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SPECTRAL ASYMPTOTICS OF NONSELFADJOINT
DEGENERATE ELLIPTIC OPERATORS WITH SINGULAR
MATRIX COEFFICIENTS ON AN INTERVAL

M.G. GADOEV

Abstract. Some spectral asymptotic properties of the nonselfadjoint operator A associated
with a noncoercive bilinear form in the space H! = Ly(0,1)! are investigated in the article.
Such problems as summability of the Fourier series of elements f € ! with respect to
the system of root vector-functions of the operator A by the Abel method with brackets,
estimate for the resolvent of the operator A are considered.
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method with brackets, system of root vector-functions.

Introduction

The paper is devoted to investigation of some spectral properties of a nonselfadjoint elliptic
operator A in the space H' = Ly(0,1)!, associated with a noncoercive bilinear form.

Such questions as summability of Fourier series of elements f € H' with respect to the
system of root vector functions of the operator A by means of the Abel method with the
brackets, resolvent estimate of the operator A are considered.

Spectral asymptotics of degenerate elliptic operators, degenerate elliptic operators, that are
far from self-adjoint ones, was investigated in [1-6| in the case when, eigenvalues of the operator
are devided into two series, one of which lies outside the angle |argz| < ¢, ¢ < 7, and the
other one is localizing to the line R, = (0,00). This article is adjacent to the works |1, 2,
6], among which [6] contains most general results and the assumption that the highest-order
coefficient of the operator A

a(t) € C™([0,1]; EndC") (0.1)
has different simple eigenvalues for every t € [0, 1].

Instead of (0.1) we require only that a(t) € C([0, 1]; End C'). The results §2-§5 join the work
[7], where conditions similar to [6] are imposed on a(t). We generalize results of the work [7]
with minimal restrictions on a(t) € C([0,1]; End C').

Results §2-85 are qualitatively new even with weaker restrictions on a(t). Spectral problems
of a closed expansion, given by boundary-value conditions different from the Dirichlet boundary-
value conditions, are investigated here.

The method applied is based on approximating a(t) by smooth matrix functions as(t).
However, resolvent estimates determined in [6] are inapplicable to the corresponding operator
As, because as(t) may have nonsimple eigenvalues. Therefore, the work is partially devoted to
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the resolvent estimate for the operator A4s. This method is also used in investigation of the
spectrum asymptotics.
Results of the present paper are partially described in [9-11].

§1. Formulation of basic results

1. An operator A, given in the Hilbert space H, is said to be far from self-adjoint unless it is

reduced to the form
A=B(E+S), B=DB" Scoy.(H). (1.1)

Here and in what follows the symbol o, (H) denotes the class of linear completely continuous
operators in H; B* is the operator adjoint to B.

Spectral properties of elliptic differential and pseudo-differential operators close to self-adjoint
ones, i.e. reducible to the form (1.1), are investigated in sufficient details (see |12, 13]). Spectral
properties of elliptic differential operators and pseudo-differential operators, which are far from
self-adjoint ones, are investigated also in detail in case if they are given on a compact manifold
without a boundary (see [6, 14-16], with the bibliography). In case of domains with boundaries,
differential operators and pseudo-differential operators far from self-adjoint are investigated in
[2, 3, 17, 18, 19-22|; among which [2, 3, 17] are devoted to degenerate elliptic problems.

2. The present paper investigates spectral properties of a nonselfadjoint operator in Lo(0, 1),
generated by a bilinear from

Afu, 0] Xm: / Das; (Du (1), ps (D9 () > dt. (12)

Here i

) . ) ‘u(t
plt) = (1= O (i = Tom), 0.<m, () = T8,
aij € Loo(J; EndCY)  (i,7 = 0,m),

where J = (0,1). The symbol <, > stands for the scalar product in C'.

Let us denote by H. the closure of the linear manifold C§°(.J) by the norm

ol =/p (O™ (1) Idt+/|90 (1)[2dt) 2.

J
Suppose that
H=1LyJ), H=H® --d&H (I times),
H, =H,® - ®H;y (I— times).

In what follows the scalar product in the spaces H, H' will be designated by one and the same
symbol (, ). Likewise, norms in the spaces H,, M, and H,H', C' will be denoted by | |4, ] |,
respectively. The symbol ||7|| will denote the norm of the bounded operator 7', given in H or
H

Let us take the space H', as the domain of definition of the bilinear form Afu,v] (1.2).

Let us assume that the following conditions are satisfied:

lai; (1) < Mt*(1—¢t)° (i+j<2m), &>0, (1.3)

M) gS (=Tl ted) (1.3)
where S C C is a certain closed angle with the origin at zero, and y;(t) is the eigenvalue of the
matrix a(t).

The following theorem holds if the above conditions are satisfied.
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Theorem 1.1. There ewists a single closed operator A in H!, possessing the following
properties:
(i) D(A) c Hy, (Au,v) = Alu,v] (Vu € D(A), veHL),

(1) for a certain zy € C there is a continuous inverse
(A—2E)" : H — H.

3. Let us denote by H_ completion of the space H by the norm

lu|_ = sup M
0FpeH ¢ ’@l-ﬁ-
Suppose that H. = H_@---®H_ (I - times). The element F = (F}, ..., F;) € H' generates
an anti-linear continuous functional over H' by the formula

< Fyv>= lim (u;,v), veH,,
1—+00

where the sequence of vector-functions uy, us, ... € H! is chosen so that u; — F (i — +00) in
HE.
Note that if v = (vy,...,v;) € H!, then

! !
< Fov>= Z < F,v > |F|-= (Z |52 )2,
i=1 j=
Here and in what follows the same notation is accepted for [ = 1, as well as for an arbitrary
leN:| |-, <, >.

Conversely, for any anti-linear continuous functional g(v) (v € H.) there exists a single
element I € H! such that g(v) =< F,v >, Yv € Hi Meanwhile, the norm of the functional
g equals to |F|_.

In what follows anti-linear continuous functionals over H!, are identified with elements of the
space H' .

4. If the condition (1.3) is satisfied, one has

Al ]| < Mlulslols  (Vu,o € H,)

according to the Hardy inequality. Therefore, we can introduce the operator A : ”Hﬂr — H,
acting by the formula
< Au,v >= Alu, v (Vu,v € HY).

§2. A lemma on matrix functions

1. Let us formulate and prove an analogue of the Schur lemma for matrix functions in the
present section.

Let us consider a matrix function a(t) € C™(J; EndC).

Suppose that the matrix a(t), for every ¢ € J, has [ different eigenvalues p;(t), ..., u;(t). Then
eigenvalues of the matrix a(t) (¢ € J) can be enumerated so that y;(t) € C (7) (j=1,1
The following lemma holds.

Lemma 2.1. There is a matriz function

D).

