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HARDY TYPE INEQUALITIES WITH LOGARITHMIC

AND POWER WEIGHTS FOR A SPECIAL FAMILY

OF NON-CONVEX DOMAINS

R.G. NASIBULLIN, A.M. TUKHVATULLINA

Abstract. In the present work we obtain variational Hardy type inequalities with power
and logarithmic weights which are generalizations of the corresponding inequalities given
earlier in the papers by M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev, and
J. Tidblom. We formulate and prove inequalities for arbitrary domains, and then we
substantially simplify them for the class of convex domains and a special family of non-
convex domains.
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1. Introduction. Variational inequalities is an important tool for solving problems of math-
ematical physics. In the present work we consider Hardy type variational inequalities. Hardy
inequalities are used in the theory of degenerating elliptic partial differential equations, spectral
theory, nonlinear analysis, and interpolation theory. For instance, in paper [1], Yu.A. Dubinski
showed that a correct formulation of Poisson problem is equivalent to the validity of an ap-
propriate Hardy inequality. Applications of Hardy type inequalities were also described in the
works of A. Laptev, T. Weidl, A. Balinski, A. Sobolev, M. Solomyak, E. Davies [2]-[6].

A lot of works are devoted to studying and proving Hardy type inequalities, in particular, re-
cent papers of F.G. Avkhadiev, K.-J. Wirths, E.B. Davies, M. Marcus, H. Brezis, M. Hoffmann-
Ostenhof, T. Hoffmann-Ostenhof, A. Laptev, J. Tidblom, G. Barbatis, S. Filippas, A. Tertikas
[4]-[16].

The Hardy type inequality proven by J. Tidblom in paper [15] for an arbitrary domain
Ω ⊂ R𝑛 (𝑛 ≥ 2) and an arbitrary function 𝑢 ∈ 𝑊 1,𝑝

0 (Ω) (𝑝 > 1) reads as follows,∫︁
Ω

|∇𝑢(𝑥)|𝑝𝑑𝑥 ≥
𝑐𝑝
√
𝜋 Γ

(︀
𝑛+𝑝
2

)︀
Γ
(︀
𝑝+1
2

)︀
Γ
(︀
𝑛
2

)︀
⎛⎝∫︁

Ω

|𝑢(𝑥)|𝑝
∫︁

S𝑛−1

𝑑𝜔(𝜈)𝑑𝑥

𝜌𝑝𝜈(𝑥)
+ (𝑝− 1)

(︂
|S𝑛−1|
𝑛

)︂ 𝑝
𝑛
∫︁
Ω

|𝑢(𝑥)|𝑝

|Ω𝑥|
𝑝
𝑛

𝑑𝑥

⎞⎠ ,

(1)
where Ω𝑥 := {𝑦 ∈ Ω : 𝑥 + 𝑡(𝑦 − 𝑥) ∈ Ω,∀𝑡 ∈ [0, 1]}, |Ω𝑥| is the measure of the domain Ω𝑥,
𝜌𝜈(𝑥) is the distance from a point 𝑥 ∈ Ω to the boundary of the domain Ω measured in the
direction of a vector 𝜈 ∈ S𝑛−1, |S𝑛−1| is the area of the unit sphere S𝑛−1 in space R𝑛, 𝑑S𝑛−1(𝜈)

is the element of surface measure on the unit sphere S𝑛−1, 𝑑𝜔(𝜈) =
𝑑S𝑛−1(𝜈)

|S𝑛−1|
, 𝑐𝑝 =

(︁
𝑝−1
𝑝

)︁𝑝
.
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We note that inequality (1) is a generalization for an arbitrary 𝑝 > 1 of an appropriate
inequality proven by M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev in paper [14]
for 𝑝 = 2. In the present work we generalize inequality (1) for the functions in the space 𝐶∞

0 (Ω)
as follows, ∫︁

Ω

|∇𝑢(𝑥)|𝑝
∫︁

S𝑛−1

| cos(𝜈,∇𝑢)|𝑝

𝜌𝑠−𝑝
𝜈 (𝑥)

𝑑𝜔(𝜈)𝑑𝑥 ≥

≥ 𝑎(𝑝, 𝑠)

∫︁
Ω

|𝑢(𝑥)|𝑝
∫︁

S𝑛−1

𝑑𝜔(𝜈)𝑑𝑥

𝜌𝑠𝜈(𝑥)
+ 𝑎(𝑝, 𝑠)(𝑝− 1)

(︃
|S𝑛−1|
𝑛

)︃ 𝑠
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝

|Ω𝑥|
𝑠
𝑛

𝑑𝑥, (2)

where 𝑝 ≥ 𝑠 ≥ 1 and 𝑎(𝑝, 𝑠) =
(︁

𝑠−1
𝑝

)︁𝑝
.

It is obvious that for 𝑠 = 𝑝 the latter inequality becomes inequality (1), while as 𝑠 = 𝑝 = 2 it
casts into the inequality proven by M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev
in [14].

In paper [15] it was also shown that in the case of a convex domain Ω ⊂ R𝑛 inequality (1)
can be substantially simplified. Namely, (1) can rewritten as∫︁

Ω

|∇𝑢(𝑥)|𝑝𝑑𝑥 ≥ 𝑐𝑝

∫︁
Ω

|𝑢(𝑥)|𝑝

𝛿𝑝(𝑥)
𝑑𝑥 +

𝑐𝑝(𝑝− 1)
√
𝜋 Γ(𝑛+𝑝

2
)

Γ(𝑝+1
2

) Γ(𝑛
2
)

(︃
|S𝑛−1|
𝑛|Ω|

)︃ 𝑝
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝𝑑𝑥. (3)

Our inequality (2) can be also substantially simplified for convex domains,∫︁
Ω

|∇𝑢(𝑥)|𝑝

𝛿𝑠−𝑝(𝑥)
≥ 𝑎(𝑝, 𝑠)

Γ
(︁

𝑠+1
2

)︁
Γ
(︁

𝑛
2

)︁
√
𝜋Γ
(︁

𝑛+𝑠
2

)︁ ∫︁
Ω

|𝑢(𝑥)|𝑝

𝛿𝑠(𝑥)
+ 𝑎(𝑝, 𝑠)(𝑝− 1)

(︃
|S𝑛−1|
𝑛|Ω|

)︃ 𝑠
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝𝑑𝑥. (4)

In the present work we also provide a special class of non-convex domains (see [5], [21], [22],
and [23]) for that analogues of inequality (4) hold true.

