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ON SOLUTIONS OF A SYSTEM OF PARTIAL
DIFFERENTIAL EQUATIONS WITH TWO INDEPENDENT
VARIABLES

S. BAIZAEV, D.A. VOSITOVA

Abstract. In the paper we consider first order linear elliptic and hyperbolic systems with
constant coefficients and two independent variables. For such systems we study the variety
of all the solutions and that of the solutions growing at infinity at most as a power function.
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1. Consider a system of linear partial differential equations

AlUm‘i‘AQUy—FAgU == F(x,y), (1)
where U = (uy,us,...,u,)T is the unknown vector-function, A;, Ay, As are constant real
matrices of order n, F' = (f1, fo, ..., fu) is a given vector-function.

As it is known, (see, for instance, [1]), system (1) is called elliptic if its principal symbol
Py(&,m) = i€A; + inAs is non-degenerate as (€,7n) # (0,0), i.e.,

Q& n) = det(§Ar +nAz) # 0V (§,n) # (0,0). (2)
System (1) is called hyperbolic if for each n € R all the solutions of the equation Q(&,n) = 0
w.r.t. £ are real.

In the paper we study the variety of all the solutions and that of the solutions with at
most power growth at infinity for systems (1) being elliptic or hyperbolic. Solutions of elliptic
and hyperbolic equations and systems defined on whole plane were studied in the works of
V.S. Vinogradov, E. Mukhamadiev, V.P. Palamodov, N.E. Tovmasyan and others (see, for
instance, [2-4]). In work [5], for elliptic systems (1) as n = 2 moderately growing solutions and
solutions of power growth were studied.

We shall assume that system (1) is either elliptic or hyperbolic. In this case it is easy to
prove that detA; # 0 and in the case of ellipticity detAy # 0. This is why system (1) can be
rewritten as

U, + AT AU, + AT AU = ATV F(2,y).
Because of this in what follows we write system (1) as
U, + AU, + BU = f(z,y), (3)
where A = A7'Ay, B = A{'As, f = A['F. Then ellipticity condition (2) becomes the inequality
det(€E +nA) # 0 V(&,n) # (0,0),
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which is equivalent to the absence of real eigenvalues for the matrix A. The hyperbolicity
condition of system (3) is equivalent to the presence of only real eigenvalues for the matrix A.

Suppose that matrices A and B commute. In system (3) we make a change of the unknown
function U = e~ B*C'V, where C is a non-degenerate matrix. Then we have

—e P"BCOV + e P*CV, + Ae P*CV, + Be P*CV = f(z,y)
or
Ve + C7 e Ae P20V, = C1ePo f(z,y). (4)

Due to commuting of the matrices A and B, the identity e®*AeP* = A holds true. Hence,
system (4) casts into the form

V, + CHACY, = g(x,y), (5)
where g(z,y) = C'eP* f(z,y).
As C we take the matrix reducing the matrix A to Jordan form. Let A\, Ao, ..., Ay, (m < n)
be the eigenvalues of the matrix A. Then system (5) splits into the systems of smaller dimension
Vi Vi
— + Ay = k=1,... 6
O + Ay 83/ gk’(x7y)7 ) , M, ( )
where
N 10 ... 0
0 N 1 ... 0
0 ... ... N\ 1
0 ... ... 0 N\
is the Jordan block of order si, s1+82+...+5, =0, [Vi, Vo, .. ., VulT =V, (91,99, - - -, gm)” = g
For the sake of convenience, we denote the coordinates of the vector Vi by wq, ws, ..., w,,
(v = si), and the coordinates of the vector gy are hy, ho, ..., h,. Then the system obtained
from (6) by fixing k& can be written as
8w1 8w1 8’(1]2
et it N A 7
a’wz 6w2 6w3
=4+ 2=} 8
o T Na, T, 2(z,y), (8)
8w,,_1 awy—l a,U-}I/
A =h,_1(z,y), 9
ow, ow,,
A = h,(x,y). 10
NG = () (10)
Consider the equation
Uy + Auy = h(z,y), (11)

where A € C' and conditions for function h(x,y) will be given later (see Lemma 2).
Lemma 1. The general solution to the homogeneous equation
Uy + Auy =0 (12)
read as
u(@,y) = p(Ar —y), (13)

where ©(2) is an arbitrary function in CY(R), if X is a real number, and is the derivative of an
analytic function of complex variable z, if X is a complex number.
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Proof. The statement of the lemma is obvious for real A\. Let A = a + i3 be complex and ¢(z)
be an arbitrary analytic in z function. Then

0
B) (Alr__y):: A¢k<A$'_'y%

T

Uy = 9020‘5’: - y)

0
ty = 9= =) 5 (A —y) = —p:(Ar —y).