U(t) € C™(J; EndC")
such that

U~'(t) € C™(J; EndC')

and
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a(t) = UHADU(2), 2.1)
where A(t) is a diagonal matriz:
A(t) = diag{p(t), ... mu(t)}, uy(t) € C™ ().
The proof is given at items 2 and 3.
2. Let tg € J. Let r € {1, ...,1} be a fixed index.
Let us introduce the matrix
1
P(t) = - / (a(t) —20)"'dz, (jt—to| <€) (2.1,
T

Ye

where [ is a unit matrix, 7. = {z € C' : |z—pu,(to)| = €} is the outline oriented counterclockwise.
Let us introduce the notation D, = {z € C : |z — u,(to)| < €},

Al ={te Tt -t <&}, wi(A(E)) = {m(t) : t € A}
When ¢, &’ are sufficiently small, one has

pi(AE) N (AE)) =0 (i # ),
pi(AE)) N D=0 (i #7),

pr-(A(e")) C D..
Invoking that

I / “at) — 21)1dz = il / 2(y(t) — =)z,

Ve

where I € EndC' is a unit matrix, one obtains

1
=— — 2I) ' dz. 2.2
po(t) = tr / “at) — =I)"'dz (2.2)
Ye
Since a(t) € C™(J; EndC!) then, u;(t) € C™(J)(j = 1,1).
Let y,(t) = (yw(t),..,un(t)) be an eigenvector of the matrix a(t) = (ay(t))},_;,
corresponding to eigenvalues p,, (1), i.e.

S sy = mByalt) (G =T0).

One can readily verify that the matrix U(t) = (y;;(t))} ;_, satisfies the equalities

(@)U (1))pg = Z pg(1)Yug(t) = 11q()Ypq(t),

(UOA))pe = Y Ypa()uattn(t) = 1a(t)pa(t).
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where d,,, denotes the Kronecker-Capelli symbol. Hence, a(t)U(t) = U(t)A(t). Since the columns
of the matrix U(t) are composed of linearly independent eigenvectors of the matrix a(t), one
has

detU(t) #0 (t € A(g)). (2.3)
Invoking that

(a(t) =) = U@)(A®) = =D)7'UTHH),  (t€ A()),

one obtains

P(t) = ——U () / (A(t) — 2D)7Yd2)U~L () = UDT,U (1),

271
Ye

Tr = dz'ag{élr, ceey 517«}. (24)
One can readily deduce from these equalities that the domain range of the operator P(t) :

C! — C'is one-dimensional and contains an eigenvector y,.(t), (t € A(g’)). Therefore, the matrix
P(t) acts by the formula

P(t)h =< hygo(t) 01 3:(t), (Vh e Ot € AE)), (25)
where ¢, (t) € C!,Vt € A(¢'). Assuming that h = a(t)h; (h; € C') and invoking the equalities

P(t)a(t)hy = a(t)P(t)hy =< a(t)h1, o, (t) >cr yp(t) =

=< hlaa*(t)ﬁpr(t) > yr(t) = ur(t) < hh@r@) >t yr(t)7
one obtains

a*()er(t) = pr(t)r (1)
due to arbitrariness of h; € CL.
According to (2.4), trP(t) = trT, = 1. Therefore, < y,(t), o, (t) >c= 1.
Applying (2.5), one can readily find elements of the matrix P(t):

(P(1)ij = yir ()05 (1),
where ¢;,(t) (j = 1,1) are components of the vector ¢, (t).
Whence and from (2.1"), it follows that

Yir () pir(t) € CT(A(Y) (i, = 1,1). (2.6)
Substituting the number ¢’ by a smaller positive number if necessary, one can find the index
w € {1,...,1} such that ¢, (t) #0 (Yt € A(¢’)). Further substituting if necessary y,(t), ¢, (t)
by ok (t)y,(t), o5t (t)e,(t), respectively one can assume without loss of generality that () =
1 (teA)).
Assuming that j = w in (2.6), one obtains y;,.(t) € C"™(A(g")),i =1,...,1.
By virtue of (2.5), one has

U™'(t) € C™(A(E); EndC).
3. Let Ay, Ay C J be closed intervals, mesA # 0, A = Ay N Ao.
Likewise, let us assume that the matrix functions

Uj(t) € C™(A; EndC')  (j =1,2)
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are constructed so that
UFl () € C™(Ay; EndCY) (= 1,2),

a(t) = ;AU () (ted;), (j=1,2).
Let us construct a matrix function
U(t) € C™(A1 U Ay); EndC')
such that

U™'(t) € C™(AL UAy); EndCl),

a(t) = UAHUHE) (t€ ALUA,).
The columns of the matrices Uy (t), Us(t) (t € A) are composed of eigenvectors of the matrix
a(t) and therefore they are collinear. Hence,

Ui(t) = Us(t)Qt), Q) = diag{w(t),...,wi(t)}, te€A,
where w;(t), w; ' (t) € C™(A) (j = 1,1). Let us extend the functions w;(t) (t € A),j = 1,1 up
to functions w;(t) € C™(Ay) so that @' (t) € C™(Ay) (5 =1,1).

Let us assume that

O(t) = diag{in (1), .., mi(t)} (L € Ay).
One can readily verify that the matrix function

Ui(t),t € Ay
t) = .
v { Un(t)00), ¢ € Ay
satisfies the above conditions. The proof of the lemma is completed by applying the factor
method.

§ 3. Differential operators with matrix coefficients

1. Let us consider the following bilinear form in the space H" = Lyo(J)", r € {1,...,1}:

Q'lu,v] = /pw(t) < Q)u™(t),v™ (t) >¢r dt, D[Q'] = H,

7
where p(t) = t(1 —t),6 < m. The space ', is the same as in §1, the matrix function Q(¢) has
the form
qt) 1 0 0
0 q(t) 1 0
o =0 0 qw 0|,
0 0 0 ... qt

Q(t) € C™(J; EndC"),q(t) € C™(J),q(t)ES (Vt € J), where S C C is a certain closed sector
with the vertex at zero, located in the left semi-plane.
Let us denote by H},,v > 0 the space of functions u € H', with the norm

1/2

ul, = / (0™ (1) 2t + v / u(t)|2dt

J
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Obviously, H;, = H!, Vv > 0, and the norms in the spaces are equivalent. Let H" ,v > 0
denotes the space of elements F' € H” with the norm
|F|_,, = sup | <F,v>|

UEH:,
[v]y <1

Let us introduce the operator Q,, : H;, — H",,v > 0 according to the formula
< Quru,v >= Q'u,v], Vu,v € H,,.

The following lemma holds.
Lemma 3.1. There exists a sufficiently large number ¢ > 0 such that for A € S, |\ > ¢
and v € [1,2|\|] there is a continuous inverse

(Qur —AE)™ : HY, — H],
with the norm not exceeding a certain number M, independent of A\, v.

Proof. For the sake of simplicity let us consider that the sector S is located in the left
semi-plane, is symmetric with respect to R_, and has an angle of spread less than /2.

Since ¢(t) is a continuous function, there is a sector S which is also located in the left semi-
plane and is symmetric with respect to R_ = (—00,0), and has an angle of spread less than
7/2, so that S C Int S, and ¢(t)ES.

Let by be a bisectrix of the angle composed by sides of the sectors S and S from the upper
semi-plane, and 3, be the angle from the bisectrix to the imaginary axis.

Obviously, 81 < /2 and the inequity Re Ae™®+ < 0 holds for every A € S(|A| > 1) and

Re Xe™#+q(t) > 0 for all t such that I'mq(t) > —%. Likewise, for Imgq(t) < % we find the
number S_ such that the inequalities

B

Re e - < - A€ S (A > 1); Re e Pq(t) >0

hold.
Let us cover now the segment [0,1] by intervals Ij,...,I; so that the right-hand end I,
intersects the left-hand end 7, and
mes (]ZﬂIZH) #O, 1= ]_,]'C—]_7
the multiplicity of covering equals to 2, and for every fixed i one has

either Imgq(t) > —%, Vtel;, or Imgq(t) < %, vt € I;.

