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REDUCTIONS OF STATIONARY BOUNDARY LAYER
EQUATION

A.V. AKSENOV, A.A. KOZYREV

Abstract. The equation describing a steady laminar boundary layer with a pressure
gradient is considered in the paper. All reductions to the ordinary differential equations
are obtained. It has been shown that this equation has a reduction which can be obtained
neither by classical nor by nonclassical symmetry methods.
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1. INTRODUCTION

The most important problem for the given differential equation with partial derivatives with
two independent variables is the problem of reductions of this equation, i.e. construction of such
ansatzes (types of solutions), which finding is reduced to the solution of an ordinary differential
equation (ODE). The reduction makes it possible to reduce the solution of the equation with
partial derivatives to the solution of ODE. Reductions are widely used in applications. The
mostly used are self-similar solutions [I]. Self-similar solutions have the form

u = xOCSO(C) ) ¢= y/lﬂ ) (11)

where u is a dependent variable; z, y are independent variables; «,  are constants. These
solutions are obtained from one another by transformation of similarity. Self-similar solutions
are a particular case of invariant solutions (or symmetry reductions), obtained with the help
of symmetries [2]. Symmetry reductions are obtained by standard methods of group analysis.
Similarly, the reductions of the type of progressive waves [3] are used. The solutions of the
progressive waves type have the form

u=p()+uly), (=z+V(y).

These solutions are obtained, in case of a fixed value of the variable y, one from the other by
means of a transformation of the shift. In the paper [4] reductions of the type

are considered that generalize reductions of the type ([1.1)).
The paper [5] contains the method of finding reductions of equations in partial derivatives
with two independent variables. In this paper there were all the reductions of the form

u=U(x,y,w(z)), (1.3)

obtained for the Boussinesq’s equations

1
Uyy + §(u2)w + Upgze = 0
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where z = z(z,y) and the function w(z) is the solutions of an ODE. It was shown that there
are reductions different from the reductions obtained by means of symmetries. The cited paper
also contains all the reductions of the Boussinesq’s equation

Uy + Uy = Ugy ,
of the Korteweg—de Vries equation
Uy + Uly = Uggza
and the modified Korteweg—de Vries equation
Uy + u2uJU = Ugppz -

It is shown for these equations that the obtained reductions coincide with symmetry reductions.
It was also demonstrated that the reductions (1.3]) have for these equations the form

w=alz,y) + Bz yw(z) (1.4)
In the present paper we consider the equation
Uyyy — Uylyy + Ugllyy + P(x) =0 (1.5)

The equation describes the movement of the viscous incompressible liquid in a laminar
stationary flat boundary layer with a gradient of pressure [6]. The equation is written in
dimensionless variables, u where is the function of the current, P(x) = —dp/dz is a given
function, p is the pressure. Self-similar solutions of the equation were considered in the
monographs [I} [0 [7]. Symmetry reductions of the equation can be obtained on the basis
of the results, presented in [2]. The paper [4] contains reductions of the type (1.2). In the
paper [8] we obtained new reductions of the equation of the form based on the use
of the method of non-classical symmetries [9] and consideration of its generalization.

In the present paper we obtain all the reductions of the equation of the form (1.3).
It is shown that the considered equation has reductions, which are not obtained by means of
symmetries.

2. REDUCTIONS OF A BOUNDARY LAYER EQUATION

Substituting the expression of the form (1.3]) into the equation (|1.5)) we obtain the following
equation
Uwzjw’” + 3waz§’w’w” + 2y (BUywzy + UpUyzy — UyUp 2y + 3Up 2y )" +
+ Uwwwzy (W) + 3V — UnUswzy + UnUywzazy + UpUswz] —
— UyUnwza2y + Ul zpzyy — U2 2y 20y + 3Unu2y2yy) (W) + (3U w2y — (2.1)
—UyUspyzy + UpUyyz — UyUpgyzy — UyUyp2g + 20Uy 2y + UpUpy 2y —
— Uy Upzuy + 3Uywzyy + Upzyyy )0 + Uyyy — UyUyy + UU,, + P(z) = 0.
Let us divide both sides of the equation (2.1]) by the coefficient of the higher derivative, i.e. by
Uwzg’. The condition of the obtained equation to be an ODE is dependence of each coefficients

of different powers of the derivatives of the function w(z) only on the variables z and w. Let
us consider the coefficient of the term, containing w'w”. It has the form

3wa
U
Integrating the equation (2.2]) twice we obtain

Ulz,y,w) = B(z,y)['(z,w) + a(x,y).

