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APPROXIMATE SOLUTIONS OF NONLINEAR
CONVOLUTION TYPE EQUATIONS ON SEGMENT

S.N. ASKHABOV, A.L. DZHABRAILOV

Abstract. For various classes of integral convolution type equations with a monotone
nonlinearity, we prove global solvability and uniqueness theorems as well as theorems on
the ways for finding the solutions in real Lebesgue spaces. It is shown that the solutions
can be found in space L3(0,1) by a Picard’s type successive approximations method and we
prove the estimates for the rate of convergence. The obtained results cover, in particular,
linear integral convolution type equations. In the case of a power nonlinearity, it is shown
that the solutions can be found by the gradient method in the space L,(0,1) and weighted
spaces Ly(o).
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In work [I] for nonlinear integral convolution type equations
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the theorems on existence, uniqueness, and estimates for solutions in the real spaces L,(0,1),
1 < p < o0, were proven without any restriction for the absolute value of the parameter .

In the present work it is proven that in the case of the space L(0, 1), these solutions can be
found by the method of Picard type successive approximations and at that, it is not needed the
absolute value of the parameter A to be “small”. In contrast to [2], where similar equations with
the kernel of potential type on the real axis were considered, here, by employing the method
of potential monotone operators, we construct new successive approximations and improve
substantially the estimates for the rate of convergence. Moreover, by the gradient method
(method of steepest descent) we succeeded to solve equations with power nonlinearities not
covered by the results in [2] both in L,(0,1) and the weighted spaces L,(p).
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To simplify writing, we introduce following notations:
p
Ly(0,1) =Ly, |- HLp(O,l) =[-llp, p'= E,
1 1
() = [ule)vla)dz, (B (@) = [ e =t u(tyde
0 0
Definition 1. We shall say that a function ¢ € Q(0,1] if it is continuous, decreases, convex

1
down in the segment (0,1], and [ p(z)dz >0
0

In what follows we shall make use of the following lemma playing an essential role in studying
equations f and equations with power nonlinearities.

Lemma 1. Suppose 1 < p <2 and ¢ € Ly o (1Q(0,1]. Then the convolution operator Pj
is a continuous one from L, into L, is potential and positive and Yu(z) € L, inequalities

1Pl < 27 9l el o
1 /1

(Pfu,u) = / /gp(|x —t)u(t)dt | u(z)dx >0 (5)
0 \0

hold true.

Proof. Inequalities and were proven in [I]. Thus, the operator Pg is a continuous one
from L, into L, and is positive. Since ¢(|z — t|) = ¢(|t — x|), the operator Py is symmetric.
Therefore, (see, for instance, [3] or [4], Example 1.2), the operator Pj; is potential, and its
potential is calculated by the formula p(u) = 1(Pgu, u). O

It should be noted that as p = 2, under additional restrictions (differentiability and
non-negativity) for functions ¢(x), the positivity of the operator Pj; was proven earlier by
A.M. Nakhushev [5].

We proceed to the study of nonlinear equations — involving convolution type operator
Py. We denote by N the set of all natural numbers. Hereafter we assume that the function
F(z,t) generating Nemytski operator F'u = Flz,u(z)] is defined for x € [0,1], t € (—o0,0)
and satisfies Caratheodory conditions: it is measurable w.r.t. x for each fixed ¢t and continuous
w.r.t. t for almost each x.

In what follows we shall make use of the following theorem (see [4], p. 16, where its proof
was given) being a corollary of more general results of [6].

Theorem 1 ([6]). Suppose H is a real Hilbert space with a scalar product (-,-) and a norm
| - lzr, an operator A acts in H and is potential. If there exist constants m > 0 and M > 0
(M > m) such that for each u,v € H the inequalities
|Au — Av|lg < M - ||u —v||g, (Au — Av,u—v) >m-||lu—v|%

hold true, the equation Au = f has the unique solution u* € H for each f € H. This solution
can be found by the method of successive approzimations by the formula (n € N)

2
n — Un—-1 — A n—1 — s 6
U, = U1 ]\/[—i—m( Un—1 — f) (6)
with the estimate for the error
2 a”
n - * < : A —_ s
=l < T+ =l Ao = fll (7

where o« = (M —m)/(M 4+ m), ug € H is an initial approzimation.
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We note that estimate @ ensures a higher rate of convergence of successive approximations
in comparison with estimate (16) in [2] obtained without the assumption of potentiality of
operator A.

