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AN EQUIVALENT INTEGRAL NORM IN A DUAL SPACE

V.V. NAPALKOV (JR.)

Abstract. In the present paper, the problem of describing a dual space in terms of the
Hilbert transform is considered. We establish the necessary and sufficient conditions for the
space EQ(G, () to possess an integral norm equivalent to the initial one. We find the form of
this norm. Using the general result of this work, we specify the recent result of the author
and R.S. Yulmukhametov. The method suggested in the paper is based on the theory of
orthosimilar systems. This method can be used to solve the problem of describing a dual
space in terms of the Fourier— Lapalace transform and in terms of others complete system
of functions.

Keywords: Hilbert transform, reproducing kernel, orthosimilar system, wavelet transform,
integral frames

1. INTRODUCTION AND FORMULATION OF THE PROBLEM

Let GG be a simply connected domain in the complex plane C, and the measure p is a certain
Borel measure on G. The Bergman weighted space Bz(G, ) consists the functions, analytic in
the domain G and summable with the squared module with respect to the measure u:

113 = /G F)P du(z) < oo

Let us impose the following conditions on the measure pu:
1. The system of functions
2
{1/(2 - 5) }gec\é

belongs to the space By(G, i) and is complete there.
2. The space By(G, 1) is a functional Hilbert space with the scalar product:

. )iy 2 /G £(2) - 90 du(2).

Functionality is understood as follows: for any point zy € G the functional f — f(2) is a
linear and continuous functional over By(G, 1).

If we take the flat Lebesgue measure as the measure p, and a domain with a Jordan boundary
in C as G then, the space By(G, 1) satisfies the conditions 1 and 2 (see [1]).
Let set the function

FO 5 (e) ce0@

in correspondence with every linear continuous functional f* on By(G, i) generated by the
function f € By(G, ).

Definition 1. The function f 1s termed as the Hilbert transformation of the functional f*.
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Since the system of functions {(z 7 & € C\G?} is complete in the space Bo(G, ), the

mapping f* — f is injective. The set of functions f generates the space

-~ oh ~
{f: 1) = (Zgr: () Batom} = Ba(G ),
(z=€)
where the induced structure of the Hilbert space, i.e.

def

<f7§)]§2(G,ﬂ) = <g7 f)Bz(G,u)

is considered, and

115,60 = 1/ 12600 (1)

The following question arises. When is it possible to introduce in the space §2(G, i) an

integral norm of the form
171l = ¢/ O dv(e),

where v is a nonnegative Borrel measure on C\G, equivalent to the induced norm ||f|| B!

Specifically, is there a nonnegative Borrel measure v in C\G and constants A;, Ay, > 0 such
that the correlations

A Pz < 170 < Aol flgyen VI € Bo(Gup) (2)

hold?

Such questions have been considered earlier by many mathematicians.

The problem of describing a space conjugate to the Hilbert spaces of analytical functions in
terms of the Laplace transform was investigated, e.g., in the works [2], [3], [4].[5],[6], [7] and
others.

Results of this works find their applications in solving interpolation problems, problems
arising in the theory of convolution equations. The problem of describing a conjugate spa=ce
in terms of the Cauchy and Hilbert transformation is less investigated, the works [§], [6], [I]
are devoted to it.

In [9], the necessary and sufficient condition, that allows one to introduce an equivalent
integral norm (Theorem 3) in the space By(G, ) is obtained, and corollaries of the theorem
are given.

In the present article we establish the necessary and sufficient conditions that give a possibility
to introduce in the space By(G, 1) an equivalent integral norm of a special form. Under these
conditions, the explicit form of the norm in the space EQ(G , i) is written out.

Note that the method suggested in the present paper can be used in solving problems on
describing the conjugate space in terms of the Fourier-Laplace transform, as well as in the case
of Hilbert spaces of analytical functions in the domains C". The method is based on the theory
of orthosimilar decomposition systems introduced by T.P. Lukashenko in the paper [10].

