ISSN 2304-0122 Ufa Mathematical Journal. Volume 4. 3 (2012). Pp. 153{158]

UDC 517.9

CHARACTERISTIC LIE RING OF
ZHIBER-SHABAT-TZITZEICA EQUATION

A.U. SAKIEVA

Abstract. In this work we give a complete description of the characteristic Lie ring for
Zhiber-Shabat-Tzitzeica equation. We construct the basis for the linear space of multiple
commutators of arbitrary order. It is proven that the characteristic Lie ring is a ring of
slow growth.

Keywords: Lie ring, nonlinear hyperbolic equation, integral.

1. INTRODUCTION

Characteristic Lie rings are an important tool for studying partial differential equations. At
the first time the notion of a characteristic vector field lying in the base of the characteristic
field was introduced by Goursat in [1]. The notion of characteristic algebra was introduced in
the work of A.N. Leznov, V.G. Smirnov, A.B. Shabat [2|. The characteristic algebras and rings
for differential equations were also studied in the works [3-6].

In this paper we deal with the problem of description of the characteristic Lie ring for the
equation

Uyy = € + e 2 (1)

Equation was first found in the work of Tzitzeica [7] while studying the geometry of two-
dimensional surfaces in R3. Later it was re-discovered by A.B. Shabst and A.V. Zhiber in [§] as
a result of classification of integrable cases for Klein-Gordon equation. In the same work they
constructed the hierarchy of higher symmetries and conservation laws. The Lax representations
for (1)) were found by A.V. Mikhailov (see [9] ). Note that the higher symmetries of equation
have the order equalling 6n + 1 and 6n — 1, where n € N. A surprising fact is that exactly
these numbers are distinguished in the description of the characteristic ring for equation ([1)).
This fact seems to show a close connection between the algebra of higher symmetries of an
equation and its characteristic ring, since exactly the same situation holds for Sine-Gordon
equation (see [3,4]).

In the work 4] for the equations

ty = () ©)
there were introduced the operators X; and X, generating the characteristic Lie ring for equa-
tion (),

= 0
X1 = ZDk_l(f)g_uk’ (3)
k=1
0
X2 = %7 (4)

where in our case f = e* + e~ 2*. Here D is the operator of total differentiation w.r.t. z. We

observe that the operators X; and X, are linearly independent as f(u) # 0.
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Denote by L; the linear space spanned on all commutators of length no more than ¢ —1, where

t = 2,3,.... And in this space we take linear combinations with the coefficients depending on
smooth functions of a finite number of dynamical variables, and a set of the elements Z;, Zs,
..., Zy is called linearly independent if there exists a set of the functions ¢y, cs, ..., ¢, such

that not all of them are zero and the identity ¢; 27 + o2 + ... + ¢, Z, = 0 holds. Otherwise the
set is linearly independent. For instance, Ly = {Xj, X5} is the linear space generated by the
elements X, Xs, dim Ly = 2. We suppose that X; and X, the operators of length 1. Then L3
consists of the elements of the space Ly and the element X3 = [X5, X1, i.e., L3 = { X3, X2, X3}.
Therefore, Ly = L3 + {[ X2, X3], [X1, X3]} and so forth.

Define §(i) = dim(L;) — dim(L;_1). It will be shown that the Lie ring for equation is
infinite-dimensional, and at that §(i) = 1ifi =6n—1,i = 6n,i =6n+1,i =6n+3,n=1,2, ...
and §(i) =2asi=6n+2,i=6n+4,n=1,2,.... Hence, the Lie ring for the equation ()
is the characteristic ring of slow growth. We observe that the structure of linear spaces L; for
i < 10 was studied in [4].

In what follows we shall make use of the next statement whose proof can found, for instance,
in [4].

Lemma 1. Let a vector field Z be
Z:ala%l%—ag%%—ag
Then [D,, Z] = 0 if and only if Z = 0.

9

Buy T G = a;(u,uy, ug, ...), i =1,2,3, ...

