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INVERSE PROBLEM FOR SUBDIFFUSION EQUATION
WITH FRACTIONAL CAPUTO DERIVATIVE

R.R. ASHUROV, M.D. SHAKAROVA

Abstract. We consider an inverse problem on determining the right-hand side of the
subdiffusion equation with the fractional Caputo derivative. The right-hand side of the
equation has the form f(z)g(t) and the unknown is the function f(z). The condition
u(x,tg) = ¢(x) is taken as the over-determination condition, where tg is some interior point
of the considered domain and ¢ (z) is a given function. By the Fourier method we show that
under certain conditions on the functions g(¢) and v (z) the solution of the inverse problem
exists and is unique. We provide an example showing the violation of the uniqueness of the
solution of the inverse problem for some sign-changing functions g(t). For such functions g(t)
we find necessary and sufficient conditions on the initial function and on the function from
the over-determination condition, which ensure the existence of a solution to the inverse
problem.

Keywords: subdiffusion equation, forward and inverse problems, the Caputo derivatives,
Fourier method.

Mathematics Subject Classifications: 35R11, 34A12

1. INTRODUCTION

Given a fixed number p € (0, 1], we consider the following initial-boundary value problem
Dlu(x,t) — Au(z, t) = F(x,t) = f(x)g(t), x€Q, te(0,T],
u(x,t)|sq = 0, (1.1)
u(z,0) = p(x), x €.

Here f(z), g(t) and ¢(z) are continuous functions in the domain Q@ C R™ and DJh(t) stands
for the Caputo fractional derivative (see, for instance, [I])

DPR(t) = / wl_p(t—s)d%h(s)ds, wp(t):%,

where I'(p) is the gamma function. If we first integrate and then differentiate, then we get the
Riemann-Liouville derivative.

It should be noted that if p = 1, then both the Caputo derivative and the Riemann-Liouville
derivative coincide with the classical first order derivative. Therefore, if p = 1, then problem
coincides with the usual initial-boundary value problem for the diffusion equation.

Problem is also called the forward problem. The main purpose of this study is the
inverse problem on determining the right-hand side of the equation, namely, the function f(z).

R.R. ASHUROV, M.D. SHAKAROVA, INVERSE PROBLEM FOR THE SUBDIFFUSION EQUATION WITH FRAC-
TIONAL CAPUTO DERIVATIVE.

© Asuurov R.R., SHAKAROVA M.D. 2024.

The authors acknowledge financial support from the Ministry of Innovative Development of the Republic of
Uzbekistan, Grant No F-FA-2021-424.

Submitted November 02, 2022.

111



112 R.R. ASHUROV, M.D. SHAKAROVA

To solve the inverse problem, one needs an extra condition. Following A.I. Prilepko and A.B.
Kostin [2] and K.B. Sabitov [3] (see also [4]), we consider the additional condition in the form:

u(z,tg) = ¥(x), x €, (1.2)

where ¢, is a given fixed point of the segment (0, 7.

We call the initial-boundary value problem together with the additional condition (|1.2))
the inverse problem on finding the part f(x) of the right-hand side of the equation.

The authors usually impose an additional condition at the final time to = T (see, for
instance, [5], [6] for classical diffusion equations and [7], [§] for subdiffusion equations). The
meaning of taking condition (1.2)) at ¢, is that in some cases the uniqueness of the solution of
the inverse problem is violated if o = T" and by choosing t, it is possible to achieve uniqueness
in these cases as well.

We are interested in the classical solution (we simply call it a solution) of the problems
under consideration, i.e. such solutions that themselves and all the derivatives involved in the
equation are continuous, moreover, all the given functions are continuous and the equation is
obeyed at each point. As an example, let us give the definition of the solution to the inverse
problem.

Definition 1.1. A pair of functions {u(x,t), f(x)} with the properties
L. Dfu(z,t), Au(z,t) € C(Q x (0.17),
2. u(z,t) € C(Q x [0.77),
3. fx) € C(),
and satisfying conditions , 15 called a solution of the inverse problem.

We note that in this definition the requirement of continuity in a closed domain of all deriva-
tives of the solution appearing in (1.1)) was proposed by O.A. Ladyzhenskaya [9]. The advantage
of this choice is that the uniqueness of such a solution is proved quite simply, moreover, the
solution found by the Fourier method satisfies the above conditions.

