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THE LOWER ESTIMATE OF DECAY RATE OF SOLUTIONS
FOR DOUBLY NONLINEAR PARABOLIC EQUATIONS

E.R. ANDRIYANOVA, F.KH. MUKMINOV

Abstract. Existence of a strong solution to a doubly nonlinear parabolic equation
in unbounded domains is established by the method of Galerkin’s approximations. In
earlier publications, existence was proved usually in bounded domains by approximating the
evolutionary part of the equation by finite differences. Usage of Galerkin’s approximations
makes it possible to prove the second integral identity. On the basis of the identity, the
lower estimate of the decay rate of the solution norm is proved in bounded domains. Similar
estimates for quasilinear parabolic equations were established earlier by Tedeev A.F. and
Alikakos N., Rostmanian R.

Keywords: doubly nonlinear parabolic equation, decay rate of solution, lower estimates,
existence of strong solution.

1. INTRODUCTION

Let Q be an unbounded domain of the space R,, = {x = (21, x2,...,2,)}, n > 2. The first

mixed problem

(’u|a_2u)t - Z(|u$i’p_2u$i)$ﬂ Oé,p > ]-7 (t7X) E Da (1)

u(t, x) .= 0, S={t>0}x09 u0,x)=1up(x), up(x)€ Ly() (2)

is considered in a cylinder domain D = {t > 0} x Q2 for a doubly nonlinear parabolic equation.

Existence and uniqueness of the problem solution were considered by Raviart P.A. [1], Lions
J.L.[2], Bamberger A.[5], Grange O., Mignot F.[6], Alt, H.W., Luckhaus, S.[7] Bernis F.[10]
and others. The problems were basically considered in bounded domains. A strong solution of
the problem in a bounded domain was established by Raviart P.A. by means of substitution of
the evolutionary derivative by a difference relation. Bernis F. proved that a weak solution to
the problem exists in an unbounded domain by means of passing to the limit from solutions
constructed in bounded domains by Grange O., Mignot F. However, working with a weak
solution one comes across difficulties in investigating, e.g., a decrease of solution when t — oo.
Bamberger A. established uniqueness of the strong positive solution to the problem.

We suggest a usual method for constructing the strong solution to the problem in an un-
bounded domain at once based on Galerkin’s approximations. Their constructions is little
different from that suggested by Lions J.L. in [4] for the case a = 2. The suggested method
can be adapted for a significantly wider class of equations.

Let us define the space W, (€2) as supplements C§°(2) with respect to the norm

vllwa, = [[olle + 1[V0l],
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1/
where [|v]la = [|v]|a, [[v]la = gvadm
Denote by V(D7) supplements Cg°(DT) with respect to the norm
vllv = [v]la,pr + IV ol]p0r-

The function v € V(D7T) satisfying the identity

/ ™ +2n: o) dt—/\ [*uop(0, z)dv-+ (3)
! e : (9@ axz axz rat = Uo Upp\U, T )ax
DT i=1 A
+<f7 QD)DT

when ¢ € Cg°(D?)) is said to be the generalized solution to the problem (1),(2). Here and in
what follows (f,¢)q indicates values of the generalized function f at the element ¢ € C5°(Q),
where () is a domain in R,, or in R x R,,.

Theorem 1. Let f, f, € (V(D")) ,uop € W, ,(Q). Then, there is a generalized solution u to
the problem (1),(2) satisfying the conditions

u € Loo((0,7); Wo (), (4)

u|“T uy € Lo(DT), 00 > 1, (5)

uy € Lo (DY), C([0,T); Lao(S2)) when a € (1,2) (6)
|u|*u; € Lo/(DT) when a > 2. (7)

Galerkin’s approximations are smooth functions. This facilitates the proof of their various
estimates, which afterwards extend to solution of the problem (1),(2) by passage to the limit.
In particular, the estimates

(L4 6)7 = <Hu(t)|| @) < METVE™ >0 (8)

are determined in case of a bounded domain when p > a. The estimates (8) when o = 2 are
obtained by A.F. Tedeev [19] and Alikakos N., Rostmanian R. [15] for the Cauchy problem.
Exact two-sided estimates of the decay rate for the solution norm of a linear and quasilinear
parabolic equation in an unbounded domain are established in works by L.M. Kojevnikova [16]
and R. Kh. Karimov, L.M. Kojevnikova. [17].