2. CHARACTERISTIC RING FOR ZHIBER-SHABAT-TZITZEICA EQUATION

We introduce the following notations for multiple commutators,

Xiy, i = adx, ..adx,  X;,, where adxY = [X,Y].
Theorem 1. For Zhiber-Shabat-Tzitzeica equation the identities
§(i)=1,i=6n—1i=6n,i=6n+1,i=6n+3,n=12 ... (6)

hold. At that the following identities
Lent2 = Lent1 ® {X1..121, X111},
Lenta = Lents ® {X1.121, Xo1.121 },
Len—1 = Len—2 ®{X1. 121},
Len = Lopn—1 ® {X1. 121},
Leny1 = Len ® {X1. 121},
Len+s = Leno ® { X1 121} - -
are valid. Id est, the operators Xy, Xo, X3, X4, X5, X6, X7, Xg, Xg, Xo, Xi0, X10, ---Xen—1,

Xon, Xont1s Xent2s Xent2, Xent3, Xentd, Xentd, - - - form a basis of the characteristic Lie ring
L of equation , where
)gn = lezn at that ’il =..= Z'n,Q = ’ln = 1,’in,1 = 2,
Xn = lezn at that ’ig =..= Z'n,Q = ’ln = 1,’i1 = ’l'n,1 = 2.
The operators X;, X, are determined above. For X; and X, the relations
Dy, X1] = —(e* + e ?*) X, (7)
[Dz, Xo] =0 (8)

hold true. We introduce an operator of length 2, X3 = [X5, X;]. Employing Jacobi identity
and relations ,, we obtain

[D., X3] = —(e" — 2e7%") X,. (9)
Assume that the operator X3 is linearly expressed via X; and Xs, then we get
X3 =MX1+ X (10)
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We apply the operator D, to both sides of the last identity; employing relations ,,@, we
obtain

— (" =27 )Xy = Dp(A) X1 — A" + e ) Xy + Dy(Ag) Xo. (11)
We compare the coefficients at linearly independent operators X, and Xy, then we get
— (" —2e7%) = =\ (e" 4 e ?) + D,(\2) (12)
and
D.(\) =0. (13)

Identity is inconsistent since Ay = Ay (u, Uy, Upy, -..), and D () contains g, Uy, ....
Therefore, the operator X3 = Xs; is not linearly expressed via X; and X,. Hence, the lin-
ear space L3 is three-dimensional, i.e., L3 = { X7, X5, X3}. B
We introduce the operators of length 3, X, = [X7, X3] and X4 = [Xs, X3, for which it holds
[Dx7X4j| :2[DI7X1] - [D:C7X3] (14)
and
[De, X4] = (€* —2e72) X5 — (" + e 2) [ Xy, X3] = (2" — e 2") X3 — 2(e" + e ?")X;.  (15)
Thus,
X4 = 2X1 — X3.
The operator X; = Xjo; is not linearly expressed via operators of lower order, and we get
L4 = {X17X27X37X4}‘ _
Consider the operators of length 4, X5 = [X;, Xy] and X5 = [X,, Xy]. Employing Jacobi
identity and relations , , and , we obtain X5 = — X, and
(D, X5] = (2" — e ") Xy — (e* + e 2*) [ Xy, X4 = 3e"X,. (16)
The operator X5 = X191 is not linearly expressed via the operators of lower order, and therefore
L5 - {X17X27X3)X47X5}‘ _
We introduce the operators of length 5, X¢ = [X1, X5, X6 and [X3, X4]. According to Jacobi
identity, [X3, X4] = X5. It is easy to show that for X¢ the identity

[D,, Xs] =0 (17)
holds. Therefore, in accordance with Lemma 1, X4 = 0. For X we obtain
[Da, Xo] = [X1,3¢"Xy] — (" + ™) [Xq, X5] = 3e"X5. (18)