2. FORMULATION OF THE MAIN RESULT AND AN AUXILIARY STATEMENT

In what follows, for the sake of brevity, we write Bs, B, instead of By (G, i) and EQ(G, W,
respectively.
Let us assume that there is an operator A : By — Bj that transforms the family of functions

{ 1/(z = ¢)? }
11/(z = &)l ) cecra
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K32 (Z, t)
K32 <t’ t) teG .
Then, A defines the mapping p : C\G — G, & — p(&) by the rule:
1/(’2 - §)2 o KBQ (Z, p(f))
f1<J!1/(Z'—'§)2HBz) VK, (0(), (&)

Theorem 1. The following conditions are equivalent:

to the family of functions

(3)

1. There is a linear continuous bijective unitary operator A, carrying out the isometry of the
space By into itself, which maps the system of functions

e

K32 (Z, t)
K32 (t’ t) te@ '

2. There is a homeomorphism p of the domain C\G to the domain G such that the norm in
the space By has the form:

Kg £),p(§) >
s, = [ O ). o< B 0

3. There is a homeomorphism p of the domain C\G to the domain G such that the norm in
the space Bs, introduced by a formula in the form:

lgll = \/ / OP TS du(o(c)). g € B (5)

15 equivalent to the initial one, i.e.

Aillgllz, < llglh < A2llgllz,, Vg € Ba,

where Ay, Ay > 0 are constants.

to the system

First, let us prove the auxiliary statements.

Lemma 1. Let H be a function Hilbert space, consisting of functions analytical in the domain
G, and Ky (z,t), z,t € G be a reproducing kernel of the space H. The system of functions

{ Ku(z1) }
Ku(t.t) ),
is an orthosimilar decomposition system in the space H with the measure Kg(t,t) du(t) If and

only if the space H coincides with the space Bs.

Proof. It is readily obtained from Theorem 1 of the work [9].
Likewise, on the basis of Theorem 2 from [9] the following is proved.

Lemma 2. Let H be a functional Hilbert space consisting of functions of the variable & €

C\G. The system of functions
{ 1/(§—1)? }
11/(€ = )%l J sec
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is an orthosimilar decomposition system in the space H with the measure H@qudu(t) if and

only if the space H coincides with the space B,.

Using Theorem 3 of the work [9], one can prove

Lemma 3. In order introduce in the space Eg a norm equivalent to the initial one

17l = ¢/ &)2du(€)

where v is a nonnegative Borrel measure on C\G It is necessary and sufficient that there should
exist a linear continuous self-adjoint operator S giving the automorphism of the Banach space

By such that the system of functions {Win}gec\c s an orthosimilar decomposition system

with the measure ||1/(z — €)?||? dv(€) in the space By. Any element f € By can be represented

in the form:
_ 571/(r—5>2)
z) = T), X
f( ) /C\E (f( ) ”1/(7'—5)2” Bs

) SO |1/ — eI du(), =€ C\G. (6)

Let us formulate several other auxiliary lemmas, which will be required for proving the main
result of the paper.

Lemma 4. Let us assume that Hy and Ho are Hilbert spaces with a reproducing kernel,
consisting of functions of the variables t € M, where M is a certain set. Let the system of
functions {e,(t) }weq be contained in the space Hy as well as in the space Hy and, moreover,
be an orthosimilar decomposition system with the measure p in the space Hy, and in the space
H,. Then, the space Hy coincides with the space Hs.

Lemma 5. Let {{.}7_, be a set of n various points belonging to the domain G, and g(z) be

a function of the form
n

9(2) = > K, (2, &),
k=1
where ¢, k =1,...,n are some constants.
Then, the condition g(z) = 0 entails that ¢, =0, k=1,...,n.

Lemma 6. Let us assume that {&}7_; is a set of n various points belonging to the domain

C\G and the function g(z) has the form

= 1
g _;Ck(z—fk)w

where ¢, k=1,...,n are some constants.
Then, the condition g(z) =0 entails that ¢y, =0, k=1,...,n.