2. PROOF OF THE EXISTENCE THEOREM
Conditions on f ensure that
fe ([0, T]; (W,,()).

In particular, f(0) € (W, (2))".

First, consider the case a > 2. Let us choose the sequence wy, € C§°(2) of linearly indepen-
dent functions whose linear envelope is dense in Woap(Q). Let us assume that I,,, = U}L;suppw.
Galerkin’s approximations to the solution will be sought in the form

m

U (t,2) = ) Cpr(t)wi (),
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where the functions ¢,,x(t) are determined by the equations

0 [ Up o "
/ (wja (Z + || 2um) + ; |t

Q

p72umx¢ (Wj)xz') dr = (f7 wj)ﬂ’ (9)

Jg=12 .. m.

The numbers b,, > 0 will be chosen later. Let us verify that Equations (9) are solvable with
respect to the derivatives ¢, ,. Obviously, Equations (9) have the form

Ajk<t)clmk = F’j(cmwcmza X3 Cmm) + f](t)

The matrix of coefficients
1
A0 = [ (G (= Dlunl*?) s
Q

for every t is the Gram matrix of a system of linearly independent vectors wy, k=1,2,....m
and therefore, it has an inverse one. Equations (9) under the initial conditions ¢;,,(0), chosen
so that u,,(0,2) — ug(z), provide c,i(t). At first, these functions belong to a small interval of
time, but since the Galerkin’s approximations are limited, they can be defined at an infinite
time interval. Let us select the numbers b,, so that ||u,,(0)||3/b, — 0 when m — oo.

Let us determine the estimates for Galerkin’s approximations. Multiplying Equation (9) by
Cm;j(t) and summing over, we obtain

Uy, o -
/ (um (b_ + [t 2um> + )t
m =1

Q

p) dx = (f7 um>Q'
Upon integration with respect to ¢, we have

2 —
/ <U’m<t) L@ a 1|um(t)|a> dz + [|[Vuml[, pe = (f, tm) py+ (10)
o

20,
+/ Un(0) @ — L (0)] ) dz
2b,,, a " '
Q

The latter integral is limited by a constant independent of m in the right-hand side due to
convergencies selected above. Furthermore,

t

|(fs um)pg| < /!!um(T)\Iwg,pr(T)H(Wé,p)de < C/(Hum(T)Ha HVum(7)]lp)dr <
0

0

< ole) +€/(!|um(T)IIZ +[Vun(7)[[3)dr.

Therefore, it follows from (10) and the Gronwall lemma that the sequence w,, is limited in
spaces C([0,T]; Lo(2)) and V(DT).
Let us multiply equations (9) by ¢,,;(t) and make the summation:

[ (e G2
m U =1

Q

—2 / /
P um%umxl) dil? = ( 7um)9'
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integrating with respect to ¢, we obtain

1 1
[ (s + (@ = Dlunt*=2) e+ [Vun ()l =

T
DO

= VUm0 + (o (1)
Let us transform the latter addend by integration by parts
(fs ) pr = (f(T), um(T))a = (f(0), um(0))a — (f', um)pr-
Note that
[(f(T), um(T))el < F(D)lway lum(T)llwy, < c(e) + e(lfum (DG + [[Vun (T)][7)-
Since 1, is limited in the space V(DT), we have
\(fs ) pr | < || fellovpryy ||tm]|vpry < e

Therefore, from the equalities (11) we establish the boundedness of the sequences |um|aT_2u;n,
and Vu,, in the spaces Ly(D™), and C([0, T]; L,(Q)), respectively. The established facts allow
us to choose a subsequence u,,, converging weakly in the spaces indicated below. In order to
simplify the notation, the subindex k will be omitted.

Uy, — u weakly in V(DT).

A(ty,) = — Z 8(2" (s [Pty ) = X weakly in (V(DT))'.
i=1 0

B /
(|um]aT2um> — @ weakly in Ly(DT).

