AJJEKCEN BOPUCOBUY IIIABAT
1 PABUJIb NCJIAMOBUY IMUJIOB.
BOCIIOMUHAHU Y.

A nekceit Bopucosuu Il abar

Moit My2Kk ObLT OJHOWM M3 TE€X XAPU3MATUIHBIX JTUIHOCTEN, BCTPETUB E€IUHONKIBI KOTO-
poro, ye TpyJIHO 3a0bITh. [losromy, yBuzeB ero na Jjekiuu 1 ceHTdaOps Ha 2 Kypce
YHUBEPCUTETA, s TOJIONLIA K HEMY IOCJIe 3aHdATUsS U cKa3aja: «Bbl Oyzere MouM MyzKem» .
On, KoHEYHO, HE IMOBEpWJI, HO, KaK OKa3aJIOCh, COBepIeHHO HalpacHo. lIpasna, mporwum
JOJITUX TATH JIeT, MPeXKJe 4YeM ITO CJOyduiaoch. B Yde pomunca wam cbiH Biagumup.
Korpma emy wcnosamiocs 7 Jjier, Mbl mepeexaju KuTb B deprHorosioBky. Mue TpyHO
CyJInTh, B KAKOM T'ODPOJIe €ro Hay4Has YKW3Hb ObLIa IJIONOTBOPHEN, HO ['ocynapcTBeHHYIO
npemuio Poccniickoit @enepanyun B 006/1aCT HAYKU W TEXHUKN COBMECTHO ¢ BiagmMumpom
EBrenbeBrutdem 3axapoBbIM OH TOIYYWJI 33 UK/ paboT, BbITIOJIHEHHBIX B Y de. Paboran on
oueHnb MHOTO. Kak roBopmia Mos Mmama: <«Jloxkwuimbcss cnathb — OH eme paboraer,
MIPOCHITIAEIIILCS — OH yKe paboTaeT». Ero MHOro pas BBIJIBUTAJM OT MHCTUTYTA HA 3BAHUE
akasiemuka. OH mpores 3TOT MyTh 2 pasa, a 3aTeM cKasaja MHe: «3abyab. ¢ Oosbie
aenarb 3roro He Oymy. Hamo sibcturh MHOTMM JTI0J1sM. 4 9TOrO He JIIOOJIIO M He yMmero. 41
JIIOOJTI0 U yMero paboTarby. [lo 3ToMy TIOBOJIy 9acTO BCIOMUHAIO JIEKAHA MATEMATHYECKOTO
dakyaprera KapadaeBo-Hepkecckoro rocy1apcTBeHHOrO yHuBepcurTera — Pamasana Ame-
Bu4a bocranoBa, KoTopsblit roopmi npo Illabara, 4To nepBbIil pa3 BUJIUT MATeMAaTHKA, KO-
TOPBII TTOJIy9YaeT TaKoe yI0BOJbCTBHE OT paborel. Ho oH ymen He TOBKO paboTaThb, HO U
oTabIxaTh. Kro cepjie mpuHaiekano maremarnke u ropamM. OH ObLT AJbIHHUCTOM 2
paspsiga. [lepBoiii pas, Korja OH B3sJI MeHsSI B IOpPbI, 3TO ObLI MyTh OT AJyiMa-AThl J10
Uccbik-Kynsa. OH roBopwmsi, 9TO HEe MOXKET B3ATb YeJOBEKa B KEHbI, HE IIPOBEPUB €ro
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ropavu. [Ilam mbl TOTHA B 3amedaTesbHON KOMmanum MaremaTukon: Camra Mwuxaiiios,
Unbpap Tapunos, Cepreit O6yxos u eme Cepreii w3z Kuprusckoro yumsepcurera (K
COXKAJIEHWIO, He MOIY BCIOMHHUTH (aMuinioo). BeTynmmB Ha IJIOCKYIO 3eMJIf0, si CKasaja
TOrJIa, YTO TEIepb TOYHO 3HAI0, YTO YMHBIA B ropy He noiger. Ho morom 6bLIO ere MHOro
IIOXOJ0B U CILJIaBOB IIO pPEKaM. HOquy—TO BCIIOMHMJICA OJHWH M3 CILJIaBOB, KyJa C HaMHK
OTIIPpABUJICSA 3aMevaTeIbHbBII MaTeMaTuK, OJWH N3 €ro JIIO6I/IMI)IX YY€EHUKOB - BCGBO.HO,ZL
Annep. Korma emy Haioemalio IUIBITH, OH BBIXOMWJI U3 OaiilapKyd M BE3 BCeX HA BEPEBOYKE
o peke. Biraro, BBICOKMIT pOCT MTO3BOJISLI €MY 9TO J€JIaTh.

Paborass B8 HoBocubupcke, ¥Yde, Yepnorososke, Kapadaescke, Maiikone, Asekceit Bo-
pucoBnd IllabaT BbIpacTW/I IJIEsy BBIJAIOMINAXCS MaTeMaTHKOB, cpeau HuX: AHaTosmit
2Kubep, Beeposiosr Ayiep, Cepreit Ceunosynos, Pasuwis dMmuios u MmaOrME apyrue.
Crenyer elne OTMETHTH HUCKPOMETHOE YyBCTBO IOMopa Moero my:ka. OH pearmpoBaJji cpasy.
He odenb ymecTHbIl TpuMep B JJAHHOM CJIydae, HO SIPKO JEMOHCTPUPYIONIUI €ro 4yBCTBO
OMOopa.

A: Xouy cectsb Ha auery.

On: axxe He meiTaiica. Kak Bceraa csiaenib MIMO.

OpHOro €ro cjoBa XBaTaJ0, YTOOBI 3aKOHYUTD JIFOOYIO JUCKYCCHIO, JII000# criop. Emy
XBaTajJ0 BPEMEHH HA BCE: IMOJHOIEHHO PaboTarh W TaKyKe IOJHOIEHHO OT/bIXaTh,
MMPOBOJINTH ¥ OPraHW30BBIBATH KOH(MEpEeHINH, PadOTaTh B PEJAKIUAX PaA3JTHIHBIX
MaTeMaTUIeCKUX KYPHAJIOB. flpKast JIMTYHOCTD, YeJIOBEK, KOTOPBI OCTABWJI CJIEJ B HAIIUX
nymax un cepanax. Ceersias Tebe mamsTh!

Anmsdua Kamumosaa fukbaesa



Pasuip UcaamoBuu dmMuiion

Bocniomunanust o moem myke Pasuse cnamoBude Amumose. OHu oYeHb pas3Hbie. ITO
U TOpedb yTpaThl OJIM3KOrO 4YeEJIOBEKAa, U CUYACTJIUBBIE TOJIbl, IPOBEJCHHBIE BMECTE, U
OCO3HAHWE €ro HEeOPJWHAPHOCTH, TaJaHTa U OOJBINON IPEeJAHHOCTH BBIODAHHON WM
HaygHoit cre3e. OH ObLI YJAUBUTEIBHO MOCJEIOBATE/HHBIM YEJTOBEKOM, 0e33aBETHO
IIPEJIAHHBIM ~ BBIODAHHOMY  TBOPYECKOMY IIyTH. Y4YEHBII C MHUDPOBBIM  WMEHEM,
danTacTudecku pabOTOCTOCOOHBIN, OH BCEro cebsi MOCBATHJI CIYXKEHUIO HaykKe. B To ke
BpeMsi B TIOBCEHEBHOW KU3HW OBL UPE3BBIYANHO CKPOMHBIM, HAJIE?KHBIM U WHTEPECHBIM
YeJIOBEKOM C MHOXKECTBOM yBJIedeHUil, Oy/Ib TO My3bIKa, JIATEPATYPa, MHTEPeC U TIyOOKue
MMO3HAHWUS WCTOPUU U IIyTeIecTBusi 1o Bcemy Mupy. C HUM OBLIO W TPYJAHO © JIETKO,
MIOTOMY 9YTO OH OB HEOJHO3HAYHBIM, HE3ayPsIHBIM, WHTE/JIEKTYAJbHO Pa3BUTHIM
YeJIOBEKOM, HO BCETJa YECTHBIM, MPAMBIM U yMEOIINM OTCTOATH CBOIO TOYKY 3peHus. B
ceMbe OH OBLT BCerjia HaJeyKHON 3aIllUTON, OMOpPOil W YeJIOBEKOM, KOTOPOIO HAaM BCerja
oyer ne xBararh. CBeTsiast eMy mamsTh!