Inverse problems on determining the right hand side of various subdiffusion equations were
studied by a number of authors due to the importance of such problems for applications.
However, it should be immediately noted that for the abstract case of the source function
F(z,t) there is no general theory yet, see survey paper [10] and the references therein. In
all known works, the split source function F(z,t) = f(x)g(t) is considered and the methods of
investigation depend on whether f(z) or g(¢) is unknown. It is somewhat more difficult to study
the case when function g¢(¢) is unknown. For example, in papers [11] and [12] the questions of
finding the non-stationary source function g(t) were studied. It should be noted that in these
papers the over-determination condition is taken in a fairly general form: Blu(-,t)] = (1),
where B is a linear continuous functional. In particular, one can take u(zo,t) or [, u(z,t)dz
as Blu(-,t)]. The determination of the unknown function ¢(t) for subdiffusion equations was
studied in the articles [10] and [13].

For subdiffusion and diffusion equations, the case g(t) = 1 and the unknown is f(x) was
studied by many authors, see, for example, [I4]-[20]. We mention only some of these articles.

Subdiffusion equations with an elliptic part as an ordinary differential expression were con-
sidered in papers [14],[15], [16]. The authors of papers [17], [18] studied subdiffusion equations,
the elliptic part of which is the Laplace operator or a second-order differential operator. Paper
[19] is devoted to study the inverse problem for a subdiffusion equation with the Caputo frac-
tional derivative and an arbitrary elliptic self-adjoint differential operator. The authors of this
paper proved the uniqueness and existance of a generalized solution. The case of the Riemann-
Liouville derivative was considered in [20]. Here the uniqueness and existence of a classical
solution were proved. In papers [I4] and [18], the fractional derivative in the subdiffusion
equation is a two-parameter generalized Hilfer fractional derivative.
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In [21], the authors considered the inverse problem of simultaneous determination of the
order of the Riemann-Liouville fractional derivative and the source function in subdiffusion
equations. Using the classical Fourier method, the authors proved that the solution to this
inverse problem exists and is unique.

In monograph by K.B. Sabitov [22] the solvability of forward and inverse problems for equa-
tions of mixed parabolic-hyperbolic type was studied.

We note some results obtained for the case ¢g(t) # 1. For classical diffusion equations, such
an inverse problem was studied in detail, see the well-known monograph by S. Kabanikhin 23],
Ch. 8| aswell as [2], [3], [4], [5], [6]. Since the equation considered by us also covers the diffusion
equation, we will dwell on these works in more detail at the end of Section 4.

In paper [24] the problem on finding function f(z) for an abstract subdiffusion equation with
the Caputo derivative was studied. To find the function f(z), the authors used the following
additional condition fOT u(t)du(t) = up.

M. Slodichka et al. [7] and [8] studied the uniqueness of a solution of the inverse problem
for a subdiffusion equation, the elliptic part of which depends on time. It was proved that if
function ¢(t) is sign-definite, then the solution of the inverse problem is unique. It should be
especially noted that in [8] the authors constructed an example of a function g(t) that changes
sign in the domain under consideration and this resulted in the loss of the uniqueness of the
solution to the inverse problem.

It is well known that the considered inverse problem is ill-posed, i.e., the solution does not
depend continuously on the given data. Therefore, in the works of some authors, various
regularization methods were proposed for constructing an approximate solution of the inverse
problem, see, for instnace, [25], [26]. In paper [25] the inverse problem for the fractional diffusion
equation with the Riemann-Liouville derivative was considered. Assuming that solutions to the
equation can be represented by a Fourier series, the authors applied the Tikhonov regularization
method to find an approximate solution. Convergence estimates for exact and regularized
solutions were presented for a priori and a posteriori rules for choosing parameters. In [20],
similar questions were investigated for the stochastic fractional diffusion equation.

This work is devoted to the study of forward problem and inverse problem ([L.1)),
on determining the right-hand side of the equation. Let us list the main results of this paper.