It follows that the function u(z,y) = @(Ax — y) solves equation (12).
Let us show now that each solution u(x,y) of equation (12) can be represented as (13) with
an analytic function ¢(z). Let ¢ = Ax — y. Then
1 - 1
af—%(C—C), ?J—%

and substituting these expressions into function u(z,y), we obtain a function of the variable

¢ u(C) = ulz(¢), y(¢)]. Let us calculate the derivative ug:

l A LA

— —) = —(ux + Auy) =0,

25 2B> QB(U + uy)

since u(x,y) is a solution to equation (12). It yields that function u(({) is analytic in (. Hence,

there exists an analytic function ¢(z) such that u = ¢(¢) = p(Az — y). The proof is complete.
[

(AC = Q)

Ug = Uy * TF + Uy - Yz = U (57) + uy(

Lemma 2. Let A be real and function h(x,y) is continuous in x and has a continuous de-
rivative w.r.t. y. Then the function

w(z,y) = / hit, A\t — x) + y|dt (14)
Ar—y
is a particular solution to non-homogenous equation (11).

Proof. By formula (14) and the rule for differentiating of integrals with variable limits we get

T

e = ) = M — g A =y — ) 5= A [ Il A€~ o) + i,

Ar—y

T

wy = e =y A =y =)+l + [l NE = o) + e

Az—y
It implies
wy + Awy, = h(z,y),
i.e., the function w(x,y) is a particular solution to equation (11). O

In the case of real A, the formula

T

uleg) = o0 =)+ [ HE ME - 2) + g
Az—y
gives1 the general solution of non-homogeneous equation (11), where ¢ is an arbitrary function
in C".
2. Suppose system (3) is hyperbolic. We shall solve system (7)—(10) upwards. By Lemma 2,
equation (10) implies
wy<x7y) - QOV()‘ZE - y) + Lhu(xv y)7
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where Lh,(x,y) = [ h,[§, M€ —x) +yld, ¢, is an arbitrary function in C'. Substituting w,
Ar—y
into equation (9), we find w,_1,

0
wu—l<x7y) - SOV—I()“T - y) + L[SO:/()\"E - y) - a_y(Lhu)] + Lhu—h
where ¢,_; is an arbitrary function in C*.
Next, we have

T

L (Ae — y) = / LN — A(E — ) — yldE = ¢ (Ar — y)(& — Az + ),
Az—y

8 T

0
8_y(LhV) =h -y, \Qx —y—z)+y|+ / a—yh,,[f, A& — x) + yldE.

Ar—y
Hence,

w,1(2,y) = o1 (AT — y) + @, (A —y)(z — Az +y) + h[Ar —y, (A = 1)(Az —y)]+

r o
+ / Sl NE =)+ g)dE + Lh

Ar—y
Repeating this procedure, we find w, _s,. .., wy. It should be noted that the arbitrary functions
¢; appearing while integrating equations (7)-(10) should have an appropriate smoothness,
namely, the function ¢; as 1 < j < v should belong to C7.
Consider now the elliptic case. Let us find the general solution to the homogeneous system
associated with (7)—(10). By equation (10) and Lemma 1 we obtain

wu(xay) = SOV()\kx - y)a
where ¢, (z) is an analytic in z function. Then equation (9) becomes

awyfl awufl /
= — ). 1
5y Tk o o, (Aer —y) (15)

The function w = x¢),(Ax — y) is a particular solution of equation (15). Thus, the general
solution of this equation reads as follows,

wy—1 =z, (A — y) + @u—1(Mex — y),

where ¢, _1(2) is an analytic in z function. In the same way we find

Wy—s = TP (M — y) + 29, _ (M — y) + o2 Mz — 1),

where ¢, _5(z) is an analytic in z function. Repeating this procedure, we find w,_3, ..., w;.
Suppose matrix A has n different eigenvalues A\;, Ao, ..., A\, and 21, 2o, ..., z, are the
associated eigenvectors. If the matrices A and B commute, as it is well-known (see, for instance,
[6]), 21, 22, ..., 2, are the eigenvectors of the matrix B as well. By p1, pa, ..., p, we denote
the eigenvalues of the matrix B associated with the eigenvectors z1, 23, ..., 2Zp.
The following theorem holds true.