In the concluding part of the paper we establish logarithmic inequalities being analogues of
those in [14] and [16]. The inequality proven in [14] for a convex domain Ω ⊂ R𝑛 reads as∫︁

Ω

|∇𝑢(𝑥)|2𝑑𝑥 ≥ 1

4

∫︁
Ω

|𝑢(𝑥)|2

𝛿(𝑥)2

(︂
1 +

1

(1 − ln(𝛼𝛿(𝑥)/𝐷))2

)︂
𝑑𝑥+

+
𝑛(𝑛−2)/𝑛𝑠

2/𝑛
𝑛−1 ln2(𝛼/2)

4(1 − ln(𝛼/2))2
1

|Ω|2/𝑛

∫︁
Ω

|𝑢(𝑥)|2𝑑𝑥. (5)

A feature of our logarithmic inequalities is the presence of iteration of logarithms and exponents.
The examples of employing logarithms can be found in works [11], [12], [14], [17]-[19], and [20].
We observe that a generalization of inequality (5) by help of embedded logarithms was obtained
earlier in [16]. But we obtain the inequality with another logarithmic weight for a class of regular
domains. Namely, we show that for an arbitrary domain Ω ⊂ R𝑛 with constant of regularity 𝑐
and and an arbitrary function 𝑢 ∈ 𝐶∞

0 (Ω) inequality∫︁
Ω

|∇𝑢(𝑥)|2𝑑𝑥 ≥ 𝑛

2𝑐2

∫︁
Ω

|𝑢(𝑥)|2

𝛿2(𝑥)

(︃
1 +

𝑘∑︁
𝑖=0

𝜙2
0

(︂
𝛼𝛿

𝐷
, 𝑒𝑘

)︂
· . . . · 𝜙2

𝑖

(︂
𝛼𝛿

𝐷
, 𝑒𝑘

)︂)︃
𝑑𝑥+

+

[︃
1 −

𝑘∑︁
𝑖=0

𝜙0(
𝛼

2
, 𝑒𝑘) · . . . · 𝜙𝑖(

𝛼

2
, 𝑒𝑘)

]︃2
𝑛(𝑛−2)/2

4
𝑠
2/𝑛
𝑛−1

1

|Ω|2/𝑛

∫︁
Ω

|𝑢(𝑥)|2𝑑𝑥
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holds true, where

𝑒0 = 1, 𝑒𝑘+1 = exp 𝑒𝑘; ln0 𝑥 = 𝑥, ln𝑘+1(𝑥) = ln ln𝑘(𝑥),

𝜙𝑖(𝑥, 𝑒𝑘) =
1

(𝑒𝑘 − ln𝑥) ln(𝑒𝑘 − ln𝑥) · . . . · ln𝑖(𝑒𝑘 − ln𝑥)
, 𝑖 6 𝑘.

The latter statement for 𝑘 = 0 yields (5).

2. One-dimensional inequalities. Let us prove one-dimensional inequalities which will be
employed later in the proof of inequalities in the multi-dimensional case. We introduce required
definitions and notations.

Let 𝑓 be defined and differentiable on (0, 𝑏] for 𝑏 > 0. Following J. Tidblom (see [15]), we
shall say that 𝑓 ∈ Φ𝑠(0, 𝑏) if 𝑓 is a real function and there exists a constant 𝐶 = 𝐶(𝑓) such
that

sup
0<𝑡6𝑏

(𝑡𝑠−1|𝑓(𝑡)| + 𝑡𝑠|𝑓 ′(𝑡)|) 6 𝐶, 𝑠 > 1. (6)

It is easy to see that condition (3) is equivalent to two conditions,

∃𝐶1 = 𝐶1(𝑓) : 𝑡𝑠−1|𝑓(𝑡)| 6 𝐶1, 0 < 𝑡 6 𝑏, (7)

and
∃𝐶2 = 𝐶2(𝑓) : 𝑡𝑠|𝑓 ′(𝑡)| 6 𝐶2, 0 < 𝑡 6 𝑏. (8)

Lemma 1. Suppose 𝑢 ∈ 𝐶1[0, 𝑏], 𝑏 > 0, 𝑢(0) = 0 and 𝑓 ∈ Φ𝑠(0, 𝑏). Then as 𝑝 ≥ 𝑠 > 1, the
inequality

𝑏∫︁
0

|𝑢′(𝑡)|𝑝

𝑡𝑠−𝑝
𝑑𝑡 ≥ 1

𝑝𝑝

⃒⃒⃒⃒
𝑏∫︀
0

𝑓 ′(𝑡)|𝑢(𝑡)|𝑝𝑑𝑡
⃒⃒⃒⃒𝑝

(︂
𝑏∫︀
0

|𝑓(𝑡) − 𝑓(𝑏)|
𝑝

𝑝−1 𝑡
𝑠−𝑝
𝑝−1 |𝑢(𝑡)|𝑝

)︂𝑝−1

holds true.

Proof. By the hypothesis of the lemma, for the function 𝑢(𝑡) we have

∃𝑀 > 0 : |𝑢(𝑡)| 6
𝑡∫︁

0

|𝑢′(𝑥)|𝑑𝑥 6 𝑀𝑡, ∀𝑡 ∈ (0, 𝑏].

Taking into consideration condition (8) and inequality 𝑝 ≥ 𝑠, we obtain

|𝑓 ′(𝑡)||𝑢(𝑡)|𝑝 6 |𝑓 ′(𝑡)|𝑀𝑝𝑡𝑝 6 |𝑓 ′(𝑡)|𝑡𝑠𝑀𝑝𝑡𝑝−𝑠 6 𝐶2𝑀
𝑝𝑏𝑝−𝑠.

Thus,
𝑏∫︁

0

𝑓 ′(𝑡)|𝑢(𝑡)|𝑝𝑑𝑡 6 +∞.

We also observe that

𝑓(0)|𝑢(0)|𝑝 = lim
𝑡→0

𝑓(𝑡)|𝑢(𝑡)|𝑝 = lim
𝑡→0

𝑓(𝑡)𝑡𝑠−1 |𝑢(𝑡)|𝑝

𝑡𝑠−1
6

6 lim
𝑡→0

𝐶1
|𝑢(𝑡)|𝑝

𝑡𝑠−1
6 𝐶1 lim

𝑡→0

𝑀𝑝−1𝑡𝑝−1|𝑢(𝑡)|
𝑡𝑠−1

6

6 𝐶1 lim
𝑡→0

𝑀𝑝−1𝑡𝑝−𝑠|𝑢(𝑡)| 6 𝐶1𝑀
𝑝−1𝑏𝑝−𝑠|𝑢(0)| = 0.

