper density of sequence A is finite. According to (12), the
inequalities

(14 0) ey, A) = (1 = O i), A) _

Hem(p) h Hm(p)
hold true. Let r > 0 and p(r) be the maximal among the numbers p = 1,2,. .., for which the
intervals (0, 7) and ((1—0)m(p), (140)ftm(p)) intersect. Then the inequality 7 > (1—6) tmp(r)) is

valid. Since all the points fi,, lie in the union U2, ((1 —8) tm(p)s (14 0)tm(p)) and fln(py = Ak(p),
p=1,2,..., due to (14) and (11) we get

p=12... (14)

o ) . o
n(r,A) _ = n((L+ ity A) = (L = )iy, A) 12m%
T < Z r X Z
p=1
— (- Mmm» T (1= 620002y (1 —5)2r

It follows that quantity 7(A) is finite.
Let us find the upper estimates for the absolute values of functions g,. Since a, > 1, we have

m(p) m(p) _ L ~ )
a9 > |a7 7 (M. 9)] = 11 o
ﬂmeB(“m(p)véﬂm(p))7m7ém(p)
A0 iy,
> 11 7§Z#E'Z'L A € S(tm(p): 50hmp))-

“mEB(ﬂm(p) 75“m(p) )7m7ém(p)
Therefore, the inequalities

1 exp(Az)dA
NES (fon(p) BOim(r)) Hm(p)) 95— \Hm(p)s
< sup |exp(A\2)] < exp(Re (mp)2) + 50timp|2]), 2 € C.

)‘ES(Mm(p) 756Mm(1)))

hold true.

Let us show that series (9) converge uniformly on compact subsets of the domain D = {z :
Rez < 70} N B(0,7). Let z € D and |z| < 7 — 5. The latter estimates, the definition of
coeflicients ¢, and (11) yield

Z (Re (ttm(p)2) + 50 ptm(py|2] — 6T0 pim@py) < Zexp(—565um(p)) < 00.
p=1 p=1

The terms of series (9) are entire functions. Therefore, g(z) is function analytic in domain D.
We note that it is true for each choice of numbers a, > 1, p = 1,2,... Let us show now that
under a suitable choice of these numbers, function g(z) can be expanded in the Dirichlet series
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whose line of convergence coincides with the imaginary axis. Employing the theory of residues,
for each p = 1,2, ... we obtain

om0 (mm2) + Y bwep(pm?) |

tm €Ap,m#m(p)

9p(2) = a,

m(p) = (qgn(p) (Lm@p),0)) "' Let p =1,2,... For each number m such that yu,, € A,, we
let d,, = cpbma,™t. By (13) and the definition of ¢, the inequality

where b

ln|cpbm| S —6T<5,um(p) - 1ﬂ|q:~\n(p)(um(p),5)|

max > >0
mipm€Ap L (p) Hm(p)

holds true. This is why there exists a number a, > 1 so that

Inl|d,, | by| —1
max I ldm| = max njcybm| = Inay = 0. (15)

mitm €y Hn(p) mipm EAp Hm(p)
Consider the Dirichlet series
Z Ay €Xp (i 2). (16)
m=1

Since the upper density 7(A) is finite, it is obvious that the quantity lim,,, , Inm/u,, vanishes.
This is why (see, for instance, [1, Ch. T, Sect. 1, Th. 2.1.2], [11]) Cauchy-Hadamard formula

holds true for series (16), where v is the convergence abscissa for this series. At that, in the
half-plane {z € C : Rez < 7}, series (16) converges absolutely (see, for instance, [1, Ch. T,
Sect. 1, Cor. of Th. 2.1.1], [11]). By (15),

—In |d,,|

v = lim —— = lim max
m—oo [l P—=o0 mMipmENp Ly,

In |d,,| B

0.

Thus, the imaginary axis is the convergence line for series (16). Since it converges absolutely in
the left half-plane, the sums of series (9) and (16) coincide in the intersection {z € C : Rez <
0} N D. It means that function g € W(A, G) can be represented series (1) with convergence
abscissa v = 0. The proof is complete. O

Let A = {\: )22, A = {1, }22,. We say that A is a part of A (A C A) or A is the completion
of A if there exists a subsequence {fi,x)} coinciding with {A;}. The well-known Pélya theorem
(see, for instance, [9, Ch. VI, Sect. E3]) states that each sequence with a finite maximal density
is a part of some measurable sequence with the same density. Since this result is important
for further studies and understanding the whole picture, we provide its proof. The method
employed for constructing the completion, in our opinion, is simpler than that in book [9].

Lemma 5 (Pélya theorem). Suppose the mazimal density of a sequence A = {A\;}72, is
finite. Then there exists its measurable completion A such that T(A) = 10(A).

Proof. We shall seek sequence A as the union U%_, A,,, where A, = {fin, n(m) < n < n(m+1)},
m =1,2,... and n(1) = 1. We construct sets A, by induction. Let o = 1/79(A) and m = 1.
If the semi-interval (0, ] contains the points in A, we let g, = Ay, 1 < n < n(2), where n(2)
is the minimal of numbers k satisfying the inequality Ay > «. Otherwise we let u; = « and
n(2) = 2. Suppose we have constructed sets A,, for m < p. Let us define A,,. By s, we indicate
the number of points in sequence A lying in the semi-interval (a(p — 1), ap] (it can happen that
s, = 0). If the total amount of points in the sets Ay, ..., A,_; does not exceed p—1 and s, = 0,
we let n(p+ 1) = n(p) + 1 and A, = {ftnp)}, Where i, = ap. Otherwise, as A, we take the
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set consisting of all points A lying in (a(p—1),ap| (if s, = 0, set A, is empty). At that, we let
n(p+1) = n(p) + 5.

Let us show that A is the desired sequence. Let Ay be an arbitrary point in A and a number
m is so that the semi-interval (a(m — 1), am] contains A;. Then s,, # 0 and by construction,
set A, together with sequence A comprise \,. Therefore, A C A. Employing induction, let us
prove the inequalities

n(am,A) >m, m=12,... (17)