Cgetritana lBanosra SIMmuiiosa
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YK 517.9
OBb UHTETPUPYEMOCTU! O(3)-MOJEJIN

A.B. BOPUCOB

Annoranmsa. Tpexmepras O(3) Mozmenb st eMHHYHOTO BeKTOpa N(r) MMeeT MHOIO-
YUCJIEHHbIE [IPUMEHEHHs] B TEOPUH TOJid U (PU3NKE KOHJEHCHPOBAHHBIX cpej. IlokazaHo,
9TO 9Ta MOJEIb HHTErPUpYyeMa IPU HEKOTopoil muddepeHrna bHoil ¢Bsi3u (0Ompe e eHHBIX
OrpaHWYeHUsX Ha TrpajaueHTsl moseir O(r), ®(r), mapamerpusyiomux sekTop n(r)). [pu
Hamann A pepeHnua bHol CBI3U yPaBHEHUsT MOJEIH PEJAYIUPYIOTCS K OJHOMEPHOMY
ypasaenuio sin—Gordon, onpeendonemMy 3aBUCHMOCTb TI0Jist ©(r) oT BCIOMOraTeabHOTO
nosst a(r), u cucremy nasyx ypasuenuit (VS)(VS) = 0, AS = 0 ay1g KOMILIEKCHO3HATHO
dyurmpm S(r) = a(r) + i®(r). [lokazano, IT0 HEIOCPEICTBEHHOE PEIIEHIE ITONH CUCTEMBI
Ja€T BCE M3BECTHHIC PaHEe TOYHBIE DEIIEHUA MOAEJIN: JIBYMEPHBIC MAalrHUTHBIC MHCTAHTOHBI
U TpeXMepHBIe CTPYKTYPHI THIA «exeiiy. Haiigeno Touroe ypasuenuit 1yt mosist S(r) B Buje
NPOUBBOILHON HEABHOW (DYHKIIMK OT ABYX MEPEMEHHBIX, KOTOPOE CPa3y JAeT BUJ PEITeHUs
agist osieit O(r), ®(r) B HessHOM Buje. [Tokaszano, uro HaiijgeHHOE TaKUM 06pPA30M TOYHOE
pelenne cucTeMbl Jyisi 1104151 S(r) IPUBOJUT K TOYHOMY pertennto ypasuenuii O(3)—momgenn
B BUJI€ TPOU3BOJLHON HEABHONW (DYHKIIUNA OT JBYX MTEPEMEHHBIX.

Kuniouesbie ciioBa: nunrerpupyemas cucrema, O(3)-monens, nuddepeniuaapiast moacTa-
HOBKA, KBa3WJIMHEHHOE ypaBHEHUE, O0ITiee PEIleHue.

Mathematics Subject Classification: 35C05, 35J60, 35A08

1. BBEJAEHUE

O(3)-Mozeb B TPEXMEPHOM TPOCTPAHCTBE ¢ ILIOTHOCTHIO SHepruu £

1 3

JJTST @ IMHIIHOTO BEKTOPA N
n® =1, (1.2)
obaamaer sBroi O(3)—cuMMeTpueil, cOOTBeTCTBYIONEH Bpamenuio chepbl. OHa TPUHAITIEKUT
K IIHPOKOMY KJIAcCy Mojeseil, y KOTOPBIX MPOCTPAHCTBO MapaMeTpa MOpsaIKa ITPUHAILIEIKUT
MHOT000OpazuaM, oramanbiM o1 RY. D1a Mozeab nMeeT MHOrOYHC/ICHHEBIC IPUMEHEHIS B TCOPUH
noJisi. B (pusmke KOHIeHCHPOBAHHBIX CPeJ OHA M3BECTHA KaK MOJIe/b | eii3enbepra //1st ONMUCaAHUs
MATHUTHBIX CTPYKTYD B 0OMeHHOM TpuOinzKennn |1] niam Kak MOJe/h U1 TOJIsl THPEKTOPa JIJIs
ONMCAHUS YOPYTUX CBOMCTB KUJIKUX KPUCTAIOB B OJHOKOHCTAHTHOM MpHOIMKennn [2].
OnHoMepHbIe U IByMepHbIe TouHble pererns O(3)-Moae n UCC/eI0BATINCh MHOTHMEI aBTO-
pamu. [Tokazano,aro B nmpoctpatcTse (1,1) Momesb HHTErpEpYeMa METOIOM OOPATHON 3a1adu
paccesiung [3]. Oduenb UHTEPECHBIN U MOMYIAPHBIA Kiace penternii 8 D = 2 (MHCTAHTOHDBI) OBLT
nosiyden B pabore [4]. Hakoner, B TpexMepHOM IPOCTPAHCTBE TOYHBIE PEIIEHUsT TUIIA «eKeii»

n=- (1.3)

A.B. BORrisov, ON INTEGRABILITY OF O(3)-MODEL.
© Borucos A.B. 2021.
Pafora BBINOJHEHA B paMKax TrOCyJapCTBeHHOro 3amanusa Munobpuayku Poccun (vema «KsauTs,
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OBLIN IKCIIEPUMEHTAIbHO OOHAPYKEHBI ¥ TEOPETHUYECKHU HCCIEI0BAHBI B HEMATHYECKIX YKUIKUX
Kpucrasiax, reauu |5 u deppomaruerurax [6].

CraTbs CIIAHEPOBaHA CJICAYIOMMNM oOpasoM. Bo BropoM maparpade mjid pelreHus ypab-
nenuii O(3)—moesu ucnosb3yercst auddepernuaibaas MOJACTAHOBKA, KOTOPas [IPUBOIUT STHU
yDaBHEHUs K CHCTeMe U3 JIByX ypPaBHEHHil JJId KOMIIeKCHO# dyHKIn S(r) n ypaBHEHHIO Ma-
ATHUKA. [J0Ka3aH0, 9TO HENOCPEACTBEHHOE PENICHNE STON CHCTEMBI J1aeT BCe M3BECTHhIE paHee
pelleHnst: IByMepHbie (HHCTAHTOHBI) M TPeXMepHBIe (CTPYKTYpPbI THIa «eskeiis) mMomenun. Tod-
HO€ DellleHHe CUCTeMbI Jisl 10Jist S(r) IpebaBaeHo B TperbeM maparpade. OHO ompeensgercs
POU3BOIBHON (DYHKIMEH OT IBYX MepeMEeHHBIX U JgaeT obiiee pemternue O(3)-Momes.

2. JMOOEPEHLUUAJIBHAS IIOJCTAHOBKA

s ganbHeRIero  W3M0:KeHWs  yA0OHO —TapaMeTpU30BaTh eJWHUIHBIA  BEKTOD 1N
noJisiiu ©, P:

n = (cos ®sin O, sin P sin O, cos O).
Toraa B nepemenubix O, ¢ ypasuenns mozmesnn (1.1) mepexonsr B cHCTeMy HeJHHEHHBIX and-
dbepeHnuaTbHbIX ypaBHeHni:

AO = ~(V®)?sin 20, V [(V®)*sin® ©] = 0. (2.1)

1
2
Ypapuenue (1.1) vHBAPHAHTHO OTHOCHTENHHO IPYTIIBI CIHHOBBIX U IIPOCTPAHCTBEHHBIX BpAIIE-
uit SO(3) x SO(3). Takasg cummerpusi O3BOJISIET HANTH IUPOKUIT KJIACC TOYHBIX DEIICeHHU.
Ananurndeckoe perieHne ypasHenusi (2.1) BO3MOXKHO JIMIIb B ONpPe/IEJEHHBIX KJIACCAX perie-
Huil. Jlj1s1 BBIJEI€HHsT OJHOTO W3 HUX HYKHO O0DOOIIMTDH IPONEYDPY, MPEIOKeHHYo B |7], u
MOJIOKUTE 106 O JIOKAJBHO 3aBHCAIIAM OT BCIIOMOTATENbHOrO nosst O(alxy, za, x3]). Torma
HEIIOCPEICTBeHHBIME BBIUUCICHASME HETPYAHO yOeIUTHCS, YTO U3 yPABHEHUIT

o' (a) = w, (2.2)
Aa=Ad =0, (Va)?=(VP)?’ VaVd =0 (2.3)

3 o
caegyior ypasaenus (1.2). Buech u namee A = Y7 | 02 — TpexmepHslil oneparop Jlamiaca.
Jlns anamusa TekcTyp © MBI HCIIOJIB3YeM perlieHne ypasHeHusi (2.2) B BuIe 27—COJUTOHA

© = 2arctgexp(—a) (2.4)
HJIM DeIIeTKH COJIMTOHOB
©
sinazcn <%,k‘> , 0<k<l1. (2.5)

Huddepennnanbuasg noacranoBka (2.3), KaK yBHIUM Jjajiee, MPUBOIUT K TOTHOMY DEITEHHIO
nennrerpupyemoit mofesu (1.1). Tlepeiinem k pemennto ypasaenwuii (2.3). Begem komiiekcHoe
noJie

S=a+id (2.6)

¥ 3almieM cucreMy (2.3) B BHJe CUCTEMbI H3 IBYX YPaBHEHHIl /JIs KOMILJIEKCHOTO MOJIS S
(VS)(VS) =0, (2.7)
AS = 0. (2.8)

Dra cucrema o0JajaeT 3aMedaTeJbHLIM CBOHCTBOM WMHBAPUAHTHOCTH K 3aMEHaM  I0JId
S — 8" = F(S) ¢ npoussosbhoil dbyukiumeir F(S), KoTOpbIil Mbl GyIeM HUCIOIB30BATH B JIATb-
HeHIeM.
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[TokazkeM BHAYAJIE, YTO HPOCTEHiIITE perenns cucTeMbl (2.7), (2.8) BKIIOYAIOT Bee YKA3aHHbIE
BBIIIIE W3BECTHBIE paHee ABYMepHble H Tpexmepmbie perenus O(3)—momenu. lupokuii Kaace
perennii, HaileHHBIX B [4] onuckiBaeTcs mpoctoit hopmytoii

©
w = ctg§ exp[i®] = Ulz], z=x +1y, (2.9)

rae U — anasmrudaeckas dyHkims. B asymeprom cirydae ypapaenns (2.7), (2.8) ToxeCcTBEHHO
yaoBieTBopsiiorest npu S = S(z), W CBsI3b ¢ mMoJeM, COracHO (2.4), ONpesessieTcss MPOCThIM
COOTHOIIIEHUEM
w = exp[S]. (2.10)
HauGosiee pocTo HANTH peleHusl HEOCPeCTBeHHBIM WHTerpupoBanueM (2.7), (2.8) mero-
JIOM pasjieJienns nepeMenubix. Toraa B ccepuueckoit cucreme koopaunar (R, 0, @) Mbl HAXoauM
CeMeNCTBO peleHnit:

SO,p)=F (s ligo + lntggD : s = =1, (2.11)

rie F' — mpoussonbrast GyHknuga. Beipaxenue (2.11) mpu F' = 1, s = 1 u (2.6) npusoagar
K CTPyKType «exkeiis (1.3), a Tak:Ke W K JPYIHM THIAM <«eKeii» MPH ONPeseJeHHOM BBIGOpe
dyukiun F.

