ISSN 2304-0122  Ufa Mathematical Journal. Vol. 4. No 4 (2012). P. 54{67]

UDC 517.9

FRACTIONAL DIFFERENTIAL EQUATIONS: CHANGE OF
VARIABLES AND NONLOCAL SYMMETRIES

R.K. GAZIZOV, A.A. KASATKIN, S.YU. LUKASHCHUK

Abstract. In this paper point transformations of variables in fractional integrals and
derivatives of different types are considered. In the general case, fractional integro-
differentiation of a function with respect to another function arises after such substitution.
The problem of applying a point transformations group to this type of operators is con-
sidered, the corresponding prolongation formulae for infinitesimal operator of the group
are constructed. Usage of prolongation formulae for finding nonlocal symmetries of equa-
tions and checking their admittance is demonstrated on a simple example of an ordinary
fractional differential equation.

Keywords: fractional derivative, prolongation formulae, nonlocal symmetry.

INTRODUCTION

Differential equations with fractional derivatives have a wide range of applications as math-
ematical models of various processes with anomalous kinetics [T, 2]. Investigation of sym-
metry properties of such equations is an important problem. Meanwhile, unlike the classical
integer-order derivatives, there exists a number of differerent definitions of fractional derivatives
[3, 4, [5l [6], [7]. These definition differences leads to the fractional differential equations (FDEs)
having similar form but significantly different properties.

The Riemann-Liouville left-hand side fractional derivative [3] defined as

(D) (1) = =T /m< b g 0

['(n — «) dx” x — t)e—ntl

and the Caputo left-hand side fractional derivative [4] defined as

C na 1 * y(n) (t)
(c D:p y) (l‘) - F(TL . CY) /C (ZL’ . t)a_n+1 dt (2)
are used most often in practice (here n = [a] + 1, I'(x) is the gamma-function).

In general case, a solution of a differential equation with the derivative may contain an
integrable singularity (of the order not higher than 1—«) at the point x = ¢, while the existence
of the derivative implies that the solution is bounded at this point. It is known (see, for
example, [4]) that if a finite limit lim, ., y(z) = y(c) exists, then the derivatives and
are connected by the relationship

(D%y) () = (£ D3y) (x) +

1 y(c)
Tl —a) (@ —0F 3)

Methods of constructing the point transformation groups admitted by differential equations
were developed in the papers [8, 9, [10, [11] for equations with fractional derivatives of the form
and . Prolongation of the group infinitesimal operator to the fractional integrals and
derivatives was constructed. Algorithms of finding the admitted group for equations containing
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these derivatives were developed, and some problems of group classification of ordinary dif-
ferential equations and fractional-order partial differential equations were solved. However, it
was found that the class of variables substitutions preserving the form of fractional derivatives
is very narrow. The general form of such a point substitution for the Riemann-Liouville-type
derivatives is defined by the expression

T = ux_?) § = do(x) + yin (),

c1 + CQ(
where ¢, ¢1, ¢y are constants, 1g(x),

wai(x) are some functions with specific form being deter-
mined by the equation under consideration.

Nevertheless, the derivatives ((1|) and (2|) are only the particular forms of fractional derivatives,
though they are used most frequently. More general definition is a fractional derivative of a
function with respect to another function. This type of derivative arise when general point
transformation of variables is applied to any fractional derivative of a definite type. FDEs
with a fractional derivative of a function with respect to another function are considered, in
particular, in the process of constructing invariant solutions of fractional partial differential
equations. For example, when constructing scale-invariant solution of anomalous transport
equations, one obtains the ordinary differential equations with the Erdélyi-Kober fractional
derivatives [8, [12]. The existing methods of sovling such equations are very complicated and
work only for a limited class of equations.

Using fractional derivatives of a function with respect to another function makes it possible
to expand the class of allowed variables substitutions. These variable changes can be considered
as a new type of equivalence transformations (brief discussion of this problem can be found in
[13]). This approach provides new possibilities for reduction of the variables number, and, in
particular, for constructing invariant solutions.