Theorem 2. Suppose ¢ € Q(0,1] and for almost each fized x € [0,1] and each t1,ty €
(—00,00) the nonlinearity F(x,t) satisfy the assumptions

1). |F(z,ty) — F(x,ta)| < M - |ty — to|, where M >0

2). (F(m,tl) - F(x,t2)> (ty —tg) > m - |ty — ta|?, where m > 0.
Then for each X > 0 and f(z) € Lo, equation has the unique solution u*(x) € Ly. This
solution can be found by the iteration method via the scheme

un:unfl_pll'()"Funfl—i_Powlunfl_f)v (8)

with the estimate for the error
of

[un = w2 < poa - A Fluo + Pryuo = flla, (9)

1— (0%}
where py =2/(M +m+2|¢l1), a1 = (M —m+2|plh)/(M+m+2|el1), u(z) € Ly is an
miatial approximation.

Proof. Assumption 1) implies that the Nemytski operator F' is an operator in Ly and satisfies
Lipshitz condition

|Fu— Folls < M - ||u— vl Vu,v € Lo, (10)
and Assumption 2) yields that it is strongly monotone,
(Fu— Fv,u—v)>m- |lu—0vl3, Vu,v € Ly . (11)

Moreover, under Assumption 1), the Nemytski operator F' is potential and its potential g is
calculated by the formula (see [3]),
/ F(z,t) dt] dz,

0

1

g(u) = go+/

0

where gy = const .

Let u,v € Ly be arbitrary functions. We write equation (1)) in the operator form, Au = f,
where A = X - F + Bj;. We note that by inequalities and , the operator A is a
continuous one in Ly and is potential (as a sum of two potential operators A - F' and Fg).
Employing then Minkowski inequality and by inequalities and , on one hand, we have
|Au— Avlla < (A- M +2]|¢|l1) - |Jlu—v]||2, and on the other, using inequalities (|5 and ((11]), we
get (Au— Av,u—v) > XA-m-|ju—wvl|3. Therefore, by Theorem 1, the equation Au = f has the
unique solution u* € Ly and this solution can be found by the scheme implied by formula
@ with estimate @[) for the error following from inequality . m

It is more complicated to study nonlinear equations and by the method of potential
monotone operators. Here we succeed to construct the successive approximations only in terms
of the inverse operator F~!.

Theorem 3. Suppose ¢ € (0, 1] and the nonlinearity F(x,t) satisfies Assumptions 1) and
2) of Theorem 2. Then for each X > 0 and f(x) € Lo, nonlinear equation (3) has the unique
solution u* € Lo. This solution can be found by the iteration method via the scheme

Uy = F M, vy =1 —pto- (F vy + X Phvg1 — f), (12)
with the estimate for the error

n
o — ]y < 22 22
m 1— o

lug + A - P§ Fug — f, (13)
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where n € N, s =2/(m™ +m M 242X |lo|l1),
az=(m~ =mM 7 +2X-ll)/(m™ +m M+ 22X o),
F~1 is the inverse operator for F, vy = Fug, ug € Ly is an initial approzimation.

Proof. Since the operator F' satisfies inequalities and (1)), by Theorem 1.3 in [4], there
exists the inverse operator F~! such that

1
|Fu— Fol|s < EHU/—UHQ, Yu,v € Lo, (14)
(F o — Flou—v) > 2 ju—v|2, Vuvel (15)
) = M2 2 ) 2 -

We note ([6], p. 137) that the operator F'~! is potential as the inverse to the monotone potential
operator F'. We write equation in the operator form,

u+ - PjFu=f. (16)
It is straightforward to check that if v* solves the equation
Bv=Flv4+ X Pfv=f, (17)

u* = F~1v* solves equation ([16)).
Let us prove that equation ((17)) has the unique solution v* € Ls. Employing inequalities ,

, , and , we get

|Bu—Bulla < (m™ + 2+ [[gll) llu—vll2,  (Bu—Bo,u—v) > < flu—wvf3 .