3. TOYHBIE PELIEHNS MOIEJIN

O6cymuM ceitaac Tounble perenns ypasuenuit (2.7), (2.8). 13 (2.7) cpa3y ciemyer BoIpazKe-

Hue jyist 1ouist S zy = 0y, S
Sy =1/ —5% — 5%, (3.1)

Torga nocste nogcranosku (3.1) ypasuenue (2.8) npuHuMAaeT IPOCTOR BU
52,5 0me — 2801025018 20 + 5%, 2100 = 0. (3.2)

D710 ypaBHEHHe MPHHAIEKUT K 00MupHOMY KJaccy ypaprennii Monxka-Awmnepa (8], [9]. Hos
ero pereHust UCIoAb3yeM CJIeYIOILYI0 TPONeaypy. BBejiemM HOBbIe mepeMeHHbIe

oy, T9, 13) = \/ﬁ7 B(x1, 12, 73) = \/ﬁ (3.3)
HeTpyHO NpOBEPUTH, UTO yPABHEHHE
Qg+ Bz =0 (3.4)
skBuBaaeHTHO (3.2). Iloss o, B ¢BA3aHBI COOTHONICHUEM
o? (21, 9, 73) + B (11, 29, 73) = 1.
[TosToMy mocJie mapaMeTpu3au moeit
a(xy, T9,x3) = sin[B(x1, T2, x3)], B(x1, k9, x3) = cos[B(xy, xq, x3)] (3.5)
i ToICTanoBKU uX B (3.1), (3.3) MBI mostyvaeM ypaBHeHHs
S oy = Sa,tg[B], S 2y = —15 4,8ec|BJ. (3.6)
YeaoBue coBMECTHOCTH cucreMbl (3.6) IPUBOAUT K 3aMKHYTOMY YPaBHEHUIO [l 1oJs B
B ., +i(cos|B|B,, + sin[B]B,) = 0. (3.7)

W3 teopun HeJMHEHHBIX HupdepeHuaIbHbIX YPABHEHUNH IEPBOro MOPSIKa B YaCTHBIX MPOU3-
BOJIHBIX JIJIsI ypaBHeHust (3.7) cyiejyet, 4To moje B onpejiessiercss HesiBHBIM YpaBHEHHEM

G[H,, Hy, H) = 0 (3.8)
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¢ IpOU3BOJIbHOMN byHKImeH G, Ti1e Bemaunbl Hy, Hy, H3 ecTb HHTErpaJIbl XapaKTePUCTUIECKO
CUCTEeMbI YPaBHEHHH 1711 KoopauHat 1 (t), xo(t), x3(t):

d d
—ua3(t) =1, —ux41(t) = isin B(xy, 29, x3),
q )
Eﬂfz(t) = icos B(x1, x9, x3), &B(:cl, xo,x3) = 0.
VnTerpaabl IMEIOT BAT
H, = —ixzsin B(xy, x9, x3) + 21,
Hy = —izzcos B(xy, 12, 23) + o, (3.10)

HS = B($17x2a$3)'

[Tomumo (3.7) nosst B(x1, xg, x3) JOIKHBI TAKZKe YI0BIETBOPATH ypaBHenusM (3.4), (3.5):

B,, —tg|B|B4, =0. (3.11)
IToacTaBags B 9TO ypaBHeHHe ITPOU3BOAHBIE TTONA B
G .G
.B’x1 = —171, B’mQ = —ITZ,
B _ G g, sin H3 + Gy, cos H3 (3.12)
o U )

U = 23(G g, cos Hy — G g, sin Hs) +1G g,

naiienubie u3 (3.8), (3.10), Mbl moJIy9aeM JOMOJHATEIbHOE OrpaHuYeHie Ha ypaBHernue (3.8):

G7H1 — G’HthHg =0. (313)
Orcroa ceyer, 9To Pelrennst A moJasd B onpeaesioTcs HeSIBHBIM YPABHEHUEM
G[Hl SiDH3+H2 COSHg,Hg] =0. (314)

HeonHo3Ha9HOCTD U CHHTY/IAPHOCTD B 001eM ciydae pemenuit (3.14) nanbosiee MHTEPECHBI TIPH
HCCICJIOBAHUN CHHTYISPHBIX T1eEKTOB B KOHJICHCHPOBAHHBIX CPEIaX.
Ormernm maiee BaxkHOE 06cTOsITENBCTBO. U3 (3.7), (3.9) u (3.1), (3.6) cpasy ciaeayior coot-
HOIIICHU A
B, Sae, — BaySs =0, B ySay — BaySss =0. (3.15)
[Tosromy obriee pemienue ypasraenuit (2.7), (2.8) onpenensercst bopmynoit (3.14) u mpon3BoIb-
Ho#t byuknueir F':
S(x1, 29, x3) = F(B(x1, 22, x3)). (3.16)
HeitctBurensno mocse nogacranoBku (3.16) B ypasnenusi (2.7), (2.8) MBI mOJIyYIaeM CHCTEMY
ypaBHeHu
(VB)(VB) =0, AB =0, (3.17)
B CIIPaBE/JIUBOCTH KOTOPOH HETPYIHO YOCIUTHCS BHIYUCICHAEM IPOU3BOIHLIX HesBHOM (DyHK-
mun (3.14).

BJIATOJAPHOCTH

ABTOp TpU3HATENEH 33 MpUTIAIIeHe OMyOJIUKOBATH CTATHIO B HOMepe XKYPHAJIa, TIOCBIIeH-
Homy namsitu A.B. [labara u P.M. fAvmuiosa. C Ajiekceem BopucoBudem MeHsi CBsi3biBaJjia
muoroseTHsist apyxk6a. A.B. Ilabar 061 He3aypsi/IHO TUIHOCTHIO B HAyKe U Ku3Hu. He T0/1b-
KO ero paboThl OKa3aJju OlpEeIe/IAolIee BIUTHIE Ha MO0 HAYIHYIO JIeATebHOCTD B TOCJIEIHIE
TPHU JECATUICTHS, HO U €r0 MOJJAEPIKKA, & TAKZKE COBETHI BCEr/a ObLIN MOJIE3HbI U HEOIEHUMbI
JIJIST MEHSI.

Aprop 6marogapen /1.B. [loarux 3a obcyKaeHue, mojIe3Hbe 3aMeUaHUSA U MOMOIIb B IIOITO0-
TOBKE DYKOIHCH.
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Ob OBOBIIEHNAX MHOI'OYJIEHOB
YEBDBIINTEBA 11 YNCEJI KATAJIAHA

B.C. BbIYKOB, I'G. IITABAT

Awnnorarusa. Mb1 yka3siBaeM HAITPABJIEHNST BO3MOXKHBIX 00001ITeHMT HAllIEHHBIX paHee CB-
3eit Mex Ty MHOTOUIeHAMHU JebbimeBa u uncaavu Karajana, BOSHUKAIONMIMMEI TIPU U3y Ue-
HUNU KOMMYTHUPYIOIINX PA3HOCTHBIX OMEPATOPOB. DTU 0OOOIIEHNsST B OCHOBHOM CBSI3AHBI C
ugessmu, Beickazauabivu H.-X. Abemem B mybsukaruu 1826 roga, KOTOphie M3JIATAJINCH HA
COBPEMEHHOM s3bIKe MHOTMMHI aBTOpamu. B kadecTBe 00001eHNit MHOTOWIEHOB ebbirie-
Ba MPEMIATAETCA PACCMOTPETH MHOTOUIEHBI POBHO C ABYMS KPUTHYECKUMU 3HAYCHUIMU,
TOAPOOHO M3YYEHHBIMF B TaK HA3LIBAEMONW TEOPUH JeTCKUX PucyHkoB. Jumciaa Karasama
3aHUMAIOT HAYAJBHBIA cTosberr B Tabauie umcesn Xapepa—llarupa, CBA3aHHBIX C pacipe-
JeJIeHUEM [0 POJaM OPUEHTUPYEMbBIX CKJIEEK MHOTOYTOJBHUKOB C Y€THBIM UHUC/IOM CTODOH.
KomMyrupyroiime pa3sHOCTHBIE OMEPATOPBI HEABHO COpep:KaTcsa B Teopun Abesis, u3ydas-
IIEr0 KBA3MLJIMTHIECKME WHTErPAJbl (3/IMITHYECKUE MHTETPAIBl 3-T0 POJa, bepyrmecs
B siorapudmax); B HAcCTOAIIEH pabore GOPMyIUPYIOTCS NPEIIOI0KEHNsT O CBSI3U OCHOBHOI
TeopeMbl Abessd ¢ KOMMYyTHUPYIONUMU TTOJYOECKOHEUHBIMU MaTpuiiaMu. Pabora comepxRuT
BBIYUC/IEHUS, [TOITBEPKTAIOIINE HAMEUYEHHBIE IUIIOTETUYECKIE CBA3MU.