=T(z,w). (2.2)
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If we take an arbitrary function of w and z as the function w(z) then the reduction of the

equation (1.5 can be looked for in the form ([1.4)).
In the process of deducing the equation (2.2) it was supposed that z, # 0. The case z, =0

corresponds to the degenerated reduction. This case is not of special interest and its detailed
consideration is not presented.

Substituting (1.4]) into the equation ([1.5)) we obtain the relationship

Bzw" + Bzy(Bazy — Byze)ww” + 2,(3B2yy + 3By2y + aafzy — oy Bz )" +
+ B(Bzuzyy — Bzyzay + Byzazy — zgﬁx)(w')Q +
+ (BeBzyy + B2aByy — Bize + ByBozy — ByBzay — Bzyfay) s’ + (2.3)
+(Bzyyy — yBrzy — ayfyze — ayBzey — BzyQuy + 20,8, 2, +
+ By + Bretyy + 3Byzyy + 3Byyzy )W +
+ (BoByy — /8y6wy)w2 + (Byyy + By — ByQay — 0By + Batryy)w +
+ Quyy — Oyl + 0y, + P(2) = 0.

The condition that the equation (2.3 is an ODE, means that the coefficients depending
on the functions a(z,y), f(x,y), z(z,y) and their derivatives should be the functions of the
variable z. Hence we obtain the following overdetermined system of equations:

2y g
6 s 2ﬁy :Fl(z)a

“y
3Bzyy + 3Byzy + Pz, — B2y
Bzyy Byzy : Bzy yB = Ty(2),

Bz,
B(Bzazyy — Bzyzay + Byzazy — Zsﬁx)
3 :F3<Z)7
Bz,

59&62 +Bzxﬁ _B2Zx+6 Ba:z _/6 Bzz _52 Boc

gy vy Yy 3y Yy Y Y yrry _ 1—\4(2)’ (24)

Bz,
Bayyy — aybazy — ayByza — oyfzay — Pzy0uy i
523
200, By zy + 0pBzyy + B2y + 38y Zyy + 3Byyz
+ Y=<y Bzyy . vy Byzyy ByyZy =T5(2),
Bz,

ﬁvﬁyy_ﬁyﬁxy
Palyy  Pyrry o

ﬁzg G(Z)a

+ O — Dy Qipy — QD + Dpd
Byyy Byy — By g yPay + Baoyy = Ty(2),

Bz,
Qyyy — OlyQlgy + Qp0ry, + P(x
yyy yQay : Yy <):F8(z).
Bz,

Let us formulate the basic principles of the suggested method of construction of reductions:
1. Each equation from is equivalent to the condition of vanishing the Jacobian of the left
side of this equation and the function z(z,y). As a result we can obtain the overdetermined
system of equations (A-system) for determining the functions a(x,y), B(z,y), z(z,y) (we do
not present it because of its inconvenience).
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2. We introduce auxiliary functions pi(x,y), pe(z,v), ps(z,y) determined from the equations

Zx — :ul(x7y)zy = 07
Be — pa(x,y) By — p2(x,y)B =0, (2.5)
ag — (@, y)ay — pa(z,y)a — ps(z,y) = 0.

The introduction of auxiliary functions is crucial for the suggested method. As it was noted in
the paper [5], the reductions of the form ((1.4)) admit the following transformations, mapping
the reduction into the reduction

z— Fi(2),

B
B — m;
B
Fg(Z) ’

(2.6)

a— o+

where F(z), Fy(z), F3(z) are arbitrary functions. These transformations are connected with
the arbitrary way of finding ODE for the function w(z). It can be shown, that the intro-
duced auxiliary functions are invariants of the transformations . We can also show that
A-system admits transformations (2.6).