1) First, in Section 3, we prove the existence and uniqueness theorem for the forward problem
by using the Fourier method. We present conditions on the initial function ¢(x) and on
the right-hand side of the equation that ensure the validity of the application of the Fourier
method. Due to the fact that the elliptic part of the equation is the Laplace operator, the
conditions on the functions f(z) and g(¢) turned out to be easier to check than in the case of
a general elliptic operator, see [27];

2) Then in Section 4, under a certain condition on function g(¢) (for example, the constant
sign is sufficient), we prove the existence and uniqueness of a solution to the inverse problem.
Further, we show that if this condition is violated, then for the existence of a solution to the
inverse problem it is sufficient the functions in the initial condition and the over-determination
condition to be orthogonal to some eigenfunctions of the Laplace operator with the Dirichlet
condition;

3) An example of function g¢(t) is constructed in Section 4, for which the condition noted
above is not satisfied and, as a result, the inverse problem has more than one solution.

The following Section 2 is auxiliary and contains definitions and well-known assertions nec-
essary for further presentation. The section Conclusions completes this work.

2. PRELIMINARIES

In this auxiliary section we define fractional powers of a self-adjoint extension of the Laplace
operator, formulate a lemma from book by Krasnoselskii et al. [28], a fundamental result
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by V.A. Il'in [29] about the convergence of the Fourier coefficients and indicate some needed
properties of the Mittag-Leffier function.
We denote by {A\;} and {vg(x)} a set of positive eigenvalues and an associated complete
system of orthonormal eigenfunctions in Ly(Q2) of the following spectral problem
{ — Av(z) = v(z), z€Q,
v(z)]oq = 0.

Let o be an arbitrary real number. Consider an operator A? acting in Ly(92) as

Aag(x) = Z AL grvk(T), 9k = (9, vk),
k=1
on the domain
D(A%) = {9 € Lo(Q) : Y Aol < OO} :
k=1

On the elements of D(A?) we introduce the norm

loll2 = 3 A g2 = [ A7l
k=1
Let A be the operator acting in Lo(Q) as Ag(z) = —Ag(x) on the domain D(A) = {g € C*(Q) :
g(x) = 0,2 € 00}, then by A = A" we denote the self-adjoint extension of A in Lo (2).
In our reasoning the following lemma from the book Krasnoselskii et al. [28] plays an impor-
tant role.

Lemma 2.1. Let 0 > £, Then operator A= continuously maps the space Ly(Q) into C(Q),
and moreover, the following estimate holds

1A77glle@) < Cllgllra@)-

In order to prove the existence of solutions of forward and inverse problems, it is necessary
to study the convergence of the following series:

> N
DA, 7> 2 (2.1)
k=1

where hy, are the Fourier coefficients of function h(z). In the case of integers 7, in fundamental
paper [29] by V.A. II'in, conditions were obtained for the convergence of such series in terms
of the membership of the function h(z) in the classical Sobolev spaces Wx(Q2). To formulate
these conditions, we introduce the class W3 () as the closure in the W} (€)-norm of the set of
all continuously differentiable in €2 functions vanishing in the vicinity of the boundary of €.
The theorem of V.A. Il'in states that if the function h(z) satisfies the conditions
L 5]+ [4] i

(x) e W, () and h(x), Ah(x),...,AlIh(z) € W5 (Q), (2.2)
then scalar series converges. Here [a] denotes the integer part of a number a. Similarly, if
in (2.1)) we replace 7 by 7 + 2, then the convergence conditions becomes

5]+ HE i
h(z) € Wy 2! (Q) and h(x), Ah(x),...,ALT] h(x) € W, (). (2.3)
For 0 < p < 1 and an arbitrary complex number y, let E, ,(2) denote the Mittag-Leffler
function with two parameters of the complex argument z:
o0 k

Fh T (2.4)

Ep,u(z) =
k=0
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For yo =1 we have the classical Mittag-Leffler function E,(z) = E,1(%).
We recall some properties of the Mittag-Leffler functions, see, for instance, [30)].
Lemma 2.2. For any t > 0 one has
C

EL_t < )
Epul—0)] < 7

(2.5)
where constant C' is independent of t and u.

Lemma 2.3. (see [31]). The classical Mittag-Leffler function of the negative argument
E,(—t) is monotonically decreasing function for all 0 < p <1 and

0<E,(-t) <1, EN0)=1
Lemma 2.4. (see |30, Eq. (2.30)| and |32, Lm. 4]). Let v be an arbitrary complex number.
Then the following asymptotic estimate holds
t1 C
B, (—t)———| <=, t>1,
it - | < 3
where C' is an absolute constant.