Let us construct nonnegative functions @1 (t), p2(t), ..., wx(t), 1 (1),

Po(t), ..., x(t) € C=(J) such that

Zgoj(t) =1 (tel)

and
Y (t) =1, Vtesuppyp;, suppi; C 1.
Therefore,
ReXe'™ <0, Req(t)e' >0, Vte suppi;,
where o equals to =54 or —3_.
Since ¢(t) is a continuous function on [0, 1], and suppt); is a compact, one has

Ree'ig(t) > ¢; >0, Vt € suppi;,

and therefore,

Ree™ig(t) > c>0, where c=mincj, j=1,k.
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Multiplying the initial bilinear form by the number % if necessary, one can obtain the following
inequality
Ree™iq(t) > 8.

Several statements are necessary to complete the proof. Therefore, the remaining part of the
proof will be given in item 6 of the present section.

The following lemma holds.

Lemma 3.2. Let the above conditions hold and
Ree™iq(t) > 8. Then, for any vector h € C" the inequality

Re < e Q(t)h,h >cr> T|h|&-

holds.
Proof. One has
= e'iq(t) eiq(t)
< €9Qt)h,h >cr=Y [ 5 |he|? + € Pyl ya + 5 [Pir )+
k=1

+

Eglt) ) o eValt) )
h h.|”.
L 2 + L

Whence, in view of the inequality Ree™iq(t) > 8, one obtains

r—1
Re < e™Q(t)h,h >cr= Y (4lh|* = [hl[hrga| + 4lhsa] )+
k=1
r—1

1 1
Al [hel?) = ) (Al — §\hk’2 - §Vlk+1!2 + 4lhya [)+

k=1

r—1
7
(| + b [*) = 5 ; (Il + [hacsa )+

13
+4(ha]? + |7 [?) Z|hk| + 5 (l* + [0 ?) = Tlhfe.

Lemma 3.2 is proved.
2. Let us formulate Theorem 2.0.1 from [23] in the necessary form.
Consider the following bilinear form in the space H, :

m

Blu,v] = Y (agpau®, p;o) e,
ij=0
where a;;, p; are the same objects as in §1, r € {1,...,1}.

Statement 3.1. (see Proposition 2.0.1 in [23]) Let the bilinear from Blu,v] satisfy the
mequalities
| Blu, v]| < Mlulg, 0], (3.1)
Re Blu, u] + Xo(u, v) > 6lul?, . (3.2)
Then:

1) there is a linear operator A, realizing the homomorphism of the spaces H!, and H"

", such
that

< Au,v >= Blu,v] + Xo(u,v), Yu,v € H),
where the symbol < f,v > denote the action of the functional f upon the element v;
2) any anti-linear continuous functional I(v) over H!, admits a representation

[(v) = Blug,v] + Ao(ug,v) =< Aug,v >, Yu € H"

—
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where ug s a certain element from H',.
The latter means that the operator A=! exists and has a finite form

‘A_l‘y.yiy_y,qlrj < 4o00.

The following lemma complements Statement 3.1.
Lemma 3.3. Let Conditions 1) and 2) be satisfied. Then, the following inequality holds:

. 1
A, S50 020, (3.3)

Proof. The latter inequality means that
S|IA |y, < vy, YvEH_,. (3.4)
Since < Au,v >= Blu,v] + Ao(u, v)3 then,
Re < Au,u >> 5|u|§t+y, Vu € Hy.
However, according to definition of the functional norm
|Re < Au,u>| < | <Au,u>| < |Auly_, |ulu,,.
Therefore,
|Auly_, uly,, > 6lul?,,,

and
|Auly, > Slulw,,, Yu€H..

Substituting v = Au, one obtains (3.4). Lemma 3.3 is proved.
Let us introduce a function ¢;(t) coinciding with ¢(¢) on the interval I;, and varying smoothly

outside [;,j = 1, k.
Obviously, the following inequality holds (see Lemma 3.2)
Re < eQ;(t)h, h >cr> colh|E, VYt €[0,1], (3.5)

where 0 < ¢y < 7, and the matrix function Q;(t) is derived from Q(t) via substituting q(t) by
G;(1)-
Let us introduce the bilinear form
QYu,v] = / PP () < Q;(t)u'™ (), 0" (t) > dt, u,v € H),.
7

The following lemma holds true.
Lemma 3.4. For any u € H,, the inequality

Re e Q[u, u] > co|u(m)|i2u)r, 0<c <7 (3.6)

holds.
Proof. Substituting h = p?(t)u™ (t) to inequality (3.5) one obtains

Re < e@iQ;(t)p u™(t), pPul™(t
> colpPu™)|E, 0<t <1
3.

Integrating with respect to ¢ from zero to 1, one obtains (3.6), which proves the lemma.
Since Re A\e'® < —c|)\|, Lemma 3.4 entalls that

Re [e™ Q? [u, u] — A& (u,u)] >

) >CT‘Z

> c’|u|3{Z = c’|u|3ﬂ + l/c/|u|%2(J)r, (1<v <2, A >1).
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Let us introduce the operator L;, : ‘H; — H", according to the formula
< Ljyu,v >= Qfu,v], Vu,v € Hj.

Applying the Cauchy-Bunyakovsky inequality, one can readily demonstrate that the bilinear
from QY[u,v] satisfies the inequality

‘Q?[U, U“ < M\u]q{ﬂv\%;.

Then, on the basis of Lemma 3.4 we conclude that all the conditions of Statement 3.1 are
satisfied. Hence, there exists a continuous inverse

Rj,u()‘> = (emj Lj,z/ — /\€ij>_1 : /Hil, — HZv
(Aes, IA=>1, velL2)),
and
R (M) <07,

0 < 0 is a certain number independent of A, v.
For F'€ H" ,,v € H], one has

<UiF, g0 >= (0 (OQ()e" 0" Ry (N F, p"0)" (vipy)) —

—)\€iaj (Rﬁ,()\)@/}jF, cpjv), (37)
aaa 0y = %. Here and in what follows in the present item (, ) indicates the scalar product in
Ly(J).

Let us introduce the operator
k
Ru(N) =D @™ Ruby + H, = Hy (A€ S A > 1w € [1,2]A])). (3.7)
j=1
Obviously,

< (Qu = AE)R,(AN)F,v >= Z il ()00 R (N5 F, p° (80" (1))~

_)\Zez% ©iRju( MY F,v).