3. Finding from the relationships derivatives oy, B, Zz, ... and substituting them into
the A-system, we obtain the following overdetermined system for the auxiliary functions:

fayhts + ey — [y — Papayy =0,

(15 + Hog — fafity — pafizy =0,

papis + 3pi1yy + 3oy + pse — papizy — payps =0,
fay(2p1y — p2) = 0,

Halizyy = Hay

Ay + Oiayy — Hafisy + 2fiaypts — 2payfizy = 0,

Poyyy + 2phayhtsy — Mayylts — Hoftayy =0,

H3yyy — ng + Hapayy — 3P(x)pty — P(z)pe + P'(x) = 0.

(2.7)

Therefore, A-system is reduced to a more simple system of equations . The writing of
the A-system only via invariants of the transformations results from its invariance with
respect to these transformations.

4. By the obtained auxiliary functions we can find the functions «o(z,y), 5(z,y), z(z,y) from
the corresponding linear equations . Below we construct the demanded reductions with
the precision to the transformations by the functions a(z,y), B(x,y), z(z,y).

As it is seen from the forth equation of the system , it is necessary for its solution to
consider the following two cases: g, = 0 and 241, — pio = 0. Hence in the first of them it is
needed to consider the cases o # 0 and py = 0.

Case I. g2 = po(x) # 0. In this case integration of the initial system is carried out in the
elementary way and results in several possible cases.



REDUCTIONS OF STATIONARY BOUNDARY LAYER EQUATION

Case I.1. P(x) = A(z + &)°. In this case the solution of the system (2.7) has the form

0—1
leyﬁ‘i‘f@)a
~(0+3)
MQ_—4(x+n)’
/L?,:%, c3 = const .

Here and below f(z) is an arbitrary function of the variable . Then we can assume that

6+3

a(x,y) = const , Blx,y) =(x+K) + |
z(z,y) = ylx + /’i)% + /f(:z:)(x + K)%dx.
Hence we obtain the following ODE:
4™ + (8 + 3)ww” — 2(6 + D)w? +4X = 0.
Case 1.2. P(x) = Aexp(dx). In this case the solution of the system (2.7) has the form
4]

1)
MlZZerf(iU% P2 =7, p3 = C3.

Then we can assume that

afx,y) = const, B(x,y) = exp (%ﬂj) :

o =ves () [ e ()

The corresponding ODE has the form
4" + sww” — 20w + 4\ = 0.
Case I.3. P(x) = X = const.
Case I.3.1. X # 0. In this case the solution of the system (2.7 has the form

3 C3
+f<x>7 'u2—4l’+li’ M3_4I+K}.

o= _y4x—|—/£

Then we can assume that
a(z,y) = const,  Blw,y) = (4o +r)T,

vy / f(z)dx

2@y) = (4x + /ﬁ)i (42 + )

(4x + k)
The corresponding ODE has the form
w” + 3ww” — 2w? + X = 0.
Case 1.3.2. X\ = 0. In this case the solution of the system has the form

]_—Cl 1 C3

+ flx), = [y =

1T + Co ar+cy’ T +cy

H1 =Y
Then we can assume that

Oé([L’, y) - COnSt, B(Ia y) - (Clx + 02)1/01 )

Z(:L‘,y) :y(clx+c2>l/cl1+/f(£€)(01£€-|—62)11/61dx.
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The corresponding ODE has the form

"

w" + ww” — 2w + (¢; — 2)w® =0.

Case I.4. P(z) = —A2/(3z + k)*/3 + A2/(3z + k)'/3. In this case the solution of the
system ([2.7) has the form

_ Y _ 2
M1 = 3I+I€+f(x)7 M2_3CE’+I€7
f(x)dx
Aly c Alf(&v(—i—n 1/3
M3 = .

(3x + k)43 * 3z + K 3z + k)
In this case we can assume that

a(r,y) = Ay c )\1/ f(z)dx

Bz +r)1/3 2 (3z + k)13’
Bla,y) = (3z + r)*?,
_ y f(x)dx
(0.) = g +/ il
The corresponding ODE has the form
w” 4+ 2ww” —w? 4+ X =0.
Case II. ps = 0. In this case the system ([2.7)) is simplified and takes the form
Hizy — “13 — HiMiyy = Ov
3,U1yy + U3y — Usphiy — H3ylh1 = 0,

2M1yyy = U3yMH1y ,

dP(x
d((I} : — H3yyy T ,Ugy — p3pizyy — 3P(x)pry — P(x)p2 = 0.

