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THE BOUNDARY MORERA THEOREM
FOR DOMAIN 7+ (n— 1)

G. KHUDAYBERGANOYV, J.Sh. ABDULLAYEV

Abstract. In this work, we will continue to construct an analysis in the future tube and
move on to study the Lie ball. The Lie ball can be realized as a future tube. These realizations
will be the subject of our research. These methods turn out to be convenient for computing
the Bergman, Cauchy-Szeg6 and Poisson kernels in this domain.

In the theory of functions Morera’s theorems have been studied by many mathematicians.
In the complex plane, the functions with one-dimensional holomorphic extension property
are trivial but Morera’s boundary theorems are not available. Therefore, the results of the
work are essential in the multidimensional case. In this article, we proved the boundary
Morera theorem for the domain 7% (n — 1). An analog of Morera’s theorem is given, in
which integration is carried out along the boundaries of analytic disks. For this purpose,
we use the automorphisms 77 (n — 1) and the invariant Poisson kernel in the domain
7 (n — 1). Moreover, an analogue of Stout’s theorem on functions with the one-dimensional
holomorphic continuation property is obtained for the domain 7% (n —1). In addition,
generalizations of Tumanov’s theorem is obtained for a smooth function from the given
class of CR manifolds.

Keywords: Classical domains, Lie ball, realization, future tube, Shilov boundary, Poisson
kernel, holomorphic continuation, Morera’s theorem, analytic disk, Hardy spaces.
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1. INTRODUCTION AND PRELIMINARY RESULTS

The issue on holomorphic continuation of functions defined on the entire boundary into the
domain was studied quite well. The usual (non-boundary) Morera theorems in domains of the
space C™ are well known (see, for example, [5], |8])

A high great interest of specialists is attracted by the multidimensional boundary analogues
of Morera’s theorem (see [IT], [14]-[16], [18], [23], [24], [29]). One way or another, they dealt
with an entire boundary of the domain and studied a holomorphic continuation of the function
f from the boundary 0D of a domain D in C" provided the integrals of f over the boundaries
of the analytic disks lying on 9D vanish.

The first result related to this topic was obtained by M.L. Agranovskii and R.E. Val’skii in
[19], who studied functions with the one-dimensional property of holomorphic continuation in
a ball. The proof was based on the properties of the automorphism group of a ball. In [12],
E.L. Stout extended the Agranovskii and Val’skii theorem to an arbitrary bounded domains
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with a smooth boundary via using the complex Radon transform. A.E. Tumanov in [I7] showed
that each smooth function with the one-dimensional property of holomorphic continuation along
analytic disks on generating minimal manifolds is a CR function. An alternative proof of Stout’s
theorem was given by A.M. Kytmanov and S.G. Myslivets (see [9]), who applied the Bochner —
Martinelli integral. The idea of using integral representations (Bochner — Martinelli, Cauchy —
Fantappie, logarithmic residue) turned out to be useful in studying functions with the one-
dimensional holomorphic continuation property along complex curves, see [24], [25].

In papers [30], |37], a boundary version of Morera’s theorem was considered for classical
domains. Its starting point was the result of Nagel and Rudin [II], which stated that if the
function f is continuous on the boundary of the ball in C" and

2T
/f (tp (eie,O, . ,0)) e?do =0
0

for all (holomorphic) automorphisms of the ¢ ball, then the function f can be continued
holomorphically into the ball. An alternative proof of the theorem of Nagel and Rudin was
given by S. Kosbergenov in [31I]. It allowed one to generalize this statement to the case of
classical domains.

In papers [32]-34], a boundary version of Morera’s theorem was studied for matrix balls,
as well as for matrix balls associated with classical domains of the second and third types.
This statement is generalized for a matrix ball by replacing the domain boundary by a Shilov
boundary (skeleton).

In all previous results, the domain D was assumed to be bounded. In [35], [36], there was
studied a subspace of the Schwartz space on a closed convex unbounded set in R"™ was formed
by the function admitting holomorphic continuation in C". In (|20]-22], |27], [28], [38]), the
following case of unbounded domains of D were considered: a domain with a boundary being
the Poincare spheré or the Heisenberg group, the matrix upper half-plane, and also Siegel
domains of the second kind. Morera’s theorem with the Heisenberg group was also considered
by M. Agranovskii, K. Berenstein, and D. Chang in [20]. In this work, the integration was made
over spheres of maximal dimension. We give an analogue of Morera’s theorem, in which the
integration is made along the boundaries of analytic disks.