Hence, the operator Xg = Xi1191 is not linearly expressed via operators of lower order, and we
have LG = {X17 X27 X37 X47 X57 XG}
Consider the operators of length 6, X7 = [X1, X¢], X7 = [ X2, X¢], [ X3, X5] . It is easy to show
that [Xg,Xd = Xg, [XQaXﬁ} = XG;
(D, X7] = 3e" X — (e + e72) [Xa, Xg] = (2" — e ) X,. (19)
Therefore, X; = Xji1101 is not linearly expressed via operators of lower order L; =
{X1, Xo, X3, Xy, X5, X¢, X7} B
We introduce the operators of length 7, Xg = [X1, X7], Xs = [Xo, X7], [ X35, Xe| , [X4, X5].
According to Jacobi identity, [X3, Xg] = Xg — X7, [X4, X5] = 2X; — Xg. For Xg and Xg the
relations
[Dx7 Xg] = (46“ + 672U>X6 (20)
and
[D., Xs] = (2¢" — e ") X7 — (" + e ) X (21)
hold true. Id est, the space Lg is obtained from L7 by adding two linearly independent elements,
Xg = Xi111121 and Xg = Xoi11191, 1.6, Lg = L7 ® {XS, XS}-
We consider the operators of length 8, Xy = [X1, Xg], Xo = [Xa, Xg], [Xl,Xg], [XQ,XS],
(X3, X7], [X4, X6l
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According to Jacobi identity, [X3, X7] = —Xjs, [ X4, X¢] = Xs. B
It is also easy to show that [XQ,Xg} = 2X7 + Xg, [XI,XS} = Xg. [Dgc,Xg} = 0, therefore,
due to Lemma 1, Xy = [X,, Xg] = 0.
For Xy we obtain
[Dg, Xo] = (e* —2e72) Xg — (" + e 2*) [ Xy, Xg] = (" — 2¢72") Xg. (22)
Hence, X9 = Xi1111121 is not linearly expressed via operators of lower order, and Ly = Lg®{Xo}.
We introduce the operators of length 9, X9 = [X7, Xy], X10 = [ X2, Xo], [X;;,Xg}, (X3, Xg],
[ X4, X7], [X5, X¢], for which the relations
(X5, X6] = 2Xo + X1, [ X4, X7] = — Xy — X0,
(X3, Xs] = X1o, [ X3, Xs] = —3X5
hold true. For the operators X, X19 we have
[ny XIO] = (6“ + 46_2u)X8 + (€u - 26 ) [XQ, Xg} (6 + 46 )Xg (23)
and _
[Daza XlO] = (e“ - 2672U)X9 (6“ + 672u)X10 (24)
Thus, the operators Xi19 = Xi11111121 and X190 = Xoiq111121 are not linearly expressed via
operators of lower order, and Lig = Lg ® {X10, Xw}
It can be shown that the basis of the characteristic ring generated by the elements X and Y
can be always chosen among the elements of the form ad’)“(1 ad’f}...ad’}; Y.

We introduce the notations X, = [X1, X, 1], X, = [X2, X,_1]. We shall prove by the
induction. Suppose that for © = n — 1 the identities

(D, Xon-1)-1] = (2¢" — e7*) Xg(n_1)—2 — (€ + € **) [Xa, Xo(n-1)—2] , (25)
[Das Xotn1)] = 3€" Xgn-1)-1 — (" + ™) [Xo, Xon-1)-1] , (26)

[Das Xon-1)+1] = 3¢" X6(n by = (€ +e™) [Xa, Xon1)] (27)
(D, Xon-1)+2] = (2¢" — € ) Xgn-1)+1 — (€" + € ) [Xa, Xo(n-1)+1] , (28)
[Da, Xon-1)4+3] = (" — 2U)X6(nfl)+2 — (e" + ) [Xa, Xon-1)12] , (29)
[Dx, X6(n—1 +4] = 2u)Xﬁ(n 1+3 — (e + e ) [X27X6(n71)+3} ; (30)
X6(n 1y =0, Xomn-1)-1 = —Xg(n-1)—2 (31)

X141 = Xo(n-1)s Xo(n-1)+3 = 0 (32)

(X1, Xen-1)+2] = Xom-1)+2, [ X2, Xom-1)4+2] = 2X6(n-1)11 + X6(n-1)+2; (33)
[ X1, Xen—1)+4] = —Xom-1)+4, [ X2, Xo(n-1)+4] = 2X6(n-1)+3 — X6(n—1)+4 (34)

are valid. Let us check identities — for ¢ = n.
We introduce the operators of length 6n — 2, X¢,_1 = Xgp—1)45 = [Xl,XG(n_1)+4] and
Xon-1 = Xon-1)15 = [ X2, Xo(n_1)+4]. We have

[DanGn—l} = [Dxa [X27X6(n—1)+4}} - = [Danﬁ(n—l)—HL] ) (35)
hence, Xg,_1 = —X6(n—1)+4- For Xg,_; it holds
[Dm, X6n—1] = (26“ — G_QU)XGn_Q — (6“ —I— 6_2u) [X27 Xﬁn_z} = 3€uX6n_2. (36)

It means that the operator Xg, 1 = Xj._ 121 is not linearly expressed via operators of lower
order, and Lg, 1 = Lgn_o @ {Xen_1}, 0, 6(6n — 1) = 1. B
We consider the operators of length 6n — 1, Xg, = [X1, Xen-1], Xen = [X2, Xon_1]. We have