By construction, each such semi-interval (o(m — 1), am] intersects with A by the set A,,.
This is why n(am, /~\) coincides with the total number of points in the sets Aq,..., A,,. Let
m = 1. Then n(a,A) = 1if s; = 0, and n(a,A) = s; > 1 otherwise. Suppose (17) is
proven for all m < p. If n( (p—1),A) > p — 1, then n(ap, A) >n(a(p—1),A) >p. Let
n(ap —1),A) < p— 1. Then due to (17) we obtaln n(a(p — 1), A) = p — 1. In this case, by
construction, n(ap, A) = n(a(p—1), A)+1 = p, if s, = 0, and n(ap, A) = n(a(p—1), A)+s, > p
otherwise. Hence, inequality (17) is valid for all m. Takmg it into account, we obtain

r(A) = tim M0 5 gy MOPOLA) g mlep ) S Ly (18)

r=es r pooap(r) +B(r) pos ap e

where 3(r) € (0,a] as 7 > 1. It remains to prove inequality 7(A) < 10(A). Suppose 7(A) >
7o(A) + 3¢ for some £ > 0. Then due to (2), 7o(A) > 75(A) + 3¢. It was observed above that in
the definition of the maximal density one can take the limit instead of the upper limit w.r.t. 4.
This is why there exists g > 0 such that
—n(r,A) —n((1 - &)r,A
i D) =l =0 A) oy o s e (0,60). (19)

r—00 57‘

Lessening &y > 0 if necessary, we can assume that the inequality
- A)—n((1—=90)r, A
—n(r,A) (1 = §)r, A)

r—00 57‘

<7(A)+e,  6€(0,6) (20)

holds true as well. We fix ¢ € (0, dp). If for some r > 0, the semi-interval ((1 — d)r, 7] contains
no points A different to A, then n(r, A) — n((1 — §)r, A) = n(r, A) — n((1 — §)r, A). We note
that by construction, all the points A not belonging A read as [n(p) = app, Where p ranges in a
some subsequence P of natural numbers. Thus, in view of (19) and (20), for each sufficiently
large r > 0, there exists a maximal number p(r) € P such that ap(r) € ((1—0)r,r]. Due to the
maximal property p(r), each non-empty semi-interval (ap(r), r] contains no points A different
to points A. This is why

n(r, A) = n(ap(r), A) = n(r, A) = n(ap(r), A).
While proving inequality (18), we have shown that n(ap(r), A) = p(r). Therefore,

—=n(r,A) —n((1 5)A)gﬁaﬂﬁpM—4WwﬁmA>+ﬂamﬁﬂ—n«l—®wﬁ)

r—00 or j—oo 5Tj ree 5Tj

I

where r; — oo implements the left upper limit in this inequality. Since ap(r) € ((1 — )r, 7],
passing to a subsequence, we can assume that ap(r;)/r; converges to some ay € [1—46,1]. Then
in view of (20) we obtain

1—71(7“]7 A) — n<05p<rj)7 A) n<rjv A) — ’n((OJ"}/ — 5>Tj7 A)

im < lim =
Jj—o0 5T'j j—roo (57’]'

— (1 — oyt H T ) =@ =9y, A) (1 -0y +9)
Jroe (1 — ay +0)dr; 5

(TO(A) + 5)7
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where § > 0 is such that 6 + 6 € (0,8,). Let m; be a maximal natural number such that
am; < (1 —0)r;. By (17) we have

T P(ri) — (1 = 0)ry, A) < T P(ry) —nlam, A) v (1-0)
J—oo 5Tj Jj—o0 5Tj ) da
Thus, we obtain
~—n(r,A) —n((1=8)r,A) _ (1—ay+9) v (1=9)
1 < A - — =
Jim, 5 5 ey
d(7o(A 1- d(o(A
R R R TR I,
Since & can be regarded as ~inﬁnitesimal, the latter inequality contradicts (19). Thus, our
assumption is wrong, i.e., T(A) < 79(A). Together with (18) it completes the proof. O

Remark. The proof of the lemma remains true if instead of strictly increasing sequence A,
one takes a non-decaying multiple sequence.

Lemma 6. Let A = {\¢}32, be an unbounded strictly increasing sequence of positive numbers
with a finite mazimal density To(A). Then there exists an entire function f of exponential type
and reqular growth vanishing at the points A\, k > 1, whose adjoint diagram is the segment of
imaginary azis [—inTo(N\), imTo(A)]. At that, for all X not lying on the real axis, the identity

1 tA
lim In] /)| = m1o(AN)[ImA|
t——4o00 t
holds true and the convergence is uniform the angle « < p < m —«a, a € (0,7) for all A =

exp(ip).
Proof. By Lemma 5, there exists the completion A = {11, }°°, of sequence A such that 7(A) =

To(A). Consider the function
f()‘):H<1——2)
n=1 M"

It vanishes at the points Az, k& > 1. Since A is measurable, it is easy to check that the zero
set f(A) is well-distributed. This is why f has a regular growth. By Theorem 5.9 in book [7,
Ch. I, Sect. 5|, the required identity holds true that implies immediately that the segment
[—imTo(A), im1o(A)] is the adjoint diagram of function f. The proof is complete. O

Let R C C and 6 > 0. By R’ we denote the union of the circles B(z, §|z|), where z ranges in
set R.

Lemma 7. Let D be a convex domain in C, A = {\;}32, be an unbounded strictly increasing
sequence of positive numbers with a finite maximal density 7o(A). Suppose space W (A, D) is
nontrivial, Hp(1) < 400, and the intersection of the support line {z € C : Rez = Hp(1)}
with the boundary of domain D containing the segment of length 2mw1o(AN). Then for each
compact set L C D and each & > 0, there exists function f € Pp wanishing at the points
Mo, k > 1, and such that for some T(5) > 0, the ray (T(5),+o0) lies on the set R°, where

R=A{z:In|f(2)| > Hp(2)}.

Proof. By assumption, subspace W (A, D) is nontrivial. This is why, as it was mentioned above,
there exists an entire function f; € Pp vanishing at the points A\, £ > 1. Let K; be the adjoint
diagram of function f;. Since K is a compact set in domain D, the inequality

Hi, (z) < Hp(z), =z#0 (21)
holds true.
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According to Lemma 6, there exists a function f» of exponential type vanishing at the points
Ak, k> 1 whose adjoint diagram is K = [—77o(A), 779(A)]. Moreover, for all z not lying on
the real axis, we have

lim

t—-+o0
and the convergence is uniform in the angle a < ¢ <7 —a, a € (0, 7) for all z = exp(ip). The
hypothesis implies that for some wy € C, the segment Ky = K + wy lies on the boundary of
domain D. Therefore, the inequality

HKQ(Z) < HD<Z), z € C, (23)

holds true. Compact set K is the adjoint diagram of fo(z) = fo(2) exp(wpz), which by Lemma 6
is an entire function of exponential type and regular growth. Moreover, it vanishes at the points
M, k > 1. Consider the function

e =11 (1-3)ew (L)

k=1

W = m1o(A)[Imz|, (22)

It is entire, has the first order of growth and possibly infinite type (see, for instance, [1, Ch. I,
Sect. 1, Thms. 1.1.3 and 1.1.5). Since f; and f5 are divisible by f, the functions In | f1| —1In | fA|
and In |fs| — In|fs| are subharmonic in the plane and has the first order of growth (see [5, Ch.
I, Sect. 9, Cor. of Thm. 12]). Then by Theorem 5 in work [12], for each 7 € (0, 1), there exist
an entire function ¢.(z), constant C' > 0, and an exceptional set 2 C C such that

| njer(2)] = ¢-(2)| < Clnfz],  2€C\E, (24)

where ¥, (z) = 7(In|f1(2)] — In|fa(2)]) + (1 — 7)(In|f2(2)| — In|fa(2)|). At that, E can be
covered by the circles B; = B(z;,7;), ¢ > 1, such that ¥v; < co. Let fr(2) = ¢, (2)fa(2),
7 € (0,1). Then f; is an entire function.