In what follows, we will prove that one can choose the sequence u,,, converging to u almost
/

everywhere in DT. This will help to determine that @ = <|u|a772u

The sequence u,, € C([0,T]; W, ,(Q)) is limited. For every bounded domain @ C Q with
a smooth boundary, one obtains compactness of the injection Li(Q) € W{(Q). Therefore,
by means of a diagonal process one can single out a subsequence u,,, (ts) — hs strongly in
L,(Q) on a countable dense subset t5 C [0,7]. Choosing a subsequence once more, we can also
consider (omitting the subindices), that u,,(ts, ) — hs(z) almost everywhere in @ for every t,.
Likewise, when a < p, we can consider that the sequence u,,(ts) — hs strongly in L,(Q) for
every tg.

Let us us determine now an equicontinuity with respect to ¢ of the sequence v,, () in Lo(€2),

a=2
U = U] 2 Up,.

||vm(tz)—vm(t1)||2</|Iv§n(t)llzdt< (12)

2

to
ity — ] / 1L (IBde | < et — .
t1

Furthermore, the sequence v,,(t) is bounded in the space C([0, T; Lo(€2)). Then, one can single
out the subsequence vy, (t), converging weakly in Lo(§2) with the same ¢, as above. Together
with the above convergence almost everywhere in @@ C €, this entails a strong convergence in
Ly(Q) for every ts (see J.L. Lions [4]).
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One can readily determine the uniform mutual convergence v,,(t) with respect to the norm

Li(Q):
[on(t) — v (®)[[1.@ = l[va(t) — va(ts,) + valts,) — vim(ts,) + vm(ts,) — vm(t)[l@ <

1
< CQ|t —ts, |2 + |vn(ts,) — Um(tSk)HLQ

for the bounded domain @ from (12). Selecting a finite set of numbers ¢;, with a small step
and then increasing n, m, one achieves the smallness of the right-hand side uniform in ¢.
Thus, the convergence v,,, — v in C([0,T]; L1(Q)) is determined. Convergence will also
occur in L1((0,7) x Q) therefore, one can single out a subsequence converging in (0,7) x @
almost everywhere. Since () is arbitrary, the diagonal process can single out the subsequence
Upm,.» converging in DT almost everywhere. Then, the sequence u,,, will converge as well almost
everywhere in D? to v (Lemma 1.3. J.L. Lions [4]). Thus, it is established that v, — v =

a—2
Furthermore, (v),, ¢)pr = —(Um, ¢’)pr. Turning to the limit, we obtain
(ﬂ7 @)DT = —(U, cpl)DT'
Whence, @ = v/ = (Ju|*z u)'.

Let us demonstrate that the sequence |u,,|* ?u, is bounded in L,/ (D?). Indeed,

— a=2 a=2 a=2
L e o e (R e o e[ P el

a—2
< Cllella,prllumll pr < Cill@l|a,pr-

Then, we can consider that |u,,|*%u!, — |u|*?u’ weakly in L. (DT).

Let us prove the equality y = A(u). To this end, integral correlations are necessary. Let us
multiply Equation (9) by a smooth function d;(t), integrate it with respect to ¢ and proceed to
the limit when m — oo, denoting d;(t)w;(x) by ¢ in the final expression:

((Jul*"?u)’, @) pr + (X, @) pr = (f, @) pr- (13)
Note, that

(24¢) = g (t)or + () D)) = (100). ) = 0,

m

due to boundedness of u,, in C([0, T]; Lo(Q2)), and to b,, — oco. Thus, u is a generalized solution
of the problem (1),(2), if it is determined that x = A(u).
Obviously, the function u € V(D7) can be approximated by linear combinations

> ds{t)e o).