M2

Moreover, the operator B is potential as a sum of two potential operators F'~! and A - B§.
Hence, by Theorem 1, equation Bv = f has the unique solution v* € Ly that can be found by
the scheme

Up = Un—1 — M2 (an—l - f)a (18)

with the estimate for error

[on = v*ll2 < gz -

(07
By = f (19

where 19 and «y are determined above in the formulation of Theorem 3. But then equation
has the unique solution w = F~lv* € Ly that can be found by scheme yielded
by (18 With estimate ) for the error implied by (19 taking into consideration identity
Bv = F v+ - Py and estlmate up — w2 = [[F~ v, — F70% | < S |o, — v*|fa. O

Theorem 4. Suppose p(z) € Q(0,1] and the nonlinearity F(z,t) satisfies Assumptions 1)
and 2) of Theorem 2. Then for each A > 0 and f(x) € Ly nonlinear equation (@ has the unique
solution u*(x) € Ly. This solution can be found by iteration methods via the scheme

Up = Up_1+ X fio - (F_l (A_l(f - Un—l)) - P(;plun—l) ) (20)

with the estimate for the error

oy _ _
o = wlle <A~ pa - = 2'HF TS = w0)) — Poiuoll2, (21)

where n € N, po, and oy are defined in the formulation of Theorem 8, F~! is the inverse
operator for ', ug € Ly 1s an initial approrimation.
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Proof. We write equation in the operator form
u+ M- FPju=f. (22)

We let f —wu = \-v. Then equation casts into the form FPg(f — A-v) = v. Applying the
operator F'~! (its existence was proven in Theorem 3) to both sides of the latter equation, we
arrive at the equation

Bv=F v+ )\ P{v=P,f . (23)
It is straightforward to check that v* is a solution to equation , then u* = f — X - v* solves

equation ([22)).
Since (23)) is of the same form as equation , repeating arguments in Theorem 3, we make
sure that equation has the unique solution v* € Ly and it can be found by a scheme like

(18),

Up = Up—1 — MQ(BUTL—I - P(ﬁf)v (24)
with the estimate for the error like ,
* an
lon =[] < ez - 5 “—||Bvo — Py fll2 - (25)
Bearing in mind that v = A7!(f — u), from and we obtain immediately iteration
scheme and estimate for the error. O

Theorems 2-4 cover, in particular, equations with kernel like potential |z —¢|*7!, 0 < o < 1,
and logarithmic potential —1In |z — t|, as well as corresponding linear equations and some
equations with monotone nonlinearities (for instance, (u(z) + 2u3(z))/(1 + v?*(x))). However,
these theorems do not cover power nonlinearities leading out the space Ls.

For approximate solving of equations with power nonlinearities in wider spaces we shall make
use of the following well-known theorem. Before we formulate it, we give necessary notations
and definitions.

Let X be a real Banach space and X* is adjoint space. We denote by (y,z) the value of a
linear continuous functional y € X* on an element x € X, and the symbols || - || and || - ||«
denote the norms in X and X*, respectively.

Definition 2. Let u,v € X be arbitrary elements. Operator A : X — X* (i.e., acting from
X into X*) is called

uniformly monotone if (Au— Av,u—v) > B(|lu—v||), where 5 is an increasing on [0, c0)
function such that 5(0) = 0;

boundedly Lipshitz-continuous if ||Au — Av||, < p(r) - ||u—v||, where p is increasing on
[0, 00) function, and r = max(]|ull,||v||).