Let us assume that there is a linear continuous bijective operator A, carrying out the isometry
of the space By, which maps the system of functions

{ 1/(z - ¢)? }
11/(z = &)l ) cecr

K32 (Z, t)
K, (t:t) teG |

to the system
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Then, the operator A generates the mapping t = p(¢), p : C\G — G by the rule

AT = = K (2,0(9)), € € C\G.

Lemma 7. The mapping p(z) maps the domain C\G to the domain G homeomorphically.

Proof Let us denote

5w déf KB2(va) ~ déf 1/(2_5)2
S oy o rrae S Ve ) P ™

Let us define the mappings Z and L.
Z:G — B, zigp(T,z), z € G,

L:C\G— By, £54(r¢), £eC\C.
Then, the mapping p can be represented in the form:
p=2Z2'oAoL,
(see the diagram)

BQ L} BQ

c] |z

c\G ‘- G
The operator A is bijective and continuous as the isometry of the space Bs. One can readily
demonstrate that the mapping Z transforms points of the domain G bijectively to the family
of functions

{QO(Z, w)}wEG C B27
and the mapping £ transforms points of the domain C\G bijectively to the family of functions

{w(zaf)}gec\é C Bs.
Moreover, the mapping Z is homeomorphic, i.e. the following two conditions hold for any fixed
point 2y € G :
1. If the sequence of points {nx}r>0 € G is such that
| — 20| = 0, k — o0,
then
l(z,mk) — (2, 20)lB, = 0,k — 0.

2. If the sequence of points {n; }r>0 € G is such that

||90(Zank) - 90(27 ZO)HBz — 07 k — 00,

then,
|77k—2’0|—)0, k — oo.
The proof of this fact is rather standard and is omitted here. Let us consider only the theorem
used in the proof (see e.g., [13]).
Let us assume that €2 is a bounded domain in the complex plane and H({2) is a functional
Hilbert space, consisting of functions of the variable n € €2, the function Kg(n,z) is a
reproducing kernel of the space H(2).

Definition 2. The reproducing kernel Kg(n,z) of the space H(QQ) is said to be locally
bounded if the function Kg(n,z) is bounded on Ky, x Ky for any pair {Ki, Ky} of compact
subset €.
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Theorem A A functional Hilbert space H(QY) consists of analytical functions in the domain
Q if and only if the reproducing kernel Ky (n, z) is locally bounded and is a function analytical
with respect to the variable n € Q) and anti-analytical with respect to the variable z € €.

The fact that the mapping £ maps the domain C\G homeomorphically to the family of
functions {1(7, ) }eco\q 18 proved likewise.

The mapping p is represented in the form:

p=Z"'oAoL.

Since Z7!, A, L are homeomorphisms then, p maps the domain C\G to the domain G
homeomorphically.

3. PROOF OF THEOREM 1

Let us demonstrate that Condition 1 entails Condition 2. According to Lemmal[l] any function
f € By can be represented in the form:

- K32 (7,¢t) . K32 (2,t)
1) = [ (10 S8 - S K (1 )02 € G ®)
Condition 1 entails that the operator A generates a homomorphism p : C\G — G, £ — p(¢)
(see the relation ([B]) and Lemma ([7)). Let us substitute the variables t = p(¢) in the integral (&]).
Then,

FE) = (fr), )y

oG K, (0(6),0(8)

X s Ky (p(6). () dp(p(€)) . 2 € . (9)

According to Condition 1

KB2(va(§)) :A( 1/(Z—§)2
VEB,(p(6), p(€)) 11/(z = €)?[| 5,

Hence, the equality (@) can be written as follows:
_ 1/(r—¢)*
f(z) = /C\G(f(T)’ATm)& X

% A A= K, (p(8), p(€))dpa(p(€)), = € G. (10)

), ¢ € C\G.