Therefore, (13) yields

a—1

(u(D)ls = [Tu(0)][3) - (14)

Note that the inclusion v, v’ € Ly(DT) entails v € C([0,T]; Lo(Q2)) and |Ju(t)||. € C([0,T]), > 1.
In what follows, standard arguments of monotony are given. One can easily verify that

(f =x w)pr = (([u]**w), u)pr =

X = / (Alum(t)) — A(h(E)), um(t) — h(t))adt > 0 Vh € V(DT). (15)
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One can readily deduce the relations
a—1

(A(um), um)pr = (f, um)pr + (e (O)]G = Tfum (TI]3) +

1 2 2
g (1 O)IE = Il (7))

from Equations (9). Therefore,
a—1

X = (f, ttm) pr + (e (O)]G = [lum (T)I3)+

i (O = (7)) — (Altn) ) = (AR = )
Whence, (since lim inf ||, (7)|]a > ||u(T)|]a)
fim sup X, < () + S ([l |2 — [u(D)]12) — (B} = (A(R) u — ).
Applying (14), one obtains
(x —A(h),u—h) =0
from (15). Assume that h =u —Xw, A >0, we V(DT):
AMx — A(u — \w),w)pr > 0.

Turning A — 0, we have (y — A(u),w) >0, Vw. Whence, x = A(u).
Let us assume now that a < 2. Galerkin’s approximations will be sought for in the same
form, but the functions ¢,,,(t) are to be determined from the equations

0 [ a_ “
/ (wja (U% 1um> + ; |um$z‘|p_2umxi (wj)xl) dx = (16)

Q

= (f,wj')g, ]: 1,2,...,777,.
Here, the functions v,, = u2, + &,, are introduced for the sake of regularization, the numbers

em > 0 are to be selected in what follows. Let us verify that Equations (16) are solvable with
respect to the derivatives ¢/,,. Manifestly, they have the form

Aj/f(ﬂcink = }Wj(cmu Cmgy -y Cmm) + fj(t)'
The coefficients matrix
Aj(t) = /((a — 1), + 5m)vn%172ijkdx
Q

for every t is the Gram matrix of the system of linearly independent vectors wy, k =1,2,...m
and therefore, has the inverse one. One obtains the functions ¢, (t) from Equations (16) with
the initial conditions ¢,,,(0), selected so that u,,(0,x) — ug(z).

Let us set the estimates for Galerkin’s approximations. Multiplying Equations (16) by ¢,,;(t)
and summing over, we obtain

p) dx = (fa um)ﬂ
Since u,ul, = v,,/2, upon integrating with resect to ¢ one has

/ (a — L)% - 5mvm(t)§1) 0z + [Vt [2 s = () g (17)

(07

m
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+/(“_%Mm%—%wmﬁl>w.

(0%

m

The latter integral in the right-hand side is bounded by a constant independent of m due to
the convergencies selected above. Similarly to the above,

t

|(fs tm) pg| < c(e) + 6/(|Ium(7)||3 +[Vum(7)|[7)dr

Note that the choice ¢, ensures the validity of the inequalities

/amvm(t)gldaz < /&tglda: <ed. (18)

I'rn Im

Therefore (17) and the Gronwall lemma entail the uniform boundedness of the integrals
f Uy (t) 2 dz with respect to ¢ and m and hence, of the sequence u,, in spaces C([0, T]; Lo(f))

and V(DT)
Let us multiply Equations (16) by c/,;(t) and make the summation:

/((u;n)Z((a— DuZ, + ep)v %7 +Z|umx

Q

Integration with respect to t provides

/ () (0 — 1), + 20

T
DO

1
dedt -+ ||V (T} = (19)

1 /
= SIIVumO)[5 + (f, ) pr-

Similarly to the above, one has |(f,u/,)pr| < c¢. Moreover, (o — 1)u?, + &, > (a — 1)vy,.

Assuming that g(u) = [(t*+ em) T dt, we determine from the equalities (19) the boundedness
0

of the sequences vp,' u, = (g(uy)) and Vu,, in the spaces Ly(DT) and C([0,T]; L,()),

respectively. The established facts allow us to choose the subsequence u,,, , converging weakly

in the below spaces. For the sake of simplicity in notation, the subindex k is omitted.

Uy, — u weakly in V(DT).
Auy,) = x weakly in (V(DT))'.
(g(um))" — @ weakly in Ly(DT).

In what follows, we prove that one can chose a subsequence u,,,, converging to u almost

everywhere on DT. This allows us to determine that @ = |u|“z" .

Proceeding as above, one can consider (omitting subindices) that w,,(ts, ) — hs(x) almost
everywhere in ) for every s, and when o < p one can consider that the sequence wu,,(ts) — hs
strongly in L, (Q) for every ;.

