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ON SOLVABILITY OF HOMOGENEOUS RIEMANN-HILBERT
PROBLEM WITH COUNTABLE SET OF COEFFICIENT
DISCONTINUITIES AND TWO-SIDE CURLING AT INFINITY
OF ORDER LESS THAN 1/2

R.B. SALIMOV, P.L. SHABALIN

Abstract. We consider the homogeneous Riemann-Hilbert problem in the complex upper
half-plane with a countable set of coefficients’ discontinuities and two-side curling at infinity.
In the case the problem index has a power singularity of order less than 1/2, we obtain
general solution and completely study the solvability of the problem in a special functional
class.
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1. INTRODUCTION

In the theory of analytic functions, the Hilbert boundary value problem for the half-plane is
the problem on finding a function F'(z) analytic in the upper half-plane D and satisfying the
prescribed boundary condition

a(t)Re F(t) — b(t)Im F(t) = ¢(1), (1)

a(t), b(t), c(t) are given functions of the variable ¢t on the real axis L, a*(t) + b*(t) # 0. The
complete description of solvability for problem was obtained in the class of bounded up
to the boundary functions provided the coefficients and the right hand side in the boundary
conditions belong to Hp, (1) (see, for instance, [1, p. 150], [2, p. 280]), in the class of the functions
with power singularities at the discontinuity points of the coefficients as a(t), b(t), c(t) have
a finite number of jumping discontinuities and are Holder continuous in the intervals between
the discontinuity points (see, for instance, [3]), in the class of bounded in D functions when
the problem has continuous as t € (—oo, +00) coefficients and a two-sided curling at infinite
of power order p < 1/2 (see [4], [5]). The latter problem with a two-sided curling at infinity
of power order less than 1 was formulated by I.LE. Sandrygailo [6]. He obtained preliminary
results on its solvability in the class of bounded functions and in the class of bounded functions
decaying exponentially at infinity under certain restrictions for the properties of the singularity.
However, the method by N.I. Muskhelishvili employed in this work together with the ideas and
results of [7] did not allowed the author to choose the class of solutions in which it would be
possible to study the solvability completely.

The Hilbert problem for the half-plane with a countable set of discontinuity points for the
coefficients was studied first in [§], [9], where the formulae for the general solution in used classes

R.B. SaLimov, P.L. SHABALIN, ON SOLVABILITY OF HOMOGENEOUS RIEMANN-HILBERT PROBLEM WITH
A COUNTABLE SET OF COEFFICIENT DISCONTINUITIES AND TWO-SIDE CURLING AT INFINITY OF ORDER LESS
THAN 1/2.

© SaLmMov R.B., SHABALIN P.L. 2013.

The work is supported by RFBR (grants nos. 11-01-00762-a, 12-01-00636-a).

Submitted March 9, 2012.

82


http://dx.doi.org/10.13108/2013-5-2-82

ON SOLVABILITY OF HOMOGENEOUS RIEMANN-HILBERT PROBLEM ... 83

were given and the methods for constructing the examples of entire functions with prescribed
properties were developed. In the present paper we suggest the complete description for the
solvability of the Hilbert problem with a countable set of discontinuity points for the coefficients
and a two-sided curling at infinity of order p < 1/2.

2. FORMULATION AND SOLVING OF HOMOGENEOUS PROBLEM IN CLASS OF FUNCTIONS
WITH SINGULARITIES AT DISCONTINUITY POINTS

Let L be the real axis in the complex plane of the variable z = x 4 7y, D be the half-plane
Imz > 0, t be a point on L. We should find a function F'(z) analytic in the domain D and
satisfying prescribed boundary condition (1), where a(t), b(t), c(t) are real functions of ¢ defined
on L, continuous everywhere except the points of jumping discontinuities t;, j = £1,£2,--- |
and a?(t) + b*(t) # 0 at all the continuity points of the coefficients, 0 < t; < -+ <ty <t <

<y limty =00, 0>t 1 >--->t_p >t 1> ---, limt_, = —oc. We shall assume that

k—o0 k—00
the boundary condition is satisfied everywhere in L except the points t;, t_x, k = 1, 00. Later

we shall specify certain aspects of the problem formulation.