In this paper, application of the Lie group analysis methods to the class of FDEs containing
fractional derivatives of a function with respect to another function is considered. The first
necessary step is the construction of prolongation formulae to extend an infinitesimal operator
of the group to the fractional integrals and derivatives of a function with respect to another
function. Section 1 of this paper is devoted to this construction.

Since fractional derivatives are represented by integro-differential operators (i.e. they are
nonlocal), it seems natural that the equations with such derivatives should have nonlocal sym-
metries. One of the ways to construct such symmetries is to use non-point transformation of
variables (containing fractional derivatives and integrals). Then one can determine the form of
infinitesimal operators in the space extended to the corresponding nonlocal variables.

Using the prolongation formulae for construction and verification of nonlocal symmetries is
illustrated by a simple example. Working with fractional derivatives, verification of an operator
admittance is often a non-trivial problem as demonstrated in the section 2 of the present paper.

1. A FRACTIONAL DERIVATIVE OF A FUNCTION WITH RESPECT TO ANOTHER FUNCTION.
THE PROLONGATION FORMULA

In the general case, an arbitrary change of variables = ¢(z,y), ¥ = ¥(z,y) does not preserve
the form of the fractional differential operator. In particular, this substitution transforms the
Riemann-Liouville fractional derivative (1)) of the order a € (0, 1) to the left-hand side derivative
of the function ¢ (x,y) with respect to the function ¢(z,y):

a — 1 1 i x—w[t]thm where ¢ : r,ylx =c
(D) )= F oy BT |, = et e e oo =

For the sake of brevity the notation f[x] = f(z,y(x)) is introduced here. The definition and
general properties of derivatives of a function with respect to another function are presented,
for example, in [3].

Let us give some examples of transforming the Riemann-Liouville operator into other known
forms of fractional differentiation operators by the change of variables.
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1) Translation with respect to z
r=x+4+a, y=y
conserves the type of the operator but changes the lower limit of integration:
(D3y) (x) = (D3y) (), c=c+a.

2) After substitution of variables

T = xa, y=1y,
the Riemann-Liouville operator is replaced by the Erdélyi-Kober operator [3]:
L1 d g )
Dy = —————dt, b=1/a, ¢= "
(Dzy) (@) = s =5y 71 df/c (@ — e Ja, e=c

Such change of variables is often performed to find invariant solutions of the anomalous trans-
port equations with respect to the group of scaling transformations [g].
3) Change of variables
rT=e", y=y
results in the transforming the Riemann-Liouville operator to the fractional derivative operator
[3] of the Hadamard type:

(:D3y) (1) = - d/zﬂ@

S L
F(l1-a)dz Je (In2)" ¢

Together with the fractional derivative of a function with respect to another function, the
definition of the fractional integral of order 5 > 0 of a function with respect to another function

[3] is also used:
N S 010
(1309) @ =155 | G st o

Here it is assumed [3] that g(x) > 0 within the interval (¢,d) and the function g(x) has a
continuous derivative ¢'(z) which is strictly positive or negative (¢'(z) > 0 or ¢'(z) < 0 for all
x). The function y(x) is considered to be Lebesgue integrable within the interval (c,d), i.e.
Yy e Ll(C, d)

In what follows, for the sake of simplicity, we consider the left-hand side fractional derivative
of the order v € (0, 1) of the function y(z) with respect to the function g(z):

o _ 1 da, 1 1 od " yt)g'®)
(c g(w)y) (I) = g’(ZL’) dr (ch(x)y) (17) = F(l — a) g,(x> dx/c (g(x) — g(t))o‘dt' (5)
The fractional derivative for a € (0,1) is a particular case of (5) when g(z) = z.
The fractional derivative has two properties which are used below to deduce the prolon-
gation formula.