In view of (3.7) and the equality

> <yF i >=<Fv >,

j=1
one obtains
< (Q, = AE)YR,(N)F,v >=< F,v > +X,\(F,v) + Y)\(F,v), (3.8)
where
k
Xa(F0) =36 S Coana QIR (N, F, oo™y (3.8)
YA(F,v) = Z ol N Ol (0QE IR (N F, p" ™)} (3.9)
j=1 mi1t+mg=m

mo#0
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Here Cyny imys Cryy m, 1€ some constant numbers depending only on my, my. Integrating by parts

once, one obtains

Xu(Fyv) = Z s Z Crnyjma ( eaf_l(Rj,u(A)%F),

] 1 m1+m2 m
mo#0
p00,(Q (t)p* v "))} (3.10)

3. Let P be a selfadjoint operator in H associated with the bilinear from
P'lu,v] = (p"u™, p*v™),  DIP'| = H,.

In what follows the following lemma will be of use.
Lemma 3.5. There exists a continuous inverse operator T,, : H_ — H,w > 1 such that
Tou= (P+wE) " ?2u,Yu e H, and

T.F| < M|F|-, (Vw>1lvell,2w),YFeH_,),

where the number M > 0 is independent of w, v.
Proof. Let ' € H_,. By virtue of density of the space H in H_, there are elements
Uy, Ug, ... € H such that uj—4_ F (j — +00). Then,

(P + wE) ™2 (uy — wi), v)| = |y — ug, (P +wE)™?0)] <
< Juy = il | (P + wB) ™20l < Mlvllu; — wl-,
for all v € H,. Since H is dense in H, then
(P +wB) 2 (u; — wp)| < Mluy — wp-.
Therefore, the sequence (P + wE)™Y/?u;,j =1,2,... is fundamental in H and one has
(P +wE) 2uj—yg (j — +00),

where ¢ is a certain element from H. Let us assume that T, F = g, F' € H. Obviously,
lgl < M ‘liI_El lu|_, = M|F|_,,YF € H_, and T,F = (P +wE)"Y2FYF € H. The lemma
j—+oo

is proved.
4. Our nearest goal is the proof of the inequality (see (3.8') — (3.10))

Xa(F, )| + Va(F,0)] < M= F| ol (3.11)
(VFeH ,veH A€ S A\ >1vell2)])),
with some ¢ > 0. Note that the bilinear form
P]{,)\[u? U] = 6iaj (pQQu(m)’ PQQ(m)) - )‘eiaj (U,’U), (U7U € %:—)a

where A\ € S| |\| > 1, is defined densely in H", closed, and sectorial. According to the known
theorem (see Theorem 2.1 from [24, Ch.VI, §2]), there is an m-sectorial operator P; ) in H"
such that D(P; ) C H',, and

(Pjau,v) = P \[u,v]  (Yu € D(P;,), veH,).

j?
Likewise, there is a positive selfadjoint operator Pﬁ/\ in ‘H such that D(Pﬁ)\) =H and

1
(Pyu,v) = 2(P]{’A[u,v] + P’A[v ul), Yu,v € H.
Applying Theorem 3.2 from [24, Ch.V I, §3|, one obtains
P = (PR) T 2Fa(P)) 2,

where
| F5 allrr s < M
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the number M is independent of A € S (|A| > 1). Whence, one readily concludes that
P = (P + NE)T2F (P + A E) Y,
where P is the same operator as in Lemma 3.5, and
1Fiallsrsaer < M7 (A €5, [A[ > 1),
Let us prove that
Riw(N) = (P + N E)2FjuTjy, (A€ 8,|Al = L € [1,2]A])). (3.12)
The definition of operators R;,()), P; entails that
Pj_)\lu =R, MNu (MueH A€ S| >1vell2N)).
Therefore,
Riv(Nu= (P+ [NE)V2F\Tyu (Yu e H).
Since the operators R;, (), (P + |\ E)~Y2F; T}, are continuous from HI to H"
space H" is dense in H" , then,
Rju(NF = (P + [NE) " 2F;5T F,
(VFeH_,, A€ S |\ >1,vell2N)),

and the

1284

which proves (3.12).

Now the proof of the inequality (3.11) can be easily completed. Let us substitute Ry, (A) by
the right-hand side (3.12) in the formulae (3.9), (3.10). Then, it remains only to demonstrate
that the inequalities

1707 (P + [N E) ™2 lamn < MIA™ (my < m),
167207 (P + [N E) " laesae < MIA™,
P70 (QuP 0 ™ ™ e < Mol (ma +ma = m, my £ 0)
hold for A € S, |\| > 1. Here ¢/, > 0 are sufficiently small numbers. The first two inequalities

above are deduced from the known multiplicative inequalities (see, e.g., [25]). While the number
d can be arbitrary from the interval (0, 1). The latter estimate follows from the Hardy inequality:

Z ’pﬁ—m2+5v(m1)|?_‘r < M6IU|+ (VU S H:)

mi1+mo=m

If 0 +#1,...,m— 1, the inequality holds for § = 0 as well.
6. According to (3.8), the inequality (3.11) entails that

Qo AEYR,(N) = B+ G,(\), (A€ 5,1\ > 1w € [1,2)A),
where G,(\) : H", — H" , is a continuous operator,
Gy M ller 2, < MIA™, €' > 0.
Let us select the number o > 0 such that M|\~ < L for all [A| > 0. Then,
(Qv = AE)R,(N)G,,(N) = E, G,(A) = (B + G,(N) ™,
I(E = G,(Mllar —nr, <1

Let us demonstrate that ker (Q, — A\E) = 0,VA € S, |\| > o1, where oy is a sufficiently large
number, v € [1,2|A]). Then, for A € S, |A\| > ¢’ = maz{op, 01}, v € [1,2|\|) one has the equality

(Q, — AE) ' =R, (NG (N). (3.13)
Let us consider the operator Q. , : H; — H" ,,v > 0, acting by the formula
< Qup, v >= (P’ Qu'™, pPu™), (Yu,v € H).
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Similarly to the above, one constructs the operators

RN H ), = HD, G (V) H, = H",

such that B B B
(Qur = AE)R.(N) = E+ G (M), (3.14)
- 1
|G M3 om, < 5 (A€ S, |A\ > a1,v e [L2]N])). (3.147)

Let u € ‘H", be such an element that (Q, — AE)u = 0. Moreover, let |A| > ¢’ = maz{og, 01 }.
Then,
< (Q, — AE)u,v>=0, YveH,
ie.
(PP Qu™  pPu™) — X(u,v) =0 (Yo € H).
Hence,
< Qs — AE)v, u >= (Q(t) o ()™ (t),u™ (t)) — A(v,u) = 0.

Suppose that v = R, (A\)F, F € H" . Then, due to (3.9),

<(E+G.,\)Fu>=0, YFeH,
Since the operator B
(E+Gip(N) : H-, — H,
has a continuous inverse one when A € S, |A| > o/, v € [1,2|A]) then, < Fy,u >=0,VF; € H" .

Assuming that F; = 0, one obtains u = 0. Thus, the equality (3.13) is proved, which entails
the estimate
Qv = AE) s, a1y < 2 Ru(Nller, 4z
Applying now (3.7"), (3.12), and Lemma 3.5 we complete the proof of Lemma 3.1.
Remark. Results of the present section are also valid when the matrix ((¢) is diagonal and
they are deduced easier due to absence of the unit.

§ 4. Proof of Theorem 1.1.

1. Let us consider a bilinear form Afu,v] (1.2). Let us assume that all the conditions of
Theorem 1.1 are satisfied. Here we assume that the matrix a(t) has the form

a(t) = U®)AU(2), (4.1)

where the matrix functions are U(t), U~(t) € C™(J; End C'), and A(t) is the Jordan matrix
P

of the following structure. There are numbers 71, ..., 7, such that ) r; = [, and if the complex

i=1
[-dimensional space C' is represented in the from C"™ x --- x C™ then,

A(t) = diag {Q1(t), . ... Qp(1)},

where Q;(t) is an r; X r;-matrix of the form

@t 1 0 ... 0
0 @) 1 ... 0
00 0 ... q@)
Qi(t) = diag{q;(t),...,q:(t)} (r; - times). (4.2)

Increasing the number of blocks if necessary, one can achieve that r; = 1 in the case (4.2) and
then one deals with a scalar case (i.e. a one-dimensional matrix).
It is clear that {¢;(t)} are eigenvalues of the matrix a(t).
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According to Lemma 2.1, the same representations take place, in particular, when eigenvalues
of the matrix ¢(¢) in the coordinate plane are all different at the ends of the interval. Because
in this case they are different by continuity in some neighborhood of the interval ends.