If ¢(t) = 0, the problem is called homogeneous, and if ¢(t) # 0, it is inhomogeneous. In the
present work we are interested in the homogeneous Hilbert problem.

We rewrite boundary condition (1)) with ¢(t) = 0 as

Re[e "W F(t)] = 0, (2)

where the branch v(t) = argla(t)—ib(t)] is chosen on each interval of continuity of the coefficients
in such a way that the number 6; = v(t; + 0) — v(t; — 0) obeys the condition 0 < §; < 2,
j=+1,42, ...

We introduce the function ¢(t) = v(t)— B(t)m, where 5(t) is an integer-valued function taking
the values By, B_x in the intervals (tg,tx1) and (t_j,t_x_1), k = 1,00, respectively. For the
interval (¢_1,t1), we choose the value 5y = 0. We also choose the numbers 3, so that

0< p(ty +0) —p(ty — 0) <,
and the numbers §_; are chosen to satisfy
0 <@t +0) —p(t_kr—0) <
We denote
p(t; +0) — p(t; — 0)

K = . =12

hence, we have 0 < ki < 1,0< Kk <1, k=1, 0.
We suppose that the discontinuity points satisfy the conditions

i%<oo, i ! < 0. (3)
k=1

We consider the infinite products

P+(z):ﬁ(1—i)nk, P_(z)=ﬁ<1—é)“, (4)

k=1 k=1

where by arg(1 — z/t;) we mean the single-valued branch vanishing as z = 0 and continuous in
the z-plane cut along a part of the real axis connecting the points ¢t = ¢;, { = 400 as j > 0 and
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the points t = —o0, t = t; as j < 0. Thus, for the upper sides of the cuts we have

k
arg Pu(t) = — > rym, by <t <tpp,
j=1

N k=1,o00, (5)
arg P_(t) = Z Rojm, topoq <t <t_y,

j=1
arg P (t) =0, t<t;, argP_(t)=0, t>t_q. (6)

We write boundary condition as
Re [e W F(t) P, (t)P_(t)] = 0, (7)

where

p1(t) = @(t) + arg Py (t) + arg P_(t), (8)

the functions arg Py (), arg P_(t) are determined by the formulae (), (6]
Introducing a new unknown function Fy(z) = F(2)P;(z)P_(z), we write condition (7)) as

Re [e~ 1O [y (t)] = 0,

and due to formulae , , the function () is continuous at all finite points of L. Thus, we
have arrived to the Hilbert boundary value problem for the function Fj(z). We shall assume
that the function ¢ (t) satisfies the condition

v tP+o(t), t>0,

pi(t) = (9)
vHtP +o(t), t<0,

(™) + (v7)? # 0, where v—, v, p are constants, 0 < p < 1/2, ¥(t) is a function continuous
on L including the point at infinity and satisfying the Holder condition with the exponent g,
0 < u < 1on L including the point at infinity ([I, pp. 18, 67]) that is the condition Hp(u) (see
[7, p. 113)).

We shall seek a solution F(z) of the homogeneous problem in the class of functions such that
the product

F(2)P(2)P-(2) = F1(2)

is a bounded in D function. Hence, the problem is reduced to one considered in [5]. Once the
function Fi(z) is found, by formula

F(z) = Fi(2)/ Py (2) P-(2)

we determine the solution to the homogeneous boundary value problem associated with problem
. At a point ¢;, this solution, generally speaking, becomes the infinity of order &;.

Under additional restrictions, we shall study the behavior of this solution to the homogeneous
boundary value problem on the ray z = 7e?, r > 0, § = const, 0 < § < 7, r — co. As in [9],
(see also [8, p. 112]), we introduce the functions

0, 0<or<—t_q, 0, 0 <z <t
ni(z) =4 < ni(z) =14 k=
Zﬁ—j, —t 1 ST < —ty, Zﬁj, lp—1 < x < g,
j=1 j=1
and assume the conditions
n* (x n* (z
lim +() =A,, lim ~(@) =A_, (10)

z—4oo0 I+ r—o+too k-
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with positive constants Ay, A_ and 0 < k- < 1/2, 0 < ky < 1/2. In [9], [8, p. 112], the
structure formulae