We fix a compact set L. C D and a number § > 0 and let us show that as the required
function f we can take f, for some 7 € (0,1). First of all, we observe that f, vanish at points
Ak, k > 1. Then, since K; and K, are adjoint diagrams of functions f; and fs, respectively,
then in view of the aforementioned Pdlya theorem for the indicators in (21), (23), (24) and
“smallness” of exceptional set E, it is easy to obtain the estimate (see, for instance, [3, Th.
4.3])

hy(z2) < Hp(z), z#0, 7€(0,1).
It means that the adjoint diagram of f, lies in domain D, i.e., f. € Pp for each 7 € (0,1). It
remains to choose 7 € (0,1) so that for some T(§) > 0, the ray (T'(5), +00) lies in set R?, if in
the definition of R one takes f, as f.

By the theorem on the lower estimate for an entire function of finite order and type on the
circles (see, for instance, [1, Ch. I, Sect. 1, Thm. 1.1.9]), there exists a number a > 0 and an
unbounded increasing sequence of positive numbers {r,}>2; such that

o1 < (140/2)r,, In|fi(2)] > —alz|, |z|=rp, p>1. (25)

Since the segment Ky = K + wy lies on the boundary of domain D, and segment K contains
the origin, point wy lies in the intersection of the boundary of domain D and the support line
{z € C: Rez = Hp(1)}. Therefore, due to the fact that L is a compact set in D, there exist

e>0and é € (0,6/2) so that the inequality
Re (woz) > Hp(z) +4elz|, 2 € B(1,9), (26)
holds true. Finally, we choose 7 € (0,1) so that
—7Re (woz) > —¢lz|, —71a > —¢. (27)

Since the sum of radii of exceptional circles B;, ¢ > 1 is finite, there exists an index py such
that for all p > py, there exists a point z, ¢ E in the arc of the circumference |z| = r, lying
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in the upper half plane and the ring B(rp,0r,) \ B(r,,0r,/2). At that, one can assume that

the inequalities C'ln|z,| < €|z,|, p > po hold true, and by (22), the inequality In|fy(z,)| >
m1o(A)|Imz,| — €|zp|, p > po hold true as well. Then due to (24)-(27), we obtain

In|fr(zp)| = TIn|fi(zp)]| + (1 = 7)in| fa(z,)| — €lzp| = —Talz|+
+(1 = 7)(In | fa(2)] + Re (wozp)) — elzp] = =3elzp| + (1 — 7) In| fa(z,)| + Re (woz,) >
> Hy(zp) +4elzp| — 3elzp| — (1 — 7)elzp| > Hi(zp), p > po. (28)

We let T'(6) = rp, and z € (T'(5), +00). We choose an index p > py such that r, < z < 7pq1.
Then by (25) and the choice of §, we have

|20 — 2| <z = 1|+ rp — 2| < 01y +1p1 — 1y < 01y = 0]z,).
Thus, in accordance with (28), we get z € B(z,,d|z,|) C R°. The proof is complete. O
We let

Z—)\k
k> 1.
30, -

qa(z, M, 0) = ¢ (2, 6)
As for functions qf\(z, 9), we have the inequality
g (2, Ak, 01)] = laa(2, Az, 02)[, 2 € B(Aj,022), (29)
if 0 <y <0y < 1/3 and B(Ag, 61A,) C B(Aj, 02;).
Lemma 8. Let A = {\¢}32, be an unbounded strictly increasing sequence of positive numbers

such that Sy = 0. Then for e > 0 there exists 6 € (0,1/3) such that for each 7,0 € (0,1] and
some index ko = ko(g,0,7,0), the inequalities

Infga(z A, 0) = —elzl, 2 € BOw s\ | B Op(0), k= ko, (30)
Aj€B(Ak,0Nk)
hold true, where p;(y) = min{v/2, (A\; — X\;—1)/2, (Aju1 — A;)/2}, 7> 1 and Ao = 0.
Proof. Fix ¢ > 0. By the hypothesis, Sy = 0. Thus, by the definition of S, there exist
9 € (0,1/9) and an index k; such that
. £ .
InJgh .39/ > =5, G2k (31)
As in Lemma 1, we obtain
In |y (Mg, 30)] < —=(m(4,36) — 1) In(3(1 — 3)),

where m(j, 30) is the number of points A;, lying in the circle B(A;,30;). Thus, increasing index
k1, if necessary, due to (31) and the choice of number § we have

m(j, 38) < 6?2 +1< % i> k. (32)
Let 7,0 € (0,1] and z € S(A;,0p;(7)). Then by the definition of numbers p;(v), for each
[ # j, the inequality |z — \;| > |\; — A;|/2 holds true. Together with (31), (32) it implies
In gy (2,30)] > In|g}(A;, 30)] = m(j,30) In2 > —eX;/2, = € S(N;,0p;(7)), j > kv (33)
If p;(y) = /2, there exists an index ky > ki such that
LA s 1y,
95A; | TN 120

> —8/4, A S()\],Hp](’Y))a J = k.

N

Consider now the case p;(v) = (Aj+1 —A;)/2. Since p;(y) < 1/2, for some k3 > ky and all the
indices j > k3 corresponding to this case, the circle B()\jﬂ, 36A;4+1) contains point A;. This is
why one of the terms in the sum determining quantity In |gi" (2, 36)| is In |(z — X;)/90),]. As it
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was mentioned above, all these terms are non-positive in the circle B(\;41,30);41). Therefore,
inequality

— )\ )
In zg(s)\.J Z ln|q5\+1(z, 35)|, Z € B()\j+1735)\j+1)7 ] Z k?g,
j
holds true. Hence, by (31),
Aig1 — A EN;
A A e 2 N Y
ST VIR
It follows that for some ky > ks
In Gl :lnepj(v) :ln€+ln7>\j+l_>\j >ln€ _ A =
90 99N 2 BNy — 2 6
0 (N +2p; 0 ex; 1 EN; ,
—mf e 6,0](7)) 2lng - ?] —52 —Tja 2 € 8N, 0p;(7)), J = ka.

The case p;(y) = (Aj — Aj_1)/2 can be considered in the same way. Thus, we can suppose that
in all cases
zZ—=A ENj
> Aj, 0p; | > ky.
95)\j - 4 ) ZGS( YR pj(V))) J Z Ra
Together with (33) and the definition of function ga(z, A;, 36) it yields
In |QA(Z7 )\j7 35)| > _38)\j/47 z € S<)\j7 9p]</7))7 ]z ky. (34)

Since 0 < 1/3, for each point \; € B(Ag, 0| Ax|), the circle B(A;,36|);]) contains the circle
B(Xg, 0| Ak]). We choose an index ky > ky such that j > kg, if \; € B(Ag, 0| \|) and k& > k.
We can suppose that S();,0p;(v)) C B(A;,36|\;]) as 5 > k4. Then in accordance with (29)
and (34) we have

Infga(z, Ak, 6)| > =3eX;/4, z2€ S(N;,00;(7)), Aj€ B(Ai, 8| Ak|), k> k.
Therefore, for each k > ko and j such that \; € B(\g, 0| \x|) the inequality
In|ga(z, A, 0)| > —=3e(1 + 9)Ap/4 > —BeXp /6, 2z € S(A;,0pi(7))
is valid. Moreover, as § < 1/3, the inequality
In|ga(z, A, 0)] >0,  z€ S(Ag, 50| \k]), k>1,

is valid as well. ~ Then by the maximum principle in the domain B(Ag, 55|Ax]) \
Un,eBOw.on) B(Aj, 0p;(77)), the harmonic function In |ga(z, A, 0)| satisfies the estimate

In|ga(z, Ak, 0)| > —beAr/6, k> k.