Let us introduce the operator Q,; : Hii — H™, (v > 0,7 = 1, p) by the formula

< Quit, v >= Qg,i[uv v] = (p"Qi(t)u™, pev(m))Lz(J)l (u,v € HJ).
In the direct sum H., = H"* @ H™2 & --- & H,7, let us introduce the operator
B, = diag{Qu1,.... Quy} : M, = H',
where H' |, = H', ®H">, & ---®H'",. The norm |F|_, of the element F' € H' , is equal to the
upper bound of numbers | < F,v > | with respect to v € H!, such that |v], = 1.
Ifre{l,...,p}H,\ €S|\ >,ve[l,2|)\]), where ¢ > 0 is a sufficiently large number then
according to Lemma 3.1, there are continuous inverse
(Qur—AE) ™ HL, =M, r=T1p
Obviously,
(B, = AE) ' = diag {(Qu1 — AE) ™", .. (Qup — AE) '}t HL, — H],
is a continuous operator. Let us assume that
X,\)=U(B, —\E) U, (4.3)
where U denotes the operator acting in H’ , by the formula
<UFv>=<FU*{t)w(t)> (~VFeH , veH ).

Obviously, U : H' — H', U : H, — H!.
Note that if
F=(F,....FyeH v=(v,...,0) €H,, v >0,

then
I !

FlL = CIRR)Y ol = (O lul)
=1 =1
l
< F,v >:Z < Fj v > .
i=1

Likewise, if F' = (Fy,...,F,), aaa F; € H.,, v = (vy,...,v,) € H., v > 0 then,

P p
Flo = OIER)2 ol = (O )2,
=1 i=1

p
<Fu>=> <F,v>.
i=1
For F' € H!, one has < F,v >= (F,v), Vv € H!..
According to Lemma 3.1, the representation (4.3) entails that when A € S are sufficiently
large in module, the following inequality, where M is independent of A, v € [1,2|)\|), holds:

15 V) s, < M. (43)
By virtue of (1.2) the following equality holds for F € H! v € H! :
A[X, (N F,v] = 2\ (F,v) + yx(F,v),
where

zy(F,v) = Z (piag;0: X, (N F, po9)), r; = min{m,2m — j — 1},
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uA(F,0) = (0 a(t)0]" X, (A F, p'v™).
Note that yy(F,v) = yg\l)(F v) + y§\2)(F, v), where
i\ (Fv) = (PPUAGP (B, — AE)'U'F, p'o™),

m—1
y D (Fo) =" ci(0Pa(t)(0] 7 U)3 (B, — AE)'U'F, p"vt™);
7=0

c; are constant numbers depending only on m, j.
Then, taking into account that

YO (F,0) — NUTE, U*()(t)) =< ULF, U*(t)o(t) >=< F,v >,

one obtains
A[X, (AN F,v] — MF,v) =< F,v > +K)\(F,v) + Tx(F,v),

where
Z pzawax )E, o), (4.4)
7=0 =0
= > (a0 (B, — AE)F, o ™), (15)

Here U9 = 97" 7U. Using the formulae (3.7'), (3.12), (3.13), (4.3) and following the same
reasoning as in §3, one establishes that when A € S, |A| > ¢, v € [1,2|\]), where ¢ > 0 is a
sufficiently large number, there is a continuous inverse operator

(A, = AE)™H = X,(W)(E + Ty (V) (4.6)

T Mgt e, < MIA™, &' >0. (4.7)
Here the operator A, : H!, — H!  is determined by the formula
< Au,v >= Alu,v],  (Vu,v € H).

2. Let @y (t) € C™(J; End C'), and the inequality (1.3) hold. Let us assume that eigenvalues
of the matrix a(t) = a,m(t)(t € J) are situated outside a certain closed sector S C C with the
vertex at zero. Let us assume that there is a number € € (0,1/2) such that the representation

a(t) = Ur(t)Ax()UL (), det Us(t) #0(t € Ag), (4.8)
where
Us(t), UM (t) € C™(Ax; EndChH, Ay =[0,¢), A = (1 —¢,1] (4.8
exists and A4 (t) is the Jordan matrix of the following structure for every fixed t € AL. There are
P P
numbers ", ... 7,7, ...,y such that ) =3 r; =1, and if the complex [-dimensional
i=1 j=1

space C! is represented in the form C™ x --- x C™» and in the form C™* x --- x C™ then
A (t) = diag{Q (), ..., Qy (1)},
A_(t) = diag{Q1 (t),...,Q, (1)},

where QF(t) is an rf x rf-matrix of the form

¢gkft) 10 ... 0
0 ¢ 1 ... 0
0 0 0 ... gt

q;t(t) € C’m(Ai;EndC’“ii),
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or
Qf (t) = diag {q;"(t),....¢ (1)} (" - times). (4.9)
Let us extend the functions ¢ (¢) from the interval (0,¢) to all the segment [0,1] so that
G (t) € C™(J; EndCl), G (t) € S. In accordance with this extension, extend the matrix A, ()
to the matrix A () so that the structure of the Jordan cells remains unaltered.
Likewise, extend the matrix U, (t) so that U, (t) € C™(J; End C') and

detU,(t) #0, telJ.

Accordingly, one obtains extension of the matrix a(t) from the interval (0, €) to the whole J:

it (t) = Uy (DAL ()07 (0. (+)

Similarly the matrix @ (t), to which the matrix functions ¢; (¢), U_(t) and A_(t) correspond,
is constructed:

a (t)=U_ (t)]\, (t)Ujl(t), cJ. (s5)

Let us introduce the operator Q;; ’HV — ’H_l, (1/ > 0,7 = 1,p) by the formula

+
< Qiz’uuv >= Qg,z[ ] (/0 Qi( ) p U( ))LQ(J)l ('LL,’U S %;Z )
+
In the direct sum H! = H,' @ '7'-[7«2 D 7-[7,;” introduce the operator
B, = diag{Q;,,...,Q,,} : H, — H!

where
I Ti Ti 7‘:‘:
H, =H L, OHZD---DHZ,
According to Lemma 3.1, when r € {1,...,p},\ € S,|\| > ,v € [1,2|)]), where ¢ > 0 is a
sufficiently large number, there are continuous inverse

(QF, ~AE)™ i W, 5 HE r=Tp.
Obviously,
(B, = AE)™" = diag {(Q;y — AE)™',...(Q,, = AE)™'} : HL, = H,

is a continuous operator.
Let us break the unit of the interval [0,1].
There are nonnegative functions v,(t) € C5°(J),i = 1,2, ... with the following properties:
1) > ¢it)=1(teR).
j=—00
2) all functions ;(t) are derived by a "shift"from one function.

