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ASYMPTOTIC PRESENTATION OF EIGENFUNCTIONS OF A
TWO-DIMENSIONAL HARMONIC OSCILLATOR

E.F. AKHMEROVA

Abstract. The asymptotics of eigenfunctions of a two-dimensional harmonic oscillator has
been obtained all over the space. The need of such presentation arises when studying the
spectral characteristics of finite perturbation of the two-dimensional harmonic oscillator.
The absence of exact asymptotic equalities for fundamental systems of solutions to the
differential equation complicates the study, because eigenfunctions of the two-dimensional
harmonic oscillator are represented in the form of a product of normalized eigenfunctions
of the one-dimensional harmonic oscillator. The usage of standard solutions helps to solve
the problem.
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The formula for the first regularized trace of perturbation of a two-dimensional harmonic
oscillator

02 0?

012 043

by a multiplication operator V by a real finite function V(z;,z5) € Cj(R?) was obtained by

Fazullin Z.Yu. and Murtazin Kh.Kh. in [I]. The spectrum of the operator Hy = —A + z? is

well known and consists of eigenvalues A\, = 2n + 2, n > 0. The corresponding projectors on
eigen-subspaces (of the dimension n + 1) have the form

P.h = Z(ﬂ%) )a

where (-, +) is a scalar product in L? (R?),

+x1—|—x2

o (0) = filwn) fumsla), (1)
filt) = (QZZ!\/E)_U ? e "/2H,(t) are normed eigenfunctions of a one-dimensional harmonic

oscillator corresponding to eigen numbers 20 + 1 (I > 0), H,(t) are the Hermite polynomials.
The absence of exact asymptotic equalities, homogeneous with respect to ¢, for fundamental
systems of solutions to the differential equation 3" + (A — %)y = 0, complicates the study of the
asymptotics of the projector P,h and the spectrum of the perturbed operator H = Hy + V. In
order to avoid the problem, the authors had to impose rather severe restrictions on the function
V' (1, x2). Results of the work [2], where standard solutions are used, give a possibility to write
out the asymptotics of eigenfunctions of the harmonic oscillator and thus to avoid the finiteness
of V(x1,xs). The following theorem holds.
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14 E.F. AKHMEROVA

Theorem 1. If x1 > 0 and xo > 0, eigenfunctions of the operator Hy have the form

i (@) =
71 cos Q(x1, 2k + 1) cos Q(z9,2(n — k) + 1)e—[Ql(z1,2k+1)+Q1(x2,2(n—k)+1)] "
1 1
T2k +1—23|72(n — k) +1 — x3|%

1 1
) [HO <@(x1,2k+ 1)” {1 o (Qm,z(n— B+ 1))1
when  Q (x1,2k 4+ 1) = 400, Q (22,2(n — k) + 1) = 400;
o (@) =
Y2 COS Q($27 2(n — k) + 1)€—Q1(x2,2(n—k)+1)
Vrl2n—k)+1 —:102|i

X

o (G —mem)]) [wwr1<3>nl/12 i

2 —2k—1 0 |2k + 1 — 23]
 95/434/3] (%) nb/12 + L13/12

when  Q (22,2(n — k) + 1) — 400,

o1 — V2 1‘ <Ok

Y3 COS Q(x1,2k + 1>€—Q1(x1,2k+1) {1 L0 ( 1 ﬂ 8
- -
\/%|21<5—|-1—ZIZ'1|Z Q($1,2k+1)

1
X P
21/432/37 (%) (n _ k)1/12

73 —-2(n—k)—1 O 12(n — k) +1 — 23]
 95/434/3] (%) (n — k)3/12 + (n — k)13/12

when Q(ml,Qk‘ +1) = 400, ‘xz —V2(n—Fk)+ 1‘ < C(n— k)_l/G;

o (x) =
25/6 w3 -2ln—k) -1
33/47°2 (%) (n — k)1/12k1/12 24/3\/§7rk;1/12(n — k)3/12
2 — 2k —1 (22 — 2k — 1) (23 —2(n — k) — 1)

— 24/3\/57#65/12(71 _ k)1/12 23/238/31°2 (%) (n _ k)5/12/€5/12

12(n — k) + 1 — 23] 12k + 1 — 23|
+0 ( JU/12( — Jo)13/12 +0 K13/12(7y — f)1/12

when |y = VIRH | < CK Y [y — A= B + 1| < C(n— k),
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where

if 1 <V2k+ 1, < \2(n—k)+1;
if 1 < V2k+1, x9> \/m;
if 1 >V2k+1, 9 < \/2(n—k)+1;
, ecau Ty > \/m, Tg > \/m,

2, if 1< N\/2(n—k if  m <V2k+1;
IV i a2 —F) 11, 1, if o>V,

[ [ T )