KaoueBble cyioBa: muOTOWIeHbl Uebbimmera, uwmcaa Karamgama, uncaa Xapepa-Ilarupa,
ITIOJIMHOMUAJIBHBIE ypaBHeHI/IH HeJ’[J’[H, ACTCKHUe pI/IC‘yHKI/I

Mathematics Subject Classification: 39A70, 33C75

1. BBEJAEHUE

A.B. [labar, cunrasg cebs mpexKje BCETO CIENHAJUCTOM IO Teopuu JauddepeHnnaaIbHbIX
ypaBHeHuni, 001a1aJ ITHPOKUM MaTeMaTHIeCKUM Kpyro3opoM. OH yMesl BUIETh HEOXKUIAHHBIE
CBA3MU ME2KAY OTCTOAIIUMU HNAJCKO APYl' OT Apyla pa3iae/laMu MaTeMaTUKH, HO HpedlodunuTa.ll
dpuKCHPOBATH CBOU UJIEU HE TOCTPOCHUEM ODIIMX TEOPHUii, & pACCMOTPEHHEM KOHKPETHBIX ITPH-
MEPOB.

Ero nocnenaneit npuxkusnennoii nyoukarueil Obljia COBMECTHAs C OJHUM H3 COABTOPOB Ha-
crostiieit 3amMeTkn pabora 7], B KOTOPOIl yCTAaHABINBAINCH CBSI3H MEXKIY KOMMYTHDPYOIIAMHE
10/ 1yOECKOHEYHBIMU MaTpHIIAMH, MHOTOUIeHaMu YeObimeBa u yucjaamu Karanana. Mul He co-
MHEBAEMCsl B TOM, UTO 9TH CBLA3HU JIONYCKAIOT Pa3HO0Opa3Hbie 0000IIEeHHs, U YBEPEHBI, YT, €CJIH
o1 A.B. Illabar kw1 1oJbIne, OH HaIeI Obl 5TH 0O0OIIEeHHS.

B macrosmeit pabore MBI HaMedaeM OJTHO U3 HAaIpPaBIeHHI TaKUX 00OOIIeHMIA.

2. MHOro4YJIEHB YEBHIIIEBA I UYNCJIA KATAJIAHA

HamoMHIM KpaTKO yIOMSIHYTYIO CBsi3b U3 paboTs [7].

B.S. Bycukov, G.B. SHABAT, ON GENERALIZATIONS OF CHEBYSHEV POLYNOMIALS AND CATALAN
NUMBERS.

© Boiukos B.C., IIIasaT I'B. 2021.

Pabora Onuta mommepskana rpantom Pomma passuTHs TeopeTwdeckoil duszukm u marematuku «BA3UCs.
Uccnenosanume I'.B. [llabara Beimoauneno mpu noaaep:xkke douma CaimMomnca.

Hocmynuaa 21 anpeas 2021 e.
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12 B.C. BRIYKOB, I.B. IITABAT

Mrorounens: Yebpiniepa' onpeiensioTcs MHOIMMHE CIIOCOGAME, W3 KOTOPHIX MBI IIpUBeIeM
JIBa: 3aMKHYTYIO (hbopMyJIy
T, (u) = cos(n arccos u) (2.1)
U PEKYPPEHIUIO
Thi1(u) =2uT,(u) — Tp1(u) (2.2)
¢ nadaabupiMu yeaoBusMu To(u) = 1 u Ty (u) = u. Cwm., manpumep, [8].

Yuca Karasada Takzke ONpPeJeIsiioTCsl MHOTHMH Criocobamu, ¢M., Hanpumep, [11].

MBI omycKaeMm HEeCKOJIbKO KOMOMHATOPHBIX MHTepIpeTanuii uncen Kartanana (K coKaleHUo,
KOMOMHATOPHKA BOOOIIE OTCYyTCTBYeT B HACTOsIIEH 3aMerke) U ompejensiem unciaa Karanana
€0, C1, - .. C IIOMOIIBLIO TPpOU3BOJAdIIEil DyHKINMI

o /
chu" = ﬁ (2.3)
—~ 2u

Kparkas dbopMysmpoBKa 0JHOIO U3 OCHOBHBIX Pe3yJibTaToB paboThl |7] 3akimogaercs: B TOM,
YTO OTHONIEHHS COCEJHHX MHOIo4jieHOB UebObliieBa OJIM3KH K 0ODYOJIEHHOH HPOW3BOIAIICH
¢Gyuxmun st ances Karamana. Hampuwmep,

1
M:i—M—M3—2]\/[5—5M7—14M9—42M”—...
Tr (@) M
L coM — et M? — caM® — esM" — ey M? — des MM — ..
M
[Tpsimbix 0000ITEHNI STUX PABEHCTB MbI Ha CETOJHSIITHUN JeHb He 3HAEM, OJHAKO I0J1araeM,
YTO OHU BO3MOXKHBI. JTHAKO 00BeKTHI, (DUTYPUPYIOIINE U B JeBOI, U B MPABOil YaCTH PABEHCTB
(2.4), ecrecTBeHHbIe OGOBINEHNS JTOMYCKAIOT, © MBI PACCKAYKEM O HUX B MOCJIEIYIONIAX Pa3jieax.
3aTeM MBI YIOMsHEM TEOPHIO, B PAMKaX KOTODOil HajeeMmcs HalTH Oojiee KOHIENTYaTbHbBIE
O0BSICHEHUST MTPOUCXOISIIIETO.
A.B. lllabar, BuuMo, 9yBCTBOBAJ O0IIEMATEMATHIECKY IO TIEPCIEKTUBY, O0bSICHSIIONLYO TTPH-
pory obcykaaeMbIx cBaseit. Harmra 3aga9a — paHO MM MO3/THO €€ BOCCTAHOBHT.

(2.4)

3. OBOBLHEHHbIE MHOI'OYJIEHBI YEBHIIIIEBA

O1HO U3 cBOUCTB OOBIYHBIX MHOrO4YIeHOB Yebbimena T,, — uMeTh Bcero jiBa KOHEYHBIX KDH-
THYECKHX 3HAYEHHST; ITO CBOHCTBO OUEBHIHO, €CJIH BOCIOIB30BaThCs ompeenenuem (2.1). Ono
MOJIOYKEHO B OCHOBY OJHOTO W3 0000IIEHNI, KOTOPhIE MBI UMEEM B BHLY.

[TpousBospubiit Mmuorowren P € Clu] crenenn ne MeHbIne JABYX HAa3BIBACTCS 000OTICHHBIM
muoroysrenom Yebprmresa?, ecam cymecTByIoT Takue uncia a,b € C, uro

[P'(u) = 0] = [P(u) € {a,b}].

Herpy/iHo Jl0Ka3aTh, 4T0 B 3T0M cJiy4dae 1poobpas P~'°[a, b] orpeska, coejuHAIOIEr0 Kpu-
THYECKHEe 3HaYeHust — AepeBo Ha KoMmiutekcHOi miaockoctu C. Bosee Toro, ykasannas mpore-
JIypa comocTaB/ieHHsT 00OOIEHHOMY MHOTOY/IeHy eObIleBa MJIOCKOTO JepeBa yCTaHABIHBAET
B3amMHO OJJHO3HATHOE COOTBETCTBHE MEXKTY KJIaccaMu Mog00ust 0600IIeHHBIX MHOTO41eHOB He-
6prmreBa (To ectb opburtamu JeiicrBus KBagapara rpymmnbl C* X C Ha MHOrOWIeHAX JTHHEHHBIMU
3aMeHAMHU M B apryMeHTe, U B 00pa3e) 0 H30TOMHIECKHMH KJIACCAMH ILTOCKHX JePeBhER; cM. [6].

DTO COOTBETCTBHE JaeT HEOIPAHWYEHHBIH 3amac 0600IeHHbIX MHOrOUIeHOB ebbiiiesa (Xo-
T HAXO0XKJIEHHEe KOHKPETHOI'O0 MHOI'OYJIEHA II0 COOTBETCTBYIONIEMY €My ILIOCKOMY JI€PeBY —
HETpUuBUAJIbHAYA BbIYUC/JIUTEC/IbHAA SaILa"Ia). O6bILIHBI€ MHOTI'OYJI€HbBI qe6bIH_[eBa COOTBETCTBYIOT
IEIIOYKAM.

Lnepeozo poda, ynommHanme 0 4eM MBI OTTyCKaeM.
2 mmozousernom Ilabama, npudem mmeerca B Buay He A.B. Illabar, a oIMH U3 aBTOPOB HACTOAIIEH
3aMETKHU.
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Ham monamoburcesa UMb OIHO CBORCTBO 0O0OIIEHHBIX MHOTOWICHOB YebnImmesa.

[Iycte P — 06obmiennbiit Moorodien Yebbimena co crapmium KoddduimenTom 1 u ¢ Kpu-
tuaeckuMu 3Hadenusvu {a,b} = {+1} (B Kaxka0M Kj1acce momobusi MOXKHO BHIOPATH TAKOTO
npejacraBuTesisi). BepimHel AepeBa, COOTBETCTBYIOINHE MHOIOWIeHY P, SBISIOTCS Mpoobpasa-
MU KPUTUYECKUX 3HaueHuit +£1 u pacnajaiorcsd B HeCBA3HOE 00beTMHEHUE

e =V [V, (3.1)
rie
Vi={uecC|Pu)=+1} (3.2)

TOI‘,ZL& UMEeIoT MECTO pa3JIOoZKeHUd Ha MHOXKHTEJIN

Pt1= ] w-a) (3.3)

aGV}f

r71e v, — BaJEeHTHOCTH BEPIIUHBI (v JePeBa, COOTBETCTBYIOIIETO MHOro4YIeHy P.
O6o3naunM erre

Podd = H (U—Oé)

a€Vp:va €2N+1

MHOTOYJIEH, ITPOCTHIME KOPHSIMH KOTOPOTrO ABJISIOTCS BEPIINHBI HEU€THON BaJIeHTHOCTH JIePeBa,
COOTBETCTBYIOIIEr0 MHOrOWwIeHy P.