In [28], [38], the Bochner ~Martinelli integral was used in the proof of this theorem. The
domain D was biholomorphically mapped onto the ball, the intersections of this ball with
complex lines were considered, the inverse disks were the inverse images of these intersections
in the domain D. B. Kurbanov gave an alternative proof of this theorem in [2I] and in [22]
considered Morera’s theorem for the matrix upper half-plane.

In this paper, we consider the boundary Morera theorem for a future tube 7 (n — 1) and we
use automorphisms 77 (n — 1) and the invariant Poisson kernel in the domain 77 (n — 1).

2. REALIZATIONS OF LIE BALL AND AUTOMORPHISMS 71 (n — 1)

We consider an n-dimensional complex space C", with ordered set z = (21, 22,...,2,) of n
complex numbers. For z,w € C" we let

Z={(Z1,22,--y2n), (z,w) = 21wy + ... + Z Wy,

2l = V3 = lal + a4+ 2l
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The domain R7},, (Lie ball) consists of n-dimensional complex vectors z satisfying certain
conditions:
w={z€C": [(z,2)]? = 2]z +1>0, [(z,2)] < 1}. (2.1)
This classical domain is of the fourth type according to the classification by E. Cartan, see
[1], or the Lie ball, see [3]. The Lie ball R7,, is a complete circular convex bounded domain.
The Shilov’s boundary (skeleton) I's» = of the domain #7,, is defined as follows:

Fg}g?v ={zeC": [(z,2)| =1, |z| =1}. (2.2)
An unbounded domain of the form
77 (n) ={weC"": (Imwyy1)® > (Imwy)® + ...+ (Imw,)?, Imw,q > 0}

is called future tube in C"*'.
The boundary 977 (n) of the domain 7 (n) consists of

Ot (n) = {weC"": (Imwpi1)® = (Imw)> + ... + (Imw,)”, Im w4y > 0}
and skeleton

on which the boundary degenerates.
The following statement is true

Theorem 2.1. The map ® : C} — C; defined by identities

2 (2, —i ‘
o k=1,..n-1,  w,= (n=d) (2.3)

T on-1
> 274 (2 — i)
j=1

—2i2k

n—1
S22+ (2, —0)°
j=1

Wy =

biholomorphically maps the domain R}, onto 7+ (n — 1), while Dgen, is mapped onto I'r+(,-1).

Remark 2.1. We call the transformation a generalized Cayley transform. In [4], there
was considered the issue on the existence of a biholomorphic map of the domain 7+ (n) into the
classical domain of the fourth type. In [7], the embedding of the future tube into the classical
domain R was given. The goal of Thearem s to find an explicit mapping establishing a
biholomorphic equivalence of the domains R}, and 7% (n — 1); this is useful for calculating a
Jacobian in other important concepts.

Proof. 1t is known that the group G of analytic automorphisms of domains of the fourth type
is described as follows [2], [4]. Consider a group of linear transformations with real coefficients
of (n + 2) variables that keep the quadratic form on its place

—ui— . —uR v+ vi=AHA (2.4)
where
Uy
: By COR)
A=, | HZ(() WO
U1
Vg

and 1™ is the unit matrix of size n. More precisely, we consider a group of linear transforma-
tions of the matrix G satisfying the equalities G = G and G'HG = H. Note that the number
of real parameters of this group is equal to w
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The set of points of (n + 2) dimensional complex space satisfying the conditions
AHA=—ui— ... —u2+v2+v3=0 (2.5)

and
AHA=—|uy| — ... = ju + |1 + |02 >0 (2.6)
transforms into itself under one-to-one transformations A — GA.
Note that v; and v, are both nonzero and do not belong to the same line passing through
the origin since otherwise we would have
|2

lor|” + |vo* = |7 + 03 and lur|? 4 .. un|® < luf + .. 4wl (2.7)