Lemma 2.5. (see [31, Eq. (4.4.5)]). Let p > 0, u > 0 and A\ € C. Then for all positive t

one has
¢

/(t — n)“_lnp_lEp,p()\np)dn = t“+ﬁ_1Ep’p+u(/\tp). (2.6)
0

3.  WELL-POSEDNESS OF FORWARD PROBLEM ([L.1]
First we consider the following problem for a homogeneous equation
DVy(x,t) — Ay(z,t) =0, (z,t) € Qx (0,T],
y(r,t)]aq = 0, (3.1)
y(z,0) = p(r), ze€Q,
where p(z) is a given function.

Theorem 3.1. Let function o(x) satisfy conditions . Then problem has a unique
solution:

Z%DkE —At?)ug(z), (3.2)

where py, are the Fourier coefficients offunctzon ().

Proof. This theorem for a more general subdiffusion equation was proved in [27]. We only
mention the main points of the proof.

Obviously, is a formal solution to problem (3.1)), see [I], [33]. Let us show that the
operators A = —A and D/ can be applied term-by-term to series and the resulting series
converges uniformly in (z,t) € (Q x (0,T]). If S;(z,t) is the partial sum of series , then

—AS I t Z)\k(pkE /\ktp)vk(x).

Using the identity

~

A %(x) = A\ %v(x),
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with o > & and applying Lemma [2.1 n for g(z) = —AS;(z,t), we have

2 j
= A8yl = tu@]| <R B A
o k=1
We apply estimates ) to obtam
J 2(U+1)’90k’2 J
I = AS; (2, )12y < CZ m SOy Ml >0

Therefore, if p(x) satisfies conditions , then —Ay(z,t) € C(Q x (0,T]). From equation
one has DYy(z,t) = Ay(xz,t), t > 07 and hence we get Dfy(z,t) € C(92 x (0,T]).

The uniqueness of the solution follows from the completeness of the system {vi(z)} in Ly (),
see [20]. We only note that it is important here that the derivatives of the solution involved in
the equation are continuous up to the boundary of domain , see Definition [I.1} Nevertheless,
below we give a proof of the uniqueness of a solution of the inverse problem in detail, see the

proof of Theorem O
Now we consider the following auxiliary initial-boundary value problem:
Diw(x,t) — Aw(z,t) = f(x)g(t), (x,t) € Qx (0,T],
w(z,t)|aq =0, (3.3)
w(z,0) =0, z €.
Theorem 3.2. Let f(x) satisfy conditions and g(t) € C[0,T]. Then problem has

a unique solution
t

0= 5| [0 BNt )gtt = mdn| ) (3.4)
k=1 0
where fr = (f,vx).
Proof. Again, as in the previous theorem, (3.4) is a formal solution to problem (3.3)), see [II,
[33].
Let Sj(z,t) be the partial sum of series (3.4) and o > &. Repeating the above reasoning
based on Lemma and using the Parseval’s identity and Lemma we arrive at

2

t
J
| = A8 (2, ) |20 =|| X M / N Epp(=Aen”)g(t — m)dnuy(z)
k=1 0

Q)

t

j 2
<|[ AN [ BN gt = o)
k=1 0 c@)
j t 2
< Z)\"“fk / PLE, (= Nen”)g(t — n)dnuy ()
k=1 L2(9)
2
Xf“f / (=An)g(t —n)dn
j 2
o+1
<C {A | fi| max g(t)] / (=’ )d”]

k=1
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J 2
<0y {Agﬂy Jil max |g(O|? Eppia (=Mt |, >0,
k=1 -

Lemma [2.2] implies
I = ASj(z, )o@ < € max [g(0)[fllo, >0

0<t<T

Hence, —Aw(z,t) € C(Qx (0,7]) and in particular w(z,t) € C(Qx[0,T]). Then from equation

(3.3) one has

J
D{Si(x,t) = ASj(x,t) + Y frg(ue(z), ¢ >0.
k=1
Therefore, from the above reasoning, we have Dfw(x,t) € C(Q x (0,T]). The uniqueness of the
solution follows from the completeness of the system {vi(z)} in Lo(92). O

We proceed to solving main problem ([I.1)). We note that if y(z,¢) and w(x,t) are solutions of
problems (3.1)) and (3.3]), respectively, then the function u(z,t) = y(x,t) + w(x,t) is a solution
to problem (1.1)). Therefore, we can use the already proven assertions and obtain the following
result.