OtmerumM, aro deg P,gq > 2: y J1I000r0 jiepeBa ecTh 10 KpaiiHeil Mepe JBe BePIIMHbI HeYeT-
HOU BAJIEHTHOCTH, TIPHYEM HX POBHO JIBe TOIJIA U TOJBKO TOIJA, KOTJA JIEPeBO — Ienodka (u
COOTBETCTBYIONUI MHOTOUWIEH SBJISIETCsI OOBIYHBIM MHOTOWIEHOM ebhImmena).

Teopema 3.1. llyemv P — obobuwennoviti mrozouren Hebviwuesa. Tozda watlidymes maxue
mmozouaenve X,Y € Clu], wmo

X2 — PyY? = 1. (3.4)

Jlokasamenvecmeo. TlepeMHOKHB MPUBEJICHHBIE BhIllle paBeHCTBA (3.3), moIyYuMm

PP—1=[] (w—a)-. (3.5)

acVp

Hnst monydenus: (3.4) ocraercsa moaoxuth X := P W BBIJEIUTH MOJHBI KBajJpaT B IPABOii
JacTH. O

VTBepxkeHne 10Ka3aHHO| TeopeMbl (DAKTUIECKHT 03HAYAELT, 9TO J1I000i 0000IIEeHHBITT MHOTO-
qien YeObimesa gaer Ko3(pUIUEHT MOJTHHOMAAJIBHOTO ypaBHeHus Ilesiiss, iMeIonero nerpu-
BHAJIbHBIE PEIICHHS.

4. KBABURJIIUIITUYECKUE NHTETPAJIBI

B patore H.-X. AGess [1| paccmaTpuBasics BOIPOC O TOM, KaAKHe WHTErPAJbl BHJIA

pdu
Y
VR
e p u R — muorounenst naa C, Gepyrces B asteMenTapHbix (DyHKIHAX. TOUHEe, BBISCHIAIOCH,
JJIsT KAKUX MHOTOWJIEHOB R 9eTHOii crenenn (10 OYeBHIHBIM TPUIHHAM MOYKHO OPDAHUYUTHCSI
MHOTOUJIeHAMH 6e3 KPATHBIX KOPHeil) CYIIecTBYeT MHOTOWIEH p € YKA3AHHBIM CBOHCTBOM.

Bynem HaspIBaTh MHOTOWIEHBI [, YIOBIETBOPSIONITE 00CYK/IaeMOMY YCIOBUIO, aO€TeBhIMH.
B paBore 1] npuseens! ciaeayonue cBoiicTBa MHOrOYIeHa R, paBHOCHIbHBIE abeIeBOCTH.
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(1) CymecrBytor maorowiensl X u'Y MOJOXKHTEJIBHBIX CTENIEHEH, YIOBJIETBOPSIOIIHE 10 TH-
HOMHAaJbHOMY ypaBHeHHIO Ilesiis

X2 - RY?=1.

(2) Kosppunmenrnl ag, ay, - - - € Clu| paznoxenns B nenuyro gapobp

VRE=—ag+ —
PP ——
MTepAOTHIHBI.
Ha coBpeMeHHOM MaTeMaTuIecKoM s3biKe yeaoBue (1) MOXKHO mepedOpMyTHPOBATE CJIejly-
IONTIM PABHOCUJIBHBIM 00PA30M.
PaccMOTPHM THIEP/LINNTHYECKYIO KPUBYIO, rajgkas adduunas Moueib Xz KOTOPOil 3a-

JaeTcs ypaBHEHUEM:

DTa MOJeAb UMEeT BUJI,
Xp=Xg\ {o0.},

rie X g — DIajkas IPOeKTUBHAS MOJeb (ecan R = u?9t2 . TO B IPOKOJOTHIX OKPECTHOCTSIX
TOYEK 00, MMeeT MeCTO aCUMITOTHYECKOE PAaBEHCTBO U ~ j:u9+1). Pasrocuiabroe (1) yciobue
3aKJIIOYAETCId B TOM, 4YTO

(1). o + —oo_ € tors(PicX), pasmocTs GecKOHEUHBIX TOYeK HMeeT KOHEYHBII IIOPIOK.

OObIuHbBIE MHOTOUJIEHBI YeObIIeBa COOTBETCTBYIOT «BBIPOXKICHHOMY» CJIYUal0 KPUBOil X po-

na 0, abeseBy MHOrouseny R = u? — 1, cTaHJapTHBIM HHTeTpaJiaM f \/’%, perenusiM (Tipu

JI060M HATYDATBHOM 1) MOJUHOMHUAIBHOrO ypaBHenus [lemns suga X =T, Y = U,,_; (mHO-
rounenbl YebbleBa BTOPOro poja) W PA3JIOKEHUIO B MEMHYI0 JIPOGh

1
vu —1l=u+ (V! —1—-u) =u+ ———x
( ) u+vu? —1
1 1

:u+ =

Ut ————
2u—|—(\/u2—1—u) 2U+2u+;1

2u—+...

[IpuBeeM HeTpuBHAJIBHBIN TpuMep KpuBoit poja 1. OHa 3ajaercsd ypaBHEHHEM
v? :u4+u3+iu2+2u+1 =R,
a mapoit pemenuii ypasnenus Atend-Ilemta X? — Ry? = 1 aBagioTcsd MHOTOUICHBI
X:u?’—l—%vf—l—l, Y =u.

Paznoxenune B mepuoInvecKyo MemHyo J1podb uMeeT BHU/I

1 U 2
uud 4 Su+2u+ 1 =ut 4 S+ -
4 2 2u + 2, u 1
u +§+2u+71
u2+%‘+.“

a KBA3UAJLIMITHYIECKUI nHarTrerpaa —

/ (6u + 2) du u3+%u2+1+u\/u4+u3+%Lu2+2u—|—1
= log :
\/u4—|—u3+}1u2+2u+1 u3+%u2+1—u\/u4+u3+iu2—l—2u+1
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B 19-Mm Beke Takue MHTErpaJibl BHICOKO IMEHUJIMCH U HAXOXKJIEHHE KaKOro-HHOY/Ib OJHOTO OBLIO
JIOCTATOYHOM NpUIMHOM NyOuKanuu. V3 pe3ysbTaToB IPeAblAyIIero pasjenaa CAeayeT, ITo
JII000€e TLJIOCKOEe JePeBO MO3BOJIAET MOCTPOUTDH KBA3UILINITHICCKII HHTErpaJl.

Mpbi moJiaraem, 9To 0OOOIIEHHBIE MHOIOYJIEHBI eOblleBa — e€CTeCTBEHHbINR KaHIUJIAT JJIs
06obmennii pesyabraToB paborel |7]. CBsi3aHHbIe ¢ HUME TIEIHBIE TPOOH WHTEPIPETHPYIOTCS B
paMKax PasHOCTHBIX OMEPaToOpOB 2-T0 mopsaka (cM., Hanpumep, [10]), Takxke durypupyrommx
B [7].

5. YucnaA XAPEPA-IIATUPA

O1r uncia €,(n) Ob1n BBeAEHE! B paboTe |2|; Kazgoe Takoe YNCIO OUpenessaeTcs KaK KOJIH-
9eCTBO CKJICeK (2n)-yrogabHAKA B OPHEHTHPYEMYIO ITOBEPXHOCTH poja . OHU yI0BIETBOPSAIOT
Pa3IUYIHBIM PEKYpPpeHIHAM, 00bACHAEMBIM IPOU3BoOAdIIell dpyHnKnueit

n+1

14+
1 2 2 n+1, n+1—2g
(45) s s2y 3 0,

n=1 g¢g=0
gg(n)
(ormernm, uT0 KO3 DUITHEHT @1y MOYKHO HHTEDIDETHDOBATL KaK BCPOATHOCTH TOTO, 9TO
caydaifHas OpHEeHTHPOBaHHAs CKJefika (2n)-yroibHuKa OygeT HMeTh POJ ) — CM., HAIDPH-

Mep7 [5]
Yucsra Karanana obpasyior HyseBoit crosber tabsuipl Xapepa-llarupa,

cn = go(n).

Hpyrue ctoyiobl TaOJIUIBI BeayT cebs moxoxKuM obpaszoM. Hampumep, crosben poga 1 yuo-
BJIETBOPSIET PEKYPCHH

dn + 2
€1n+l = — 7 €1,
n—1
OJIM3KON K peKypcuu
dn + 2
Cn, - Cn,
T n+2

agis ancest Karanana. [Tpoussojsiimas dynkius

o0 . 1
— (1 —4x)2

Takzke O/IM3Ka K oupejesenuio (2.3).

OrMedennble HapaJjie I YKa3blBalOT HA TO, TO 4UCIa Xapepa-llarupa — ecrecTBeHHbIe KaH-
JUIATHL AJ1st 006001eHnii pesynbrato u3 |7]. Pazymeercs, xorenock Obl HafiTu 3Tn 00001IeHNSI
He TOJILKO Ha (DOPMYJILHOM YPOBHE, HO U HA KOHIENTYaILHOM — HA TaKyl0 BO3MOXKHOCTH yKa-
3BIBAET POJIb ITUX YUCES B [2].