For an arbitrary constant 𝑐 we get⃒⃒⃒⃒
⃒⃒(𝑓(𝑏) − 𝑐)|𝑢(𝑏)|𝑝 −

𝑏∫︁
0

𝑓 ′(𝑡)|𝑢(𝑡)|𝑝𝑑𝑡

⃒⃒⃒⃒
⃒⃒ =

⃒⃒⃒⃒
⃒⃒

𝑏∫︁
0

(𝑓(𝑡) − 𝑐)(|𝑢(𝑡)|𝑝)𝑑𝑡

⃒⃒⃒⃒
⃒⃒ =
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=
𝑝

2

⃒⃒⃒⃒
⃒⃒

𝑏∫︁
0

(𝑓(𝑡) − 𝑐)(𝑢
𝑝
2
−1𝑢

𝑝
2𝑢′ + 𝑢

𝑝
2
−1𝑢

𝑝
2𝑢′)𝑑𝑡

⃒⃒⃒⃒
⃒⃒ 6

6 𝑝

𝑏∫︁
0

|𝑓(𝑡) − 𝑐||𝑢|𝑝−1|𝑢′(𝑡)|𝑑𝑡 = 𝑝

𝑏∫︁
0

[︁
|𝑓(𝑡) − 𝑐|

𝑝
𝑝−1 𝑡

𝑠−𝑝
𝑝−1𝑢𝑝

]︁ 𝑝−1
𝑝

[︂
|𝑢′(𝑡)|𝑝

𝑡𝑠−𝑝

]︂ 1
𝑝

𝑑𝑡 6

6 𝑝

⎛⎝ 𝑏∫︁
0

|𝑓(𝑡) − 𝑐|
𝑝

𝑝−1 𝑡
𝑠−𝑝
𝑝−1 |𝑢|𝑝𝑑𝑡

⎞⎠
𝑝−1
𝑝
⎛⎝ 𝑏∫︁

0

|𝑢′(𝑡)|𝑝

𝑡𝑠−𝑝
𝑑𝑡

⎞⎠
1
𝑝

.

Substituting 𝑐 = 𝑓(𝑏) and taking 𝑝-th power of both sides of the inequality, we obtain the
desired estimate.

Remark. In order the integral in the first factor of the latter inequality to have no singu-
larities, one needs restrictions for 𝑠 and 𝑝. As 𝑝 ≥ 𝑠 ≥ 1, this integral has no singularities due
to the inequality

𝑠− 𝑝

𝑝− 1
+ 𝑝 ≥ 0

since |𝑢(𝑡)| 6 𝑀𝑡.
Let us give some corollaries of Lemma 1.

Corollary 1. Suppose 𝑢(𝑡) satisfies the hypothesis of the previous lemma and 𝑓(𝑡) = 𝑡1−𝑠

1−𝑠
.

Then the inequality

𝑏∫︁
0

|𝑢′(𝑡)|𝑝

𝑡𝑠−𝑝
𝑑𝑡 ≥ 𝑎(𝑝, 𝑠)

⃒⃒⃒⃒
𝑏∫︀
0

|𝑢(𝑡)|𝑝
𝑡𝑠

𝑑𝑡

⃒⃒⃒⃒𝑝
(︂

𝑏∫︀
0

|𝑡1−𝑠 − 𝑏1−𝑠|
𝑝

𝑝−1 𝑡
𝑠−𝑝
𝑝−1 |𝑢(𝑡)|𝑝

)︂𝑝−1

holds true, where 𝑎(𝑝, 𝑠) =
(︁

𝑠−1
𝑝

)︁𝑝
.

Corollary 2. Let 𝑢 ∈ 𝐶1[0, 𝑏], 𝑏 > 0, 𝑢(0) = 0. Then

𝑏∫︁
0

|𝑢′(𝑡)|𝑝

𝑡𝑠−𝑝
𝑑𝑡 ≥ 𝑎(𝑝, 𝑠)

⎛⎝ 𝑏∫︁
0

(︁ 𝑝
𝑡𝑠

− (𝑝− 1)(𝑡1−𝑠 − 𝑏1−𝑠)
𝑝

𝑝−1 𝑡
𝑠−𝑝
𝑝−1

)︁
|𝑢(𝑡)|𝑝𝑑𝑡

⎞⎠ . (9)

Proof. The equation follows from Corollary 1 and a simple inequality

𝐴𝑝

𝐵𝑝−1
≥ 𝑝𝐴− (𝑝− 1)𝐵

if we let

𝐴 =

∫︁ 𝑏

0

|𝑢(𝑡)|𝑝

𝑡𝑠
𝑑𝑡

and

𝐵 =

∫︁ 𝑏

0

|𝑡1−𝑠 − 𝑏1−𝑠|
𝑝

𝑝−1 |𝑢(𝑡)|𝑝𝑑𝑡.
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Lemma 2. Suppose 𝑢 ∈ 𝐶∞
0 (0, 2𝑏), 𝑏 > 0. Then we have

2𝑏∫︁
0

|𝑢′(𝑡)|𝑝

𝜌(𝑡)𝑠−𝑝
𝑑𝑡 ≥ 𝑎(𝑝, 𝑠)

⎛⎝ 2𝑏∫︁
0

(︂
𝑝

𝜌𝑠(𝑡)
− (𝑝− 1)(𝜌1−𝑠 − 𝑏1−𝑠)

𝑝
𝑝−1𝜌

𝑠−𝑝
𝑝−1 (𝑡)

)︂
|𝑢(𝑡)|𝑝𝑑𝑡

⎞⎠ ,

where

𝜌(𝑡) = dist(𝑡,R ∖ [0, 2𝑏]) = min(𝑡, 2𝑏− 𝑡).

Proof. We apply inequality (9) to a function 𝑢 ∈ 𝐶1[𝑏, 2𝑏] obeying 𝑢(2𝑏) = 0. We have

2𝑏∫︁
𝑏

|𝑢′(𝑡)|𝑝

(2𝑏− 𝑡)𝑠−𝑝
𝑑𝑡 ≥ 𝑎(𝑝, 𝑠)

⎛⎝ 2𝑏∫︁
𝑏

(︂
𝑝

(2𝑏− 𝑡)𝑠
− (𝑝− 1)((2𝑏− 𝑡)1−𝑠 − 𝑏1−𝑠)

𝑝
𝑝−1 (2𝑏− 𝑡)

𝑠−𝑝
𝑝−1

)︂
|𝑢|𝑝𝑑𝑡

⎞⎠ .

Summing the obtained inequality with (9), we arrive at the statement of the lemma.

Theorem 1. Let 𝑢 ∈ 𝐶∞
0 (𝑎, 𝑏). Then we have

𝑏∫︁
𝑎

|𝑢′(𝑡)|𝑝

𝜌(𝑡)𝑠−𝑝
𝑑𝑡 ≥ 𝑎(𝑝, 𝑠)

⎛⎝ 𝑏∫︁
𝑎

|𝑢(𝑡)|𝑝

𝜌𝑠(𝑡)
𝑑𝑡− 𝑝− 1(︀

𝑏−𝑎
2

)︀𝑠 𝑏∫︁
𝑎

|𝑢(𝑡)|𝑝𝑑𝑡

⎞⎠ . (10)

Proof. Without loss of generality, we take the segment [0, 2𝑏] as the interval of integration. The
right hand side of the inequality in Lemma 2 can be rewritten as

𝑎(𝑝, 𝑠)

⎛⎝ 2𝑏∫︁
0

|𝑢(𝑡)|𝑝

𝜌(𝑡)𝑠
𝑑𝑡 +

2𝑏∫︁
0

𝑝− 1

𝜌(𝑡)𝑠

⎛⎝1 −

(︃
1 −

(︂
𝜌(𝑡)

𝑏

)︂𝑠−1
)︃ 𝑝

𝑝−1

⎞⎠ |𝑢(𝑡)|𝑝𝑑𝑡

⎞⎠ .