J

In

Therefore,
oe|z
Inlas(z A0 2~ = <<l € BOW I \essnong B Op0), &> o
The proof is complete. O

Lemma 9. Let A = {\¢}32, be an unbounded strictly increasing sequence of positive numbers
such that Sy = 0. Then for each € > 0, there exists its completion Az = {p,}2>, C (0, +00)
(Az is strictly increasing) and a number vy € (0,1) such that the inequalities

In | f(n)] — TEmA

hold true, where f is an entire function of exponential type,

ﬂmzﬂcfﬁ),ﬂzuB&Mwmm,&zuB&mmwwm

2
P k=1 n=1

<EN, AeC\ (B UEUB®0,T)) (35)

n=1



A CLOSEDNESS OF SET OF DIRICHLET SERIES SUMS 109

pe(70), k > 1, are defined in Lemma 8, fin(70) = Yon —Y0/2, n > 1,0 € (0,1) and T > 0
depend on 0, £.

Proof. Since Sy = 0, by Lemma 2, upper density 7(A) is finite. Let v > 0. First we construct
the completion A(7y) = {un(7)}22; of sequence A. We shall seek it as the union U_,A,,(7),
where A, (7) = {pn(7),n(m) <Kn<n(m+1)}, m = 1,2,..., and n(l) = 1. We construct
sets A,,(7y) by induction. Let m = 1. If the semi-interval (0,~] contains points in A, we let
n(7) = A, 1 < n < n(2), where n(2) is the minimal of indices k satisfying the inequality
Ar > 7. Otherwise we let pi(y) = /2 and n(2) = 2. Suppose we have already constructed
sets Ay, (y) for all m < p. Let us define A, (). We indicate s, the number of the points of
sequence A lying in the semi-interval (y(p — 1),~p] (it can happen that s, = 0). If the total
number of points in the sets Ai(7),...,A,—1(7) does not exceed p — 1 and s, = 0, we let
n(p+1) =n(p) + 1 and Ay,(v) = {pnp)(7)}, Where pi,q)(v) = vp — /2. Otherwise as A,(y),
we take the set consisting of all points A lying in (y(p—1),vp] (if s, = 0, then A,(7) is empty).
Here we let n(p + 1) = n(p) + s,.

Let Az be an arbitrary point in A, and the index m is so that the semi-interval (v(m —1), ym)]
contains A;. Then s, # 0 and by construction, set A,, () together with sequence A(y) contain
Ak. Therefore, A C A(y). Employing the induction, let prove inequalities

n(ym,A(y)) >m, m=12,... (36)

By construction, each semi-interval (y(m — 1), ym] intersects A(y) by set A,, (7). This is why
n(ym, A(7y)) coincides with the total amount of the points in sets Ai(7), ..., Ay, (7). Let m = 1.
Then n(y,A(y)) = 1, if 53 = 0, and n(y, A(y)) = s > 1 otherwise. Suppose (36) is proven
for all m < p. If n(y(p —1),A(y)) > p — 1, then n(yp, A(7)) > n(y(p — 1),A(7)) > p. Let
n(y(p—1),A(y)) < p—1. Then by induction assumption we get n(vy(p —1),A(y)) =p—1. In
this case by construction, n(yp, A(7)) =n(y(p — 1),A(y) + 1 =p, if s, = 0, and n(yp, A(y)) =
n(y(p — 1), A(y)) + s, > p otherwise. Thus, inequality (36) is valid for all m.

By construction, each of groups A,, () either comprises only some of points \g, or is empty, or
consists just of one point fi, () (7) not involved in sequence A. Let us show that as v < 1/7(A),
there exists infinitely many of the groups of latter kind. Suppose the opposite. Then for some
ro > 0, an infinite interval (rg, +00) contains no points of sequence A(y) different to \;. This
is why

—n(rAG) _ —nlrA) ~nro.A) +n(ro. A7) _ —n(r.A)

lim ——— = lim = lim
r—00 T r—00 T r—00 T

On the other hand, by (36) we have
—n(r,A
—n(r.A)

r—00 r m—00 ym

=T(A).

> Hn(vm, A(v))

1
> — >T7(A).
z 7 (A)

We obtain the contradiction. Therefore, there exist infinitely many groups of mentioned kind.
Let () be the union of all semi-intervals (ym,y(m + 1)] associated with such groups. Then
J(v) = (0,400) \ I(7) is the union of all bounded semi-intervals (ym;(v),vp;(7)], 7 > 1.

Let j > 1. According to the definition of I(y), group A, (,)(7) consists of the
only point fin(m,()(y) not involved in sequence A.  Then by construction, we have
n(3(m;(7) — 1), A(3)) < my(7) — 1 and sy ) = 0. Therefore, n(ym;(7),A(7)) < my(9). To-
gether with (36) it implies the identity

n(ym;(v), Ay)) =m;(v),  7=1. (37)
Group Ay, (y)4+1(7) is analogous to group Ay,;1)(7). Then by construction we have also the
identity n(yp;(7), A(7)) < p;j(7). By (36) it yields

n(yp;(v), A(Y) =p;(v), J=>1 (38)
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Let ¢’ > 0. According to the definition of J(7), all the points A lie in set J(vy) and none
of the points of sequence A(~) different to Ag, k& > 1, belongs to J(). Therefore, by (37) and
(38), for all j > 1 we have

pi(v) = m;(7) = n(yp; (), A(Y)) — nlym;(7), A(Y)) = n(yp; (), A) — n(ym;(v),A). (39)
Since A has a finite upper density, for some C' > 0 we have the inequality n(r, A) < Cr. This
is why it follows from (39) that

pi(7) = mi(7) < nlyp;(7),A) < Cyp;(7) < 0'ps (), G =1,
for all v < min{1/7(A),d’/C} = ~v(d'). It implies easily the estimate
m;(

pi(7) —my(y) < 8"my(v),  J=1, <), (40)
where 6" = 0'/(1 —¢').
We fix £ > 0 and € € (0,£/5). Let us show that for some v > 0, as the required sequence Az

we can take A(y). First of all, according to Lemma 8, given ¢ > 0, we find § € (0,1/3) such
that (30) holds true.