. 400
TA e T ni (1) — Aprh
In P =— 2" +1 I = — d 11
n Py (z) p— 2+ I (2), 1i(2) z / (= 2) T (11)
were obtained for 0 < argz < 27 and
+o0
TA_ n* (1) — A_7"
In P = e I (z)= 12
nb-(z SR (), (2) == / (T +2) " 1)

if —m < argz < w. Expressing the limiting values of Cauchy type integrals by the Sokhotski
formulae and extracting the real parts from , , we obtain the identities

TA, cos(ky)

In ’P+(t)’ = Wtﬁ+ + [+<t), t >0,
+00 (13)
* _ Z& K4
I(t) = — / n+(:)<7_57 dr, t >0, t #ty, k=1,00,
0
TA_cos(k_T) .-
+00 . N (14)
I(—t)=— / n‘(T)(_ t)T dr, t >0, t # —t_p, k=1, 00.
(T —

0
It follows from formulae (), (13), that the function |exp{ly(2)}| (|exp{/_(2)}|) has a
zero of order ky (of order k_i) at the point &5 (t_x), k = 1, cc.

Lemma 1. Suppose @) and let § be a given small positive number and z = re®. Then the
asymptotic estimates

I (re) = o(x™), r — +o0, § < 0 < 21 — 0,
I_(re”) =o(r"), 1 = 400, —t+6<O<7T+0
hold true.

Proof. Let § be a sufficiently small positive number, then for each 6, § < 6 < 27 — § the
inequality |7 — 2| > (7 +7)sin(d/2) is obvious. Given an arbitrary small positive number ¢ and
T > 11(€), by we have n’ (1) — AL7" < et and thus

T1(8)

. Rt *
|I+(7"e’9)] < S plr+ / —n+(7) dr+
T

sin(d/2) (1+7)
t1
r1(e) J 00 p
+A T / L — i / S ,
Ti=rt (T 4+ 1) TI=R+ (T 4 1)
0 r1(e)

for z = re?, § < § < 2r — §. For a given ¢, the first two integrals are of order O(%), while for

the latter we have
o0 o0

1 1
rlmr - dr<rttr ) —  qr=—" T )
TI=r+ (T 4+ 1) TI=r+ (T 4+ 1) sin(mry)

r1(e) 0
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Hence (cf. [10, p. 178], [8, p. 115]),
I (re?) = o(r"), 1 — 400, 6 <0 <21 — 6.
The estimate for I_(re?) is not more complicated. O
It follows from Lemmall] and the restrictions rky < 1/2, k- < 1/2 that as § < 0 < 7 — 4, the
solution F(re?) to homogeneous problem (7)) satisfies the condition F(re®) — 0, r — oo.
As in [5], we introduce the function
P(2) +iQ(z) = le™rre', (15)

where [, « are real constants, r = |z|, § = argz is a single-valued continuous in D branch of
arg z satisfying the relation 0 < 6 < w. This function is analytic in the domain D, and on the
boundary L, it reads as

P(t) +iQ(t) = l|t|’[cos(a + bp) + isin(a + bp)],

where 0 =0ast>0and § =mast <O.
We choose the numbers [, [ > 0, o, 0 < o < 27 so that

lcosa =v~, lcos(a+mp)=vT,

i.e., in order to get
v~ cos(mp) — vt

sin(mp)

lcosa=v", lIsina=

We observe that at the same time

Isin(a + mp) = L v cos(mp) (W) 4+ )" — 2o COS(M)P/Q?
sin(7p) sin(7p)
v th, t>0,
P(t) =
vitP, t<0,
(v~ cos(mp) — v)t? /sin(mp), >0,
Q(t) = (16)
(v~ — vt cos(mp))|t]?/sin(mp), t <O,
and
Qre®) = 17 v~ cos(p(m — 0)) — v cos(pbd)
sin(7p) '
Then by the formula
+o0
1 dt
r(z) ==~ [ ot
@)=+ [ o

we define an analytic bounded in D function such that on the boundary its imaginary part
satisfies the identity ¢4 (t) — P(t) = 0(t).
On the contour L this function takes the values I'*(¢) = I'(¢) + iv(t), where