Therefore, the imaginary part of the ratio Z—; is nonzero. It can be shown that our point set
consists of two components, each containing points with a certain sign of the imaginary part
1%' It is also obvious that the transformations of our group either preserves the sign of the
imaginary part Z_; for all points of the considered set or make it opposite for all points.
Thus, linear transformations preserving the sign of the imaginary part o form a subgroup
of index two. We consider this subgroup and the set of points defined by the conditions:
— v
AHA=0, AHA>0, Im—>0. (2.8)
U2
Passing to inhomogeneous coordinates, we transfer this set to a bounded domain in n dimen-
sional complex space. Dividing the first relation in (2.8)) by (v + ivg)z, we obtain

2 2 .
U U, V] —

<—1, ) +...+(—, ) = (2.9)
V1 + U9 U1 + 102 V1 + Vg

Dividing the second relation in 1} by |v + iv2|2 and keeping in mind that

01 + s _ vy — ivg|* + |v1 + iva
|v1 + dvg|? 2| + ivy|? ’
we get
w [ u ! vy — vy |?
— " <—(1+ L ) (2.10)
V1 + 102 V1 + 102 2 vy + 109

The third condition ([2.8) means that

Hence, we let

U

2L = kzl,...,n,

vy + vy

and then the set defined in (2.10)) becomes a bounded domain

|zl|2+...+|zn|2<%(1+‘zf+...+zi|) < 1. (2.11)
and our group of linear transformations becomes a W—parametric group of linear frac-
tional transformations of this domain onto itself. It can be proved that this group of mappings
is transitive in the considered domain. Finally, if we put G = H, then we get the map z — —z,
so that is the symmetric domain.

The inequality can be written as

Ry = {2 €€ ¢ (227 —212P +1>0, [(z2)] < 1}.
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We let
g, = (Vg + uy) W, k=1,...,n—1, v = (Vg + Up) Wy,
then,
R —2iug
—21zy, _ V1 +iva
n—1 ) 9 T n—1 2 2 o
7 Uk Un _ WUn
= Zk + (Zn Z) k;l <U1+il}2> + <u1+iv2> v1+ive
—2iup
_ v1+1v2
n
> oup .
k=1 __2%un 1
(1}1+i1}2)2 (U1+i'U2)
. —22uk
V] — W9 — 20Uy — V1 — LU
Uk
- —wp,  k=1,...,(n—1),
Vg + Uy,
and
Un, _
2(zp, — 1) , 2 <v1+w2 Z) .
n—1 9 9 -t T n—1 2 9 —t
. Uk Un, _ 1Un
k; Zk + (Zn Z) kzl <'L)1+ivg) + <v1+w2> v1+iva 1
Un, __a
2 (1}1+’i’02 Z) .
=— 1
> uj
k=1 _ 2%un 1
(2)1+i1)2)2 (1}1+’£U2)
2u,, — 2101 + 2v9
V1 — Wy — 21U, — U1 — LUy
v
:7 1 w.
mny
(%) + Up,
ie.,
—2ZZk 2 Zn — 7 .
W = —— , k=1,...,n—1, Wy = ~— ( ) — 1.
A2 N2
224 (2, — 1) S 224 (2, — 1)
k=1 k=1
On the other hand,
2 2 2 2
et L R et (1201 M ol U M

—\2 _ 2 2
- n—1— Wn— - n - Wn) — 2

(w1 wl) -+ + ('LU 1 w 1) (’LU w )
|vg + |

Then, according inequality (2.6]), relation (2.1) becomes
(Imw,)* — (Imwy)* — ... — (Imw,_;)*> > 0. (2.12)

Domain ([2.12]) consists of two connected pieces which analytically equivalent each to other.
In one piece the inequality Im w,, > 0 holds, while in the other the opposite inequality Im w,, < 0

is satisfied. The domain 7% (n — 1) coincides with one of them. This means that ® maps R"_
n—1

onto 7 (n — 1). The map ® is holomorphic because 3. z24(z, —1)* # 0.
k=1
Now we are going to find zq, ..., z,. We have the following identities:
—2@wk . —2’ka . —2i - U;i—kun
L w? | —wk = 2w, + 1 o — it 1

n—1 9
>~ wi — (wn +1)
k=1
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—22uk —2luk