We introduce a new sequence A(v) = {\z(7)}32, of positive numbers taken in the ascending
order. It is the union of the groups A;(vy), j > 1, where A;(y) = {yp;(7v) +7v/2,v(p;(v) + 1) +
v/2,...,ym;(y) —v/2}. Consider the functions

s =TT (1- _) C =TI (- 50)-
/Hl Ak ;Hl (Ak(7))?
Sequence A has a finite upper density. By construction, 7(A(y)) < 1/v. This is why (see, for
instance, [1, Ch. I, Sect. 1, Thm. 1.1.5]) L(A\) and L(\,~) are entire functions of exponential
type. Let us compare their behavior. In order to do it, we employ the result from work [13].

By (39) and (40), sequence A(7) is 6”-close to A, i.e.,
e = M) <"l k=1, (41)

and thus, it is asymptotically ¢6”-close to sequence A (in the terminology of work [13]). Since
in our case the sums of inverses to zeroes of functions L(\) and L(A,7) lying in the circle
B(0,7) equal to zero for each r > 0, as §” € (0,1/2), by Theorem in work [13] (where we let
a=1/2,5 = 1), the inequality

|In |[L(A)| = In |[L\ )| < AVE7N, A eC\ E(") (42)

holds true, where A > 0 is independent of ”. Set E(d”) is the union of the circles B; = B(&;, 0;),
1 > 1 and it has the linear density not exceeding Vo

/
rlggor Z o; <V, (43)

|&|<r

and it is centered with the union of zero sets for functions L(\) and L(\, ), i.e., each point of
these sets lies in at least of circles B;, and each of circles B; contains at least one point of this
union. We can obviously assume that E(0”) is symmetric w.r.t. the origin.

We choose ¢’ > 0 such that for " = ¢'/(1 — ¢'), the inequality

AV <o, V6T < 5/12 (44)

are valid. We fix vy € (0,7(d")), 70 < 1, and let us show that sequence Az = A(7p) is the required
one. Let 6 € (0,1) and kg be the index for each (30) is satisfied with 7 = . According to (43)
and (44), we find r9 > 0 such that

1
— Zcrigé/ll, r>Tg. (45)
r

|€il<r
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We choose a number k; > kg to have A\, > ry and 5\19(70) > T fo~r each k > kq, and let B; be

an arbitrary circle in set E(0”) containing either some point Ay or A\g(7o) with an index k > k.
If \x € B;, according to (45), in the case |&;| < Ax the inequality o; < dA,/11 holds true, while in
the case |;| > Ay the inequality o; < §|;|/11 is valid, and then in view of the inclusions A\ € B;,
9 € (0,1/3) we obtain A\, > |&|(1—3/11) and 0; < 6|&;|/11 < 0A,/11(1 —6/11) < 30A,/32. The
situation \z(7o) € B; can be treated in the same way. Thus, by (41) and (44), we have

o; < max{30A,/32, 30 M.(70)/32} < 36(1 + 6" A /32 < 136A,/128 < 5A,/9.

It follows that B; lies either in the circle B(A, 20)\/9) or in the circle B(Ax(70),20M\:/9).
Therefore, in view of (41) and (44), the inclusion B; C B(\g, 0Ax/3) holds true.

Let Bj N B(Ag, 6A;) # 0. Then by (45), [&] < (14 0)Ax/(1 —6/11) < 116\,/8. This is why,
employing (45) once again, we find that the total sum of all the radii of circles B; intersecting
B(Ag, M) does not exceed dA/4. It means that for t € (1/2,1), the circle S(\g, tdAx) does
not intersect set E(6”). Then due to (42) and (44) we have the estimate

In[LN)| > In LA )| —e[Al, A€ S\ tdAr), k> ki

We recall that the absolute value of the function gy (A, Ag, d) does not exceeding one in the circle
B(Ak, 0| Ak]). This is why for each A\ € S(Ag, t0)\;) the inequality

In |L(\ 7o) < In || = In [ga(h, A, )] + (1 + t86)M, < In [L(N) /ga (A Ae, 8)] + 28N

holds true, and it can be extended to the circle B(\g,tdAy), since In|L(A)/qa(A, g, 0)] is a
harmonic in B(Ag, §|\g|) function and In |L(A, )| is subharmonic in the same domain. Then
by (30) we get

In|L(A, 70)| < In|L(X)| 4+ 2eXs +¢|A] < In|L(N)| + 4e|A,

Ae B tox)\ | BO.Opi(0), k>, (46)

A E€B(Mg,0Ak)
At that, the union of the circles B(£Ay,t6Ax), k > k; cover all the circles B; in set F(5") each
of those consists some of the points £, or £\ (70) with an index k& > k;. It is easy to see that

the remaining part of set E(d”) (not covered by the mentioned union) lies in the circle B(0,7})
for some 77 > 0. Thus, it follows from (46) that

In|Z(V)] > L 0)| = 42Al, A€ ©\ | B(EM Op(30)) UB(O.TY).  (47)

k>1
We also note that the zeroes of the function L(, 7o) are separated by the distance at least
0. This is why, according to the example discussed before Lemma 1, the quantity S A(yo) 18
finite and thus S;\(,YO) = 0. Therefore, as to sequence A, we can apply Lemma 8 to sequence

A(7o) and arguing as above, we can obtain the estimate
[0 = L) = 4s)\], A € €\ [ BER(0),090/2) U BO, 1), (48)
k>1

for some T5 > 0.
Consider the functions

=T ge)- 20w =1L e

where fi,(70) = Yon — Y0/2, n > 1. It is easy to show that A(7y) has a finite upper density
not exceeding 7(A) + 1/v). This is why (see, for instance., [1, Ch. I, Sect. 1, Thm. 1.1.5])
f()\) is an entire function of exponential type. Sequence A(vo) has the density 1/7o and is a
regular set (see [5, Ch. I, Sect. 1]). Therefore, L(\, 7o) has a regular growth and its adjoint
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diagram coincides with the segment of imaginary axis [—im /7o, im/70] (see [1, Ch. I, Sect. 2,
Thm. 1.2.9]). Since its zero set L(\,7p) is regular, the inequality

| ImA|

Yo

In[L(X, )| = +o(N), A€ C\ | B(En(10):07/2), (49)

n>1
holds true (see [5, Ch. I, Sect. 1, Thm. 5]), o(\) depends on 6 € (0,1] and o(\)/|A\| — 0 as
|A| — oc.

By construction,

In | f )] — In |Z(\70)| = In [LO)| — I [Z(A, )], A€ C.

Moreover, each point A,(7o) coincides with one of the points jin(7o). This is why in view of the
choice of numbere > 0 and by (47)—-(49) we get (35). The proof is complete. O

Lemma 10. Let D be a convex domain in C, A = {\;}32, be an unbounded strictly increas-
ing sequence of positive numbers. Suppose the set of sums of series (1) converging in domain
D is closed in space H(D). Then the system € = {exp(Ar2)}3, is incomplete in H(D).