(2.8)

Having integrated the first equation of the system ([2.8)) in y we obtain

e — pafiry = f(2), (2.9)
where f'(x) is an arbitrary function. We can write the general solution of the equation ({2.9) in
the form

F(Il, 12) == O,
where F is an arbitrary function, Iy =y + z(u1 — f(2)) + [ f(x)dz, I, = 1 — f(x). Therefore,
one of the first integrals is a function of the other, i.e. I} = G(I2) or Iy = G(I;). Let us dwell
on the latter case. We have

i — f() = Gly + o — / F(2)dx). (2.10)
Then, as it is easy to see that the general solution of the second equation of the system ({2.8)) is
s = 3’;— iy H(p — f(x)), (2.11)

y

where H is an arbitrary function of its argument. Substituting , into the last two
equations of the system results in the relationships in which the functions G and H and
their derivatives are included polynomially, where the coefficients of monomials are powers of
the variable z. Since H = H(p; — f(z)), then H also depends on G. Therefore, the functions
GG, H depend only on one complex argument and we should carry out splitting by the variable x.
This results an overdetermined system of ODE for the functions G and H. Further calculations
are carried out in the elementary way and provide as a result the following cases.
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Case II.1. P(x) = X(x + k)73. In this case

Yy c
:O p—
x+/<+f<x)’ 2 ; 43

M1 = —

Then we can assume that
d
o, y) =cln(z+x), By =1, 2y =— +/f(x) °.
The corresponding ODE has the form

w”’+cw”+w'2+)\:0.
Case I1.2. P(x) = Az + k. In this case

Mlzf(J:)? /‘LQ:O,
and g satisfies the equation
dP(x)
H3yyy + H33yy — MSZZI - W = 0.

Then the function p3 = H(y + [ f(z)dz) should be the solution of the equation
HI/,+HH/I—H/2 _)\:O

Then we can assume that

ale.) =l + [ f@de),  Bag) =1, sew)=y+ [ f@d.
The corresponding ODE has the form
w” + Hw' — Hw' +xk=0.

Let us note that in the case po — 241, = 0, as it is easy to verify, we obtain the considered
above reductions. Therefore, the consideration of this case is not presented.

3. REDUCTIONS OBTAINED BY MEANS OF SYMMETRIES

Let us find symmetries of the equations ([1.5)). The operator of the symmetry is searched in
the form 5 P 5
X =&z, y,u)— 2z, y,u)— T, Y, U)=— .
& (@ y,u)m + (2 y )ay+n( Yy u) g
The system of the defining equations for the coefficients of the symmetry operator lead to the
following equations:

=0 &=0, &=0 2 =0,

Ty
77:5:07 ny:[), fi_gi_nu:()a
€ P(@) + (362 — 1) Pla) = 0.

Symmetries of the equation depend on the form of the given function P(x). The result
of the group classification is as follows.

Proposition 1. In case of an arbitrary function P(x) the basis of the symmetry operators
of the equation (1.5)) is

0 0
X1:b($)8—y7 X2:%,

where b(x) is an arbitrary function.
When P(x) = Mz + k)%, X\ # 0, 6 # 0, the basis of the symmetry operators consists of the
operators

0 0
+ (0 + 3)u—

0
Xl; XQ, Y1:4<$+/€)a—x+<1—6)ya—y au
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When P(x) = \e®®, A\ # 0, § # 0, the basis of the symmetry operators consists of the operators

0 0 0
1, 25 2 O 6y8y+5u8u

When P(x) = a, a # 0 the basis of the symmetry operators consists of the operators

0 0 0 0
X X 1= — Joy = 4dr— — 4+ 3u—.
1, 2, 1 ax7 2 x8x+y3y+ uau

When P(x) = 0 the basis of the symmetry operators consists of the operators

0 0 0 0
X X A To = x— + y— Iy = 0 — 4+ u— .
b 2 b 3 xax yay’ 4 xaa u@u

The results of the group classification of the equation correspond to the results of the
group classification of the system of equations describing a laminar stationary flat boundary
layer with the gradient of pressure [2].