Property 1. The following relationship holds:
Dy (9(2)y(x)) = g(2) Doy (@) + acl i Sy(@). (6)
Proof.

Dy (9(x)y(x)) =
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]
Property 2. If tlirgr y(t) (g(t) — g(c)) = 0, then the following equality holds:
Dige (@) (0(0) ~ 0) = s [ AL, )

Proof. The proof consists of integration by parts and differentiation of the resulting integral
with a variable upper limit:

ot —9(@) ,
)= gl ¢ D=
(9(x) — glt))'

1l—«

T

Proposition 1. Let us consider a one-parameter group of point transformations in the in-

finitesimal form:
T =x+aflz]+o(a), y(&)=y(x)+ anlz]+ o(a).

Assume that the function y(x) € Li(c,d) has a continuous derivative y'(z) for x € (c,d), the
functions [x] = (z,y(z)) and n[xz] = n(z,y(x)) are sufficiently smooth at every point x € (¢, d),
g(x) is a monotonous positive twice differentiable function.

Then the infinitesimal transformation of the fractional integral for 8 =1 — « can be
presented in the form

(c257) (@) = (Li5w) (@) + aCarsle] + o(a),
where (o_1 is determined by the prolongation formula
Camtlz] = Ly (0 = &) () + €[] (2) (Djiayy) (2). (8)

Proof. Let us write the fractional integration operator in the new variables z, y:
) (- 1 T y(r)g'(T)dr 1 /H“SM y(1)g'(T)dr
el ' ~y) (7)) = / - - = + o(a).
(557) D= 0y |y o ~Ta ) G e - <é)

To make the substitution of the function 7(7), a certain substitution of the integration
variable 7 is necessary. The most natural type of the substitution 7 = 7 + a&[7] allows one to
turn easily from 4(7) to y(7) (y(7) = y(7) + an[r] + o(a)). However, after this substitution
the lower limit of integration becomes a function of the parameter a, which complicates further
transformations significantly and requires imposing additional restrictions on the type of the
function &[x] [9].

The substitution of variables

g(m)l

T =1+ ah(x,t),
where

(10)
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is more optimal. Here ¢ is a new variable of integration. Such a substitution preserves the
integration limits because t = ¢ transforms to 7 = ¢, and t = z transforms to 7 = = + a[z].
Carrying out this substitution in @D we obtain

(c£i57) @) = gy | (90l 4 agle) = o 07 )

dt + o(a).
T=t+ah(x,t)
(11)

Let us consider transformation of every subintegral factor in detail.

To express §(7) via t it is necessary to substitute in y(7)+an[7]+ o(a) the argument 7, which
is transformed exactly into 7 during the substitution. It is known that the inverse infinitesimal
substitution has the form 7 = 7 — a&[7| +0(a). Expressing 7 via t determined earlier, we obtain

T =t+ah(z,t) — a[t] + o(a).

As a result we have
g(?”%:t—&-ah(:r,t) = (y(T) + (l’l’][T] + O(G))|T:t+ah(:ﬂ,t)—a§[t]+o(a) =
= y(t + ah(z,t) — a&lt]) + anlt] + o(a) = y(t) + ay'(t)(h(z,t) — &[t]) + anft] + o(a) =

() it — at il {[z]g'(x)  g(t) —g(c) , ola
= y(t) + anlt] — a&[tly'(t) + (0) — a0 70 y'(t) +o(a). (12)

E

Then,
(9(z + agl2]) = 9(T)) s mpsaner = 9(2) + alzlg(z) — g(t) — ah(z, t)g'(t) + o(a) =

= g(a) = 9(0) + (elelg'(0) - €l Z0=0T T 1)) 4 o) =
)