Proof. If the hypothesis of the lemma holds true, by the corollary of Lemma 3 the inequality
7(A) < oo holds true. Then, as above, there exists an entire function f of exponential type
vanishing at the points A;, £ > 1. Suppose some shift zy + K of the adjoint diagram K for
function f lies in domain D. Then the function exp(zo\) f(\) belongs to space Pp and vanishes
at the points A\;, k& > 1. It means that system & is incomplete in H(D). It happens, for
instance, when D is the plane of a half-plane.

Suppose domain D is neither the plane nor a half-plane and assume system & is complete
in space H(D). Then by the hypothesis, each function in H (D) is represented by series (1) in
domain D. By Abel theorem for Dirichlet series (see, for instance, [1, Ch. I, Sect. 1, Subsect.
4]), each of such series converges uniformly on compact sets in the half-plane {z : Rez < Hp(1)}
(which can coincide with the plane once Hp(1) = +00). Therefore, each function in H(D) can
be analytically continued into this half-plane that is impossible. Thus, £ is incomplete in H (D).
The proof is complete. O

3. MAIN RESULTS

Let D be an unbounded convex domain and denote
J(D)={Ae€C: Hp(\) = +o0}.

If D = C, then J(D) = C\ {0}. In the case D is a half-plane {z € C : Re (z¢"¥) < a}, set J(D)
is the plane with the cut along the ray {\ = te’? : t > 0}. If D is the strip {z € C: Re (2¢¥) <
a,Re (ze'¥*™) < b}, then J(D) = C\ {\ = te’? : t € R}. In all other cases, domain D contains
no straight lines. However, D always contains some ray {z = z + te*?,t > 0}. At, set J(D)
is an angle strictly less than 27 and it involves an open angle of size m which the half-plane
{A=te: —p—Z <tp<—p+Z2,¢t>0}. We shall say that D is narrow, if D is a strip or
J(D) coincides with an open half-plane. Otherwise we shall say D is wide.

For a narrow domain D, there exists the unique ¥ € [0, ), such that Hp(e™¥) < +o0o0 and
Hp(e¥*™) < 4+00. It corresponds to the boundary rays {\ = te’¥ : ¢t > 0} and {\ = te?¥*™ .
t > 0} of set J(D). By means of a shift, a convex compact set can be put inside narrow domain
K if and only if the inequality

HD(eiw) -+ HD<€W)+7T) > HK<€M)) + HK((?WJJFW)

holds true.

If D is a wide domain, then for each convex compact set K there exists a shift which puts
this set inside domain D. Thus, if the sequence A = {\;}72, is so that 7(A) < oo, then, as in
Lemma 10, system £ = {exp(A\xz)}72, is incomplete in H (D).
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Theorem 1. Suppose A = {\;}72, is an unbounded strictly increasing sequence of positive
numbers and D is an unbounded convex domain in C such that the positive semi-axis lies on the
boundary of set J(D) but does not belong to it. Then the following statements are equivalent

1. Fach function in W(A, D) can be represented by series (1) in the half-plane
{z€C:Rez < Hp(1)} (i.e., it is analytically continued into the half-plane and is rep-

resented there by the series);
2. Sy =0.

Proof. Suppose zy € D. By the hypothesis, the positive semi-axis lies on the boundary of set
J(D). Therefore, one of the rays [} = {z = 2z + te’™2,t > 0}, Iy = {z = 20 +te™ ™2 ¢t > 0}
(possibly, both) lies in domain D. For clarity’s sake, let it be ray l;. We choose gy > 0 such
that the circle B(zg,2¢¢ lies inside D. Then domain l; + B(zp, 2g¢) is contained in D as well.
By Lemma 9, there exists an entire function f of exponential type vanishing at the points A,
k > 1, and a number 7y > 0 satisfying inequality (35) (as & = g¢). Let K be the adjoint
diagram for function f. Then according to (35), for all points A not lying on the real axis we
have
Hi(A) = hy(A) < mlImA[/y0 + o[ Al.

Since the support function is continuous, this inequality can be continued on the whole plane.
Let tg > /7. Consider the function fo(\) = f(\) exp(A\Z), where Z = 2y +toe™™/2. Its adjoint
diagram is the compact set K + Z; which, as it is easy to see, lies in domain [y + B(zp, 2¢¢) and
thus in D. Hence, f; belongs to space Pp and vanishes at the points \g, £ > 1. It means that
system € = {exp(Ar2)}32, is incomplete in H (D).

Now we can apply Theorem 5.1 in work [3]. If Item 1 holds true, by this theorem we have
the identity Sy = 0 (under the hypothesis of the theorem the quantity Sx(D) involved in the
cited theorem coincides with Sy).

Let us prove the opposite. Suppose Item 2 holds true and let us show that in this case
Item 5 in Theorem 5.1 of work [3] is valid. Let L be an arbitrary convex set in domain D.
Then Hp(A) > Hp(N), A # 0. In accordance with the definition of the support function and
the continuity of the support function of a compact set, we find a point z; € D and numbers
£,0 > 0 satisfying inequality

Rez —&> Hp(\), Xe€ B(1,9). (50)
Lessening € > 0, if necessary, we can assume that the circle B(z1,2¢) lies in domain D. Then
D contains also the domain [; + B(z,2¢€). Let the a number vy € (0,1) and a function f(\)
satisfy inequality (35). We indicate fi(\) = f(A) exp(\Z1), where Z; = z;+t1e™2 and t; > 7/70.
Function f; vanishes at the points \i, k > 1. Moreover, its adjoint diagram lies in domain
l1 + B(z1,2¢), and this, in D, i.e., fi € Pp.

Suppose 6 > 0. Let us show that for some T'(§) > 0 each point A, obeying |A\z| > T'(0)
belongs to the set R°, where R = {z : In|fi(\)| > H(\)}.

We denote T'(6) = max{T, /0, v0/d}, where T > 0 is the same as in (35). Let |Ax| > T(6).
Then |A\r — ivo — Ai| < dAp < 3| A\x — i0| and by (35) we have
[ Lm(Ax — i)

7o
By (50) and the homogeneity of the support function we obtain

In|fi(Ax —iv0)| = In|f(Ax —iv0)| + Re (Z1(Ax —iv0)) > —EXp + AkRe 21 + y0lmZ; =
= —é)\k + )\kRe 21+ ’)/Qfmgl Z HL()\k — Z’}/())
Here we suppose that Imz; > 0. If Imz; < 0, then instead of A\ — iy, one should take A + .
We have shown that \, € R, if |\¢| > T'(0). Thus, the hypothesis of Theorem 5.1 in work
[3] is satisfied and as well as Item 5 of this Theorem. This is why, Item 2 of this theorem
holds true as well, and in accordance with it, each function in W (A, D) is represented by series

In | f(Ax —iv0)| =

- é‘)\k - Z"}/()‘ =T —§|)\k — Z’)/0| Z —é:)\k
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(1) in domain D. Then by Abel theorem for Dirichlet series (see, for instance, [1, Ch. II,
Sect. 1, Subsect. 2,4]), each function in W (A, D) is represented by series (1) in the half-plane
{z € C:Rez < Hp(1)}. The proof is complete. O

We note that each half-plane D = {z : Rez < a} satisfies the hypothesis of the theorem.
This is why the following statement holds true.