6. O KOMMYTUPVYIOIINX PASHOCTHBIX OIIEPATOPAX

JIpyruM OCHOBHBIM Pe3yJbTATOM PAbOTHI |7] siBAsieTcst ecTecTBEHHAS CBSI3b MHOTOUYIEHOB He-
OBITIIEBA W JIEMEHTOB HEKOTOPHIX KOMMYTHUPYIOIINX PA3HOCTHBIX OMEPATOPOB. A MMEHHO, pac-
CMOTPHM 3a/1a9y KOMMYTHPOBAHNHA TPEXIMArOHAILHONR MATpUIbl A ¢ BAHIepMOHI0BOI MaTpH-
e A
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aq b1 0 1 1 1 1
b1 a9 b2 0 1 A )\2 AT

A= o o A= . (6.0)
0 .. box a, b, 0O... TP D U

3raech A € C cBoboaubiil mapaMerp u moaybecKoHeIHas MaTpuia A cauraercs JaHHOH. DreMeH-
THI HCKOMOH TpeXIHaroHaJIbHOM MATPUIbl A TpeImoaraloTcs pannoHaIbHBIME (DYHKIIAIMEA A,
VIOBJIETBOPSIONIAMHI YCJIOBUIO «BEIMECTBEHHOCTH Y.

Oka3biBaeTcst, TPU MOAXOSIINX HAYAJbHBIX yCaoBuAX a1 = 1, by = 0 marpurmer A u A
KOMMYTHPYIOT, TOT/Ia U TOJBKO TOT/A, KOT/IA 9JIeMEHThI MATPUIhl A sSIBIAIOTCS PATTMOHATHLHBIMI
dbyukmusayMu ot A ¢ moarocamu B Toukax 0 u -1, u byskmun ¢, (A) = 1 —a,11(\) yaosrersopsior
PEKYPPEHTHOMY COOTHOTIEeHHO (cp. (2.2))

At —1

2
—)\_1> :1_an+17 71207 (62)

1
Ontl + Pno1 = pon + 2, o= F (

e = A+ %

Knaccuueckas pabora Ban Mepbeke-Mamdbopaa [4], comepkaiiasi CCBUIKY Ha 3aMeTKY
B.E. 3axaposa u A.B. Illafara [9]|, cBsa3biBaeT MHOrO el M KOHCTPYKIMH W3 PA3HBIX 00-
jgacreit Mmaremaruku. [loMuMo mpovero, oHa yKa3bliBAET HA TECHYIO MAPAJLIETb MEZKJIy KOM-
MyTATUBHBIME KOJIBIIAMH PA3HOCTHBIX U Ju(PHepeHnnaIbHbBIX OMePaTOPOB; B 000UX CJIyUasaX
erte B 70-X romax IpOILIOroO BeKa Obljia MPOSICHEHA CBA3bh MeXKy aarebpoil (¢TpyKTypoii sTnx
KoJien), reoMerpueil (AMHAMUKON MPSIMOJMHEHOTO JBMKEHUsI [0 SIKOOHAHAM CIIEKTPOB 3THX
KoJien) u jaudepeHIuaATbHBIME YPABHEHUSIMUA (SIBHBIMU DEINEHUSME STHX YDABHEHUI B TeTa-
dbyukmuax). Cam mpeamMer 3Toil paboThl TOBOPUT O HepecedeHnu ¢ [7| — Hampumep, BCIOLY
burypupyor rpexauaroHaabibie (oy)0ecKOHETHbIe MATPHIIBI, CPEIH KOTOPBIX BBIIEIAIOTCS
KOMMY THDPYIOTIIHE.

Feomerputeckasi TeOpusi KOMMYTUPYIONIMX PA3HOCTHBIX OMEPATOPOB MHTEHCUBHO Pa3BHBA-
JIACh B TOCJIEAYIONINE JIECATHIeTHs] B HECKOJIbKAX WHTEPECHBIX HAMPABICHUSX — CM., HAIPH-
Mep7 [3]

OtmernMm, omaako, uTto Teopusa Abess, onybaukoBannas B 1826 romy, B 3Tux paborax He
BCET/Ia TIUTUPYeTCs M, BO3MOXKHO, HEKOTOPbIE CBS3U eIlle TOJIbKO IPEJCTOUT OCO3HATD.

7. 3AKJIOYEHUE

Mui oueHbh KpaTKO HAMETHIN HEKOTOpble HampamiaeHus passutus uieit A.b. ITlabara, BbI-
paboTaHHBIE UM B TOCJIEIHIE TOJBI €r0 KU3HU W paboThl (JJ1s1 HErO STH MOHITHS COBIAIAIN ).
Kak 6yim3kue emy JIIo/Id, Mbl BUJUM CBOIO 3324y B TOM, YTOOBI 9TH HJIEH He ObLIU 3a0BITHI, &,
HA000POT, MPOSACHIIUCH, YTOUHAJINACH U YTIYOJIAINCH; HAJleeMCsl BHECTU MMOCUIbHBIN BKJIAJ.

Mpei 6yeM CcHACTIUBBI, €CJTH HACTOSIA 3aMeTKa BBI30OBET V¥ KOro-HUOYIb W3 HAIUX KOJLIeT —
npyaeit n yaernkoB A.B. [1laGaTa mwin HOBBIX JIOmel — KeJaHHe YIacTBOBATHL B 3TOH paboTe.

BJIATOIAPHOCTH

Apropnl 6utarogapusl C.B. CMEPHOBY 3a 1OJIe3HBIE 00CY K ICHUS.
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OB MHTETPUPYEMOCTHU IIOJIYANCKPETHOTO
VPABHEHUYS IINTENKA

P.H. TAPNO®VYJIJINH

Amnnorarua. B pabore paccmarpuBaeTcsd moNyAUCKpeTHAs Bepcuda ypasuenud [lurelikm

dun+1 — % + (6—2“n + e—QunJrl) + e2un + 62u"+1,
dx dx

Haiijennas B Hegasueil crarbe [R.N. Garifullin and I.T. Habibullin 2021 J. Phys. A: Math.
Theor. 54 205201]. Bbuio nokasano, 9To 910 ypaBHEHUE UMeET BBICIIINE CUMMETPUH 110 JTHC-
KPETHOMY W HEITPEPBIBHOMY HAIMPABJICHUIO. DTH BBICIITHE CUMMETPUHN SBJISIIOTCS YPaBHEHU-
avu tuina Casagbi-Koreps: u auckpernoit Casagbi-Korepor. B 910il pabore mbl crponm
mapy Jlakca [y 9TOTO ypaBHEHHsS W €ro Bbicinx cuMmMmerpuit. Haiimennaa napa Jlakca
BBIIIUCHLIBAETCS B TEPMUHAX MATPHUIL MOPIIKA 3 X 3 U CBUIETE/NBCTBYET 06 MHTErpUpPyeMo-
cTU HaleHHbIX ypaBueruit. J[ist permenns 9To# 3a1a9u UCIIOIb3YETCs W3BECTHAS CBA3b O/
HOH W3 BBICIIIUX CUMMETPHI C XOPOIIO UCCaeI0BaHHbIM ypasuenuem Kayna—Kymeprmmvuara.
Haiinennbie naper Jlakca moMoryT B majibHERININX MCCJIEAOBAHUAX ITOTO YPABHEHUS — Ha-
XOKJIEHUE €0 3aKOHOB COXPAHEHW, OIEPATOPOB PEKYPCHU W MIUPOKUX KJIACCOB PEIIeHU.
Kpowme toro Beinucanst jiBa npe/craBienus Jlakca B Buje CKaJdgpHbIX oreparopos. [lepsoe
CKAJISIPHOE TIPEICTABACHUE BBITTHUCHIBAETCS IO CTEMEHsIM onepaTopa JuddepernpoBaHus
10 HEMPEPLIBHOM TTEPEeMEHHON X, BTOPOE — MO CTEMeHsdM ONepaTopa CABUTA MO JNCKPEeTHOH
HepEeMEeHHON N.

KuroueBbie cjioBa: MHTErPUPYEMOCTD, APkl J1akca, Boicive cumMerpun, ypasaenne [Tu-
HnelKur.

Mathematics Subject Classification: 39A14, 39A10, 35L10

1. BBEJAEHUE

B nenaBHeil crarbe [1| 6b110 HalgeHO MuddepernaIbHO-PA3HOCTHOE YDaBHEHHe
Unt1p = Ung + A (€77 4 €724 ) 4 \yy/e2un + e2untt, (1.1)

3nech HemsBecTHAsT DYHKIUA Uy, (T) 3aBUCAT OT OJHON IMEJOYHUCICHHON mepeMeHHOl n € Z u
OJIHOM HEeNPepPbhIBHOM ; \1, A9 — HEHyJIeBbIe TTapaMeTPhl, 0€3 OrpaHudeHust OOIIHOCTHA UX MOYKHO
canTarh pasHbIME 1. Hepes u,, , 37ech I HIZKe 0003HAYAIOTCA IIPOU3BOHBIE 110 IIePeMeHHOI T.
AnanormaseiM 06pasoM OyaeM 0003HAYATH POU3BOJHBIE IO T U T: Upyp, Up r-

VYpasuaenue (1.1) B KOHTHHYAJIBHOM TIPEJIeJIe, OYEBUTHO, IEPEXOTUT B 3HAMEHUTOE YPABHEHHE
[uneiiku [2]

Uy = ae 2 + beY,

KOTOpoe ObLI0 1epeoTkpbiTo B pabore A.B. 7Kubepa n A.B. [labara [3|. Ypasuenue (1.1)
SIBJISIETCSI TIPEICTaBUTEIeM KJIacca YPaBHEHUH BUIa

Un+1,zc = f(un,:c7un+1>un>x)' (12)

R.N. GARIFULLIN, ON INTEGRABILITY OF SEMI-DISCRETE TZIZEICA EQUATION.