= ofe) ~ 9(0) (1+ a7 o)
whence
—qg(7)]¢ = (g(x) — 1l —-aa {lrlg'(@) o(a
90+ 0€[e]) = 9]y = (00) — 90 (1 a0 S ) o), 1y
Finally,
( ) £) + ag” (O)h(z, 1)) (1 + ahy(z, ) + o(a) E
@ ., @ (oo o dglh) @Y
‘g“*kgm»—m@(g“> gt ) o
_ RO ORY
‘g@(“+gu»—m@>+() (14
Substituting ,, into , we obtain
(c1i559) @) = g [ (507t + atle) = ot /() ) ol =
c T=t+ah(x,t

__ 1! ' anlt]l — a . Sl (@) g(t) —g(c) ,
i/ Qm»+nu el (1) + e8] 9 yw)x

. lelg () S L@ Y -
< (g(x) — g(1) (r—m2@>_ﬂ@)g@>0+—g@»_“®>dv+<>
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1T gt o« [T g
‘m—a)/c (9(x) — g ()" *rl—oo/ (9(x) — g(D))°

(
i e o 8@ o0 =) o
(vt = )+ eI 9O ) 11— )] ) + ot
= (yaty) (@) +acd)os (n = &) (@)
affz]g'(x “ ((g(t) —g(e)y'(t) + (L — a)y(t)g'(t)
* = e <5 . (9(a) — 90" i ota)
Let us use properties 1 and 2 to transform the last integral:

1 Dyly 9(e)] — ay(t)g'[t)
F(l—a)/”' 1—a/ g(t))“ "

D Dy lyl@)g(a) - glc >>]—acf;<x>y<> Dite <g<x>y< ) = 9(€)eDyayp(a) = oy y(a)

B g(2).0 90 >+acf;(;<; () = 9()e Dl () — el Sy(w) =
= (g(x) — 9(c)) (Dyyy) (2).

=2

This finally results in
(c£559) @) = (L2559) @) + a (L35 (0 - €0) (@) + €lalg' () (D) (@) +ola).

which proves the proposition. O

Proposition 2. In the conditions of proposition 1 the infinitesimal transformation of the
fractional derivative () of the order a € (0,1) has the form

(D5zy9) (2) = (D) (x) + alalz] + o(a),
where
Cala] = Dy (1 = &) (@) + €lelg' (@) (D) (). (15)

Proof. By the definition, we have

(cDgay¥) (7)

Using the infinitesimal expansions
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we obtain
0 1
(i) (@) = —
1 D, (&4
_ L (1 W (?9)
g g

(1 — af% + o(a)> (1 —aDy& + o(a))% (I, "y + ala—r + 0(a)) =

) (Da(J=y) + aDyCor) +ofa) =

D.(§9')
g/
(8)

= Dgy + gﬂ (Do(I,™ (n = &Y')) + Dy(E9'Dyy) — Dy(E9))Dyy) + o0(a) =

1 a a o B)
= EDI(CIQ1 y) + 7 (Dmfal — D,(.1, y)) + o(a) =

= Djy+a (%Dx(c[gla (n—2¢&y)) + fDx(cDgy)> +o(a) =

= Dyy+a (D (n— &) + &9 Dy y) + oa).
Here we omit the argument z for all functions for the sake of brevity. ]

Remark 1. When g(z) =z transforms into the prolongation formula for the Riemann-
Liouville type derivative obtained earlier [9], and in case of integer «, it coincides with the
known classical prolongation formulae for integer-order derivatives [14].

Remark 2. Unlike integer-order derivatives, it is impossible to expand brackets in the right-
hand side of in the general case, because the fractional derivative of separate summands n
and &y’ may not exist. An example of an operator with such coefficients is X; from section 3.

Remark 3. One can show that the formulae and are valid for fractional integrals
and derivatives of an arbitrary order, respectively.

2. NONLOCAL SYMMETRIES

Nonlocal symmetries of differential equations with integer-order derivatives have been known
for a long time [I5] and provide possibilities to construct additional invariant solutions and con-
servation laws in a number of cases. Meanwhile, it should be mentioned that there exists no
constructive algorithm of finding such symmetries. Several heuristic approaches are known that
allow one to construct particular types of nonlocal symmetries. One of them is the introduction
of nonlocal variables and extension of the transformation action to these variables. This ap-
proach can be successfully applied for equations with fractional-order derivatives. In this case
the prolongation formulae , constructed in the previous section can be used both for
construction of nonlocal symmetries and for verification of their admittance by the equation.