Theorem 3.3. Let p(x), f(x) satisfy conditions and g(t) € C[0,T]. Then problem
has a unique solution

t

u(a,t) =Y |eeB,(—\t?) + fi /np_lEp,p<_>\k77p)g(t —n)dn | v(). (3.5)
k=1 s

4. WELL-POSEDNESS OF INVERSE PROBLEM (|1.1]), (1.2

We apply additional condition (1.2)) to equation (3.5]) and denote by v, the Fourier coefficients
of function ¥(z) : ¥y = (¢, v). Then

kabkp t() Uk Zwkvk Z@kE )\kto Uk( ) (41)

where
t

bea®) = [ (= 5 Byl = 5))a()ds.
0
From here, to find f;, we obtain the following equation

frbrp(to) = Yk — ouE,(—Axtp)- (4.2)

Of course, the case by ,(ty) = 0 is critical. This can happen when ¢(¢) changes sign. The
following example shows that for such g(¢) the uniqueness of the unknowns f; can be violated,
see also [§].

Example 1. We consider the following homogeneous inverse problem

Diu(z,t) — Au(z,t) = f(x)g(t), (x,t) € Qx (0,T],
u(z,t)]oq =0,

u(z,0) =0, ze€f,

u(z,tp) =0, x €.
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Take any eigenfunction v of the Laplace operator subject to homogeneous Dirichlet boundary
conditions, i.e. —Av = \v with v(x)[sn = 0 and set t; = 1, T'(t) = t*(1 — t*), b > 0. Then,
u(x,t) = T(t)v(z) satisfies problem (4.3)) with

f(z) =v(x) and  g(t) = D{T(t) + \T'(t).

Then, besides the trivial solution (u, f) = (0,0) to problem (4.3)), we also have the following
non-trivial solution

u(z,t) = T(t)v(x), f(z) =v(x).

It can be shown easily that, for example, for the parameters b = 0.1 and p = 0.5, the function
g(t) changes its sign. Indeed, one has

_pBlp1—p) (b+pt’B(b+p,1—p)
I'(1—p) I'(1-p)

g<t> +)‘tp(1 _tb>7

and

9(0) = 0.51(0.5) = g > 0,

0.68(0.6,0.5) /7 6I(0.6)

ro.s5) 2 I(L1)

We note that g(t) does not belong to C1[0,T], see Lemma 4.3| below.

Let us divide the set of natural numbers IN into two groups Ky, and K,: N = K, U K, ,,
while the number £ is assigned to Ky, if by ,(t) = 0, and if by ,(to) # 0, then this number is
assigned to K,. Note that for some ¢, the set Ky, can be empty, then K, = IN. For example,
if g(t) is sign-preserving, then K, = IN, for all ¢,.

There arises a natural question about the size of set Ky ,, i.e., how many elements does Ky,
contain? As the authors of paper [6] noted, at least for p = 1, the set Ky ; can contain infinitely
many elements. Indeed, in this case

g(1) = 0.5I(0.5) — <0.

to

br1(to) = /e’\’“(tos)g(s)ds,
0
and according to Muntz’s theorem (see monograph by S. Kaczmarz and H. Steinhouse [34]),
the set Ky, for some continuous functions g(¢) contains infinitely many elements, see also [35].
In the case of the diffusion equation, the criterion for the uniqueness of a solution of the
inverse problem was studied in the papers cited above [2], [3], [4], [5], [6]. This criterion can be
formulated as follows: the inverse problem has a unique solution if and only if

From equation (4.2) for finding fy it easily follows that the criterion for the uniqueness of the
solution of the inverse problem for the subdiffusion equation has a similar form:

bk,p(to) 7é 0. (4-5>

Let us establish two-sided estimates for by, ,(ty). First we suppose that g(t) does not change
sign, for the diffusion equation, i.e. for by (to), see Sabitov et al. [3], [4]. Then K, , is empty.