Vg — Uy — 2101 + Vg + Uy, 2v9 — 210

Uk
= :Z7 /{,‘:1,...,71—1,
vy + 10y g ( )
and
—2(w, +1) —2- (vzilun - Z)  —2u; — 21vy — 21,
n—1 T wve—Un _ 9; W - . 9
Z w}% - (wn + i)2 U;-i-un 2i U2+1Un +1 Vg = Up — 2001 + V2 + Up
k=1
_ —2u; — 20ug — 20U, Up — U1 + Uy
n 2U2 — 2i1)1 N U1 + iUQ
Up, . .
et " — 1= Z?’L — 1.
VU1 + 109
Then by (2.3) we can find the inverse map ¥ = &' : C* — C7”, which is defined as
—2iwy, 2 (wy, + 1)

, k=1,...,(n—1), Zn =1 — (2.13)

k= n—1
kZl w? — (w, + z')2

By the inequality

n—1
> wi = (wy +1)
k=1

w? 4w —w? = 2w, +1#£0,
the map ®~! is holomorphic in 77 (n — 1). In the same way we prove that ®~! maps holomor-
phically 77 (n — 1) into R7,,. Thus, ® maps biholomorphically the domain R%,, onto 7 (n — 1).
Now for the points 21, ..., 2, € I'pn we calculate:
=W — 4w,
(5, 2) = et
and

n—1
457 Jwg)? + [iW — 2 (w, + IR

2 k=1
22 = , 2.14

n—1
where W = Y wi — (w, + i)z. In addition, the complex numbers wy,ws, ..., w, satisfy the

k=1
conditions

(z2)] =1, [z =1
if and only if
Imw; =...=Imw, =0.

This means that the map ® biholomorphically converts I'gn = to I'F(n).
Thus, ® maps biholomorphically the domain 7 onto 7% (n —1), and it is clear that it
transforms I'yn  into '} (n). O

It is known that each biholomorphic map ® : D — G establishes a group isomorphism of
Aut D and Aut G by the formula

d:p—3Popod !, peAutD, (2.15)

i.e., the isomorphism of the groups Aut D and Aut G is necessary for the holomorphic equiva-
lence of the domains D and G (but not enough), see [§].

Thus, using Theorem [2.1{and the formula , we obtain a transitive group of holomorphic
automorphisms of the domain 7 (n — 1). We recall that the group automorphisms of a domain
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are called transitive if there exists an automorphism transferring each point a of a domain to
any other point of this domain.

We know that [3] the automorphism @, of a Lie ball R}, transfering the point
a = (a, ag, ..., a,) into 0 = (0,...,0) can be found explicitly:

o= (B 0.5 ) ) (1))
1

where

A= %(1 + ’<a’a>‘2 _ 2|a|2)7% (_i<<av a) — <CL,CL>) <a7 a) + (CL, CL> — 2) ’
B 1 (a+d—(<a,a>-a+(a,a)-d)))
a))’

Xo

1 {a,a) \ila - @) +i({e,a) - a = (a,a) -
and the nondegenerate matrix () is chosen as
QU™ — X\ X)Q' = 1™, (2.16)
Using the transformation and the automorphism &, of the Lie ball R}, transferring the
point a to (0, 0, ..., 0), we define the following map:
Uy =dod,0d ! where b= ®(a). (2.17)

It is clear that U, is an automorphism of the domain 7 (n — 1) transferring the point
be 7t (n—1)into the point i = (0, 0, ..., 7).

In this way, using map (2.3), we can find the group of automorphisms of the domain
7 (n—1).

Under the map @, the generalized unitary transformation of the Lie ball &7 = transferring the
point (0, 0, ..., 0) onto itself becomes the transformation of the domain 7% (n — 1) preserving
the point i = (0, 0, ..., 7).

3. BOUNDARY MORERA THEOREM FOR THE FUTURE TUBE

Let @ be the Cayley transform (2.3) that maps the points of the Lie ball R7,, to the points
in the future tube 77 (n — 1). We consider the following embedding of the circle A = {J¢t| < 1}
into the future tube 7% (n — 1):

{GeC: ¢=2(td "' (N),te A}, (3.1)

where A = (A, A, ..., A\y) € I'ri(noq). If W is an automorphism of the domain 77 (n — 1),

then this automorphism maps set into some analytic disk with boundaries on I'7+(,_1).
We denote T'= {t € C : |t| = 1} and we define the Hardy space H? (77 (n — 1)), 0 < p < 400

on the domain 7% (n — 1) as a space of holomorphic functions F in 77 (n — 1) with a finite norm