+oo

1 dty
I'(t)y=— [ v(t .
0= [ o0

We write boundary condition @ as
Im {ie‘F+(t)e_iP(t)+Q(t)F(t)P+(t)P_(t)} —0, (17)

transforming, under additional restrictions ({3]), @, , the boundary conditions of the ho-
mogeneous problem to the form of problem ((17)).
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In the brackets in formula , there is a boundary value of the analytic in D function
B(2) = ie D PEOIREA P(2) P, (2)P_(2), (18)
which in view of can be written as follows,
B(2) = ie " exp{Q(2) — iP(2)} F(2)e!+@et -2 x
X exp {—WAJF@_MM z”*} exp { A z”“} : -

sin TR sin mr_

According to (17)), for the boundary values of the function ®(z) we have
Im®, (1) =0 (20)

everywhere on L. It means that the function ®(z) can be analytically continued in the half-plane
Im z < 0 and for each point z in this half-plane

®(2) =®(z), Imz<O0. (21)

Let B be the class of solutions F (z) to homogeneous problem , for which the product
|F(2)||#z — t;]"™ is bounded in a vicinity of the point ¢; for each j = +1,42,...

For such solutions, we have to regard the condition Im ® () = 0 as satisfied also at the
points tg, t_j, k = 1,+00. Indeed, continuing the function ®(z) into the half-plane Imz < 0
through the segments t;_1t; and ¢t as it was described above, we obtain the same function
due to (2I). For the class B of solutions ®(z) to problem (I7), the quantity |®(z)| is bounded
in a vicinity of ¢ and this is why the point ¢, is a removable singularity of the function ®(z)
obtained by the analytic continuation. Therefore, we can assume Im ®7*(¢;) = 0. Thus, as a
result of the aforementioned analytic continuation, we obtain the entire function ®(z).

The above arguments lead us to Theorem 1.

Theorem 1. Homogeneous boundary value problem has a solution F(z) in the class B
if and only if this function satisfies formula , where ®(z) is an arbitrary entire function
with real values on L.

In what follows we shall seek a solution to homogeneous problem in the class B, of the
functions F(z) for which the product | F(z)|eRe!+Z)eRel-(2) is a hounded analytic in D function.
It is clear that B, C B.

In view of the symmetry of formula for the aforementioned entire function ®(z) (as (20),

hold true), . A
M(r) := max |®(re”)| = max |®(re®)|. (22)

0<0<2 0<O<T

According to ,
|®(re)| = exp{Q(re) — ReT(re”) + Re I, (re®) + Re I_(re)}| F(re'?)|x

A it TA_rhf- (23)
— R <O
X ex {sin(m@) cos(k4 (0 —m)) + Sn () cos(m@)} , 00
Since ReT(2), |F(z)|efeU+&+-() are bounded in D functions, we have
max {exp{—ReD(re”)}|F(re”)|exp{Re (I (re’) + I_(re”))}} < C, (24)

0<O<

C = const > 0, and moreover, in accordance with Q(re) < Ire. Hence, by , we
get

A A_
M(r) < Coxp §Irf + =yt 4 2= e b
sin(mk ) sin(mk_)
= it 4 A e (25)

InM(r) <1 Irf + ——
nM(r) SInC+irf + sin(mky ) sin(mk_)
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We shall distinguish the cases p > max{x;,k_}, p = max{k,,k_}, and p < max{r4,k_}.
Let p > max{ky,k_}. Then by formula we obtain

Inln M(r) < plnr+1In l—}—lnC W'AJF W_A*
rP o rPTresin(mky) PR sin(mko)
——Inln M (r)
m——-—-—<

r—00 Inr

—_— 1 InC AL TA_
lim<p+—1In|l+ + + =p.
Inr Th_)

r—00 rP rPmR+sin(mry) PR sin(

Therefore, the order py = lim[Inln M (r)/Inr| of the entire function ®(z) determined by

— 00
formulae , , does not exceed p.