3) multiplicity of the covering [0,1] = |J supp); equals to 2
j=1
The inequality
[t —7| <cA7F, ¢>0 (4.10)

holds for any ¢,7 € supp;(-,6), where 6 > 0 is a certain number. It follows from 2) that

S Rl = 1.
j=—00
Let us assume that

)\tT Z¢] (76)7

]7—00

where R;(\) is a pseudo-differential operator with the symbol
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Ri(5,A\) = (p*(1j)a(r;)s™™ — X)), 75 € supp (-, 5).
Since the norm of the pseudo-differential operator is estimated via the norms of its symbol,
one can demonstrate that

|[Rj(s, A < M(p* (8:)s*™ + |A)) 7,

where M > 0,t; € supp;(-,0), A € S.
Let us construct an operator function X, (), satisfying relations of the form (4.6), (4.7). Let
us fix the nonnegative functions ¥, (t),v_(t),¥(t) € C*[0, 1] with the following property:

VL) + L)+ () =1, () =va(l—t) (L€ ),

3
Yi(1) =0 (ZE <t<l), Y(r)=1 (0<7<¢/2).
Let us introduce the operator X, () by the formula
Xo(N) = Uy (B = AE) Uy + Ro(A t,7) + ¢ U_ (B, = AE))"'U~

where 1)+ (t) denotes the operator of multiplication by the function ¢ (t), and Ux : HL — HL
is a continuous operator such that (Usu)(t) = Uy (t)u(t),Yu € H, (A € S, |\ > ¢,¢ > 0is a
sufficiently large number).

Let us represent X, (A) in the form

X0 = 3 X, (4.11)

where
X,1(A) = L UL (B — )\E)fl[jf?ﬂﬁ
Xl/,2<)\) = YRy,
Xys(\) =9 U_(B, —=AE)' U

In the following items a), b), ¢) representations for A, [X, ;F, v] are obtained when i = 2, 1,3
respectively.

a) For F € H',,v € H! one has
A[Xy2F 0] =Y (piai;(0)0](Xy 2 F), po (1)) 1, =
i,j=0
= 2\ (F,v) + yr(F,v), (4.12)
where

z(F,v) = Z (piai;0L (X, 2N F), pjo), r; = min{m,2m — j — 1},

A (F,0) = (7a(t) 0] (X2 (W E), v™).
Here and in what follows the index Ls(e,1 — ¢) is omitted.

Several auxiliary lemmas are necessary for further investigation.
Let H. be a closure of C$°(R")! by the norm

[ul, = (la™ @)I7, + viuli,)">.
Let us denote by H_, the completion of the space Ly(J) by the norm
(£} v)|

|F|-, = sup ——.
w0 |Vl
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Elements from #H' , are identified with the corresponding anti-linear continuous functionals over
H.,.
This yields a triple of densely embedded spaces
H o cLLcH .
In this embedding A is a positive space, and H! , is a negative space (see [23, §2.0]).
Obviously, there are embeddings
H o cH cLbcH, cH,.
Lemma 4.1. The inequality
|F|9QQV < |F|H£V
holds.
Proof. The following inequality is obvious
[vlgg, = vl
Using this inequality, one has
(Fo) _|(F)]

~X

w0 [Vl o [Vl

The lemma is proved.
o/

Let us introduce the operator P, acting as follows:

o/ .
(P, u,v) = (u™ 0™ + v(u,v), (u,v € H),
with the domain of definition )

D(P,) =H.

Let us determine the operator P, : 7:[,, — Ly by the formula

/ /

P,=(P,)'?, D(P,)=D((P,)"?) =H,.

Lemma 4.2. Let at) € C™(J; EndCY), T : Ly(J) — Lo(J) be a bounded operator. Then
for any F € H' ,v € H, the inequality

| < a®TFv9 > | < igy\a(t)|!\ Py T s | F'l -0 [0],

holds
Proof. Since Ly(J)" is dense in H' , then, without loss of generality one can assume that
F € Ly(J)". Then,
| <a®)TF,0Y > | = |(a(O)TFv7)| =

=|(a(t)T P, (P,)"'F,0o?)| <
< (Stlelg [ aODIF Py T2, | (Po) ™ Fllza 0],
Whence the statement of the lemma follows provided that it is taken into account that
I(P) " Fllry = [Flyg, < |[Fly
Now let us prove the following inequality (see (4.12))

[2A(F,0)] < M~ + v |F | [o],, (4.13)
where M > 0,¢' > 0,&" > 0,v € [1,2|\|]],\ € S.
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Applying the Leibnitz formula, one has

m Tj

=3 Py di (XN F), pot?) =
7=0 =0
m— m—1
Z pip;aii0; )+ ) (Pipmain0;(Xu2 (A F), 0"™)+
4,J=0 i=0
m—1
+ (p]pmamjﬁgn(Xy,g()\)F),U(J)) =z1(F,v) + xo(F,v) + x3(F,v).
j=0
Further
m—1
w(Fv) = Y (pipjai;of wak Ny (-, 6)F),vD) =
i,j=0
400 m—

(plpjalj (ka(a 5)Rk<)‘)w¢k('7 5)F)a U(j)) =

:Z' (pipjaiy b, 0) 0L Ri(N)baby (-, 6) F), v9)) 4

k=1 1,7=0
+o00o m—1
+ (pipjai; 26”81 e (-, 8)OH R\, 6) F), v)
k=1 1,7=0
” +o0o m—1 |
=57 ipsaitn(-, 8RN i (-, 6) ), v+
k=1 i,j=0
+oo m—1 i—lj . |
YD (pipyay Gl (W (-, 0) O (RN e (-, ) F), o)) =
k=1 i,j=0 =0
+o00 m—1 |
=> > (pipjaie(-, )0, (RN F) (-, 6),v9)+
k=1 1,7=0
+oo m—1 i—1

330N (pipja (-, 6)CrO T (-, 6))0) (Re(\) F), v9)+

_l’_

]
]
Pj‘
=
3
d@
a
Q
=
=

5 5))8£(Rk()‘)w¢k(7 (S)F)v U(j))

(pipsaiyr(-, 8) R (\) Fpy (-, 8),0)) +

k=1 1,7=0
+oo m—1 i—1 | |
+ > (papsain (-, 6)CRI (Wi~ 6)) (RE (N F), 0D+
k=1 i,7=0 n=0
+00]m—1 i—1 ' |
+2. 2 > (pipjayClo (Wi OD R P (-, 8), v+
k=1 1,j=0 1=0

33 3 S s GO (-, ) O (-, )0

k=11,j=0 =0 n=0

(i (-, 6))RIA)F, o0 =
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+oo m—1 o—1

~ (pipjai (- O)RLN) Py (P, F)bie(-,8),vP)+

+ byt )OTF " (Wb (BN Py (P, F).00)+

+oo m—1 i—1 . . |
Z (pipjay; CLO™ (W (-, 8))RL(N) P, (P, F)guby(-,6),09)+
k=1 14,5=0 I=
+o0o m—1 i—1 I—1
+ (Pipjai; G0 (Y (-, 6))-
k=11,j=0 =0 n=0