1

P

L I

0<r
FT+(7L71)

where 7 is the Lebesgue measure on the skeleton of I'-+(,_;). The corresponding spaces
H®> (77 (n — 1)) are defined as functions with a finite norm defined by

[/l = sup )|f(2)|'

zeTt(n—1
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Theorem 3.1. Let f be a continuous bounded function on I +,—y1y. If the function f satis-
fies the condition

/ F (W (G)) dt =0, (3.2)

for all automorphisms ¥ € Aut (77 (n — 1)) and for a fized \° € T'r+(,,_1), then the function f
can be continued holomorphically on 7" (n — 1) to a function F in the class H* (71 (n — 1))
and I is continuous up to I'+(,—1).

Proof. Without loss of generality, we can assume that condition (3.2)) is satisfied for arbitrary
A € '+ (n—1)- In condition (3.2)), we substitute an automorphism

UV=0od,'od!
instead of ¥ and we get:

/f(c1> 0 0 ®1((,))dt = 0. (3.3)
Since ¢; = @ (7! ()\)) and denoting © = ®~1(\), we rewrite condition (3.3]) in the form

/f(cb o &, 1(Ot))dt = 0. (3.4)

Let us consider in more detail the Shilov boundary (skeleton) I'y» = for the domain R7,,. Put
z = x + 1y, where x and y are real vectors. The intersection of I'gn = with the complex sphere
S"={z€C": (z,2z) =1} reads as

{lz* = yI* + 1, (z,y) = 0, |2 + |y =1},

hence y = 0 and S™ intersects I'gn ~ along the n-dimensional real sphere {x e R": |£L‘|2 = 1}.
Thats why the skeleton I'gn = can be written as

F§R7V:{Z:€w$i lz)? =1, 0<g0<27r}.

It means that the skeleton I'gn = has real dimension n. Then we can consider the following
parameterization of the core of the Lie ball:

E=0t t=¢€% 0< <21, OS5,
where S™ is the real unit sphere and the normalized Lebesgue measure of the skeleton of the
Lie ball I'yr - can be represented as

dgp 1 dt

d ANdoy (©) = —— A doy (O

0= o N1 (8) = 55 N dor (0),
where t = ¢ and do is a positive measure on S™. Using this representation, we multiply the
identity in condition (3.4) by do(©) and integrate over the skeleton of I'pn :

/ F(® 0 @71 (€))Exdo(€) = 0, (3.5)

where &, k=1,2,..., are the coordlnates of the vector { € I'gn . After changing the variables
w = ®;1(¢), identity (3.5 . casts into the form:

/ F((w)) B (w)do (B4 (w)) = 0, (3.6)
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where ®F is the kth component of the automorphism ®,. By virtue of [13], we have that
do (@, (W) = Prr, (w,a)do (w),

here Pyn (w,a) is the Poisson kernel in R7,,. Hence,
A%

/ f(® >P§Rn (w,a)do(w) =0, (3.7)

for all points a € R}, and for all k.
Now in this integral, using the mapping (2.3)), we make the replacement u = ® (w):

@y (w) = @0 @7 (u) = Wy (u),

where U¥ (u) is the kth component of the map ¥, = ®, o ®~1. Due to [30] we can write the
automorphism @, in the following form:

1 2 _9lq)? - —
T Y X 2

14 (w,w)(a,a) — 2(w,a) 1—|(a,a)|

Since the nondegenerate matrix () depends only on a, the condition (3.7)) also holds for the

map
B 1 (a,a0) — (w,w) /_  ——
KR oy e Gt v R CC))

Then, the relation (2.13) for ¥ (u) is of the form:

_a_l_

UB
Wi (u) = -l
2U + 2B + 8unby — 8 3 upby + i (4u, — 4b,) + 2
k=1
—2iu,  —2iby | ((4iu, +U) B — (4ib, + B)U) B <2i5k N 2iby  4iby + )
U B U (4ib, B — 4ib, B — 16|b,|*) B B B ’
where k=1, ..., (n—1), and
. UB
\I[b (U’) = - _ n—1 _ _
2U + 2B + 8uyb, — 8 3 wiby + 1 (4w, — 4b,) + 2
k=1
~ 2(un +1) N 2 (b, +i) ((4iu, +U) B — (4ib, + B)U) B
U B U (4ib, B — 4ib, B — 16]b,|?)
2 (b, — i ' b, + B
e ( " i) N (i_ 2(bn+@))  4ib, + B |
B B B
where )
B= Zzﬁ (o +49)>2 U= u}— (u,+i)
k=1

By the Lemma 3.4 in [13] we have.
Pyn., (CID_l (u), &' (b)) do ((13_1 (u)) = Pr(n-1) (u, b) dn (u),
here the Poisson kernel P+ (,_1) (u, b) for the domain 7 (n — 1) has the following form [6]:

[(y%)]?