Corollary. Let A = {\;}32, be an unbounded strictly increasing sequence of positive numbers
and D = {z : Rez < a}. Fach function in W (A, D) is represented by series (1) in half-plane
D if and only if Sy = 0.

Theorem 2. Let A = {\;}32, be an unbounded strictly increasing sequence of positive num-
bers and D be an unbounded convex domain in C such that the positive semi-axis belongs to set
J(D). Then the following statements are equivalent

1. Each function in W (A, D) is represented by series (1) in the whole plane;
2. SA > —0Q.

Proof. As we have mentioned above, under the hypothesis of the theorem, system & is in-
complete in H(D). Then by Theorem 5.1 in work [3], Item 1 of the present theorem implies
[tem 2.

Let us prove the opposite and check Item 5 of Theorem 5.1 in work [3]. Inequality Sy > —o0
holds due to Item 2. In our case, other statements of Item 5 of this theorem hold true trivially,
since all the points A, belong to the real semi-axis lying in J(D). Thus, by Theorem 5.1 in
work [3], each function in W (A, D) is represented by series (1) in domain D. Since the support
function of D is unbounded on the real semi-axis, by Abel theorem for Dirichlet series, each of
such series converges in the whole plane. The proof is complete. O

In the particular case D = C we obtain

Corollary. Let A = {\;}72, be an unbounded strictly increasing sequence of positive num-
bers. There following statements are equivalent

1. Each function in W (A, C) is represented by series (1) in the whole plane;
2. Sy > —0Q;
3. Fach function in W (A, C) is represented by series (1) on some open subset of the plane.

Proof. Ttems 1 and 2 are equivalent by Theorem 2. The implication Item 1 = Item 3 is trivial.
The implication Item 3 = Item 2 follows from Lemma 3. The proof is complete. O

Theorem 3. Let A = {\}32, be an unbounded strictly increasing sequence of positive num-
bers, D is an unbounded convexr domain in C such that the real semi-azis belongs to set J(D)
and 1 € [0, ) is so that Hp(e¥) < +o00 and Hp(e™*™) < +00. Then the following statements
are equivalent

1. Each function in W (A, D) is represented by series (1) in the whole plane;
2. Sy > —o0 and
1 — 1 1 . ,
[sing| lim — Tim > Re— < o (Hp(e") + Hp(e"*)). (51)

a——+oo In qr—+oo )\k 2w
r<p<ar

Proof. If Ttem 1 holds, then by Lemma 10, system & is incomplete in H(D). Then, as one easily
see, Theorem 2 in work [14] yields (51). Applying then Theorem 5.1 in work [3], we obtain
[tem 2.

And vice versa, if (51) holds, by Theorem 2 in work [14], system & is incomplete in H (D).
Then by Theorem 5.1 in work [3], the implication Item 2 = Item 1 holds true. The proof is
complete. O

Theorem 4. Let A = {\}32, be an unbounded strictly increasing sequence of positive num-
bers, D be a conver domain in C such that function Hp(\) is bounded in the vicinity of A = 1.
Then the following statements are equivalent
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1. Each function in W(A,D) can be represented by series (1) in the half-plane
{zeC:Rez < Hp(1)};

2. System & is incomplete in H(D), Sy = 0, 19(A) < +o00, and the intersection of the support
line {z € C:Rez = Hp(1)} with the boundary of the domain D contains the segment of
length 2mTo(A).

Proof. Suppose Item 2 holds true. Let us show that the hypothesis of Theorem 3.6 in work [3]
holds true. Conditions 1 and 2 are equivalent, i.e., Sy = 0. Conditions 3 and 4 are trivially
satisfied since all the points A belong to the positive real semi-axis, in the vicinity of which
the support function of domain D is bounded. It remains to check Condition 5. Such check has
already been made in Lemma 7. In accordance with this lemma, condition 5 of Theorem 3.6 in
work [3] is also satisfied. Then by this theorem and Proposition 2.10 of work [3], each function
W (A, D) is represented by series (1) in domain D. As above, by Abel theorem for Dirichlet
series, we obtain Item 1 of the present theorem.

Suppose Item 1 holds true and let Sy = —oo. Then by Lemma 4, for each 7 > 0, there
exist 0 > 0 and function g, € W(A,G), where G = ({z: Rez <70} N B(0,7)) U{z: Rez < 0}
represented by series (1) with the convergence abscissa v = 0. We let X = 9D N{z: Rez =
Hp(1)}. By assumption, Hp(A) is bounded in the vicinity of A = 1. This is why X is either a
point or a segment. If X consists of the only point, we denote it by zy otherwise this symbols
stands for the center of segment X. Let 7 > 0 be strictly greater than the length of X (possibly
being zero). Then for some 6 € (0,6), the domain G = G + z —  contains D. We let
9(2) = g-(z — 2+ 0). Function g belongs to space the W(A,G) € W(A, D) and is represented
by series (1) with convergence abscissa v = Rezg —d = Hp(1) — 4. Since the expansion into
the Dirichlet series is unique, it contradicts Item 1.

Thus, Sy > —oo. As it has already been mentioned, it yields Sy = 0. Moreover, by Lemma 1,
the maximal density 79(A) is finite and by Lemma 10-, system & is incomplete in H(D). It
remains to show that the length of set X is at least 27w7y(A).

Suppose the length X equals 277" < 2779(A). We choose o > 0 so that 7/ + a < 1(A).
Consider the domains

D" ={z:Rez < Hp(1)}Nn{z:Re(ze™®) < Re((20 +i(7 +a))e ?)}IN

N{z:Re(ze”)) < Re((20 —i(7' + a))e*)}, D' =D"N{z:Rez>b}.

It is easy to see that domain D” is unbounded and convex and it contains D for some > 0,
and domain D" C D" is an isosceles trapezium (as b < Hp(1)) whose bases are parallel to the
imaginary axis. One of them lies on the support line {z : Rez = Hp(1)} of domain D, contains
X, and has the length 27(7" + «). The length of the other is strictly greater 27 (7’ + «/), and it
increases as b decreases. We choose b € R such that this length becomes strictly greater than
2779(A). Then domain D’ contains some shift of the segment [—im7(A),in7o(A)]. Let f be a
function whose existence is stated in Lemma 6. Since f vanishes at points A\g, k > 1, system &
is incomplete in H(D'). This is why space W (A, D’) is non-trivial.