Theorem 5 ([6]). Let X be a real Banach space and A : X — X* be a hemicontinuous uni-
formly monotone coercive operator. Then the equation Au = f has the unique solution u* € X
for each f € X*. Moreover, if X and X* are strictly conver space and operator is poten-
tial and boundedly Lipshitz-continuous, the sequence upy1 = Up — 0, - J*(Au, — f), where
0, = min{1,2/[e + p(||un|| + [|Aun — fll+)]}, n =0,1,2,3,..., J* : X* — X is the dualizing
mapping for X*, € > 0 is an arbitrary number, converges to u* in the norm of space X.

The existence and uniqueness of solution u* in Theorem 5 follow from Browder-Minty theorem
(main theorem of theory of monotone operators [0]), and the strong convergence of the sequence
{u,} to u* by the mentioned scheme is followed by Theorem 4.2 and Remark 4.13 in [6], since
each uniformly monotone operator is strictly monotone and possesses (S)-property [6]. The

way of finding u* given in Theorem 5 is known as the method of steepest descent (or gradient
method) [6] .
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Lemma 2. Let 2 <p < oo, ¢ € Q(0,1] and b(x) € Lap/p—2). Then the operator
1

(Biu)(z) = b(x)/b(tW(lﬂf—tl)U(t) dt
0
is a continuous one from L, into L, is positive and potential, and Yu(x) € L, inequalities

I BSully < 200b)15,/p-2) - el - lully,  (Biu,u) >0 (26)
hold true.

Proof. Let u(z) € L, be an arbltrary function. By Hélder inequality, ||b-u|l2 < ||b]|2p/(p—2) ||©]]p-
Hence, employing estimate (), we have B (b- u)2 < 2 |l b - ul. < 2 160120/ o2 11l 1 [l ull -
Since Bfu = b- Py(b - u) and by Holder inequality ||Byully < ||b||2p/(p_2)||P5’1(b cu)]le <
2 HbH2p/ w2 ll@lli-[[ull, . the operator B is a continuous one from L, into L,y and is potential
as a symmetric operator, at that, the first inequality in holds true. Finally, employing
inequality (9 ., we obtain (B§u, u) = (P5(b-u),(b-w)) > 0 which is equivalent to the second
inequality in ., i.e., the operator B is positive. O

Theorem 6. Suppose p > 4 is an even number, ¢ € (0,1], and b(x) € Loy p—2y. Then the

equation
1

uH (@) + b(w) /b(t) (e —tf)u(t) dt = f(z) (27)

has the unique solution u* € L, for each f € L. This solution can be found by the successive
approximations method as follows,

Uy = = 0 [[Auy — FI57 - | Au = fI772 - (A, — f), (28)
where n = 0,1,2,3, ..., ug(z) € L, is an initial approzimation, Au = uP~" + Bf u,
2

0, =min | 1, P
et (= 1) (el + 1A — Fllr)” + 2 1013, Il

e > 0 s an arbitrary number.

Proof. We write equation (27)) in the operator form Au = f, where Au = uP~ + Bfju. It is
obvious that operator A is a contmuous one from L, into L, and coercive since (Au u) =
(uP™, u) + (Bgyu, u) > ||ull} and p > 4.

Let us show that A is uniformly monotone operator. Employing Lemma 2 and inequality
(tP~1 — sP71) . (t — 5) > 227P|t — s|P being valid for each ¢, s € (—00,00), we have

1

(Au — Av,u —v) > /[up_la(x) — P H2)] - [u(z) — v(z)] dz >

0
> 277 fu—vlp = Blu—vlly), Vuve€ Ly,

where 3(s) = 2277 - sP is a strictly increasing on [0, 00) function such that 5(0) = 0, i.e., A is
an uniformly monotone operator.