Whence,

flz) = c\G(f< ™), Arem) 5, - Aser T gH £>2||2 Zdp(p(€)). 2 € G.

Let us assume that A* is an operator conjugate to the operator A. It is also an isometry of
the space By. Then, A* o A = I, where I is an identical operator in the space Bs. Using the
theorem from ([14], cTp.128), one can demonstrate that

Nﬂ@zé@ﬁﬁ%&?@EQAoA N

€153

_ 1 1 KBy (p(§).p(9)
- /(C\G’(f (D), Artzer ), " e Ti/e-oriE, 1(P();

* KBQ( (5 (5
- /c\c;(ATf () we2) 5, " T Teorig, r(p(E): = € G (11)
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ob

Since the operator A* is an isometry, this operator affects the whole space By, A*f(z) = g(z).

Therefore,

_ 1 1 KBy (p(§).p(8)
o) = | 0 ), e TG (00
g < BQ, z € (. (12)

Thus, the system of functions { = is an orthosimilar decomposition system in the

}£€C\G

space By with the measure Mdu( (€)).

There is an analogue of the Parseval identity for orthosimilar decomposition systems
(Theorem 1 of the work [I0]). According to the theorem, the equality

Kp, (p(£):p(&))
7= 1), e g an(o) =

K ~
- / FOP K980 (p(c)) = I, v € B (13)
holds. Whence, invoking the equality (), one obtains

1Al = Iflls. = Iflls, VS € B
Thus, Condition 1 entails Condition 2.
Obviously, Condition 3 follows from Condition 2.
Let us prove no that Condition 3 entails Condition 1.
According to Condition 3, there is a homeomorphic mapping p : C\G — G such that

171l = \/ / &P dulp(€))

is equivalent to the form || f]| 5, in the Banach space B,. Applying Lemma 3, we obtain that
there is a linear continuous bijective operator S, which governs the automorphism of the Banach
space Bs such that the system of functions

{Sz(l/(z - 5)2)}
11/(z =2 J eecra

is an orthosimilar decomposition system in the space By with the measure

11/( = 21 A5 dmlp(€) = K (p(€). p(€)) dn(p(6)).

Hence, the representation

o= ), BRI, (14)

X P K (p(6). (&) dpn(p(€)). = € G, f € By
holds. The equality (I4) means that the system of functions {S.9(z, &) }eco\@

Y- _
Ve =g, SO

(see ([)) is an orthosimilar decomposition system in the space Bs with the measure

K, (p(£), p(§)) dpu(p(E))-

According to Lemma 1, any function f € B, can be represented in the form:

K32 (T,t) K32 (Z t)

1) = [ (1), S - S e 1 e, =< c
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Let us substitute variables in the latter integral ¢ = p(§). Then,

N _ Ky (rp®)
()= | U0 Zetee)n

X sl K (), PE)Ap(E), = € C. 15)

The latter equality means that the system of functions {¢(z, p(€))}eec\a

_ KBz<z7p<£>>
VE5,(p(©). (p(€))

(see (M) is an orthosimilar system decomposed in the space Bs with the measure
Kg,(p(&), p(&)) du(p(§)). Let us introduce the notation

Kp, (p(€), p(€)) dp(p(€)) & dpun ().

Thus, the following representations of the arbitrary function f from the space By hold:

f(z) = / (F)s 0, ) a0 2 plE)) dpn(€), = € G
C\G@

(2, p(€)) ¢ e C\G

The equality (I4]) is written as

f(z) = / (P, (7€) 5 Sz, €) dyis (€), = € G
C\G

Whence, using the fact that S is a bijective self-adjoint operator, implementing the
automorphism of the space By, applying the theorem from ([14], p. 128), one obtains

S f(z) = /C STV Db O (@) 2 € G € By

/() = /C (508 H0) ¥ (= D (@) 2 €C.Vf € By

Let us denote

(£,9)1 ™ (SoSf,9)m,. (16)

Since the operator S is self-adjoint, the value (f, g)r, f,g € B> is a scalar product in the Hilbert
space Hi, consisting of the same functions as the space B,.

f(z) = / P ) =, E) dyun(€), = € G (17)
C\G

The equality (I7) means that the system of functions {¢(2,§)}ecc\g is an orthosimilar
decomposition system in the Hilbert space H;. Let us define the operator A; as follows. Let us
assume that A;(¢(z, p(€))) ws (2, €) for any € € C\G.