Cl (Wt (-, 0)0 " (Wi (-, ) RL(N) Py (P, F), o) =
=h+ L+ I3+ 14
where R! indicates 0} (Ry(\)).
Then, assuming in I; (j = 1,4) that
T =R (), Ty = v RE(N),
T = vgn(- ) Ry(N), Ty = P RY(N)

respectively, and then using Lemma 4.2, and taking into account that

09|y < MyTfol,, 8= [N,

one arrives to the inequality

4
|21 (Fyv)| < Msup [ppsa|| Fla v ol (3 || Py T )
pn=1

Let us turn to the estimate || P, T||, n = 1,4. One has

I Py Tille, <0™ T, + v 2Ty 0= T,4.
Using the inequality

Si+m m —1
—— < M|\° h = 0
F ] S IA|7%, where € v ,
which can be easily verified, one obtains (when = 1)
I Py T [2o < NO™TY | + w2 T7 |12, <
i+m 7 o
<Msup(———— + 2%y < MM, wh =Ty
sgp(SQm_i_‘)\’—l—u 52m+’)\|) A%, where ¢ 5 >
Similar estimates exist for || P, Ty, u = 2, 4:
; N where ¢/ =" "~
| P, T3] < MIA h ! :
2m
[ —
| P, T < MIA=", where " =""" sy,
2m
1P, T < MIA~", where &V =""""+

45
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Thus, the estimate
4
o
Z | P, T;|| < M=, where & =min(e,e",&" &™)

holds. Hence,
A) |z (Fov)| < M| F|_,|v|,, where &9 > 0.
Acting similarly, one obtains estimates for xo(F,v), z3(F,v):
B) |ua(F,0)| < MA=|F|Joly, e >0,
C)  |as(F )] < My |F|_Jul,.
Now A), B), C) readily provide (4.13).
Let us represent the matrix p?(¢)a(t) in the form

P (ta(t) = p*(t;)a(ty) + p* (t)a(t) — p* (t;)alt;),

where t; € supp;(-,0).
Then (see (4.12))

n(F,v0) = (02 ()a(t) 9" (0 Ro(\)U F), ™) =
= (p*(t;)alt;) 0" (Y Ro(NY F),v™)+
+([p* (t)alt) — p* (t;)a(t)] O (W Ro(\)U F), ™)) =
=y (F,v) + 50 (F o),

where
U (F ) = (0 (t))alt;) 07 (Y Ro(N) Y F), vt™), (4.14)

YD (F,0) = ([0°(Dalt) — o2 (t,)a(t)]0F (W R\ F), v™). (4.15)

Applying the Leibnitz formula, one obtains
i\ (Fyv) = mZ 2 (t5)a(t;) 02" [y (-, 6) Ry (A (-, ) F,v) =
= (=)™ D (0" (t)alty s (- ) (O™ By (N))ws (-, ) F v)+
+oo 2m—1
HEUT 2 (G)al) D Con(@ Wl DO RN F ) =

=T (F,v) + T5(F,v),

where
Tl(F,v)I(—l)mZ(pze( Dalty) (-, 0) (07 Ry(N)e(-, 0)Fv),
Ty(F,v) = <—1>mZ Z (07 (i (-, 6))-
( ( j( ))¢¢J(? ) 7U>'
Obviously,

Tl (F> U) - )‘(wwj(7 5)33()\)%0%(» 5)F7 U) =< ¢2F> v > (416)
Let us make the estimate |T3(F, v)|. Acting as in proving the inequality (4.13), using the obvious
inequalities

||a2m_n<w¢j('v 5)||L2 < M|)‘|E/(n_2m)7
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or

where
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n
-V

o Ry Pl < sup S <

(]2, < v 2(10™ 0], + v P uln,) < My o).,

< MM |y,

IT5(F, o)1, < My 2 NF 2720 |FIL Jol,,

IT2(F o), < MIN|F|uful,,

o m —2me(n —2m) + 1 S0,
2m

Let us prove the estimate (see (4.15))

D (FLo)| < MIA™|F|yfol,, M >0, v € [1:2]A), A€ S.

According to the Lagrange theorem

0% (t)a(t) — p* (t))alty)| < Milt — ;1.

If t € suppb;, oi |t —t;| < ¢|A|™ then,

Using (4.19) and repeating the above reasoning one establishes the inequality (4.18).

P (0)alt) — ¥ (t)alt;)] < MafA| ™.

Now (4.13), (4.16), (4.17), and (4.8) provide

A X, 2 F, 0] — N R Fov) =< °F,v > +T(F,v),

where the operator function T'(F,v) satisfies the estimate

where

r; = min(m,2m

IT(E )l < MIATF|- ol
b) For F € H' ,

v € H!, one has

A[Xp 1 (M) Fyv] = Z(piaij(t)ﬁf(Xu,lF),pjv(j))Lg =

i,j=0
= z\(F,v) + yr(F,v),

TA(Fv) = Z ' (piai; ()0 (X, 1 (N F), pjv?),

_j - 1)7
u(E,v) = (0" (1)a(t)d] (Xua (N F), ™) =
= (p*()a() (V1 Us (B = AE) UL F),ot™).

M>0,vell,2|A], A€ s.
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(4.17)

(4.18)

(4.19)

(4.20)

Extending the matrix a(t) with respect to continuity up to a*(¢) (see the formula (x)), one

obtains

Obviously,

In(E,v) = (07 (1)) (U (B — AE) " UL 9y F), o™,

I (F,v) = AWy Uy (B — AE) U F),v) =< 2 Fu > .

Considerations given in §3, entail the following estimate for x)(F,v):

Thus,

[2x(F0)] < MIATEE vl

A X1 F o] — (¢+U+( — AE)” lU ¢+F) v) =

(4.21)

(4.22)
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=< Y3 F,v > +x\(F,v). (4.23)
¢) Similarly to the previous item, for F' € H! ,v € H!, one has
A[Xys(NF 0] = (piay ()0 (X,s(NF),vD) py-c) =
i,j=0

= ZE)\(F, ?}) + yk(FaU%
where .
wA(F0) =Y ) (pipjai ()9} (X s (V) F), D),
j=0 i=0
r; =min(m,2m — j — 1),
U (F,0) = (7 ()a(t) " (Xus (N F), 0"™) =

= (P()alt)op (v T (By — AE) 0= F), o),
Substituting the matrix a(t) by @~ (¢) (see the formula (%)), one obtains
(B, — AE)"'U—Y_F),v™).

In(F.v) = (0" (Da(t) o) (p-U-
Clearly, ) )
g)\(Fa U) o )‘(Qﬂ*U*(B; o )‘E)ilU:lw*F)av) =< ¢3F,U >,

and z,(F,v) satisfies the inequality of the type (4.22). Thus,
AU[XV,3F7 U] o )\(2/1707(8; o )\Eylﬁilwa)’U) =
=<’ F,v > +x,(F,v). (4.24)
d) representations (4.11), (4.20), (4.23), and (4.24) provide

A X, (AN E, 0] = MX, (N F,v) =< (2 +¢? + ) Fo > +T(Fv) =

—< F,u > +T(F,v), (4.25)
where the operator function T'(F,v) satisfies the estimate
I7(E, o)l < M |FI ol (4.26)

3. According to (4.25), the inequality (4.26) entails that
(A, —AE)X,(\) =E+T,(\), (AeS |\ >1Lvell2)\),
where ', (\) : H_, — H_, is a continuous operator,
T M)y, < M #0757, & >0,&" >0.
Let us select a number o > 0 such that M(|A|=" +v~=") < & for all |A| > g¢. Then,
(A, = AE)X, (NI, = E, T,(A) = (E+T,(\)™,

1B =T o, < 1.