+
=
=
I
——
Jl\D

0, when  t>VA; A 0, when  t < VA;
1 (tv )‘) =
Q(t,)), when t <\, Qi(t,N\), when t> )\,

Q1(t,\) = j V22 = Xdz, when t>V\;
Qt,A) = "
Qt,\) = [ VA—22dz, when t<V/\

t

Proof. Let us write out the asymptotics of eigenfunctions of a one-dimensional harmonic
oscillator. To this end, consider the operators

Liu=—u"+2*u, uw0)=0 u Liu=—u"+2%u 4 (0)=0

in L2(0, +00). Ine can readily observe that the spectrum L}, consists of the numbers \,, = 4n+3,

n > 0, and the operator L}, has eigenvalues A, = 4n+1, n > 0. In 2], integral equations for the

kernels B} (x,t, ) and Bj;(x,t, \) of the operators B},(\) and Bj()\), respectively, are studied

by means of standard solutions. Let us take the following functions as standard solutions:
Zl(xa >‘) = S(xa )‘>AZ(§(Q:7 A))? 22(1’, )‘) = S(Z‘, )‘>BZ<€($7 A))?

where Ai(€), Bi(§) are the Airy real functions,

Elz, \) = g/|t2—>\]1/z dt sgn(x—\/X), Sz, A) = |¢'(x, )] 2.
VA

NI

The asymptotic representation for the Airy functions readily provide the asymptotics of
standard solutions zx(z, \), £ = 1,2. One has

(DF Q@) )
2zk(z, A) = 2 (a7 W {1 +0 <Q1($, )\))] when  Q1(x,\) = 400, (2)

cos (Q(z, A) + (—=1)F%)
VT (A= a2 {1 o <

(2, \) = )} when Q(z,\) — 400, (3)

1
Q(z, )

where

x VA
Or(z, ) :/\/tz—)\dt, Oz ) :/\/A—t%lt,
ﬁ x
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1
)\1/1261/6\/§F 4 T
(3)
sgn (m—\/X) |22 — )| 22 — A (4)
+ <_1 g )\5/1265/6\/§F 2 +O( /\13/12 )
(3)
when ‘J) — \/X‘ < CAXY6 C>0, isindependent of \.

zk(z, A) =

The asymptotics of derivatives of functions zj(x, \), k = 1,2 with respect to A\ are also easily
written out

8Zk($ >\) 1 o xr + 2 — 6( DFQ1(z,)) n
o\ 4\/_ \/X (x2 _ )\)1/4
(DR Qi (@) (5)
+0 —/\(x2 — when  Q4(x,\) = 400,
Oz (z, \) pi1 €08 (Q(z, A) + (—1)F1I) x
— (-1 +1 4 el
o -V NS Y i o
1
+0 (—)\()\ — x2)1/4> ,  when Q(z,\) = +o0,
and when |z — V| < CAY/6
Oz (z, \) 1
N 0 <)\13/12) : (7)

Asymptotic representations of derivatives of functions z;(z, ) with respect to the variable x
when Q(z, \) — +00

/ T )i L R LY
zk(ac,)\)—Q()\ z?) [ﬁCOS<Q(I,>\)+( 1) 4>+O(Q(x,/\))]
- [ (o D) w0 ()]
) N 4 Qz,\) )|’
as well as asymptotics of the derivatives 0z (0, A)/O\ when A — +o0
02,(0,\) _ VT 1/4 n
T_TA cos(sz—i-( )]) 1+0 /\ + o
1 3/4 T B
+m)\ sm<4[/\—|—( )] [1—1—0( )]
will also be necessary.
Linearly independent solutions yi(x,\), kK = 1,2, to the equation
—y" +rty =y (10)
have the form
nleN) = a1 ) + [ Hit V(e V) (11)
yo(x, N) = zo(x, \) — /H(x,t, Nya(t, \) dt, (12)

where
H(z,t,\) = {z1(z, \)22(t, \) — 21(t, \) 22 (2, \) }S" (£, \) S (¢, ),
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y1(z, ) € L?(0,00). The formulae , provide that the following representations hold:

el 2) = 2n(@, ) (14 20 @) | (13)
Oyr(x,A)  Ozi(x, N)
e (1—|—zl (2, )\)) (14)
i N) = 24 ) (14 200, 0) ) + 2w, NED (@, e 20, (15)
where sup zk )(x, )\)‘ < CXY o osup zf)(x,)\)‘ < CA osup z,g)( )‘ <OMNL k=
z>0,A>1 x>0,A>1 x>0,A>1
1,2,
. Qi(z,\) = [ V22— Xdz, when x>\
Qz,\) = VA
0, when z < V.

Assuming that u(z,\) = [B}(M\h](z), where X # 4n + 3, n > 0, h(z) € L*(0,00), one
concludes that u(z, \) satisfies the nonhomogeneous equation
—u"(z) + 2%u(x) — Mu(z) = h(z), (16)
and its conditions
u(0,\) =0, wu(z,\) € L*(0,00).