Let us demonstrate it by a simple example. We consider the equation

oDy =0, a€(0,1), (16)

which has the well-known general solution y = 2% !(c1x + ¢3) (cy, ¢o are arbitrary constants).
According to the definition of the fractional derivative, the equation can be written in the
form

Di(olé—ay) = 07
where

(oI") m:F(ll—a) /0 (xyﬁti)adt

is the left sided integral of the fractional order 1 — «.
Upon the nonlocal substitution z = (I1=?y, the equation is written in the form

2" =0, (17)
which admits the known eight-parameter group [9] determined by the infinitesimal operators
0 0 0 0
Xi=—, Xo=—, Xg=202—, Xy=2—
1 or ’ 2 Oz ) 3 x or ’ 4 z ox 9



FRACTIONAL DIFFERENTIAL EQUATIONS. .. 61

0 0 9, 9, 0
Xs=0—, Xe=2—, X;=a2'——+a2—, Xg=a2—+2°—.
5=, 6= %92 T e T o $ T %%: 77 a2
By virtue of the identity oD %oIl7*y = y it is possible to reverse the nonlocal substitution:
y = oDz

Applying the prolongation formula with g(z) = x, we can construct the prolongation of
each operator to the fractional derivative D™ “z:

Cloa = oDy (N — £2') + € D2 2. (18)

We omit the lower indices 0 and z in the operators of fractional differentiation and integration
for the sake of simplicity .

The known relationship between the Riemann-Liouville and the Caputo derivatives (3)) can
be written in this case as

0)z—"
Dff=DI'"Pf=1"F ’+f(—, € (0,1). 19
f F=If s ey BEO) (19
Differentiating (19)), we have the relation
0)z A1
Dﬁ+l — Dﬁ /+ f( 20

The relations and allow one to write

2027 i e, 2002

27 plray _ plea,  ZVU7
T(@) : T T-1)

when 3 =1 — a. Since the value z(0) exists, then the fractional derivative ¢D.~*2" also exists.

The Leibniz rule for the fractional differentiation of the product of two functions (see [3])
also appears useful for construction of the prolongations:

[°7 = D'z — (21)

[e%s) 6 -
D’(fg) =Y ( L D7RDrg. (22)
k=0
Here (f) are binomial coefficients, D?~%f = I*=# f when k > B. In particular,
DP(xf) = xD"(f) + BD"71(f), (23)
DO(a*f) = a*DP(f) + 282D (f) + B(6 — 1)D"7*(f). (24)
The fractional derivative of the power function has the form [3]
F(y+1) _
D% = —————— "¢ > —1 R. 25
Prolongation of the operator X;: Here £ = 1,7 =0 and
O)xa—Q
I _Dl—a / D2—a " Z( .
S )+ D7 = v
Prolongation of the operator Xs:
a—1
=D BT
Cl ( ) F(Oé)
Prolongation of the operator Xs:
=D B T
S @)= FarD

Prolongation of the operator Xg:
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Prolongation of the operator Xs:
(1oa = =DV (22) + 2D*%(2).
The assumption that the finite value z(0) exists entails that (xz)|,_, = 0. Then, due to (19
we have D'7%(zz)" = D?*%(xz) and substituting zz’ as (zz)’ — 2z, we obtain
Cloa = —D*(z2) + D"z + 2D °(2) & (a — 1)D' 2.
Prolongation of the operator Xy:
(loa = =DV %(22) + 2D**(2).