Let us demonstrate that ker(A, — AE) = 0,Y\ € S,|A| > 01, where oy is a sufficiently large
number v € [1,2[)A]). Then, when A € S, |\ > o1 = maz{oo,01},v € [1,2|)\]) one has the
equality

(A, = AE)' = X, (VI (N). (4.27)

Consider the operator A/, : H, — H_,,v > 0, acting by the formula

< Au,v>= Z(afjpiu(i),pjv(j)), Yu,v € H,.
i,j=0
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Likewise, one constructs the operators

XN H o, = Hy, GO Ho, —Ho,
such that B B B
(A, —AE)X!(\) = E+ GE(N), (4.28)
- 1
G M ressre, <500 (AES A 2 00w € [L2JA]). (4.29)

Let u € H, be an element such that (A, — AE)u = 0. Moreover, let |A\| > o1 = max{oy, 01 }.
Then,
< (A, = A\E)u,v >=0, YveH,

ie.
Z (apipu?, 09y — A(u,v) =0, Vv € H,.
ij=1
Hence,
< (A = AE)v,u>= (Z(a;ipipjv(j),u(i)) — Mo, u) =
i,j=0

Let us assume that v = X/ (\)F, f € H_,. Then,

<(E4+G,N)F,u>=0, VfeH_,.

Since the operator

(E+GL(A) : How = Hoy
has a continuous inverse one when A € S| |\| > o’,v € [1,2|A]), then < F,u >=0,Vf € H_,.
Assuming that F' = 0, one obtains u = 0. Whence,
ker(A, — AF) = 0.
The estimate
I(A, = AE) ooy < 2050 (Ml
follows from (4.27).
4. To prove Theorem 1.1 assume that v = 1, A = A;. It is clear that the operator
A=Au, D(A)={ueH ;AueH'Y},
satisfies the condition (i) of Theorem 1.1. Since the operator (A—AE)™! performs a one-to-one
mapping of H' to D(A), there is an inverse
(A= AE)'tu=(A-AE)'u (VucHLNE S |N > o).
The formulae (4.3), (4.6), (4.7) provide
(A= XE) ] < (A= AE)ul, = [(A— AE)ul, < MJul_ < Mul

when v = 1. Whence, it follows that (A — AE)™' : H! — HY(\ € S,|\| > ¢) is a continuous
operator.

Let us prove the uniqueness of the operator A, possessing the properties (i), (ii) of Theorem
1.1. Let AW A® be two operators possessing the mentioned properties. Since § < m, the
injection H, C H! is compact. Hence, the operators AW, A® have discrete spectrums.
Therefore, there is a sufficiently large in module A € S such that there are continuous inverse

(AN — XE)~1 (A® — \E)~!. For
weH F=(AY - \E)tu— (A® — \E) 1,

one has (A — AE)F = 0. Whence, and from (4.6) it follows that F' = 0. Thus,
(AD —XE)™L = (AP —XE)™! e A = A,
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5. The formula (4.6) in the case v = |A| will be necessary further in §5.

§5. Summability of the system of root vector functions of the operator A in the
Abel-Lidskii sense

1. In the present section the following results are obtained with the assumption that a(t) €
C(J; EndC!) :

a) resolvent estimate for the operator A;

b) estimate of the generalized resolvent (i.e. the case when the operator A acts from H_ to
Hey);

c¢) summability in the Abel-Lidskii sense for the system of root vector functions of the operator
A

In a special case when the matrix a(t) € C™(J; End C'), and the representation
a(t) = U (AU (1)

hold at the ends of the interval, one obtains an integral representation for the resolvent and the
generalized resolvent.

These conditions hold, e.g., when a(0), a(1) have simple eigenvalues.

Let the matrix a(t) € C(J; EndC'), its eigenvalues be located outside the sector S;
conditions on a;;(t), i + j < 2m be previous (see §1). For any 6 > 0 one can construct a
matrix as(t) such that:

1) as(t) € C*"(J; End Ch);

2) las(t) —a(t)] <9, 0<t<;

3) as(t) = UL AL UL (07", ¢ € A,
the length AL depends on §;

1) as(t) = a(0), tEA.,

as(t) =a1), teA;
5) Eigenvalues a;(t) are located outside the sector S.
In view of 4) in 3) matrices Uf) (1), Agf) (t) are independent of ¢:

U () = U (0), te Ay, UD)=U_(1),teA

AP =AL(0), tea,
and
A =A_(1), teA_
Let A® : H! — H'  be an operator generated by the from
1
<AOuv>= 3" [ < pi(t)ay(t)ul (), p(t) (t) >ci di+
i+j<2m )
1
+ [ <P Oas(Ou (0, O @) o .

0
Let us take 1 < v < |A|. Similarly to the item 3 §4, one can demonstrate that when |\| > ¢s
is sufficiently large, the representation

(A® = AB)™ = ROW(E + TV W)
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exists and
Hj(@()\)”ﬂ_yﬁy_u — 0, when X — 400 in the sector S.

Here the regularizer R ()\) consists of three addends
RO(N) = ¢ (B = AE) ™My + YR (N + 9 (B~ — AE)'y_.
When X' = N(J) is sufficiently large for |[A\| > X', A € S, one has
1T sme, <1/2, v = AL
Likewise,
IR W) lptpe < MA+ M), A€ S, A= M,

M’ is independent of §.

Note that in view of 4), B*? is independent of §. Therefore,

I(BE = AE) Mlprpa < M"(L+ADT, Al > M, A€ S,

where M" is independent of 9.
One can readily verify by the explicit form of the operator functions R ()\) that

[RD )Gl e < ML+ AN, A > M7, A€ S,
Therefore,
IR Mg, e, S MA+[ADT, A€ S, Al > M,

where M;, M"" are independent of 4.
Now let us prove that

(A= XE)(AD —XE)"' = E+T%(\),

where

T (Ml 0 < M6, A > N(8), A€ S. (5.1)
For u,v € H_,, one has
< (A= AE)(AC®) —AE) w0 >=<u,v > +
+ < (a(t) — as()p" (1) (As — AE)tu, p° ()07 > .
The second addend does not exceed
SIICA® — M) ullyg o]y, < Molulye [ohg A > N(3), A€ S

by module, which proves (5.1). Similar statement is valid for the selfadjoint bilinear form itself
as well. Whence,

ker (A—AE)"' =0, |A>M, \eS.
Thus, for A € S, |A| > M:
(A= AB)™ = (AY - AE)" Y E+T°(\) ' =
= (AY = AE)"H(E + T(N),

where
ITO (M)t 2, < M6,
4<v<2A, XeS, |A>N().
On the basis of this equality and according to the previous scheme, let us prove that

contraction of A on H' of the operator A has the following properties:
(1) A is a unique closed operator such that

D(A) c H., (Au,v) = Alu,v], Vue€ D(A),veH.,

(i) 1A= AB) Hpumge S M(L+ANT, AES A > M.
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Upon application of Theorem 6.4.2 from [23], on the basis of the estimate (i), the following

result is obtained:

Theorem 5.1. The Fourier series of any vector function f € H' is summed over the system

of root vector functions of the operator A to f by the Abel method with the brackets of the order
v = ﬁ + € with sufficiently small € > 0.

The concept of summability by the Abel method is described in [14,26]. The method was

introduced by Lidskii [26]. The works [21, 22, 27-30] should also be mentioned (see also
31,Ch.2.§1.3, 32]).
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