Freon (0) = }(x +y — u)2

no
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where
V=) =W+t +y),  rtiy=bert(n—1), u€Tip
Then, in condition (3.7), the integration set becomes I';+(,_1) and we obtain the condition
[ H@U )P Bydn(a) = o 33)
FT"’(nfl)

for all points b€ 77 (n— 1) and forall k =1,...,n
We introduce the following notation:

/ F0) Pyt oy (12, ) ).

FT+(7’L71)

According Proposition 2.5 in [I3], the Poisson integral F(b) is well-defined and it is a real
analytic function in 7% (n — 1) continuous up to I'-+(,_1) and equal to f on I';+(,_1). We need
to show that F'is a holomorphic function once f satlsﬁes the assumptions of Theorem B.1 In
order to do this, we consider a differential operator of Euler type of the following form:

n—1
9, 0
d= Zszka—bk — (iB+2(b, — 1)) — T

We denote
A) =va— ) =va— W5+ + . +uni),
then the Poisson kernel P+ (,_1)(u, b) can be written as
A% (i (b—b))
A —u)"

Then the partial derivatives P+ (,_1) (u, b) cast into the form:

OP,+ (1) (u, D) 1 <A3 (i (b—b)))

PT+(n_1) (u, b) = bert (n — 1) , u€ FT+(n_1).

by TN (b—u) b, \ A3 (b—u)
_ 1 (nAZl (i (b—1)) 2 (bx — b) +2A% (i (b—b))2(5k—uk)>
A%z (b — u) 2A% (b—u) 2 AT (b —w)

(5. — b +@—W>AHW—W

AG(D-0) A®B-u)) A" (b—u)

)
0 (bx jbk) 4 (b —w))) Py (u,b)

NGEDRNO

B G- b
n—1 _ 9 _ 9 %
(& Go-n) = 6.0
k=1
b, —
+ ( : ?k) n PT+(’n*1) <u7 b) )

3

(bn — un)2 - (b, — uk)2

=1

o
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forall k=1,2,...,n—1, and
P+ (-1 (u,0) 1 Az (i(b-1)) (b—b
A (b —u)@b % u)

by,
! (b-1)
AR (b—u) 3

)
(Bn—un) b—b
:_n<A(z3—u) b—b ) |A”b—u

b — Up
+ ( — ) o P7-+(n_1) (U, b)7
(bn — un>2 — > (b — uk)2
k=1

Hence, we have the following relation:

n—1
. OP. b OP+ ( b
OP,+ (1) (u Zszk o _1 ) (wb) (iB + 2(b, — 1)) — Y (1,0)
42\@\ +2iB (b, + 1) — 2iB (b, — i) + 4|b, + i’
_nPT""n 1)
—4ib, B — 8 Z |bk|* + 2|iB — 2 (b, +i)|2)
—4Zukbk—|—z (2un, +1) B — U (2b, — i) + (2uy, + ) (2b, — 0
k=1
B n—1
2U + 2B + 8uypb, — 8 Y wiby, + i (4w, — 4by,) + 2
k=1
Moreover,
2 b 2 (b, —i) UB
Z\pk Zk n( )(%4_2): 1
2U + 2B + 8upby, — 8 Y uiby, + i (4w, — 4by,) + 2
k=1

. (_4712_11%_@_{_14_2. <(2un+i> _ (251—@)) n (2u,, + 1) (QB,L—Z)