Suppose each function in W(A, D') is represented by series (1) in domain D’. Since it is
bounded, by Theorem 5.2 in work [3], there exists an entire function ¢ of exponential type
vanishing at points A\, £ > 1, having regular growth everywhere in the plane, and its adjoint
diagram coincides with the closure of domain D’. Then by (2), the identity

1
T(_()Oa (,O,A) = %5(_% P, D/) (52)

holds true except at most a countable set of values of . Here A is the zero set of f, s(—p,p, D")
is the length of the arc () on boundary 0D’ connecting the support points z(¢), z(—¢) € 0D’
of the support lines I(+p) = {z : Re (ze*¥") = H},(e*#)}, respectively. Since A is a part of a
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measurable set A, we have

—n(r,A) —n((1 —0)r,A) n(—p, 0,1, A) — n(—p, @, (1 —0)r, A)

T0(A) (151_I)r(1) rlgrolo 5, < (151_% )E{}o C
T (T e nd) e e, =0 MY
0—0 \r—oo or r—00 or
e R N (T L a0 A

except at most a countable set of values of p. As ¢ is small enough, the arc v(p) coincides with
the basis of trapezium D’ of length 27(7" + «). This is why by (52), inequality 79(A) < 7' + «
should hold that contradicts the choice of number a.

Hence, there exists a function ¢’ € W(A, D’) which can not be represented by (1) in domain
D'. Now consider the domain D’ = D' N{z: Rez < a}, where b < a < Hp. It lies in D’ and is
an isosceles trapezium whose bases are parallel to the imaginary axis. One of them coincides
with that of D’ having the length strictly greater than 277m(A). We choose a number a such
that the other basis of D’ has a length strictly greater than 2779(A). System & is incomplete in

H(D') due to the same reasons as in H(D'). Then by the proven implication Item 2 = Item 1,
function g’ € W (A, D') is represented by series (1) in the half-plane {z : Re z < a}. The union
of the latter and domain D’ contains D”. This is why ¢’ € W(A, D’) N H(D"). Since domain
D" is unbounded, by Theorem 8.1 in work [15], the inclusion ¢’ € W (A, D”) holds true as well.
Domain D lies in D”. Therefore, ¢ € W(A, D). Due to Item 1, function ¢’ is represented by
series (1) in the half-plane {z € C : Rez < Hp(1)} containing D’. It contradicts to the choice
of ¢'.

ri]“hus, the length of segment X is at least 2m79(A). The proof is complete. O

Remark. If sequence A has the density 7(A) (and then 7(A) = 7(A)), system £ is incomplete
in H(D) if and only domain D contains some vertical segment of length 27w7y(A) (see [16,

Ch. M, Sect. 1, Thm. 3.1.6]). If domain D is unbounded, then, as above, the condition of
incompleteness for system £ is incomplete in H(D) can be either excluded or replaced by (51).

Corollary 1. Let A = { A}, be an unbounded strictly increasing sequence of positive num-
bers, D be an unbounded wide convex domain in C such that function Hp(X\) is bounded in the
vicinity of A = 1. Then the following statements are equivalent

1. Each function in W(A,D) can be represented by series (1) in the half-plane
{zeC:Rez < Hp(1)};

2. Sy =0, 19(A) < +00 and the intersection of the support line {z € C: Rez = Hp(1)} with
the boundary of domain D contains the segment of length 2w1o(A).

Corollary 2. Let A = { A}, be an unbounded strictly increasing sequence of positive num-
bers, D be an unbounded conver domain in C such that function Hp(X) is bounded in the vicinity
of \ =1 and ¢ € [0,7) is so that Hp(e™') < +o0o0 and Hp(e"™™) < +o00. Then the following
statements are equivalent
1. Each function in W (A, D) can represented by series (1) in the half-plane {z € C: Rez < Hp(1)};
2. There holds (51), Sy = 0, 10(A) < 400, and the intersection of the support line

{z € C:Rez=Hp(l)} and of the boundary of domain D contains a segment of length
27T7'0(A).

BIBLIOGRAPHY

1. A.F. Leont’ev. Ezponentials series. Nauka, Moscow. 1976. (in Russian).

2. A.A. Gol'dberg, B.Ya. Levin, I.V. Ostrovskii Entire and meromorphic functions // Itogi nauki i
tekhniki. Sovremen. problemy matem. Fundament. napravl. VINITI, Moscow. 1991. P. 5-185. (in
Russian).



LN @

[t
o

11.

12.

13.

14.

15.

16

A CLOSEDNESS OF SET OF DIRICHLET SERIES SUMS 117

A.S. Krivosheev. A fundamental principle for invariant subspaces in convex domains // Izv. RAN.
Ser. matem. 2004. V. 68, No. 2. P. 71-136. [Izv. Math. 2004. V. 68, No. 2. P. 291-353.]

O.A. Krivosheeva, A.S. Krivosheev. A criterion for the fundamental principle to hold for invariant
subspaces on bounded convexr domains in the complex plane // Funkts. analiz. 2012. V. 46, No. 4.
P. 14-30. [Funct. Anal. Appl. 2012. V. 46, No. 4. P. 249-261.]

B.Ya. Levin. Distribution of zeros of entire functions. Gostekhizdat, Moscow. 1956. [Amer. Math.
Soc., Providence, RI. 1980.]

P. Lelong, L. Gruman. Entire functions of several complex variables. Springer-Verlag, Berlin. 1986.
A.F. Leont’ev. Entire functions. Exponential series. Nauka, Moscow. 1983.

V.V. Napalkov. Convolution equations in multidimensional spaces. Nauka, Moscow, 1982.

P. Koosis. The logarithmic integral I. Cambridge University Press, 1997.
. O.A. Krivosheyeva. Singular points of the sum of a series of exponential monomials on the bound-
ary of the convergence domain // Algebra i analiz. 2011. V. 23, No. 2. P. 162-205. [St. Petersburg
Math. J. 2012. V. 23, No. 2. P. 321-350.]

O.A. Krivosheyeva. The convergence domain for series of exponential monomials // Ufimskij
matem. zhur. 2011. V. 3, No. 2. P. 43-56. [Ufa Math. J. 2011. V. 3, No. 2. P. 42-55.]

R.S. Yulmukhametov. Approzimation of subharmonic functions // Analysis Mathematica. 1985.
V. 11, No. 3. P. 257-282.

ILF. Krasichkov. Comparison of entire functions of finite order by means of the distribution of
their roots // Matem. sbornik. 1966. V. 70(112), No. 2. P. 198-231. (in Russian).

B.N. Khabiullin. On the growth of entire functions of exponential type along the imaginary axis //
Matem. sbornik. 1989. V. 180, No. 5. P. 706-719. [Math USSR Sb. 1989. V. 67, No. 1. P. 149-163.]
LF. Krasickov-Ternovskii. Invariant subspaces of analytic functions. I11. Spectral synthesis of convex
domains // Matem. sbornik. 1972. V. 838(130), No. 1. P. 3-30. [Math USSR Sb. 1972, V. 17, No.
1. P. 1-29]

. AF. Leont’ev. Sequence of exponential polynomials. Nauka, Moscow. 1980. (in Russian).

Alexandr Sergeevich Krivosheev,
Institute of Mathematics USC RAS,
Chernyshevsky str., 112,

450008, Ufa, Russia

Olesya Alexandrovna Krivosheyeva,
Bashkir State University,

Z. Validi str., 32,

450074, Ufa, Russia

E-mail: kriolesya2006@yandex.ru



	to1. Introduction
	to2. Preliminary results
	to3. Main results
	 References