Lemma 4.1. Let g(t) € C[0,T] and g(t) # 0, t € [0, T]. Then there are constants Cy,Cy >
0, depending on ty, such that for all k:
Co Ch

< Jbe(to)] < 2.
)\k | kw( 0)| Ak;
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Proof. By virtue of the Weierstrass theorem, we have |g(t)| > go = const > 0. We apply the
mean value theorem and Lemma 2.5] to obtain

to
(1) =‘ 7 B Aeatto ~
0

=[9(&) [t6 Ep,p+1(—Axtp), & € 10, 2]
It is easy to see that

Bpper(—t) = 711 E,(—t)).
Therefore, using Lemma [2.3| and the estimate |g(t)| > go one has

1 C
bk, (f0)] = !9(5k)|)\—k(1 — Ep(=itp)) 2 )\—:
Finally Lemma [2.2] implies
gty _ %5 9O e
br,p(to)| < < < -
gtto] < CLEME ¢ ot

]

Theorem 4.1. Let p € (0,1], g(t) € C[0,T] and g(t) # 0, t € [0,T]. Moreover, let the
function ¢(x) satisfy condition and Y (x) satisfy condition (2.3). Then there exists a

unique solution of inverse problem —:

Bl — e, (= Ait)] vi(z), (4.6)
ZwE N u(a) + 3 22 g . (@D

For the diffusion equation (p = 1), this theorem is proved only in cases where € is an interval
on R, see [3], or a rectangle in R?, see [4]. This is a new theorem for subdiffusion equations

(p € (0,1)).
Proof. Since by ,(to) # 0 for all £ € IN, we get the following equations from (4.2):

o= g e = BN, (48)
wlt) = LBt + P2 i — B (-t (49)

With these Fourier coefficients, we have the following series for the unknown functions f(x)
and u(x,t):

Z % — B, (= Aktg)] vi(z Z fe1 + fr2lun(z), (4.10)
k=1 ko k=1
br,
p 0

If Fj(x) is the partlal sums of series , then applying Lemma [2.1] as above we have

J

A7 F(@)lle@) < 2 A Wi + fral? 2ZA2"fk1+ZZA2”fk2I2fu+212w (412)

k=1 = =
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where 0 > % Therefore by Lemma one has

J 20
A2 ) N
Ly < E o, )P\W CZA Pl T=20> 7, (4.13)
J J
Akto 2 2 < 2 N
Ay <C A% =20 > —. 4.14
bkp ) P RS Z o’ 7=20> 5 (4.14)

Thus, if p(z) satisfies conditions and 1 (x) satisfies conditions (2.3), then from estimates

of I, ; and (4.12)) we obtain f(z) € C(ﬁ) Further, the fact that function u(z,t) given by (4.11)
is a solution to the inverse problem is proved exactly as the proof of Theorem Here we also

apply Lemma [4.1]

To prove the uniqueness of the solution, we assume the contrary. Let there exist two different
solutions {uy, fi} and {us, fo} satistying inverse problem (1.1)-(1.2). We need to show that
u=u; —uy =0, f = f1 — fo =0. For {u, f} we have the following problem:

Diu(z,t) — Au(x,t) = f(x)g(t), (z,t) € Qx(0,T],
u(z,t)]|an =0,
u(z,0) =0, x€Q,
u(z,tg) =0, z€Q, tye(0,7]
We take any solution {u, f} and define uy = (u,v;) and fx, = (f,vg). Then, due to the self-

adjointness of the operator —A and the continuity of the derivatives of the solution up to the
boundary of the domain €2, we have

Diug(t) = (Dfu, vp) = (Au, vp) + frug(t) = (u, Avg) + frg(t) = —Apur(t) + frg(t).

Therefore, for u; we obtain the Cauchy problem
Dfuk(t) + )\kuk(t) = fkg<t), t> O, uk(O) = O,

and the additional condition

(4.15)

U (to) = 0.
If fi. is known, then the unique solution of the Cauchy problem has the form

t

w(®) = i [ 1 By (M)t — n)dn = iy (),
0
Apply the additional condition to get

uk(to) = fk:bk:,p(to) = O

Since by, ,(ty) # 0 for all k£ € IN, then due to completeness of the set of eigenfunctions {v;} in
Ly(92), we finally have f(z) =0 and u(z,t) = 0. O

Now consider the case when g(¢) changes sign. In this case, function by ,(Zy) can become zero,
and as a result, the set K, , may turn out to be non-empty. Now we should consider separately
the case of diffusion (p = 1) and subdiffusion (0 < p < 1) equations.