£ UB U B U B
< | —2iby, ~ 2(b,+9)|*  [(4iu, +U) B — (4ib, + B)U| B
— — |1 — — —
~| B B U (4ib, B — 4ib, B — 16]b,|*)
—4ib, + B | =2ibp|* | 2(by+ )|
o 1— -
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n—1 _ _
4 by + 20B (by + i) — 2iB (b, — i) + 4|b, + i’
k=1

o n—1
—4ib, B — (8 S bl +2liB — 2 (b, + i)|2>
k=1

n—1 _ _ _ —
—4 3 ugby, + i ((2uy + ) B=U (2b, — 1)) + (2up +4) (2b, — 1)
— — B.
2U + 2B + 8upb, — 8 Y wiby, + i (4w, — 4by,) + 2
k=1
Then
8PT+(n,1)(u, b)
OF = 2iby, — d
Z iby / f(u o n(u)
T“"(n 1)
— — OP,+(p—1y(u, b
@ Bab-0) [ s e gy
Lt n-1) "
n—1
oP b OP+(n b
_ / F(u (Z 2iby, T”” y(®b) _ (iB + 2(b, — i) —— abl (v )> dn(u)
k n

n—1 o _
A3 |bgl? + 208 (by +14) — 2iB (b, — i) + 4fb, + i’

o [ o5

n—1
—4ib, B — (8 X |by|* +2/|iB — 2 (b, + i 2)
. (85 Il 4+ 208 - 20, + ) -
n—1 _ _ _ —
—4 3" wgby, +i (2w, + ) B=U (2b, —4)) + (2w, +14) (2b, — 4)
k=1
_ _ n-1  _ _
2U + 2B + 8unb, — 8 3° wiby + 1 (4w, — 4b,) + 2
=1
: P.,-+(n,1) (u, b) dn(u)
n
- WP (u)2iby,P- (n—1)(u,b)d
A Z BP0
F‘r+(n—1)
/ FE)UE () (iB + 2 (B — 1)) P sy (11, B)dn(a)
FT+(TL 1)
Now by (3.8]) and (3.9) we obtain:

OF =0 (3.10)
for all points b € 71 (n — 1). This yields that F'is holomorphic in 7% (n — 1). Indeed, expanding
the function into a Taylor series in powers of (b — 1), where i = (0,0,...,7) € 77 (n—1), we
get:

Fb)= ) caplb=1)"(0—1),

llal|>0
18>0



208 G. KHUDAYBERGANOV, J.Sh. ABDULLAYEV

where a = (o, ...,ay), B=(0,...,05,) are multi-indexes and
b = b1 bg? - - - b, lof| = 1 + g + ... 4 e

Then by (3.10) we obtain
OF = 37 1Bl casb =)0 —1)" =0,

[l 11311

ie., if ||3]| > 0, then all the coefficients ¢, s are equal to zero. Consequently, the function F' is
holomorphic in 77 (n — 1) and F € H*®(7" (n — 1)). O

The proof of this theorem shows that a more general theorem is also true.

Theorem 3.2. Let f be a continuous bounded function on I'r+,—yy. If condition 15 sat-
isfied for the function f for all automorphisms mapping the point i = (0,0, ..., i) into the points
from some open set V-C 7 (n —1). Then f can be holomorphically continued in 7+ (n — 1) to
a function F € H®(t+ (n — 1)) continuous up to L'+ (,_1y.

Let Ay = {¢: ¢ =¥(&)} be an analytic disk, where & is defined as in (3.1) and ¥ is an
automorphism of the domain 7 (n — 1).

Corollary 3.1. If a continuous and bounded in I'-+,_1) function f can be holomorphically
continued into the analytic disks Ay for all automorphisms U mapping the point i = (0,0, ... ,17)
into the points from some open set V.C 77 (n — 1), then f can be holomorphically continued
into 7t (n — 1) to a function F € H*(1" (n — 1)) continuous up to T'r+(,_1).

This Corollary is an analogue Stout theorem [12] on functions with the one dimensional
property of holomorphic continuation but in our case it is formulated for the domain 7 (n — 1).

The following corollary generalizes a similar Tumanov theorem [17] for a smooth function of
a given class of CR manifolds.

Corollary 3.2. If a continuous bounded function [ defined on I'r+,_1y can be holomorphi-
cally continued in t into each analytic disk Ay lying in 7% (n — 1) with a boundary on I'~+(,_1),
then f can be holomorphically continued into the domain 7" (n — 1) and, therefore, is a CR
function on I'r+,_1y.
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