Applying the equation , the Leibniz rule (22)) and the representations it is possible to
eliminate nonlinearity under the operator of fractional differentiation:

IE

o0 1 .
Clea = — Z ( a> D™(z) D' " 42 D**(2) —zD'7 —(1—) 2 12 +2D*(2)
n

n=0

=

_ 0)z> 1\  22(0)x*>2 o 220zt 22(0)x2?

_ 1_ / Dl o, Z( — _1 /Dl @, .

( MZ( T Ta—1) @D e ey -
The presented form of the coefficient of the prolonged operator is not the only one possible.

In particular, we can eliminate the variable 2z’ by applying the representation of the fractional
derivative D'~z to the equation ([17):

_ “[(1-a cons @) 2zt (1 — )z
Dl a D" Dl a=ny AN
: ;% n (2) T(@) © T(a+D)

whence, due to relation I'(a + 1) = al'(a)) we have
(1—-a)y =T(a+ 1)z D'z — aZ,
T

As a result we find

T INE) ['a—1)
(D'72)?  azD'"@z  2(0)['(a+1)D'7z 1 a a2
=-Tla+)—"+——+ T(a) * <F(a -1 F(a)) 22(0)a™ =
~ o+ 1)(D x_:‘z) N a(z + Z(;)))D %z zz(lg)()oéx;"_ ‘

Prolongation of the operator X;:
(1o = D'V %(z2 — 2%2') + 2°D* 2.
Acting similarly to the procedure of the operator X3 prolongation, we find
(1o = D'7"%(z2) — D'"*D(2%2) + D'"%(222) + 2> D* %z =
= 3D *(xz) — D* *(22) + 2*°D* 2 3xD'" 2 + (3 — 3a)[*z — (4 — 2a)x D' 2~
—2—-a)1—a)l*2 = (2a —1)zD'" 2 + (1 — a*)D"2.
Prolongation of the operator Xg:
(oo = DV — x22)) + 22D* 2. (26)
Applying the Leibniz rule , due to the equation we find

o0 1 .
D) @y ( O‘) prz Do, @ opleas (1 - g) 1 27)
n
n=0
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Similarly, applying the Leibniz rule for zz - 2’ and taking into account that due to the equation

D3(zz) = 0, we have

— D' %(z22) —22D'"(2) — (1 —a)(z + 22) %Y — (1 — a)(—a)Z T*T2

@ e, 200 T (0 ]

= —x2zD Z+xZF(a—1) (1—a)(z+ )[D Ia) }—i— (1—«) [I I‘(a—i—l)] =

e O T @t (0

R v T ){D CENNCE R (a—l)F(a—l)}—i_
2'z(0)x”

+a(l—a) [z'[az —

ala— 1) (a—1)

]:

=—22D*%2— (1—a)zD'" %2 — (1 — )z’ D' 2 + a(l — a)2'I*2. (28)

Substituting and into we obtain

Goa = 2D %2+ (1 = a?)2' %2 — (1 — )z’ D' 2.

As a result, the prolonged operators take the form

% _ 0 2(02?  0
YT 0 T(a— 1) 020-9)

. o x>t 0

X2 = 0z - ['(«) 9z0-2)7

X; = x(% + (a— 1)z(1‘“)%,

X, = z% + ((a — 1) — Zrz(f)i_)l + sz((?fa;) az(?a)’
)~(5 = x% + F(ozx—l— 1) az(?—a)’

X = o + 217 82(?—0‘)’

Xo=2"o-+ xz% +[(20 = D227 + (1 - a®)27] 82(?—04)’

) )

ox 0z

find symmetries of the equation ((16)):
o y(a—l)(())xa—Q 2

0
Xs =2z +2"— + [azz7% — (1 — )22’z + (1 — ?)22Y)]

0

9a—a)’
where z(17%) = (D172, Whence, after the reverse substitution of the variables z = oI}~y we

X, —

LY I(a—1) 9y’

0 0 0

Xy =212 Xy=ar 2 4 (- y—

2 x ay) 3 xax—i_(a )yaya

~ o y(a)y(afl) (O)xafl y(afl)y(afl) (O)ZL‘QiQ
_ (a1 9  ye@ _
Xa=y" gyt <(O‘ Dyy T(a—1) T(a—1)
o 0 0

Xs=x By Xe = ?Ja—y7
X —ng—l—[@a—l)x + (1 —a?)I ]2

7T — 8:6 3/ y ay?