[D17X6n] = 07 (37)
and therefore in accordance with Lemma 1 Xg, = 0. We also have
[Dy, Xen] = [X1,3€" Xgn_o] — (e“ + e72) [Xo, Xgn_1] = 3" Xgn_1. (38)



CHARACTERISTIC LIE RING OF ZHIBER-SHABAT-TZITZEICA EQUATION... 157

Therefore, the operator Xg, = Xj._ 121 is not linearly expressed via operators of lower order,
and Lg, = Lgn—1 @ {Xen}. Thus, §(6n) = 1. B
We introduce the operators of length 6n, Xe,.1 = [X1, Xen] , Xens1 = [X2, Xen] for which
[Dy, Xent1] = 3¢ Xen—1; (39)
therefore, Xg,+1 = Xgn. It is easy to show that
[Dy, Xoni1] = (26" — e72*) Xgp,. (40)
It means that the operator Xg,,1 = Xj. 121 is not linearly expressed via operators of lower
order, and Lg,11 = Lgn ® {Xens1}- We get §(6n+1) = 1. B
We consider the operators of length 6n + 1, Xg,12 = [X1, Xent1], Xonte = [Xo, Xent1]. We
have -
[D:m X6n+2} = (46“ + 672u)X6n (41)
and _
[Dx, X6n+2] = (26“ - G_QU)X6n+1 - (e“ + 6_2U>X6n+2. (42)
Therefore, the operators Xenio = [ X1, Xens1] = X1..121 and Xgnio = [Xo, X6n+1]_: X5y 191 are
not linearly expressed via operators of lower order, Lg,1o = Lgni1 B {X6n+2, X6n+2}. Thus,
d(6n+2) =2. )
We introduce the operators of length 6n + 2, Xg,13 = [X1, Xeni2|, Xents =

[X27 XGTH—Q] ) |:X17 X6n+2:| ) |:X2a Xﬁn+2:| .
It is easy to show the validity of the identity

[D., [X2, Xgnso]] = (8¢" — e7*) X, (43)
hence, [Xa, Xept2] = 2Xen41 + Xonso-
[Dan [Xla X6n+2ﬂ = (2" — e ") Xent1 — (€" + € ) Xonto, (44)

and therefore, |:X1, X6n+2] = X6n+2.
For the operators Xg, 3 and Xg,.+3 we have

[D:m X6n+3] =0 (45)

and
[Dza X6n+3] = (eu - 2672”)X6n+27 (46)
Then due to Lemma 1, Xg,.5 = 0, and it means that on this step into the basis of the

characteristic one operator Xg, 13 = X191 is added, and therefore Lg, 3 = Lgnio @ {Xeni3}-
Thus, §(6n + 3) = 1. B
We consider the operators of length 6n + 3, X¢,14 = [ X1, Xonts] s Xenta = [Xo, Xents], for
which it holds
[Dx, X6n+4} = (e" + 4e*) Xpny2, (47)
[Dw, X6n+4] = <€u - 26_2u)X6n+3 - (eu + G_QU)X6n+4. (48)
Hence, the space Lg,.4 is obtained from Lg, 3 by adding two elements Xg,14 = X1, 121 and
Xonta = Xo1.121, 1.6, Lensa = Lenys ® { Xonga, Xontaf. Thus, 6(6n +4) = 2.
We introduce the operators of length 6n + 4,
Xomt)—1 = [X1, Xenga] >X6(n+1)71 = [ X2, Xonta] [XlaX6n+4} ; [XQ,X6n+4] .
The relation
(Do [Xo, Konsa]] = (¢ — 8¢ 2) X (49)

holds true, and hence [Xg, X6n+4} = 2X6n13 — X6n+4.
We also have

[Dx, [Xl, X6n+4ﬂ = (—e" +2e77") Xgni3 + (€ + %) Xgnia (50)
that ylelds |:X17X6n+4} = _X6n+4-



158 A.U. SAKIEVA

It follows from the identity
(D, Xomin)-1] = (—€" +2¢7) Xenys + (€ + € ) Xon 4 (51)

that Xemi1)-1 = —Xenta.

For Xe(n+1)—1 we have

[Dqu6(n+1)—l} = 3e" Xent4- (52)

Hence, the operator Xg,+1)—1 = Xj..121 is not linearly expressed via operators of lower order,
and LG(n+1)_1 = L6n+4 D {XG(n—i-l)—l}- ThUS, (5(6(71 + ].) — 1) = 1.

Theorem is proven.

The author expressed her gratitude to I.'T. Khabibullin for the formulation of the problem
and a permanent attention to the work.
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