Here we have employed the identity 𝑠− 𝑝(𝑠−1)
𝑝−1

+ 𝑠−𝑝
𝑝−1

= 0.

We note that 𝜌(𝑡) 6 𝑏. Hence,

1

𝜌(𝑡)𝑠

⎛⎝1 −

(︃
1 −

(︂
𝜌(𝑡)

𝑏

)︂𝑠−1
)︃ 𝑝

𝑝−1

⎞⎠ ≥ 1

𝜌(𝑡)𝑠

(︃
1 −

(︃
1 −

(︂
𝜌(𝑡)

𝑏

)︂𝑠−1
)︃)︃

=

=
1

𝜌(𝑡)𝑏𝑠
≥ 1

𝑏𝑠
.

It implies the statement of the theorem.

3. Multi-dimensional Hardy type inequalities for arbitrary open domains. In this
section we provide a multi-dimensional analogue of the inequality in Theorem 1.

Let Ω be an open domain in R𝑛. Following M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof,
A. Laptev [14], we denote by 𝜏𝜈(𝑥) the distance between a point 𝑥 ∈ Ω and the nearest point
on the boundary 𝜕Ω in the direction of the vector 𝜈 ∈ S𝑛−1,

𝜏𝜈(𝑥) = min{𝑠 > 0 : 𝑥 + 𝑠𝜈 ∈ Ω}.

We define 𝜌𝜈(𝑥) being the distance from the boundary of the domain measured in the direction
of 𝜈 and 𝐷𝜈(𝑥) being the diameter of the domain in the direction of 𝜈 as follows,

𝜌𝜈(𝑥) = min{𝜏−𝜈(𝑥), 𝜏𝜈(𝑥)}, 𝐷𝜈(𝑥) = 𝜏𝜈(𝑥) + 𝜏−𝜈(𝑥).

Let

𝛿(𝑥) = inf
𝜈∈S𝑛−1

𝜏𝜈(𝑥) = dist(𝑥, 𝜕Ω), Ω𝑥 = {𝑦 ∈ Ω : 𝑥 + 𝑡(𝑦 − 𝑥) ∈ Ω,∀𝑡 ∈ [0, 1]}.
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Theorem 2. For an arbitrary open domain Ω ⊂ R𝑛 and an arbitrary function 𝑢 ∈ 𝐶∞
0 (Ω),

the following Hardy type inequality∫︁
Ω

|∇𝑢(𝑥)|𝑝
∫︁

S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝

𝜌𝑠−𝑝
𝜈 (𝑥)

𝑑𝜔(𝜈)𝑑𝑥 ≥

≥ 𝑎(𝑝, 𝑠)

⎡⎣∫︁
Ω

|𝑢(𝑥)|𝑝
∫︁

S𝑛−1

𝑑𝜔(𝜈)

𝜌𝑠𝜈(𝑥)
𝑑𝑥 + (𝑝− 1)

(︂
|S𝑛−1|
𝑛

)︂ 𝑠
𝑛
∫︁
Ω

|𝑢(𝑥)|𝑝

|Ω𝑥|𝑠/𝑛
𝑑𝑥

⎤⎦
holds true.

Proof. Using E.B. Davies’ arguments (see [5]) and one-dimensional inequality (10), it is easy
to get the following estimate,∫︁

Ω

|𝜕𝜈𝑢(𝑥)|𝑝

𝜌𝜈(𝑥)𝑠−𝑝
𝑑𝑥 ≥ 𝑎(𝑝, 𝑠)

∫︁
Ω

|𝑢(𝑥)|𝑝

𝜌𝑠𝜈(𝑥)
𝑑𝑡− 𝑎(𝑝, 𝑠)(𝑝− 1)

∫︁
Ω

(︂
2

𝐷𝜈(𝑥)

)︂𝑠

|𝑢(𝑥)|𝑝𝑑𝑥.

Employing the definition of the gradient, we have

|𝜕𝜈𝑢(𝑥)| = |𝜈 · ∇𝑢(𝑥)| = |∇𝑢(𝑥)||𝑐𝑜𝑠(𝜈,∇𝑢(𝑥))|.
We integrate both sides of the inequality w.r.t. normal surface measure S𝑛−1. We get∫︁

Ω

∫︁
S𝑛−1

|𝑐𝑜𝑠(𝜈,∇𝑢(𝑥))|𝑝

𝜌𝜈(𝑥)𝑠−𝑝
𝑑𝜔(𝜈)|∇𝑢(𝑥)|𝑝𝑑𝑥 ≥

≥ 𝑎(𝑝, 𝑠)

⎛⎝∫︁
Ω

∫︁
S𝑛−1

⎛⎝ 1

𝜌𝑠𝜈(𝑥)
− (𝑝− 1)

∫︁
S𝑛−1

(︂
2

𝐷𝜈(𝑥)

)︂𝑠

𝑑𝜔(𝜈)

⎞⎠ |𝑢(𝑥)|𝑝𝑑𝑥

⎞⎠ .

Due to [15], it is known that ∫︁
S𝑛−1

(︂
2

𝐷𝜈(𝑥)

)︂𝑠

𝑑𝜔(𝜈) ≥
(︂
𝑛|Ω𝑥|
|S𝑛−1|

)︂− 𝑠
𝑛

.

Hence, the inequality ∫︁
Ω

|∇𝑢(𝑥)|𝑝
∫︁

S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝

𝜌𝑠−𝑝
𝜈 (𝑥)

𝑑𝜔(𝜈)𝑑𝑥 ≥

≥ 𝑎(𝑝, 𝑠)

⎡⎣∫︁
Ω

|𝑢(𝑥)|𝑝
∫︁

S𝑛−1

𝑑𝜔(𝜈)

𝜌𝑠𝜈(𝑥)
𝑑𝑥 + (𝑝− 1)

(︂
|S𝑛−1|
𝑛

)︂ 𝑠
𝑛
∫︁
Ω

|𝑢(𝑥)|𝑝

|Ω𝑥|𝑠/𝑛
𝑑𝑥

⎤⎦
holds true. The proof is complete.

4. Hardy type inequalities for convex domains. In Section 2 we have proven that for
an arbitrary domain Ω ⊂ R𝑛 and a function 𝑢 ∈ 𝐶∞

0 (Ω) the following Hardy type inequality∫︁
Ω

|∇𝑢(𝑥)|𝑝
∫︁

S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝

𝜌𝑠−𝑝
𝜈 (𝑥)

𝑑𝜔(𝜈)𝑑𝑥 ≥

≥ 𝑎(𝑝, 𝑠)

∫︁
Ω

|𝑢(𝑥)|𝑝
∫︁

S𝑛−1

𝑑𝜔(𝜈)𝑑𝑥

𝜌𝑠𝜈(𝑥)
+ 𝑎(𝑝, 𝑠)(𝑝− 1)

(︃
|S𝑛−1|
𝑛

)︃ 𝑠
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝

|Ω𝑥|
𝑠
𝑛

𝑑𝑥 (11)

holds true. As it will be shown in the next theorem, in the case of a convex domain Ω ⊂ R𝑛

inequality (11) can be substantially simplified.
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Theorem 3. Let Ω ⊂ R𝑛 be an arbitrary convex domain, 𝑢 ∈ 𝐶∞
0 (Ω) is an arbitrary func-

tion. Then the inequality∫︁
Ω

|∇𝑢(𝑥)|𝑝

𝛿𝑠−𝑝(𝑥)
≥ 𝑎(𝑝, 𝑠)

Γ
(︁

𝑠+1
2

)︁
Γ
(︁

𝑛
2

)︁
√
𝜋 Γ
(︁

𝑛+𝑠
2

)︁ ∫︁
Ω

|𝑢(𝑥)|𝑝

𝛿𝑠(𝑥)
+ 𝑎(𝑝, 𝑠)(𝑝− 1)

(︃
|S𝑛−1|
𝑛|Ω|

)︃ 𝑠
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝𝑑𝑥 (12)

holds true.