0

9
X = 2y @™o+ lagy @™ = (1= a)ayy + (1= a®)y @ Iy| 7.

ox

Y

0

oy’
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Here @Y = (Il Ty = o1,y.

The symmetries X5, X3, X5, Xg are local, other symmetries are nonlocal. Let us note that
the initial value y@~Y(0) contained in the operators X; and X, is a natural initial condition
for the formulation of the Cauchy problem for fractional differential equations.

Let us show that the coefficients of the operators X ... Xy satisfy the definite equation

COI+1‘DQ+1y:0 = O,
which takes the form
D (0 = &Y)| pasryg = 0
for the equation .
Operators X9,X5,Xg. The verification is trivial. For X4, we have
a+1
Dt (y)}Da+1y:0 = 0.
For X,, we have n — &y’ = . By virtue of we obtain
Dl =,

because the gamma-function has poles of the first order at the points x =0, x = —n,n € R.
Likewise for X5: DTz~ = 0.

Operator X :

(a—1) (O)xa—2
N — Da+1 Y ) )

Note that derivatives D1y’ and D**129=2 do not exist, therefore it is impossible to apply the
operator D®*! to the separate summands in this case.
The relationship with f = I'"%y allows one to write the following representation of y:

(I'~*y)(0) - x> y @D (0)z!

= Dleytmey = j*pr-e =1*D" 29
Y Y y+ T(a) A R (29)
whence 1) )
«=D(0)x*~
I Dl—aDa ) ( 30
y ¥ (30)
due to (o — 1)I'(a — 1) = '(«w). Then
Car1 = =D (D, D3y).
Due to the relationship and the equation we have
D< 0 a—1 Do 0 a—1
Dl—aDay — D[ozDay ]aDa+1y + ( y)( )iIZ’ ( y)( )l’ (31)

ra-g —  TA-5)
(the existence of (D*y)(0) follows from the formulation of the Cauchy problem for the original
equation or from the existence of 2/(0)).
Due to the a + 1 fractional derivative of the expression (31]) is equal to zero, whence
CaJrl‘Da-ﬁ—ly:o = 0.
Operator of the dilation group Xs:
Car1 = D ((a = D)y — zy).
Applying the representation zy’ = (xy) —y and the relationship D" (zy)’ = D*"?(xy) (which
holds due to (zy)|z—0 = 0), we obtain
Gars = D (ay = (ay)') = aD™y — D*¥2(ay) & —op2i2(y) —2D21(y),
and
CaJrl‘Da-ﬁ—ly:o = 0.
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Operator X,:

(), (a—1) (O)Jfa_l y(a—l)y(a—l) (O)xa—Z
il = Da+1 -1 () vy o (a=1),/ .
Applying the Leibniz rule it is easy to see that due to the equation (16| the fractional
derivatives of the first and the second summands vanish:

« « (22) - -+ 1 a+l—n a+n
Dm“(yy( ))’Daﬂyzo (22 Z( ; )D tlony, | patny —0,
n=0 Da+1y:0
a+l( a1, (a) (22) S a+l atl-n_a=1  nHatn (25
DzB (ZU y )}Da+1y:0 - Z . -D xXr .D y — O
n=0 Da+1y:0

To simplify the remaining parts of the expression we use the representation 7/ :

(a—1) 0 (a=1) ,.a—2
« y y T o— " o — —Q e "
Dm“( F(é_ 0 —y' ”z/) @ _peri(rey. pepey) B