Lemma 4.2. Let p =1, g(t) € C'0,T] and g(ty) # 0. Then there exists a number ko such
that, starting from the number k > kg, the following estimates hold:

(4.16)

where constants Cy and C1 > 0 depend on ko and t,.
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Proof. By integrating by parts and the mean value theorem, we get
to

1 to 1
bk,l(to) = /eAksg(to — s)ds = __g(to _ S)ef)‘ks L
0 Ak o Mk )

1 /
—5lott) — g0 0]+ LR 1], e o)
Therefore, there exists a constant Cy such that the required lower bound holds. The upper
estimate follows from the boundedness of function g(t). O

Corollary 4.1. If conditions of Lemma are satisfied, then estimate holds for all
ke K.

Corollary 4.2. If conditions of Lemma are satisfied, then set Ko, has a finite number
elements.

In case of subdiffusion equation (p € (0,1)) we have

Lemma 4.3. Let p € (0,1), g(t) € C0,T] and g(0) # 0. Then there exist numbers mg > 0
and ko such that, for all to < mgy and k > ko, the following estimates hold:

Co C
=0 b, ()] < 22, 4.1
)\k; | kvP( 0)| )\k; ( 7)

where constants Cy and C7 > 0 depend on mq and k.

Proof. Let p € (0,1). Using equality (2.6) we integrate by parts, then apply the mean value
theorem. Then we have
to to

brate) = [ atta = 515 By -Mes?ds = [ glta = [ E s (~3es”)]
0 0
to
+ /g’(to — 5)sPE, pi1(—AsP)ds
0
to

=9(0) t§ Ep.p1(—Axtg) + gl(fk)/SpEp,pH(—)\kSp)dSa & € [0, 2o].
0

to

=9(to = 5)s" By p1 (= Axs”)

0

For the last integral formula (2.6)) implies
to
/ " By pi1 (—Ais”)ds = t§ By pia(—Mith).
0

We apply the asymptotic estimate of the Mittag-Leffler functions (Lemma to get

9(0)  g'(&)
bi,(tg) = —= to+ 0O —= ).
eollo) = 5=+ 5 T+ O
If g(0) # 0, then for sufficiently small ¢, and sufficiently large k& we obtain the required lower
estimate. This also implies the required upper bound. O

Corollary 4.3. If conditions of Lemma are satisfied, then estimate holds for all
to < mp and k € K,,.

Corollary 4.4. If conditions of Lemma are satisfied and ty is sufficiently small, then set
Ky, has a finite number elements.



122 R.R. ASHUROV, M.D. SHAKAROVA

Theorem proves the existence and uniqueness of a solution to the inverse problem (L.1))-
(1.2) under condition g(t) € C[0,T] and g(t) # 0, t € [0,T1], i.e., g(t) does not change sign.
In Example 1, we saw that if this condition is violated, then the uniqueness of the solution to
problem — is violated. This naturally give rise to the questions: if ¢g(¢) changes sign,
is uniqueness always violated? What can be said about the existence of a solution? How many
solutions can there be?

It should be emphasized that the answers to these questions were not known even for the
classical diffusion equation (i.e. p = 1).

Lemmas and proved above allow us to answer these questions. Let us formulate the
corresponding result.

Theorem 4.2. Let g(t) € C'[0,T), function ¢(z) satisfy condition and (x) satisfy
condition . Further, we assume that for p =1 the conditions of Lemma are satisfied,
and for p € (0,1), the conditions of Lemma are satisfied and ty is sufficiently small.

1) If set Ky, is empty, i.e. by ,(to) # 0, for all k, then there exists a unique solution of the

inverse problem (1.1)-(1.9):

=1
=25 i [~ e B ), (4.18)
k=1 ’
t) =3 onB,(— At o) + Z bbk’“’ [k — orE (= Ath)] vg (). (4.19)
=1 p

2) If set Ky, is not empty, then for the existence of a solution to the inverse problem, it is
necessary and sufficient that the following conditions

¢k = gpkEp(_)\ktg)a k € K07p7 (420)
be satisfied. In this case, the solution to the problem - exists but is not unique:
1
flo) =Y +—— b (to) [V — e Ep (=t vn(x) + > fror(z (4.21)
kek, PO kEKo
u(z,t) = Z [onE,(—=Xet”) + fi] (), (4.22)
k=1

where fi, k € Ko ,, are arbitrary real numbers.

Proof. The proof of the first part of the theorem is completely analogous to the proof of Theorem
4.1} As regards the proof of the second part of the theorem, we note the following.