Proof. For an arbitrary convex domain Ω ⊂ R𝑛 we estimate from above the internal integral in
the left hand side of (11),∫︁

S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝

𝜌𝑠−𝑝
𝜈 (𝑥)

𝑑𝜔(𝜈) =

∫︁
S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝𝜌𝑝𝜈(𝑥)

𝜌𝑠𝜈(𝑥)
𝑑𝜔(𝜈) 6

6
∫︁

S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝𝜌𝑝𝜈(𝑥)

𝛿𝑠(𝑥)
𝑑𝜔(𝜈) =

∫︁
S𝑛−1

| cos(𝜈, 𝑒)|𝑝𝜌𝑝𝜈(𝑥)

𝛿𝑠(𝑥)
𝑑𝜔(𝜈) 6

6
∫︁

S𝑛−1

𝛿𝑝(𝑥)

𝛿𝑠(𝑥)
𝑑𝜔(𝜈) =

∫︁
S𝑛−1

𝑑𝜔(𝜈)

𝛿𝑠−𝑝(𝑥)
=

1

𝛿𝑠−𝑝(𝑥)
,

where 𝑒 = 𝜈0 ∈ S𝑛−1 : 𝜏𝜈0(𝑥) = 𝛿(𝑥).
In the latter chain of relations we have employed the inequality | cos(𝜈, 𝑒)|𝜌𝜈(𝑥) 6 𝛿(𝑥)that

is valid for all points 𝑥 ∈ Ω due to obvious geometric arguments.
Thus, for the left hand side of inequality (11) we obtain the estimate∫︁

Ω

|∇𝑢(𝑥)|𝑝
∫︁

S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝

𝜌𝑠−𝑝
𝜈 (𝑥)

𝑑𝜔(𝜈)𝑑𝑥 6
∫︁
Ω

|∇𝑢(𝑥)|𝑝

𝛿𝑠−𝑝(𝑥)
.

Applying inequality | cos(𝜈, 𝑒)|𝜌𝜈(𝑥) 6 𝛿(𝑥) to the internal integral of the first term in the right
hand side of inequality (11), we obviously obtain∫︁

S𝑛−1

𝑑𝜔(𝜈)

𝜌𝑠𝜈(𝑥)
≥
∫︁

S𝑛−1

| cos(𝜈, 𝑒)|𝑠𝑑𝜔(𝜈)

𝛿𝑠(𝑥)
=

1

𝛿𝑠(𝑥)

∫︁
S𝑛−1

| cos(𝜈, 𝑒)|𝑠𝑑𝜔(𝜈).

The latter integral can be easily calculated by the change of variables,∫︁
S𝑛−1

| cos(𝜈, 𝑒)|𝑠𝑑𝜔(𝜈) =
Γ
(︁

𝑠+1
2

)︁
Γ
(︁

𝑛
2

)︁
√
𝜋 Γ
(︁

𝑛+𝑠
2

)︁ .

Hence, we have the lower estimate for the first term in the right hand side of inequality (11),

𝑎(𝑝, 𝑠)

∫︁
Ω

|𝑢(𝑥)|𝑝
∫︁

S𝑛−1

𝑑𝜔(𝜈)𝑑𝑥

𝜌𝑠𝜈(𝑥)
≥ 𝑎(𝑝, 𝑠)

Γ
(︁

𝑠+1
2

)︁
Γ
(︁

𝑛
2

)︁
√
𝜋 Γ
(︁

𝑛+𝑠
2

)︁ ∫︁
Ω

|𝑢(𝑥)|𝑝

𝛿𝑠(𝑥)
.

Employing the identity Ω𝑥 = Ω, which is obvious for convex domains, we obtain easily the
identity for the second term in the right hand side of inequality (11),

𝑎(𝑝, 𝑠)(𝑝− 1)

(︃
|S𝑛−1|
𝑛

)︃ 𝑠
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝

|Ω𝑥|
𝑠
𝑛

𝑑𝑥 = 𝑎(𝑝, 𝑠)(𝑝− 1)

(︃
|S𝑛−1|
𝑛|Ω|

)︃ 𝑠
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝𝑑𝑥.

The proof is complete.
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Comparing inequalities (11) and (12), we pose a question whether there exist non-convex
domains satisfying analogues of inequality (12) proven in Theorem 3 for convex domains? We
give the positive answer for this question and provide a special class of non-convex domains for
which analogues of inequality (12) exist.

5. Hardy type inequalities for non-convex regular domains. Following E.B. Davies
[5], we define a pseudo-distance 𝑚(𝑥) from a point 𝑥 to the boundary of the domain Ω,

1

𝑚2(𝑥)
:=

1

|S𝑛−1|

∫︁
S𝑛−1

𝑑S𝑛−1(𝜈)

𝜏 2𝜈 (𝑥)
.

We introduce the notion of a regular domain in space R𝑛. We shall say that the domain Ω ⊂ R𝑛

is regular if there exists a finite constant 𝑐 > 0 such that

𝛿(𝑥) 6 𝑚(𝑥) 6 𝑐𝛿(𝑥) ∀𝑥 ∈ Ω.

We shall call 𝑐 a regularity constant for the domain Ω.
As it will be shown in the next theorem, for regular domains it is possible to obtain an

inequality similar to inequality (12) proven in Theorem 3 for convex domains.

Theorem 4. Suppose Ω ⊂ R𝑛 is an arbitrary regular domains with the constant of regularity
𝑐, 𝑢 ∈ 𝐶∞

0 (Ω) is an arbitrary function. Then the inequality

𝐷𝑝(Ω) Γ
(︁

𝑝+1
2

)︁
Γ
(︁

𝑛
2

)︁
√
𝜋 Γ
(︁

𝑛+𝑝
2

)︁ ∫︁
Ω

|∇𝑢(𝑥)|𝑝

𝛿𝑠(𝑥)
𝑑𝑥 ≥

≥ 𝑎(𝑝, 𝑠)2𝑠/2

𝑐𝑠

∫︁
Ω

|𝑢(𝑥)|𝑝

𝛿𝑠(𝑥)
𝑑𝑥 + 𝑎(𝑝, 𝑠)(𝑝− 1)

(︃
|S𝑛−1|
𝑛|Ω|

)︃ 𝑠
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝𝑑𝑥

holds true, where 𝐷𝑝(Ω) := sup
𝜈∈S𝑛−1

𝜌𝑝𝜈(𝑥), 𝑥 ∈ Ω.