Thus, by Browder-Minty theorem, equation . ) has the unique solution u* € L,. It remains
to prove that sequence . converges to u*(z) in the norm of space L,. Let us employ The-
orem 5. It is known [3] that the spaces L,, 1 < p < oo, are strictly convex and the dualizing
mapping J* for the space L,s reads as follows,

(Jw)(w) = [wl5 - fw(z) [P - w(z) . (29)
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Let us show that the operator A is boundedly Lipshitz-continuous. For each u,v € L, we
have

lAu — Avlly < ™ ="y + [1BE (= v)lly = i+ 12 -
Since [Pt — P < EL [t — |- (#7724 sP72), Vi, s € (—00,00), we have
1/p

1
— 1 / /
n<? ! /wm—wmww%»wﬂwwm <
0

N

2

(we apply first Holder inequality with exponents p/p’ and p/(p — p/),
and then we apply Minkowski inequality to the second factor)
p—1
S 2
where 7 = max (||ull,, [|[v||,). Thus, estimating I by means of the first inequality in (26), we
bave | Au—Auly < u(r)-[lu—ol,  where p(r) = (p=1)-r7+2 [b], ¢, Il 35 an increasing
on [0, 00) function. Hence, A is a boundedly Lipshitz-continuous operator.
Next, since F'u = uP~! is a potential operator, taking into consideration Lemma 2, we obtain
that the operator A is potential as well.
Hence, due to Theorem 5, sequence converges to u*(z) in the norm of space L. O

lu = vlly (lally™ + [ollp™2) < (0= 1) - 7772 - flu — v,

We introduce weighted spaces L,(g). Let o(z) be a non-negative Lebesgue measurable on
[0, 1] function being almost everywhere finite and non-zero. We denote by L,(p), 1 < p < oo,
the set of all Lebesgue measurable on [0, 1] functions u(z) with a finite norm

1 1/p

fulla = | [ ofo) uta) P
0
It is known [7] that L,(o) is a reflexive Banach space and its adjoint space is Ly (o'™"') with

the norm || - ||y1-p, P’ = p/(p—1). In the case p(x) = 1 we shall write as usually L, and || - ||,.
In the weighted space L, (o), consider the equation

1
ofa) 0 (@) + [ ol — ) utt) di = o). (30)
0
We impose the following restriction for the weight o(z),
1 (r—2)/(2p)
()= | [/ < oo. (31)
0
Lemma 3. Suppose 2 < p < oo, ¢ € Q(0,1], and condition 1s satisfied. Then the

convolution operator P§y acts from L,(p) into Ly (p*™"') and is a continuous potential positive
operator,

1Pl 1 < 2¢%(0) - ol - lullp,  Yu € Ly(o). (32)
Proof. Let u(x) € L,(p) be an arbitrary function. Since, by Hélder inequality,
L 1/2
fulls = | [l et PP | < o) (3

0

the space L,(p) is continuously embedded into L.
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Similarly, for each i (z) € Ly we have

1 1/p

[, 1 = /[Q(fﬂ)]l"’llﬂ)(w)lp/dfﬁ <o) [¥ll2- (34)

0
Inequalities imply that the continuous embedding

Ly(0) C Ly C Ly(0'™") (35)

holds true. Since, by inequality (), [|Pgull2 < 2@l - [[ull2, employing estimates and
BB, we get

[Pl 1 < o) - 1P ull < 2¢(0) - ol - llulla < 262 (0) - llelh - [[ullp,a -

Thus, the operator Py, is a continuous one from L,(p) into L, (p'™") and inequality
holds true. The potentiality and positivity of the operator Py follows from Lemma 1 since
embeddings hold true. O]

Theorem 7. Let p > 4 be an even number, ¢ € Q(0,1], and condition be satisfied.
Then equation @ has the unique solution u*(x) € L,(0) for each f(z) € Ly(0o'™). This
solution can be found by the successive approrimations method as follows,

Uni1 =t = O [[Bun = Fllp 7 - 017 |Bun = f1772 (Bun = f), (36)
where ug(x) € L,(0) is an initial approzimation, Bu = o - uP~' + Pu,
2

p—2
et =1 (Juallps +1Ben = fllyay) +2¢2(0) - gl

e > 0 is an arbitrary number.