© Tapuoyvianun P.H. 2021.

Uccremoranve  BRIMOMHEHO 33  cder rpaHta  Poccumiickoro  wmayumoro  ¢ouga  Ne21-11-00006,
https://rscf.ru/project,/21-11-00006/ .
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VaTerpupyemble ypaBHEHHs TAKOTO TUIIA BOSHUKAIN KaK Ipeobpasopanusg BakIyHaa /14 Hem-
HeHHBIX YpPABHEHHI B YACTHBIX IIPOM3BOLHBIX 3BOJIOINUOHHOTO THIA. Hambosiee M3BECTHBIM
IPEJICTABATEIEM 3TOTO KIACCA ABISCTCS OJCBAIOIAL LENOYKa, HOAPOOHOe HCCIeTOBAHUE KO-
ropoii posesieno B crarbe A.IL. Becesosa nu A.B. [Tabara [4]

2 2
Upt1,z = Ung T Upy1 — Uy, (13)

KOTOpas BO3HHKJA KakK IpeobpazoBanue BakayHaa s MoAudUIHPOBAHHOIO YpPaBHEHHS
Kopresera-ie Bpusa:

2
Un,t = Un,zee — 6unun,a¢- (14)

)

C apyroii cropomsl ypasrenue (1.4) MOXKHO paccMATPUBATH KaK BBICIIYIO CHMMETDHIO ypaBHe-
rusg (1.3). Ilo AucKpeTHOMY HANPABICHUIO BBICIIAS CHMMeTpHst ypasuenus (1.3) mmeeT BuT

Uy, = (UTL+1 - un)(un - un—l) (15)

7 Up+1 — Un—1

U SIBJIsIeTCsl U3BeCTHBIM JuddepeHnuaibHo-pasHocTHBIM - ypaBuenueM [5], [6]. B crarwe
P.I1. flvusosa |7| 61 npuBejien psij npuMepoB Tpoek ypasuennit tuna (1.3)—(1.5).
Paccmarpusaemoe B nannoil crarbe ypasHerue (1.1) gBisiercst mepBbIM IPUMEPOM, Y KOTO-
POro BBICIIHE CHMMETPUH 10 0OOUM HAIIPABJICHUSM UMEIO He TPeTHil, a NAThIA IOPaI0K:
Orug =ug5 + dug 3(up2 — ual — A2 — Nty — 5u3,2u071
— 15’&072’&071()\%62u — 4)\%€74u) + Ual — 90)\%u371674“ + 5U071(>\§€2u + )\%6741&)2,
(i + D2 +1)
(V2 (v-1 +1)2 + (vo1 = 1)) (0a(v + 1)2 + (v = 1)?)] (1.7)
Up = \/1 + 62(un—’ltn+1) + eu"_unle?

(1.6)

O-u = <(1)2 —1)? - 4@31T_1>

rae T' — omepaTop ¢aBUra 1O JUCKPETHON mepeMeHHoit n. 3/ech W HUKe HCMOIb3YIOTCs 060~
BHAYEHHS] U = Up, Uk = Unik, Uk = Unik, Ukm = %. [Toz MOPSIIKOM 9BOJIIOIMOHHOTO
YpaBHEHUA ITOHUMAETCA KOJUYIECTBO IIPOU3BOJHBIX IO ITPOCTPAaHCTBEHHON IMMEePEMEHHON MJIN KO-
JIMYECTBO CJIBUTOB Uj,4; B IPABOIl YacTH.

Ypasuenue (1.6) 6p110 u3BecTHoO panee [8], a ypasuenns (1.1) u (1.7) Gblin BuepBbie TpUBeE-
nenbl B crathe [1]. B 9roit pabore Mbl HaxomuM maphl Jlakca I7Is BCeX 9THX TPeX YpaBHEHHIA.
[Taper Jlakca Jiss MHTEIPUPYEMBIX YPABHEHUH SIBJSIOTCS OJHUM M3 CAMBIX BAasKHBIX aTpUOY-
TOB. BO-11epBbIX, UX HAJUYUE dBJIseTCs HanboJiee IPU3HAHHBIM KPUTEPUEM UHTEIPUPYEMOCTH.
BO—BTOpBIX, Iapbl J_[a.Kca IIOMOT'aIOT B HCCJICAOBAHNAX ypaBHeHI/Iﬁ — HaXOXKJACHHEC HUX 3aKOHOB

COXPaHEHN, BBICIIINX CUMMETPHH, ONePaTOPOB PEKYPCHH M MHUPOKNUX KJIACCOB PENTeHHil.

2. HAXOKJIEHUE HAP JIAKCA

Haiitu cpasy napy Jlakca mis ypasuenus (1.1) npeacrapisiercs cI0:KHON 3agadeii. [1s ee
peleHust HaJ0 Cpa3y MCKATh JIBa HEM3BECTHBIX JIMHEHHBIX OllepaTropa WM JABE MATPHUIIbI, JIIs
KOTOPbIX allpUOPHU HE U3BECTHA CTPYKTYpa 3aBUCUMOCTEN OT nepemeHHbix. [loaromy B Hauase
npepjaraercs Haiitu napy Jlakca juist u3sectHoro ypasaenus (1.6), aist Kotoporo, 6oJiee Toro,
U3BECTHBI TpeoOpazoBanus Tuia Muypbl K XOPOIIO HCC/ICI0BAHHOMY YPaBHEHUIO.

2.1. ITapa Jlakca ags ypaBaenns (1.6). [ljisi pereHust 3T0# 331291 Mbl UCIIOJB3YeM H3-
BECTHYIO CBS3b [8]

w=—ugy — uy, — Aje " — A3 (2.1)
mex iy ypasaenueM (1.6) u ypasuennem Kayna-Kynepmmumra [9)

wy = wy + 10wws + 25w,ws + 20w w,. (2.2)
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Ypaprenue (2.2) numeer mpejcrasienue Jlakca [9], [10]
Ly = [L, A, (2.3)

rie _
L = 0%+ 2w + w,,

A =9(L%?), = 98° + 30wd® + 45w, 0% + 5(4w® + Tws)d + 10(w; + 2wwy).

31ech 0 obozHadaeT oneparop auddepeHnupoBanus mo x, obosuaderue (), Ompesessier moJa0-
KATETBHYIO 9acTh GOPMATBHOTO PsAia TO CTENMeHsIM oreparopa 0.

Ecau mbt B pescTasienue Jlakca (2.4) nogacrasum 3ameny (2.1), TO MOIy9eHHBIE OEPATOPBI
OyILyT KOHETHO YKe COBMECTHBI Ha penrennsx (1.6), HO u3 ux ycaoBus copmecTHOCTH (2.3) He OY-
Jer caegosarh ypasuenue (1.6), a Gyzer cienoBarb HeKoTOpoe 1uddepeHInaIbHOe CJe/CTBHE
9TOoro ypasaenusi. JIjist oy deHust HACTOSIIErO npeacraBienus Jlakca ypasuenus (1.6) HyzKHO

(2.4)

3aMETUTh, YTO ONepaTop L B MEPEMEHHOI U JOIMyCKaeT CJeAyonryto hakToOpU3aImIo:
L= (0 —ug 1 + Ale_Qu) (82 + (uo1 — e 20 + Up 2 + 2)\1u0716_2“ — /\362“) + A2
Toraa B kauecrse oneparopa L jyist ypasaenus (1.6) MOKHO HCIOIB30BATH ONEPATOD
L= (0*+ (uoq — Me )0 + uga + 2\ ug e 2" — A5e™) (0 — uop + Aie ™) + A5, (2.5)
Omneparop A npuobperaer B
A =9(L3) . =90° — 15(ug s + ugy 4+ Ale ™ + \3e?) 0 — 15(2u 3 + 4ug2up;
— 8ATug e + Aje™ug1)0” — 5(5ug + 10uggue — 2ugoug ; + 9ug 5 — g
— (ATe ™ + A3e™)? 4+ 20 (39ug 2 — 11ug )™ — ugaA3e™)d — 10(ug5 + 2uo uos  (2.6)
+ Sug 2oz — Uaon,g — 2u0,1u(2)72 - 2u8,1u0,2 — )\362“(2%,3 + Tug 2up 1 + 3u871)
— 5ATe (o3 — 10ugguo + 12ug 1) + ug,1 (4ATe™™ + BATA e + Aje™)).
BepHo cieyoliee yTBepKICHHE.

Teopema 2.1. Ypasuenue (1.6) sxsusarernmuo npedecmasaenuro Jlaxca
L, =[L,A], (2.7)
2de onepamopv. L u A onpedeserv, supascenuamu (2.5) u (2.6).
Jlokasameavcmeso. HenocpeIcTBEHHON TPOBEPKOH MOXKHO yOeIUuThCs, 9TO Ha pemnenusx (1.6)

ypaBHenue (2.7) BBIIOTHSIETCS.
J11st mpoBepKu 0OpATHOTO YTBEPIKICHUS 3aMEeTUM, 9TO KO0I(PDHUITUEHTHI

2 2 _—4u 2 2u
u [y omepaTopa L Ipy COOTBETCTBYIONIUX CTEMEHSX OIepaTropa O CBSI3aHBI COOTHOIIEHUEM:

lo = 8[1 + 3U0,1/\§€2u.