Let us introduce the kernel

1 y1(xz, Ny2(t, A), ecm 0 <t <z < +o0;
Gz, t,\) = ——
(A) lyi(t, Nya(z,N), ecrm 0 <z <t < 400,
where
W(A) = yi(z, Nys(z,A) — yi (2, Nya(, A). (17)

Then, the function w(z,\) = [ G(z,t, A\)h(t)dt satisfies Equations and the condition

0

w(z,\) € L*(0,00) (see [2]). Therefore, the function f(z,\) = wu(x,\) — w(z,\) satisfies
the homogeneous equation and belongs to L?(0,00). Hence, f(x,\) = Ayi(z,\). The
constant A is provided by the condition u(0,A) = 0. This yields the representation for the
kernel B} (z,t, \)

y2(07 )‘)yl (ZL’, )‘>y1(t7 /\) .

Bi(xz,t,\) = G(z,t,\) — 18
plont ) =G A) = T ) 0. ) 1)
Similar reasoning is given for the Neumann problem
5(0, A Myp(t, A
Bl (e ) = G(a.t, ) - LAY (19)

W(A)yi(0, )

Let us obtain formulae for the eigenfunctions fi(x). By definition

f2l f2l+1( ) f2l f2l
B+($“_2Z 4l+3 A Z41+1—

Whence,
2 forp1 () farga (t) = hm (4l+3 N Bp(x,t, ),
2 for () for(t) = )\Bgil(éll +1—N)Bi(x,t,\).
Since the function G(z,t, \) does not have singularities in the neighborhood of eigen-numbers
A = 20+ 1, the formulae , provide

2 SV AL+ 3) ()4 (0, 40+ 3)’

(20)
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9 yh(0, 4l + 1)y? (x, 41 + 1)
fal@) = 2W (40 + 1) (y1)", (0,4 + 1)
Let us investigate the behaviour of functions involved in the right-hand side of the formulae ([20))
and (21). One obtains directly from the formula that y2(0, ) = 22(0, ), 95(0, A) = 25(0, A).
Then, the formulae , yield

(21)

_cos (Z(A+1)) 1
yg(O,)\) = \/7_1'/\1/4 140 X s (22)
Acos (Z(A—1)) 1
5(0,0) = - 1 < 2
40.) Do (5)] (23
According to and
_ cos (Z(A—1)) 1
y1(0, \) NGUE 1+0 ik (24)
and the formulae , provide
AMAcos (F(A+1)) 1
1(0,0) = - 1+0(< |- 2
0.3 o (5)] (25)
From the formulae (14), (€]), one can readily obtain the representation for dy; (0, A)/OX
oy (0,))  /m T 1
L = Ta oo (Z(A+1)> 1+o(5)|- (26)
Then, the relations , — provide that
1 1
A)=— - .
W(A) W—l—O()\) (27)
Thus, the formulae , , , and yield
fan(2) = V22 (0,40 +3) (1+ faa(0)) (28)

where sup fglﬂ(:v)’ < Ol L
z>0,01>1

It remains to investigate the behaviour of (y;)”,(0, A). For this purpose, it is more convenient
to differentiate the formula (11)) with respect to the variable x, and then to substitute the
variable t = v/AT of the integrand and calculate the derivative of the function (0, \) with
respect to A. Using the estimates - , @D, one can obtain that

091(0,A) _ 921(0,A) (1 N ?J“W)) L 9200 7

O\ [2)) A O\ A
where sup [§®(\)| > C, k + 1,2. The latter expression and the formula (9) when A = 4n + 1
A>1
provide
0y1(0,4n+1) /7 14 1 1

Thus, the relations , , , , entail that the following formula, similar to
the formula , holds:

Fur() = V221 (x, 40 + 1) (1 + fgl(x)) , (30)

~

fgl(aj)’ <ci.

where sup
z>0,01>1
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Thus, and (30) lead to the conclusion that for eigenfunctions of a one-dimensional
harmonic oscillator the representation

Fulx) = V221 (2, 2k + 1) (1 n fk(:c)> (31)

holds, and sup
2>0,k>0

fk(x)‘ < Ck™'. Then, the formulae (31), - provide the asymptotics

of eigenfunctions cp,(:)(xl, xo) mpu 1 > 0, 29 > 0.

Remark 1. Asymptotics of eigenfunctions gpén) (1, x9) when Va1, xo can be readily obtained

using the equality
fil=t) = (1) fil®)-

Indeed, the equality entails that
o (—ar,w2) = ()" (w1, 32),
o (—an, —we) = (=)' (a1, 32),

o (@1, —w2) = (=1)" ol (21, 1),
where x1 > 0, x5 > 0.
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