Proof. For an arbitrary regular domain Ω ⊂ R𝑛 with the constant of regularity 𝑐 we estimate
from above the internal integral in the left hand side of inequality (11),∫︁

S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝

𝜌𝑠−𝑝
𝜈 (𝑥)

𝑑𝜔(𝜈) =

∫︁
S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝𝜌𝑝𝜈(𝑥)

𝜌𝑠𝜈(𝑥)
𝑑𝜔(𝜈) 6

6
∫︁

S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝𝜌𝑝𝜈(𝑥)

𝛿𝑠(𝑥)
𝑑𝜔(𝜈) =

∫︁
S𝑛−1

| cos(𝜈, 𝑒)|𝑝𝜌𝑝𝜈(𝑥)

𝛿𝑠(𝑥)
𝑑𝜔(𝜈) 6

6
𝐷𝑝(Ω)

𝛿𝑠(𝑥)

∫︁
S𝑛−1

| cos(𝜈, 𝑒)|𝑝𝑑𝜔(𝜈) =
𝐷𝑝(Ω) Γ

(︁
𝑝+1
2

)︁
Γ
(︁

𝑛
2

)︁
𝛿𝑠(𝑥)

√
𝜋 Γ
(︁

𝑛+𝑝
2

)︁ ,

where 𝑒 = 𝜈0 ∈ S𝑛−1 : 𝜏𝜈0(𝑥) = 𝛿(𝑥), 𝐷𝑝(Ω) := sup
𝜈∈S𝑛−1

𝜌𝑝𝜈(𝑥), 𝑥 ∈ Ω.

Thus, for the left hand side of inequality (11) we obtain the estimate∫︁
Ω

|∇𝑢(𝑥)|𝑝
∫︁

S𝑛−1

| cos(𝜈,∇𝑢(𝑥))|𝑝

𝜌𝑠−𝑝
𝜈 (𝑥)

𝑑𝜔(𝜈)𝑑𝑥 6
𝐷𝑝(Ω) Γ

(︁
𝑝+1
2

)︁
Γ
(︁

𝑛
2

)︁
√
𝜋 Γ
(︁

𝑛+𝑝
2

)︁ ∫︁
Ω

|∇𝑢(𝑥)|𝑝

𝛿𝑠(𝑥)
.
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To estimate the integral integral of the first term in the right hand side of inequality (11), we
employ a result proven in [21] for regular domains,∫︁

S𝑛−1

𝑑𝜔(𝜈)

𝜌𝑠𝜈(𝑥)
≥ 2𝑠/2

𝑚𝑠(𝑥)
.

Taking into consideration the inequality

𝑚(𝑥) 6 𝑐𝛿(𝑥)

being valid for all point 𝑥 in the domain Ω regular with constant 𝑐, we arrive easily to the
inequality ∫︁

S𝑛−1

𝑑𝜔(𝜈)

𝜌𝑠𝜈(𝑥)
≥ 2𝑠/2

𝑐𝑠𝛿𝑠(𝑥)
.

Thus,

𝑎(𝑝, 𝑠)

∫︁
Ω

|𝑢(𝑥)|𝑝
∫︁

S𝑛−1

𝑑𝜔(𝜈)𝑑𝑥

𝜌𝑠𝜈(𝑥)
≥ 𝑎(𝑝, 𝑠)2𝑠/2

𝑐𝑠

∫︁
Ω

|𝑢(𝑥)|𝑝

𝛿𝑠(𝑥)
𝑑𝑥.

Employing the obvious inequality |Ω𝑥| 6 |Ω| being valid for any domain Ω ⊂ R𝑛, we obtain
easily the estimate for the second term in the right hand side of inequality (11),

𝑎(𝑝, 𝑠)(𝑝− 1)

(︃
|S𝑛−1|
𝑛

)︃ 𝑠
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝

|Ω𝑥|
𝑠
𝑛

𝑑𝑥 ≥ 𝑎(𝑝, 𝑠)(𝑝− 1)

(︃
|S𝑛−1|
𝑛|Ω|

)︃ 𝑠
𝑛 ∫︁

Ω

|𝑢(𝑥)|𝑝𝑑𝑥.

The proof is complete.

6. Hardy type inequalities with logarithmic weights for regular domains and
functions in space 𝐻1

0 . Let

𝑓(𝑡) = −1

𝑡
+

1

𝑡(𝑒− ln 𝛼𝑡
𝐷

)
+

1

𝑡(𝑒− ln 𝛼𝑡
𝐷

) ln(𝑒− ln 𝛼𝑡
𝐷

)
, 0 < 𝑡 < 𝐷/2,

where 𝐷 = diam Ω and 0 < 𝛼 6 2.
Then the following identity

2𝑓 ′(𝜌𝜈) − 𝑓 2(𝜌𝜈) =
2

𝜌2𝜈
− 2

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)
+

2

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)2
− 2

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

) ln(𝑒− ln 𝛼𝜌𝜈
𝐷

)
+

+
2

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)2 ln(𝑒− ln 𝛼𝜌𝜈
𝐷

)
+

2

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)2 ln2(𝑒− ln 𝛼𝜌𝜈
𝐷

)
−

− 1

𝜌2𝜈
− 1

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)2
− 1

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)2 ln2(𝑒− ln 𝛼𝜌𝜈
𝐷

)
+

+
2

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)
+

2

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

) ln(𝑒− ln 𝛼𝜌𝜈
𝐷

)
− 2

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)2 ln(𝑒− ln 𝛼𝜌𝜈
𝐷

)
=

=
1

𝜌2𝜈
+

1

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)2
+

1

𝜌2𝜈(𝑒− ln 𝛼𝜌𝜈
𝐷

)2 ln2(𝑒− ln 𝛼𝜌𝜈
𝐷

)

holds true. The estimate

2𝑓(𝜌𝜈)𝑓(𝐷𝜈/2) − 𝑓 2(𝐷𝜈/2) =
4

𝜌𝜈𝐷𝜈

[︂
1 − 1

𝑒− ln 𝛼𝜌𝜈
𝐷

− 1

(𝑒− ln 𝛼𝜌𝜈
𝐷

) ln(𝑒− ln 𝛼𝜌𝜈
𝐷

)

]︂
×

×

[︃
1 − 1

𝑒− ln 𝛼𝐷𝜈

2𝐷

− 1

(𝑒− ln 𝛼𝐷𝜈

2𝐷
) ln(𝑒− ln 𝛼𝐷𝜈

2𝐷
)

]︃
−
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− 4

𝐷2
𝜈

[︃
1 − 1

𝑒− ln 𝛼𝐷𝜈

2𝐷

− 1

(𝑒− ln 𝛼𝐷𝜈

2𝐷
) ln(𝑒− ln 𝛼𝐷𝜈

2𝐷
)

]︃2
≥

≥
(︂

4

𝜌𝜈𝐷𝜈

− 4

𝐷2
𝜈

)︂[︃
1 − 1

𝑒− ln 𝛼𝐷𝜈

2𝐷

− 1

(𝑒− ln 𝛼𝐷𝜈

2𝐷
) ln(𝑒− ln 𝛼𝐷𝜈

2𝐷
)

]︃2
≥

≥
(︂

4

𝜌𝜈𝐷𝜈

− 4

𝐷2
𝜈

)︂[︂
1 − 1

𝑒− ln 𝛼
2

− 1

(𝑒− ln 𝛼
2
) ln(𝑒− ln 𝛼

2
)

]︂2
is valid as well. Here we have used the inequality

𝑒− ln
𝛼𝜌𝜈
𝐷

≥ 𝑒− ln
𝛼𝐷𝜈

2𝐷
> 𝑒

that is obvious since 0 < 𝜌𝜈 6 𝐷𝜈

2
.