Theorem 2. Boundary value problem has a solution F(z) in the class B, as p >
max{k, k_} if and only if the function F(z) satisfies formula (18), where ®(z) is an arbitrary
entire function of order pe < p satisfying condition and, on the contour L for all sufficiently
large t, the inequalities

- — vt A A
v co?,(ﬂp) AT J‘rcos(/@rﬂ) gy T e (26)
sin(mp) sin(mky) sin(mr_)

|D(t)] < C’exp{
ift >0 and
[D(t)] < Cexp{

ift < 0. Here C' = const > 0.

v~ — vt cos(mp)
sin(mp)

(27)

aA_|t]"+ wA_cos(k_7
|t|p_+_ +’ | + ( )|t|n}

sin(mky ) sin(mk_)

Proof. The necessity. Suppose F(z) is a solution to boundary value problem in the class
B,. As it was shown above, then relations (L8], hold true, where ®(z) with condition (21))
is an entire function of order ps < p. Letting @ = 0 in (23)) and then 6 = 7, in view of we
obtain respectively inequalities , .

The sufficiency. Suppose a function F'(z) satisfies formula (18]) and ®(z) is an entire function
of order ps < p obeying condition and inequalities (26)), (27); then the function F(z)
determined by formula solves problem . In view of the latter inequalities and formulae
([23), for the analytic in D function F(z)e/+®+/-() as t is large enough, and in view of
the fact that ReI'(z) is a bounded in D function, i.e.,

IReT(re®)| < q, g=const, >0, 0<0<m, (28)
we get
|F(t)el+OH-0] < Ce?, as t>0 and t<O0.
Therefore, the inequality
|F(t)e O -0 < ¢, C = const > 0
holds true everywhere in L.
Due to and , we have
|F(re”) exp{L(re”) + I_(re")}| = |@(re”)| exp {—lr” sin(a + pf) + ReT'(re”) } x
A K4 A_ K—
X exp e L cos(ky (0 —m)) — e cos(k_0)r, 0<0<m.
sin(mky) sin(mrk_)

By and it implies

max |F(re) exp{I.(re?) + I_(re®)}| < M(r)e™ ™ exp

0<o<r

{WAJJ’“* n TA_rt- }

sin(rry)  sin(mk_)
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Since for each € > 0 the inequality
M(r) < exp{r***c}

holds true for all » > r., choosing the numbers €, p; so that p < p; < 1, pg + ¢ < p1, by the
former relation we get

max |F(re®) exp{I; (re”) + I_(re®)}| < exp{r*'}

0o
for all sufficiently large r obeying

reete rP g TA L rht TA_rf-

1 rerper | pevsin(mey) et sin(me)

< 1.

> T,

Therefore, the order of the function F (z)el+(z)”—(z) inside the angle 0 < 6 < 7 does not exceed
p1 (see, for instance, [11, p. 69]). Thus, according to the Phragmén-Lindelof principle, we have
|F(2)e+&+-()| < C everywhere in D, i.e., F(z) belongs to the class B,. O

Theorem 3. The general solution in the class B, to boundary value problem as p =
max{ky,k_} is given by the formula

F(z) = —ie" el EOTCEIR () [Py (2) P-(2)] ! (29)

or

F(z) = —ie*1+(z)71_(z)ef(z)ei[P(z)JriQ(z)}(I)(Z) exp {_TA+€_“”‘+ oo A e } |

sin(mky) i sin(mk_)

where ®(z) is an arbitrary entire function of order pe < p satisfying condition and in-
equalities (26)), for sufficiently large |t|.

Proof. Indeed, the function F(z) determined by formula satisfies relation that implies
the statement of the theorem. O

3. SOLVABILITY OF HOMOGENEOUS HILBERT PROBLEM

In this section we give the complete description for the solvability of the homogeneous Hilbert
problem in the class B,.

Theorem 4. Let p > max{r,k_}, p < 1/2.
a) If

v=cos(mp) —vt <0 or v —vtcos(mp) <0,

homogeneous boundary value problem has no nontrivial solutions in the class B,.

b) If

v~ cos(mp) — vt =0, v~ cos(mp) — vt >0,
or (30)

+

v- — vt cos(mp) >0 v~ — v cos(mp) = 0,

homogeneous boundary value problem has the solution in the class B, determined by for-
mula where ®(z) is arbitrary function of order pe, pe < p satisfying condition (20) and
the inequality

Cexp 7rA4.r cos(K4m) .. "/TA_ .
sin(mrk ) sin(mrk_)
— + K
Cexp {y — vt cos(mp) e + TAL |t]r+ N TA_ cos(k_T) |t|"“} <o,

sin(mp) sin(mrk ) sin(mrk_)

, t>0,

[P()] < (31)