Let us determine now the equicontinuity with respect to ¢ of the sequence g(u,,(t)) in Lo(Q).

19t (£2)) — g(tm(t2)) 120 < / (gt (®)) N2t <
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2

to
< Itz—tl\/ll(g(um(t)))'llgdt < cfts — 2. (20)
t1

The sequence g(u,,(t)) is bounded in the space C([0,7]; Lo(Q)). Then, one can singe out
the subsequence g(um,, (t)), converging weakly in L,(€2) with ¢, the same as above. Together
with the convergence almost everywhere in () C 2 determined above, this entails a strong
convergence in L (Q) for every t,. For a bounded domain ) from (20) this leads to a uniform
mutual convergence g(un,(t)) according to the norm L;(@). Thus, the convergence g(u,, ) — v
is determined in C([0,T]; L1(Q)). Convergence will also occur in L;((0,7) x @), therefore, one
can single out a subsequence, converging in (0,7") x @ almost everywhere. Since @) is arbitrary,
we can single out the subsequence g(t,,, ), converging in DT almost everywhere by means of
the diagonal process. Then the sequence u,,, will converge almost everywhere in D to u as
well. Thus, it is determined that g(u,, ) — v = §|u|a772u Meanwhile, @ = |u|“z 1.

When « < 2, the sequence v/, is bounded in L, (D). Indeed, (19) provides that

(s, @) pr| = | (vmt vt ) | < Cllgpvm |
ms P )D m Uy PUm prl S ¥YUm” ||2,DT

2—a
< Cllgllaprllvmlls’pr < Cillellarpr: Dy = (0,T) X L.

Therefore, one can consider that u/, — u’ weakly in L, (D7), and then u € C([0,T]; Lo (£2)).

Let us prove the equality x = A(u). To this end, integral relations are necessary. Let us
multiply Equations (16) by a smooth function d;(t), integrate with respect to ¢t € (0,7") and
integrate by parts in the first term. Then, denoting d;(t)w;(z) by ¢, we have

(w2 (Dum(T), o(T))a — (V3 tUm, @) pr + (| VP2V, 0, ) pr

= (f,)pr + (i (0)um(0), 9(0))a.

vz € C([0,T], Lu(Q)), since <va> = v is a bounded sequence

Note that ]véflum| < vl
in C([0,7]; L1(Q)). Hence, one can single out a subsequence so that the weak convergencies
U2 = |u[®"2u in Le/(DT) and v~ (T)um(T) — [u[*~2u(T) in Ly () are provided. The
fact that the limiting functions will be of this very type, is provided by the above determined

convergence of the subsequence u,,, almost everywhere in DT, and almost everywhere in  when
t =T as well. Then, upon passage to the limit m — oo, we have

(Jul*"(T)u(T), o(T))a = (Jul*"*u, ) pr + (X, ) pr (21)

= (f.@)pr + (Ju]*72(0)u(0), ¢(0))q.
Substituting ¢ = u into (21), we obtain
a—1

(lu(D)1G = [[u(O)]3) - (22)

The correlation (21) indicates that u is a generalized solution to the problem (1),(2), if it is
determined that y = A(u).
Further, standard arguments of monotony follow. One can readily deduce the relations

Mmoo+

m

(f - X?u)DT -

a—1

(07

v (0) — gmvé‘l(o)) dx

_ / <O‘ — i) - gmv,%‘l(T)) dx (23)

«

Im



THE LOWER ESTIMATE OF DECAY RATE OF SOLUTIONS FOR PARABOLIC EQUATIONS ... 11

from Equations (17).
Let us make use of the inequality (18), then (23) entails

X < (f,um)DT—i-a;l/(v

Im
—(A(um), h)pr — (A(h), Uy, — h) pr.
Whence, (since lim inf ||vr%(T)||2 > ||u(T)||o and &,, — 0)
a—1 o o
(Huolls = lu(T)5) = O h)pr — (A(h),u = h)pr.

Then, similarly to the case o > 2, it is proved that y = A(u). The theorem is proved.