For integer 𝑘 ≥ 0 we denote

𝑒0 = 1, 𝑒𝑘+1 = exp 𝑒𝑘; ln0 𝑥 = 𝑥, ln𝑘+1(𝑥) = ln ln𝑘(𝑥).

Let

𝑓𝑘(𝑡, 𝑎) = −1

𝑡
+

𝑘∑︁
𝑖=0

1

𝑡(𝑎− ln 𝛼𝑡
𝐷

) ln(𝑎− ln 𝛼𝑡
𝐷

) · . . . · ln𝑖(𝑎− ln 𝛼𝑡
𝐷

)
, 0 < 𝑡 < 𝐷/2.

We note that function 𝑓(𝑡) = 𝑓0(𝑡, 1) was employed in paper [14] in the proof of inequality (5).
We introduce the notation

𝜙𝑖(𝑥, 𝑎) =
1

(𝑎− ln𝑥) ln(𝑎− ln𝑥) · . . . · ln𝑖(𝑎− ln𝑥)
.

Let us show that the function 𝑓𝑘(𝑡, 𝑎) satisfies the identity

2𝑓 ′
𝑘(𝜌𝜈 , 𝑒𝑘) − 𝑓 2

𝑘 (𝜌𝜈 , 𝑒𝑘) =
1

𝜌2𝜈
+

𝑘∑︁
𝑖=0

𝜙2
𝑖 (

𝛼𝜌𝜈
𝐷

, 𝑒𝑘)

𝜌2𝜈

and the inequality

2𝑓(𝜌𝜈 , 𝑒𝑘)𝑓(𝐷𝜈/2, 𝑒𝑘) − 𝑓 2(𝐷𝜈/2, 𝑒𝑘) ≥
(︂

4

𝜌𝜈𝐷𝜈

− 4

𝐷2
𝜈

)︂[︃
1 −

𝑘∑︁
𝑖=0

𝜙2
𝑖

(︁𝛼
2
, 𝑒𝑘

)︁]︃2
. (13)

We prove the first identity by the induction. The case 𝑘 = 0 was proven in [14]. The proof of
the case 𝑘 = 1 has been adduced above. Suppose the inequality is valid for all natural numbers
less than 𝑘. Let us show that the statement is valid for the natural number 𝑘 + 1.

We observe that

𝑓𝑘+1(𝑡, 𝑒𝑘+1) = 𝑓𝑘(𝑡, 𝑒𝑘+1) +
1

𝑡(𝑒𝑘+1 − ln 𝛼𝑡
𝐷

) ln(𝑒𝑘+1 − ln 𝛼𝑡
𝐷

) · . . . · ln𝑘+1(𝑒𝑘+1 − ln 𝛼𝑡
𝐷

)
=

= 𝑓𝑘(𝑡, 𝑒𝑘+1) +
1

𝑡
𝜙𝑘+1

(︂
𝛼𝑡

𝐷
, 𝑒𝑘+1

)︂
.

Then

2𝑓 ′
𝑘+1(𝜌𝜈 , 𝑒𝑘+1) − 𝑓 2

𝑘+1(𝜌𝜈 , 𝑒𝑘+1) =

= 2

(︂
𝑓𝑘(𝑡, 𝑒𝑘+1) +

1

𝑡
𝜙𝑘+1

(︂
𝛼𝑡

𝐷
, 𝑒𝑘+1

)︂)︂′

−
(︂
𝑓𝑘(𝑡, 𝑒𝑘+1) +

1

𝑡
𝜙𝑘+1

(︂
𝛼𝑡

𝐷
, 𝑒𝑘+1

)︂)︂2

=

= 2𝑓 ′
𝑘(𝑡, 𝑒𝑘+1) − 𝑓 2

𝑘 (𝑡, 𝑒𝑘+1) + 2

(︂
1

𝑡
𝜙𝑘+1

(︂
𝛼𝑡

𝐷
, 𝑒𝑘+1

)︂)︂′

−
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−2
1

𝑡
𝑓𝑘(𝑡, 𝑒𝑘+1)𝜙𝑘+1

(︂
𝛼𝑡

𝐷
, 𝑒𝑘+1

)︂
− 1

𝑡2
𝜙2
𝑘+1

(︂
𝛼𝑡

𝐷
, 𝑒𝑘+1

)︂
=

= 2𝑓 ′
𝑘(𝑡, 𝑒𝑘+1) − 𝑓 2

𝑘 (𝑡, 𝑒𝑘+1) −
2𝜙𝑘+1

(︀
𝛼𝑡
𝐷
, 𝑒𝑘+1

)︀
𝑡2

+

+
𝑘+1∑︁
𝑖=0

2𝜙𝑖(
𝛼𝑡
𝐷
, 𝑒𝑘+1)𝜙𝑘+1(

𝛼𝑡
𝐷
, 𝑒𝑘+1)

𝑡2
+

2𝜙𝑘+1

(︀
𝛼𝑡
𝐷
, 𝑒𝑘+1

)︀
𝑡2

−

−
𝑘∑︁

𝑖=0

2𝜙2
𝑖 (

𝛼𝑡
𝐷
, 𝑒𝑘+1)𝜙𝑘+1(

𝛼𝑡
𝐷
, 𝑒𝑘+1)

𝑡2
−

𝜙2
𝑘+1(

𝛼𝑡
𝐷
, 𝑒𝑘+1)

𝜌2𝜈
=

= 2𝑓 ′
𝑘(𝑡, 𝑒𝑘+1) − 𝑓 2

𝑘 (𝑡, 𝑒𝑘+1) +
1

𝜌2𝜈(𝑒𝑘 − ln 𝛼𝜌𝜈
𝐷

)2 ln2(𝑒𝑘 − ln 𝛼𝜌𝜈
𝐷

) · . . . · ln2
𝑘+1(𝑒𝑘 − ln 𝛼𝜌𝜈

𝐷
)
.