Let us define a linear manifold of functions £ as a set of functions g € B, such that there is a
final set of points {&,}7_, € C\G and a set of complex numbers {c;}7_, € G, and the function
g has the form

n

9(z) = 3 cxplz, p(&0)), = € G. (18)

k=1
Thus, L is a linear envelope of the system of functions

{90<z7p<§))}§6(3\57 z€G.
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By virtue of Lemma B, the function g(z) € By is uniquely defined by its coefficients ¢, k =
1,...,n,re. nna f,g € L

9(2) =Y ez p(&),  f(z) =) diplz,p(&)), 2 € G,

the condition
9(z) = f(2), 2 € G
entails that
cp=dp, k=1,...,n.
Likewise, the operator A; is defined on functions from L :

A(9)(2) E S a(z6), 2 € G.
k=1

The set of functions A;(g), g € L generates a linear manifold A; L. According to Lemma [6]
the function A;(g)(z) u3 A, L is also bijectively defined by its coefficients ¢, k =1,...,n.

Let us introduce the norm ||.4;(g)||, L llg|l B, on the elements A; L.

Let J be a complement of the manifold A, L no nopme || - ||;. The operator A; acts linearly
and continuously from By to J. J also generates the Hilbert space with the scalar product
(f,9)s. One has the equality

(Alvalg)J: (fug)Bza f;gEBQ-
Applying ([14], crp. 128), one can demonstrate that

A f(z) = /@ o€ Ars e €) €)=
- / (P o plE))) math (2. €) dp (€) =
C\G

= /C\G(Alf(T)ﬂ/f(Ta E)yb(z, &) di'(€), z € G (19)

for any A, f € J. The latter means that the system of functions {1(2, {) }¢cc\g is an orthosimilar
decomposition system in the space J. According to Lemma [ the spaces J and H; coincide.
Then, the operator A; establishes the isometry of the spaces By and H;. By construction

Algp(’zv p(&)) = le (Z, g)v f € C\av

where ¥y, (2,€) is the function ¥(z, £), considered as an element of the space Hj.
Let us define the linear manifold A as a set of functions ¢ in the form:

n

g(Z) = ch¢H1(zagk)7 KAS G,

k=1

where {£;}7_, € C\G is a finite choice of points, {c;,}7_, is the finite choice of complex numbers.
Let us define the operator B on functions from N. If

9(2) = chwH1<Z7fk), zeCG
k=1
then,
By(z) L'y (&), z € G.
k=1

The operator B is generated before isometry of the spaces H; and Bs.



128

V.V. NAPALKOV (JR.)

The operator A;, establishing the isometry of the spaces By and Hy, has the property:

Avp(z, p(€)) = ¥m,(2,€), £ €C\G.

The operator B, establishing the isometry of the spaces H; and Bs, has the property:

Bim, (2,€) = 1(,€), £ € C\G.

Therefore, the operator

A Bo A,

is an automorphic isometry of the space By and

Ap(z,p(€)) = ¥(2,€), €€C\G.

Thus, the operator A, being an automorphic isometry of the space Bs, for which

KBQ(z,p(g)) o 1/(z—€)2 o
VEB,0©0©)  /G=87T5,’ ¢ e C\G

has been constructed.

Thus, it has been proved that Condition 3 entails Condition 1. Theorem 1 is proved.

The author is deeply grateful to R.S. Yulmukhametov for useful discussions of the paper and
valuable comments.
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