=3
2

(0) — vm(T)) dz + 2e5—

SM\Q
SN[}

limsup X,,, < (f,u)pr +

3. LOWER ESTIMATE FOR THE SOLUTION NORM IN A BOUNDED DOMAIN

Let us assume that o < p and the domain €2 is bounded. Let us determine lower estimates of
decay rate of solutions when t — oo. Since the uniqueness of the solution is not established so
far, in fact, we will determine lower estimates only for the constructed solution in the domain
DT for every sufficiently large 7.

First, consider the case a > 2. Let us introduce the notation

B() = / (%4 2L 0l )

H(t) = |[Vun(t)][5.
Upon differentiation with respect to ¢, Formula (10) for f = 0 takes the form

E'+H=0. (24)
Formula (11) is written after differentiation as follows:
1 1
/ (b_ + (o — 1)|um(t)|o‘_2) u (t)dx + ];H’(t) =0. (25)
0 m

The estimates
2

7= | [ (2 4 - Dm0 | <
Q
1 1\ 2
w0, [ ) g |
/ ) da:/ ) de | +(a—1) /|um|adx/ U |2l (t)dex <
Q Q Q Q
hold. Applying the Cauchy-Bunyakowsky inequality for the scalar product in Ry, we deduce
< /%n(f)dx +(a—1) / |t |22 () d /%:f)dx + (v —1) / |um|“dz |,
Q Q Q Q
whence,
(E'? < —ZH'(HE(®). (26)

p
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By means of (24), the latter is rewritten in the from

_gE < -tpw ,-P
v «
Whence, fy% > % or, upon integration,
H(t) < H(gig(t)
Then,
B =10 2 -T2,
E’ o H(0)
Ev =  Ev(0)
Whence,
B0 - B0 < (- Din s
Thus,
B0 = 0 (146 - D) (27)

For a fixed ¢t € [0,7] when a < p in case of a bounded domain we can single out the sequence
Um, (t), converging strongly in the space L,(2). Therefore,

a—1 o
[u(®)]5-

E,(t) —

The functions
U () = o ()
k=1

belong to the linear envelope of the functions wy,ws,...,w,,. All norms are equivalent in a
finite-dimensional space therefore,

/ 2,0z < enllun(®IP < an
Q

Let us choose the numbers b, so that ¢, < b,/m. Upon passing to the limit in (27) when
m — oo, we obtain

a1l = lu(0)][5 (1 + C(uo)t) 75 (28)

Let a < 2. In this case, let us use the notation

— 1 a a—2 (-
E(t) = / (a U, — EmUm? ) dx + 2e,.

«

m

Note, that (18) entails the inequality E(t) > e,
Let us differentiate the formula (17) with respect to t and rewrite it for f = 0:

E'+H=0. (29)
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Formula (19) entails that

ac 1
/((04 — Dud, +&)vp’ uldr = —];H’(t). (30)
Im

For every v > 0, the following inequalities are evident:

— 1 a=2 — 92 a-4
(E'(t))? = / (a 5 vm? (2upul,) — e 5 U2 (2umu;n)) dx

m

(o — 1)/1);22(1/u3n+u;21/1/)dx+5m(2—a)/v:f(Vufn%—ufl/u)dx

m Im

<

1 =

2

1 1 a=2 a
<= ——H/+OzE(t)V+€m(3—a)V/Um2 dr — 2aven,
4 j 2%

I’VVL

Invoking (18), we obtain
1/ 1 2
EW))?<~|(-——H +aF :
EOF <y (~ ot +aB )

Minimizing the right-hand side with respect to v, we establish (26).

Further reasoning is similar to the case a > 2.

Let us demonstrate that the estimate (28), determined for a bounded domain, is exact. Let
us use an inequality of the Steklov-Friedrichs type

lelly < ClIVell,, Ve e G5 ().
If p > «, the inequalities
lella < Gillell, < Coll Vel (31)

hold. Differentiating (14) or (22) with respect to 7', by means of (31), written for u, we find

that
a—1

d o _
—lu@lls = —(A(w), u®)e = =IVu@)} < =C5 [lu@®)]12-
Solving the differential inequality, we obtain the estimate

lu@)]a < () [5(1 + c(uo)t)~7==,
proving the precision of the inequality (28).
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