The latter identity leads us to the desired statement.
Inequality (13) can be proven by analogy with the case 𝑘 = 1 and with employing inequality

𝑒𝑘 − ln
𝛼𝜌𝜈
𝐷

≥ 𝑒𝑘 − ln
𝛼𝐷𝜈

2𝐷
,

which is obvious since 0 < 𝜌𝜈 6 𝐷𝜈

2
.

In [14] M. Hoffmann-Ostenhof, T. Hoffmann-Ostenhof, A. Laptev proved that for an arbitrary
open set Ω ⊂ R𝑛 and an arbitrary function 𝑢 ∈ 𝐻1

0 (Ω) the inequality∫︁
Ω

|∇𝑢|2𝑑𝑥 ≥ 𝑛

4

∫︁
Ω

∫︁
S𝑛−1

(2𝑓 ′(𝜌𝜈(𝑥)) − 𝑓(𝜌𝜈(𝑥))+

+ 2𝑓(𝜌𝜈(𝑥))𝑓(𝐷𝜈(𝑥)/2) + 𝑓 2(𝐷𝜈(𝑥)/2))|𝑢(𝑥)|2𝑑𝑥 (14)

holds true, where 𝐷 ∈ (0,∞] is the diameter and 𝑓 ∈ Φ2(0, 𝐷/2).
We note that 𝑓(𝑡, 𝑒𝑘) ∈ Φ2(0, 𝐷/2). Thus, inequality (14) as 𝑓 = 𝑓(𝑡, 𝑒𝑘) gives us the relation∫︁

Ω

|∇𝑢|2𝑑𝑥 ≥ 𝑛

4

∫︁
Ω

∫︁
S𝑛−1

(︁ 1

𝜌2𝜈(𝑥)
+

𝑘∑︁
𝑖=0

𝜙2
𝑖 (

𝛼𝜌𝜈(𝑥)
𝐷

, 𝑒𝑘)

𝜌2𝜈(𝑥)

)︁
𝑑𝜔(𝜈)|𝑢(𝑥)|2𝑑𝑥+

+
𝑛

4

[︃
1 −

𝑘∑︁
𝑖=0

𝜙2
𝑖

(︁𝛼
2
, 𝑒𝑘

)︁]︃2 ∫︁
Ω

∫︁
S𝑛−1

(︂
4

𝜌𝜈(𝑥)𝐷𝜈(𝑥)
− 4

𝐷2(𝑥)𝜈

)︂
𝑑𝜔(𝜈)|𝑢(𝑥)|2𝑑𝑥. (15)

In [14] the authors also showed that∫︁
S𝑛−1

4

𝜌𝜈(𝑥)𝐷𝜈(𝑥)
− 4

𝐷2
𝜈(𝑥)

𝑑𝜔(𝜈) ≥
(︁𝑠𝑛−1

𝑛

)︁2/𝑛 1

|Ω𝑥|2/𝑛
.

Combining two latter inequalities, we obtain∫︁
Ω

|∇𝑢|2𝑑𝑥 ≥ 𝑛

4

∫︁
Ω

∫︁
S𝑛−1

(︁ 1

𝜌2𝜈(𝑥)
+

𝑘∑︁
𝑖=0

𝜙2
𝑖 (

𝛼𝜌𝜈(𝑥)
𝐷

, 𝑒𝑘)

𝜌2𝜈(𝑥)

)︁
𝑑𝜔(𝜈)|𝑢(𝑥)|2𝑑𝑥+

+

[︃
1 −

𝑘∑︁
𝑖=0

𝜙2
𝑖

(︁𝛼
2
, 𝑒𝑘

)︁]︃2 𝑛(𝑛−2)/2

4
𝑠
2/𝑛
𝑛−1

∫︁
Ω

|𝑢(𝑥)|2

|Ω𝑥|2/𝑛
𝑑𝑥.

Suppose now that Ω ⊂ R𝑛 is a regular domain with the constant of regularity 𝑐. In [21]
A.M. Tukhvatullina showed that then∫︁

S𝑛−1

𝑑𝜔(𝜈)

𝜌2𝜈(𝑥)
≥ 2

𝑐2𝛿2(𝑥)
, ∀𝑥 ∈ Ω.
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We observe that ∫︁
S𝑛−1

(︃
1

𝜌2𝜈(𝑥)
+

𝑘∑︁
𝑖=0

𝜙2
𝑖

(︀𝛼𝜌𝜈(𝑥)
𝐷

, 𝑒𝑘
)︀

𝜌2𝜈(𝑥)

)︃
𝑑𝜔(𝜈) ≥

≥

(︃
1 +

𝑘∑︁
𝑖=0

𝜙2
𝑖

(︂
𝛼𝜌𝜈(𝑥)

𝐷
, 𝑒𝑘

)︂)︃ ∫︁
S𝑛−1

𝑑𝜔(𝜈)

𝜌2𝜈(𝑥)
.

Hence, ∫︁
S𝑛−1

(︃
1

𝜌2𝜈(𝑥)
+

𝑘∑︁
𝑖=0

𝜙2
𝑖

(︀𝛼𝜌𝜈(𝑥)
𝐷

, 𝑒𝑘
)︀

𝜌2𝜈(𝑥)

)︃
𝑑𝜔(𝜈) ≥

≥

(︃
1 +

𝑘∑︁
𝑖=0

𝜙2
𝑖

(︂
𝛼𝜌𝜈(𝑥)

𝐷
, 𝑒𝑘

)︂)︃
2

𝑐2𝛿2(𝑥)
.

Thus, we arrive at the following result.

Theorem 5. Suppose Ω ⊂ R𝑛 is a regular domain with the constant of regularity𝑐 and
0 < 𝛼 6 2. Then for an arbitrary function 𝑢 ∈ 𝐶∞

0 (Ω) and 𝑘 ∈ N the inequality∫︁
Ω

|∇𝑢|2𝑑𝑥 ≥ 𝑛

2𝑐2

∫︁
Ω

|𝑢(𝑥)|2

𝛿2(𝑥)

(︃
1 +

𝑘∑︁
𝑖=0

𝜙2
0

(︂
𝛼𝛿

𝐷
, 𝑒𝑘

)︂
· . . . · 𝜙2

𝑖

(︂
𝛼𝛿

𝐷
, 𝑒𝑘

)︂)︃
𝑑𝑥+

+

[︃
1 −

𝑘∑︁
𝑖=0

𝜙0

(︁𝛼
2
, 𝑒𝑘

)︁
· . . . · 𝜙𝑖

(︁𝛼
2
, 𝑒𝑘

)︁]︃2 𝑛(𝑛−2)/2

4
𝑠
2/𝑛
𝑛−1

1

|Ω|2/𝑛

∫︁
Ω

|𝑢(𝑥)|2𝑑𝑥

holds true, where

𝜙𝑖(𝑥, 𝑒𝑘) =
1

(𝑒𝑘 − ln𝑥) ln(𝑒𝑘 − ln𝑥) · . . . · ln𝑖(𝑒𝑘 − ln𝑥)
, 𝑖 6 𝑘.

We express our sincere gratitude to our supervisor, professor Farit Gabidinovich Avkhadiev,
for useful advices and valuable remarks.
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