If k € K,, then again from we have and .

If k € Ky, i.e. b,(to) = 0, then the solution of equation (4.2)) with respect to fj exists if
and only if the conditions are satisfied. In this case, the solution of the equation can be
arbitrary numbers f. As shown above (see Corollaries and [£.4), under the conditions of
the theorem, the set K ,, p € (0, 1], contains finitely many elements. ]

Note that condition (4.20)) is rather difficult to verify. Given relation E,(—t) # 0, t > 0 (see
Lemma [2.3), one can replace this condition with a simpler condition.

Remark 4.1. For conditions to be satisfied, it suffices that the following orthogonality
conditions hold:
Y = (gO,’Uk) = O, wk = (w,vk) = 0, k¢ KO,p-
In other words, if the symbol Hy denotes a subspace of Lo(§2) spanned by a linear combination of
eigenfunctions v,(z), k € Ko, then in order for conditions to be satisfied, it 1s sufficient
that ¢ and v to be orthogonal to H.
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Let us briefly mention some known results on inverse problems for the diffusion equation (i.e.,
p =1). In work by D.G. Orlovskii [5] abstract diffusion equations in Banach and Hilbert spaces
were considered. In the case of a Hilbert space, the elliptic part of the equation is self-adjoint,
and the found uniqueness criterion is similar to ([.5). A condition on the function by (T) is
found, which ensures the existence of a generalized solution (note that here condition is
given at the point ¢y = T).

In 1.V. Tikhonov, Yu.S. Eidel'man [6], abstract diffusion equations in Banach and Hilbert
spaces are also considered. In the case of a self-adjoint elliptic part, the uniqueness criterion
coincides with . It is shown that if we consider equations in a Banach space, then condition
(4.5) is not a criterion, and an addition to is found that turns into a uniqueness
criterion for equations with a non-conjugate elliptic part.

The elliptic part of the diffusion equation in work A.I. Prilepko, A.B. Kostin [2] is a second-
order differential expression. Both non-self-adjoint and self-adjoint elliptic parts are considered.
In this paper, g(t) also depends on the spatial variable: ¢(t) := g¢(z,t). In the case of a
self-adjoint elliptic part, the authors succeeded to find a criterion for the uniqueness of the
generalized solution of the inverse problem: the solution is unique if and only if the system

to

wile) = unla) [ gle e 0, k=12,
0

is complete in Ly(€2). It is easy to see that if g(z,t) is independent of z, then this criterion
coincides with . It should be emphasized that the Fourier method is not applicable to the
equation considered in this paper.

The closest to our research are works by K.B. Sabitov and A.R. Zaynullov [3] and [4]. We
borrowed some ideas from these works. In work [3] the elliptic part of the equation is u,, defined
on an interval (in [4] this was the Laplace operator on the rectangle). Having considered the
over-determination condition in form , it is shown that the criterion for the uniqueness of
the classical solution is . When condition is satisfied, a classical solution is constructed
by the Fourier method. We note that the existence of a classical solution was not discussed in
the works listed above.

5. (CONCLUSION

In this paper, we consider the subdiffusion equation with a fractional derivative of order
p € (0,1], and take the Laplass operator as the elliptic part. The right-hand side of the
equation has the form f(x)g(t), where g(¢) is a given function and the inverse problem of
determining function f(z) is considered. Following works |2] and [3], the over-determination
condition is taken in a more general form. It is proved that the criterion for the uniqueness of
the classical solution of the inverse problem for the subdiffusion equations coincides with the
analogous condition for the diffusion equations.

In the case when this condition is not satisfied, a necessary and sufficient condition for the
existence of a classical solution is found and all solutions of the inverse problem are constructed
using the classical Fourier method. Note that if g(¢) changes sign, then it is only known (see
[6]) that the set Ko, can contain infinitely many elements. In Corollaries [4.2] and exact
conditions are found that guarantee the finiteness of the number of elements K ,, p € (0, 1] for
sign-variables ¢g(t). We emphasize that all the results listed in this paragraph are also new for
the classical diffusion equation.

The results of this work can be generalized to more general subdiffusion equations by replac-
ing the Laplace operator in (I.1)) with a high-order self-adjoint elliptic operator with variable
coefficients. At the same time, instead of the result of V.A. II’in, similar results by Sh.A. Alimov
[36] should be used for a general elliptic operator.
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