In all the stated cases of the extension of the symmetries it is easy to determine the forms of
functions p (z,y), pa(x,y), us(x,y) which correspond to invariant solutions. Let us formulate
the corresponding formulae.

Case 1. P(x) = A(x + k)?. The symmetry operator of the general form is

X =4ei(x + f{)2 (ar(1—=0)y+ b(av))2 + (c1(0 4+ 3)u + ¢2) 0

Ox + oy ou’
The functions py(z,y), p2(x,y), pus(z,y) corresponding to any invariant solution have the form
L u6=1)  b)
"4+ k) da(z+r)]
(0+3)

Ho = ———=,

Az + k)
Hs = der(x+ k)

By analogy we can also find the functions py(z,y), ua(x,y), ps(x,y) in other cases.
Case 2. P(x) = Aexp(dx). The symmetry operator has the form

0 0
X = d¢, = — oy = ey
Crg- + (b(x) cléy)ay + (c10u + CQ)@u
Therefore,
75y_b(x) _ bu o
N1—4 dcp M2—47 U3 = ey

Case 3. P(x) = const # 0. The symmetry operator has the form

0 0 0
X =z +c)— 4+ (aay +b(z))=— + (Bcru + ¢3)— .

or oy ou
Therefore,

___ a9y b(z)
H deixr +co Adeix + ey’

. 301
H2 = deyxr + ¢y’

C3

M3 = —

deqx +co
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Case 4. P(x) = 0. The symmetry operator has the form

X =((c; + co)xr + 03)2 + (coy + b(x))g + (cu + c@ﬁ :

ox dy ou
Therefore,
= — Coy B b(x)
! (1 +e@)r+ces (1 +ce)r+cs’
Hz = (c1 +co)r+c3’
C4
M3 = —

(Cl + CQ)I + c3 ’

Comparing the enumerated expressions for the functions p (z,y), ua(x,y), ps(x,y), P(z) in
case of invariant solutions and in case of reductions obtained by a direct method it can be
concluded that the reductions of the cases 1.4 and I1.2 cannot be obtained with the help of the
classical method of finding invariant solutions, but, probably, can be obtained as differential-
invariant solutions or differential-invariant substitutions.

4. REDUCTIONS OBTAINED WITH THE HELP OF NON-CLASSICAL SYMMETRIES

The so-called method of non-classical symmetries [9] generalizes the classical Lie method
of finding reductions. In accordance with this method one searches symmetry operators of
the system of equations consisting of the initial equation E(ug, Uy, Uys, Usy, ...) = 0 and the
supplementary condition (condition of invariance)

& (@, y, u)ug + 4 (x, y, y)uy —nlw,y,u) = 0.
In this case, as opposed to the classical Lie method, the system of defining equations for the
components &' (z,y,u), £(x,y,u), n(x,y,u) of the symmetry operator

0

0 0
X = £1<x7y>u)% + 62(x7yay>a_y + n(may:u)%

is non-linear. In the present article the calculations of non-classical symmetries and correspond-
ing solutions are not presented (all the necessary results can be found in the paper [8]). That
comparison with the results of application of the non-classical method shows that all the ob-
tained above reductions can be obtained with the help of the non-classical method. Therefore,
the method of non-classical symmetries and the direct approach suggested in the present paper
are equivalent and provide a similar result.

5. CONCLUSION

The general result of the paper is the suggested method of construction of reductions based
on the idea of invariance. The key difference of the suggested in the paper approach from the
Clarkson-Kruskal approach is the transformation from the non-linear inhomogeneous system of
equations for the functions «, 3, z to the homogeneous system of equations for the auxiliary
functions g1, p2, p3. The obtained system of equations is more convenient for integrating
than the system of equations for the functions «, (3, z, containing indefinite functions G1(z),
..., Gg(2). The suggested method due to its invariant nature is more simple in application
than the Clarkson-Kruskal method. With the help of the suggested method we have found all
the reductions of the equation of the form . It was shown that the equation under
consideration has reductions which are not obtained with the help of symmetries.
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