0p = min | 1, ,

Proof. Since the proof follows the same lines as that of Theorem 6, we restrict ourselves just
by main milestones. We write equation in the operator form Bu = f, where Bu =
p-uP~ + Phu. Since o-uP™t € Ly(0'™"), Yu € L,(0), employing Lemma 3, we obtain that
the operator B acts from L,(o) into L, (p'™"). Tt is straightforward to check that the dualizing
mapping J* for the space L, (o' ™) reads as
(Jw)(x) = |l 5, - "7 (@) - Jw(@)[" 2 w(z).

Next, Yu,v € L,(0) we have

|Bu — Bvly,1-p < [lo- (upi1 - Upil”p’,lfp’ + 155w =)l 1 = 11 + Lz
As in the proof of Theorem 6, we get

1 1/p
p— 1 /—1 v 2—p/ p—2 p—2 4
L <P [ o @) o) e @) ot ar | <
0
< p— 1 p—2 p—2 < 1 p—2
<5 lu=vlpa (lullp ™ + ol ) <=1 7P Jlu—vlp1,

where r = max (||ul|p,1, [|v]/p,1).- Thus, employing Lemma 3 to estimate I, we have ||Bu —
Bo|ly.1—p < u(r) - [Ju — vllp1, where u(r) = (p— 1) - 7772 4+ 2¢%(o) ||¢||1 is an increasing on
[0,00) function. Therefore, B is a boundedly Lipshitz-continuous operator. Finally, exactly as
in the proof of Theorem 6, one can prove that B is an uniformly monotone (with 3(s) = 2277 sP)
potential operator. O
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In conclusion we note that similar results can be obtained for nonlinear singular integral

equations and nonlinear Wiener-Hopf equations with special kernels considered in [4], [8], [9].

1.

2.

BIBLIOGRAPHY

S.N. Askhabov. Nonlinear integral convolution type equations on segment // Izv. VUZov. Sev.-Kav.
reg. Estestv. nauki. 2007. No. 1. P. C. 3-5. (in Russian.)

S.N. Askhabov. Approzimate solution of nonlinear equations with weighted potential type operators
// Ufimskij matem. zhur. 2011. V. 3, No. 4. P. 8-13. [Ufa Math. J. 2011. V. 3, No. 4. P. 7-12/]
M.M. Vainberg. Variational method and method of monotone operators in the theory of nonlinear
equations. Nauka, Moscow. 1972. [Wiley, New York. 1974.]

S.N. Askhabov. Nonlinear equations of convolution type. Fizmatlit, Moscow. 2009. (in Russian).
A.M. Nakhushev. Fractional calculus and its application. Fizmatlit, Moscow. 2003. (in Russian.)
H. Gajewski, K. Groger, K. Zacharias. Nichtlineare Operatorgleichungen und Operatordifferential-
gleichungen. Mir, Moscow. 1978. [Mathematische Lehrbiicher und Monographien, II. Abteilung,
Mathematische Monographien, B. 38. Akademie-Verlag, Berlin, 1974.]

B.V. Khveledidze. Linear discontinuous boundary value problems of theory of functions, singular
integral equations, and some applications // Trudy Tbilis. matem. inst. AN GruzSSR. 1956. V. 23.
P. 3-158. (in Russian.)

S.N. Askhabov. Application of the method of monotone operators to some nonlinear equations of
convolution type and to singular integral equations // Izv. VUZov. Matem. 1981. No. 9. P. 64-66.
[Sov. Math. (Izv. VUZ. Matem.) 1981. V. 25, No. 9. P. 77-80.]

S.N. Askhabov. Nonlinear singular integral equations in Lebesque spaces // Sovrem. Mat. Prilozh.
2010. V. 67. P. 33-48. [J. Math. Sci. 2011. V. 173, No. 2. P. 155-171.]

Sultan Nazhmudinovich Askhabov,
Chechen State University,
Sheripov str., 32,

364907, Grozny, Russia

E-mail: askhabov@yandex.ru

Ahmed Lechaevich Dzhabrailov,
Chechen State University,
Sheripov str., 32,

364907, Grozny, Russia

E-mail: askhabov@yandex.ru



	 References