90 R.B. SALIMOV, P.L. SHABALIN

or, respectively,

Cexp { vV CO.S<7TP) — vt oy 7TA+ COS(H+W) . ?A_tn_ } . 0’
1B(1)] < sin(p) sin(mk ) sin(mr_)
b TA_ cos(k_T)

Cexp {.7r—+|15|"“r + |t|“} , t<0,

sin(mk_)
for sufficiently large |t|.
c) If
{ v~ cos(mp) — vt >0,

v~ — vt cos(mp) > 0,

homogeneous boundary value problem has the solution in the class B, determined by for-
mula (29)) where ®(z) is arbitrary function of order ps, pe < p satisfying condition and

also inequalities , as pe = p.
Proof. a) Let p < 1/2 and the inequality
v~ cos(mp) — vt <0

holds true. Then by (20), lim; o |®(¢)] = 0, and due to the Phragmén-Lindeldf principle
applied for the plane cut along the positive semi-axis we obtain ®(z) = 0. It is clear that we
get the same in the case p < 1/2 and v~ — v cos(mp) < 0.

b) Suppose the first condition in . For the definiteness we assume k., > k_. According
to Theorem [3 and by (20)), the entire function ®(z) involved in formula for the general
solution should be real on the real axis, should satisfy conditions , which by the identity
v~ cos(mp) — v = 0 become inequality (31I), and should have the order p < p < 1/2. The
existence of such entire functions follows from the constructions made in all the details in [5],
see also [8, p. 100]. Namely, we take the entire function

Bo(2) = ﬁ (1 - Tk;%) <1 - rkez—wo> : (32)

k=1

where 0 < 0y < 7, 1 is a increasing sequence of numbers that we define later. Here arg(1 —
z/re) indicates the branch being continuous and single-valued in the plane cut along the
ray z = 7€' r > r; and vanishing as z = 0; arg(1 — z/r,e~%) indicates the branch being
continuous and single-valued in the plane cut along the ray z = e’ r > r;, and vanishing as
z=0.

We suppose that the order of the function ®y(z) is equal to kg (i.e., the exponent of the
convergence for the sequence of its zeroes is equal to kg, see [12, p. 278]). We assume in
addition that for the number of zeroes n(r) of this entire function lying in a closed disk |z| < 7,
there exists the limit

n(r)
lim —= = 4,, 0< A< o0. (33)
r—oo 70
Under the above assumptions for the sequence of zeroes of entire function (32), in [5], the

formula
o

. — ko . = _ ~+ko
In ®y(z) = —ze’go/—n(T) T AOdT—ze’eo/—n(T) T Aodr—l—

7(T — ze~i0) (1T — ze)
0

Ao (re®) 2 cos((0y — 7)ko)/sin(mrg), 0 <60 < by,
+ Q¢ Agme 0T (re?)"02 cos(Byko) / sin(mrg), Oy < 0 < 21 — 6y, (34)

Agme 2507 (Y502 cos((By — ) ko) / sin(mko), 2 — Oy < 0 < 2.
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is proven for the function In ®y(z), z = re?, 0 < 0 < 27.
If we choose the sequence of the zeroes z, = r,e'® of the function ®y(z) so that

o2k — 1 1/ko k? T ST < T(k+1)»
Tk = ( ) ) n(az)

280 0, 0<z<r,

both integrals in the right hand side of formula are of order o(r*) as r — +00, 0 <O < 7
(see [5]). On the real axis, the function In ®((z) takes real values

Agm2 cos <(90 — 7T)/{0>

: o, >0,
In @o(t) = 21o(¢,00) + sin(rro)
AOW? cos(foro) £, t <0,
sin(mkg)

where
o0

Io(t, o) = / (n(x) — 2% Ao)
0
Thus, condition for the entire function ®¢(z) is satisfied for each Ay, 6, if we take ko < K,

while in the case kg = k4 the numbers Ay > 0, 6y € (0,7) should be chosen so that the
inequality

2 — tx cos(6y)

dz.
x(t? — 2tz cos(fy) + x2) v

Ag2 cos((@o - 7T)l€0) < Ay cos(mky)

holds true.