B (ot 1— 1- 1-
= _ Dot (DT DY) . D™(I'y).
S () ey o)
By virtue of the equation D**™ = 0 and all summands with n > 1 vanish. The first two
summands are also equal to zero due to the relationship , holding true for the equation:

— DD D) - [0y — (a+1)D*(D'*Dy) - Doy D o,
Remark. It is clear from the proof that an operator of a simpler form than X, is admitted:

. o y(a—l)y(a—l) (0)ﬂ7a_2 o
X, =y L 7,
1=y Oz * MNa—1) dy

Operator X5:
Ca1 = D20 = Dy + (1 — o) Iy — z°Y)).
The following equalities hold:
DMy = D*I'"*Iy = D*I(I'™*y) = DI'™%y = D%y,
D*(xy') = D*(zy)' — D% = D**'(zy) — D*y = D'y + a D"y,
D" (zy) = DD(2/) = (o + 1) D"y + 2D 2y.
Thus,

Dy = D%,  D*(xy)| pasi g = @Dy, D (zy’ |Da+1y , = 0. (32)

Then,
Cat1 = (2a = 1)D* H(ay) + (1 = ®) Dy — Dz - 2yf) =
= (2a — D)zD*(y) + 2a — 1)(a+ 1)D + (1 — a*) Dy — J:D"‘H(xy’) — (a+1)D*(zy).
After substituting the equation (16 and using the relationships (32), we obtain
Cat1] patiymg = =2 +a—-1+1—-a*)D% —0— a(a +1)D% = 0.
Operator Xg:
Cat1 = D"‘“[ayy(“ Y~ (1= a)ayy ™ + (1 - o)y Iy — zy 1y,

Let us use the Leibniz rule (22| for representation of every summand taklng into account that
D+ = 0 due to the equation when n > 0.

- 1
Da—l—l[ay]l—ay] li az (04 + )Da+1—ny Dn+a—1y a(a + 1)(D°‘y)2,

n
n=0
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D*(o— DayDy @ (0 - 1Y (“ " 1) D (ay) Doy © (0 - 1) D () B

n=0 n

© (0= 10D (w) + (o = Dia+ 07 E (02— (D)

1
D1 — o) D%y Iy & (1-a?) (a+ )DO‘Jrl "(Iy) D"y o
(1 - o) D™ (1y) Dy © (1 - ) (D)2,

Da—l—l[_xyljl—ay] _

NE

a+1 otlon nta—1 . (@)
( N )D o (ay') Dy =

Il
o

n

B

—D* (2 \[' "y — (a + 1) D*(zy/) D™y —afa +1)(Dy)>.

It is easy to see that the sum of right-hand sides turns to zero, which was to be proved. Note
that simpler operators are also admitted:

% a— a a— 8 v a a 8
Xg = ay 1)% + ayy' ”a—y, Xs = ((a — Dayy™ + (1 — o)y Iy) o

Remark. In our previous paper [9] five local symmetries, including the projective operator

0
Xg = 22— + ary—

ox oy
were obtained from the principle of invariance of the equation (16)). The present operator
cannot be combined from X, ..., Xg, but the closest to it is X7 (obtained from the projective

operator for the equation 2z” = 0). It is easy to verify that the nonlocal operator

0

X=X —Xo=[(a— Doy + (1 — aQ)Iy]a—y

is admitted by the equation . Meanwhile, in the boundary case o« = 1 the operator Xy
turns to zero, i.e. X7 matches Xj.

CONCLUSION

The prolongation formulae obtained in the paper give an opportunity to investigate symmetry
properties of a new class of differential equations, containing fractional derivatives of a function
with respect to another function. Meanwhile, the following important problem to be solved is
the development of a method that allows to solve the resulting determining equations. The
main difficulty in this case is caused by splitting rules for the determining equation.

Another direction of the further research is systematization of results considering nonlocal
symmetries of fractional differential equations and developing new algorithms of their construc-
tion. The problem of determining classification rules for nonlocal symmetries of such equations
also seems to be important.
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