Theorem 1. Suppose a matriz A has n different eigenvalues \i, Ao, ..., A\, and z1, 2o,
..., Zn are the associated eigenvectors. Suppose matrices A and B commute. Then the general
solution to the homogeneous system

U, + AU, + BU =0 (16)
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reads as follows,
U(z,y) = Cle™p1(Ma —y),....e oAz — )7, (17)
where C'is the matriz whose columns are the eigenvectors zy, 2o, ..., 2, of matriz A, j1; are the

eigenvalues of matriz B introduced above, p;(z) are functions in C* in the case of hyperbolic
system (16) and analytic in z in the case of elliptic system (16).

Proof. Since C' = (21, 29, . .., 2,], the change U = e 5*CV reduces system (16) to

V, + AV, =0,
where A = diag [A1,..., A,]. By Lemma 1, the general solution of the latter system is
V(z,y) =1z —y), ., oauz = y)]",
where ¢1(2),..., pn(2) are functions in C'! in the case of hyperbolic system (16) and analytic
in z in the case of elliptic system (16). Hence,
U(:Ea y) = einC[Qol()‘lx - y)a R @n(Anl‘ - y)]T (18)
Since z1, ..., 2z, are the eigenvectors of the matrix B associated with the eigenvalues p1, ..., tn,

matrix C reduces the matrix B to the diagonal form M = diag [uy, ..., ], i.e., C"'BC = M.
Therefore, by the property of the exponential of a matrix the identity

e B0 = ¢ OMCT e = CemMT = Cdiag [e M7, ..., e Fn7
holds true. Together with (18) it implies the formula
U = Cdiagle ™*,..., e " *][or(Mx — 1), ..., on(Anz —9)]7,

that yields (17). The proof is complete. O

In the case of elliptic system (16) general solution (17) can be also represented as

Uz, y) = C (e Femz—mp)/Imdy, (N g — ), ... e BeCnbnempmy)/Tmdny, (N 00—y (19)
In order to get it, in formula (17) one should let

pi(2) = €7y (2),

where v7; = —Re p;/Im \;, 1;(2) are analytic in z functions.

3. For homogeneous system (16) let us consider the solutions defined on whole plane and
satisfying the growth condition

U (@, )l < KL+ |=[Y + [y[™) (20)

as || + |y| — oo, where ||U|| = |ui| + |uz| + ... + |u,|, N is an non-negative integer, K is
constant depending on U. The variety of such solutions is a real linear space which we denote
by Phr.

Suppose system (16) is hyperbolic. Then the number A;, p;, j =1,..., n are real. By (20),
formula (17) implies the estimate

™% (Ao = y)| < KNCTHI(L A+ |2 + [y[™) (21)
as |z + |y| = co. As x =0, |y| — oo it follows
i ()| < KNCTHIA+ [y[™), (22)

and as y =0, |z| = oo it yields
le™% i (Ajx)| < KIICTHI(L + [2]Y). (23)

Estimate (22) implies that function ¢;(t) grows not faster than a power as [t| — co. Then by
estimate (23) we obtain that either p; = 0 or ¢; = 0. Hence, in the hyperbolic case, if all the
eigenvalues of the matrix B are non-zero, problem (16), (20) has only trivial solution. And if
one of the eigenvalues p1;, = 0, taking in (17) as the function ¢, (¢) a function in C' growing
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at most as a power as [t| — oo, and letting ¢; = 0 for p; # 0, we obtain non-zero solutions to
problem (16), (20). In this case the space Py is infinite-dimensional.
Suppose now system (16) is elliptic. By (20), formula (19) yields the estimate

[Nz — )l < KNCTHIA + [ ™ + [y[™)

as |z| + |y| — oo. Since the function v;(2) is analytic in z, by Liouville theorem, it is a
polynomial w.r.t. z of the degree at most N. Thus, the solutions to problem (16), (20) read as

Ulz,y) = C’(e’iRe(’\lm"”’“ly)/Im)‘lplN()\156 —9),..
efiRe(/\n,uinxfuny)/Im An

*

pnN()\nx - y))T7
where p;n(z) are polynomials w.r.t. z of degree at most N. Then the space Py is finite-
dimensional and its dimension is (N + 1)n.
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