¢) One can construct entire functions of order pg < p satisfying condition and inequalities
, in the same way as in Item b) resigning the condition ko < k4 and choosing g < p.
If we take kg < p, then Ay, 6y in formulae , , are arbitrary, and if ko = p, then
A, 0y should satisfy the system of inequalities

A2 cos((«% — ﬂ)/io) < v cos(mp) — vt

A2 cos(fokg) < v~ — vt cos(mp).
Here the identities hold true if we take

v~ cos(mp) — v v~ cos(mp) — v

tan(eoli(]) =

— COt(TF:‘io), AO =

(v= — vt cos(mp)) sin(mkg) 2 cos(boko)

Therefore, the system is compatible. O

Theorem 5. Suppose ky = k_ = p < 1/2. Then homogeneous boundary value problem (|17)
a) has no nontrivial solutions in the class By if

(v~ +7mAL)cos(mp) — (vT —7AL) <0, or v 4+7AL — (v —7A)cos(mp) < 0;

b) has the solution F(z) = Ae'GelPGHREN /P (2)P_(2) in the class B,, where A is an
arbitrary real constant, if
(v~ +7mAL)cos(mp) = v — A, (v~ +7AL)cos(mp) > v — A,
or
vo+ 1AL > (v — A ) cos(mp), v+ 1AL = (v —7A) cos(mp);

¢) has the solutions in the class B, determined by the formula ([29), where ®(z) is arbitrary
entire function of order pe < p satisfying condition and also inequalities (26)), as
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ps = p for sufficiently large |t|, if
(v~ +mAy) cos(mp) — (v —TA_) >0,
{ vo+7A, — (v —71A ) cos(mp) > 0.
Proof. Let us prove Case b). Suppose the conditions
(v~ +7AL)cos(mp) — (v —TA_) =0,
{ v+ mAy — (v —7A)cos(mp) >0

hold true. According to Theorem (3| the general solution of problem ([17)) is determined by the
formula involving an arbitrary entire function ®(z) of order pgp < p obeying condition (20)
and inequalities , . Under the assumptions of Theorem [5|, the latter casts into the form

~+7A A —vt
0(0)] < Coxp { LA TR HINL TR 20 h -y (39
i _ +_
B(1)] < Cexp N VAN (1/ WA_)COS(ﬂ'p)Mp i<,
sin(mp)

and by the first assumption in b), inequality becomes |®(t)| < C ¢t > 0. The symmetry
of the function ®(z) implies that ®(z) is bounded on the both sides of the cut made along the
positive semi-axis, and since py < 1/2, the function ®(z) is bounded on the whole plane, i.e.,
1t 1s constant.

Cases a) and ¢) can be proven in the same way as in Theorem [4] O

Suppose now p < max{ky,k_} < 1/2. As ky > Kk_, by we have

A A InC l
Inln M(r) < kylnr +In s SRR +—+ )
sin(mky)  sin(wr_)rf+Tr- 0 pke o pReTe
hence,
——Inln M (r)
pp = lim ————= < K.

r—oo  Inr
Therefore, the order of the entire function ®(z) determined by the formulae (18), (20),
does not exceed Ky as Ky > k_. In the same way we obtain the inequality pg < x_ in the case
K_ > Ky.
Since the coefficients at "+, t*~ in the right hand side of inequalities , are always
strictly positive, as pp < max{k,, k_}, these inequalities are satisfied immediately. This is why
the next theorem holds true.

Theorem 6. Homogeneous boundary value problem has a solution F(z) in the class B,
as p < max{ky,k_} if and only if formula is satisfied, where ®(z) is an arbitrary entire
function of order pp < max{ry,k_} satisfying condition and also conditions , as

pe = max{r, Kk_}.

Theorem 7. As p < max{k,,k_}, the general solution to homogeneous boundary value
problem in the class By s determined by formula , where ®(z) is an arbitrary entire
function of order ps < max{k,,k_} taking real values on L and also satisfying , for
sufficiently large |t| as pp = max{ky,k_}.

Theorem 8. Suppose p < max{r,,k_} < 1/2. Then homogeneous boundary value problem
has solutions in the class B, determined by formula , where ®(z) is an arbitrary entire

function of order pe < max{ky,r_} taking real values on L and also satisfying inequalities

(26), for sufficiently large |t| as ps = max{r ,k_}.
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