Tosromy u3 (2.7) maxomarcs soipaxenus jia O(ly) u O;(uge*). Kombunupys mx, MOXKHO
OJIHO3HAYHO BBIPA3UTH Uy, TOJYIUB ypaBHeHue (1.6). ]

2.2. Tlapa Jlakca amua ypasuenus (1.1). Ypasuenne (1.1) 10712KHO HMETH pe/ICTABICHAE
Jlakca

(TL)M — ML =0, (2.8)
¢ HEKOTOPbIM omepaTopom M, rae T — oneparop ¢aBura no JUCKpeTHoOi nepemennoii n. O Hako,
HaAM alPUOPHU He W3BECTEeH HU CIOCOD HAXO0XKIeHus orepaTopa M, HU ero mopsiIoK W CTPYKTypa
3aBUCHMOCTH ero Kodbdumnuentos. [109ToMy BMeCTO MOMCKa 9TOr0 OmEpaTOpa Mpe/TaraeTcs
nepefiTh K MaTpudHOil hopme 3amucu omnepatopos L m A, st KOTOPHIX MOHITHO KAK HCKATDH
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MaTpHYHYIO 3aluch oneparopa M. g aToro BBoguTCS cKajadpHas PYHKIUSA P 1 cluekTpaJib-
HBIIl TapaMeTp A U BBIIHCHIBAIOTCS JIBe JUHEHHBIE 3a/Ia9l

LP=\P, P,+AP =0, (2.9)

ycJjioBue COBMECTHOCTU KOTOPbLIX 3KBHBAJICHTHO YPaBHCHUIO <16) Oru ABeE 3a/Ja494 MOZKHO 1Ie-
penucaTb B MaTPpUIHOM BUAE

av av

=LV, == AV. (2.10)
3aeck V' — mekoropas Bekrtop-dyukius, a L u A — #Hekoropsie marpuiibl. Oneparop L ume-
eT TpeTuil TOpPsJ/IOK, MO3ITOMY MaTPHUIbI JOJKHBI UMETh pasdMep 3 X 3. Boibupas BexTop-
dbyukmuio V', moxmo maiitu marpunbl £ u A, COOTBETCTBYIOIIUE CKAJSIPHBIM oreparopam L

u A. Marpuna £, cooTBeTcTBYyOIIas oneparopy L, uMmeer HauboJiee IPOCTOH BI

— e 2 0 —et
L= A /\0)\2 ,\)\1,\6;2% - (2.11)
v +2A11 et 0
JIJIST BEKTOP-(DYyHKITNY:
AP — 2P,
V= >\1P + €2uPI

2,-3
" Py + 2up 1" Py — A\je " P

Marpwuma A, coorBercTByIomas omeparopy A, umeer Bu:

Ay NN g
o
A= —%(/\2_—;11/\2) A —Asz A |
Asy Asp Ass
A+ 2X0A2) (3N — A )2
Ay, ~BAT 2N 22;< A) o BA(uo2 + uf ;) — AT(BA 42X A3)e ™
1

+ A1(2ug + dug zuo + 3ud 5 — 2ugpug y — ug)e 2 — 10T (ug2 — 3ug,)e”
— M3 (Tugz + 12uf 1) — AJe ™0,
Ag = — (9N + 120703 uo,1 + toa — uosuo + 3uf s — dugaud | + g, )e”
— M (9N = Bugz — bugpuos + 22 A3)e " + 23 (ug2 — 15ug ;e ™"
— 12X3ug 167 — Ale™™ + BAuge™ — N5e,

./423 = — Alg + 6)\1((U073 + QUOQUOJ — 3)\)6_u — 4UO71(/\%6_5u + )\ge“)),

(2.12)

A — M \2
Ay =212 (A3 + 18N (Ae ™™ — ug1e")),
2\
A+ M2
Agg = — 22172 (Aiz + 18X (Ae™™ + ug1e")),

20
Ass =3\ (2ug 2 + 2“3,1 + 2077t - 2,

YeaoBrue COBMECTHOCTH MATPUYHBIX JHHEHHBIX 3a1a4 (2.10)

9KBHBAJICHTHO ypapHenuio (1.6).

Ternepb MOXKHO TepEHTH K TOCTPOEHHIO Naphl Jlakca st ypaBuenus (1.1). as sroro y Hac
yZKe eCTh OJlHa JIMHeHHas 3a/a4a 110 nepeMeHHoil x, cM. (2.10), u ocranocs naiitu marpuiy M,
OIIPEIEJILIONTY IO CIBUT BeKTOp-byHKIun V'

Vg1 = MV, (2.13)
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ITockonbky MaTpuna £ 3aBHCUT TOIBKO OT Uy, o, TO MaTpHuna M 10/2KHa 3aBUCETH OT NepeMeH-
HBIX Uy 0, Up+1,0- YCIOBAE COBMECTHOCTH MMEET BHI:

M, + ML — (TL)M = 0. (2.14)

OHO JIOJIZKHO BBITIOJNHATHCS B cuty ypapuenus (1.1). Marpuna M HaxoauTest u3 31010 Tpebo-
BaHUS U UMEET BUJI;

()\ _ )\1)\%>(eu1—u + eu—m) ()\ + )\1)\%)6u_u1 2eu—u1 )\1)\2\/m
M = — (A= A AZ)em 0 0 . (2.15)
—()\ — )\1)\%))\2\/ e2ui—2u 4 ] 0 A — )\1)\%

HemnocpeIcTBeHHON MPOBEPKON MOYKHO YOEJUTHCsI, ITO yCIoBUEe coBMecTHOCTH (2.14) ¢ mpuBe-
JeHHbIME MaTpunaMu £, M 9KBUBAJIEHTHO HOJTyIUCKpeTHOMY ypasaenuio [Tuneiiku (1.1):

Teopema 2.2. [lapa Jlakca das noayduckpemmozo ypasuenusa [uyetru umeem eud (2.14)
¢ mampuyamu (2.11) u (2.15).

[Tocte maxoxaenns Marpunbl M TakzKe MOKHO BBIIHCATH omnepatop M mjs yeJOBHS COB-
mectroctn (2.8):

M = (04 AaVe2 +e24)(9° — uga — ugy — Afe ™). (2.16)

2.3. IIapa Jlakca ans ypasaeuus (1.7). Ocranoch Haiitu Marpuity B, omnpeaesontyio
JUHEHHYIO 38/1a9y 110 T:
av
— = BV. 2.17
dr ( )
B stom ciiydae yciioBue COBMECTHOCTH
M, +MB-T(B)M=0 (2.18)

JOJIZKHO BBIIOTHSTHCS B cuity ypasaenns (1.7). Marpura B HaX0quTcs U3 3TOr0 yCIOBHSL:

_822 - 833 812 613
B = 621 822 623 )
831 832 833

2(vF + 1) (v — 1)%(v?, + 1) A3
Bz =- 707 <)\—/\/\2+1)’
041 11\
Bie— 20 (v — (02, + 1) 4\ (02 — 1)) (v +1)
t (A + M A2) Z, (A — M A2) ZoZ, ’
8(vg + 1) (v, + 1)o2y AN
By = — -1/,
ZoZ 4 ()\ + A3 )
B,y — — 201\ ( 1 N 1 ) 2M A3 (03 + 1) (v2, + 1)
3 \ A+ A — A A2 A — MA2)Z,
(vo — 1)%0%, +5v2 — 209+ 5 dvg(vg — 1)*(v*, + 1)
i Z * ZvZ,
4202103 + (v — 1)*)(v5 + 1)
a ZoZ 4 ’
By, :8/\1/\21;%1(1;(2) — D2 +1) AN (v + 1)
A+ MM\ Z 1% A=MA\)Z,
By — — 20 (v2 + 1)v_4 ( 2005 1) Al - (2 + Doy
Zy A+ M A2 Z_1Z, ’
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2(1}31 + 1)(?}3 - 1))\1)\% i 2)\2(2’071(1}8 — Vo + 1) + (1},1 — 1)2)

By = — —A
% (A= M) Z, Zo ?
8A2U_1’U()<U0 - 1)2
AYA ’

2 6(v: —1)v_y 1 1
=AM (1- 22
Bus 3™ 2( Z WIS Wel

Zn :(’Unfl + 1)2?)721 + (Unfl - 1)27 Up = \/1 + e2(un—tnt1) 4 glnUnt1

Ousnako, ycaosue comecrnoctu (2.18) ¢ mocrpoennbiMu Marpunamu M u B ue siBisiercst
9KBUBaJEHTHBIM JuddepenimanbHo-paznoctHomy ypasaernio (1.7). OHO mo3Bossier TOJBKO
Haiitu (u; — ug),. g mosydenuss Marpuil, KOTOpbie JaBajin Obl 9KBUBAJEHTHOE YDABHEHUIO
(1.7) ycaoBre COBMECTHOCTH, HAJ0 HCIOIB30BATh KAJINOPOBOYHOE MPeobpa3oBaHue, HAIIPUMED
¢ marpureit T :

1 0
T=10 € 0
0 0 1

Taxue nupeobpa3oBanust COOTBETCTBYIOT JIMHEHHOH 3amene BekTop-byukuuu V Buga V = TU,
pHU TaKoil 3aMeHe COOTBETCTBYOIHEe MAaTPuilbl M u B nmpeobpa3yrorcs mo nu3BecTHBIM (hopmy-
JIaM.

Teopema 2.3. Ilapa Jlaxca ora dugieperyuanrvro-pasnocmmuoeo ypasnenus (1.7) umeem

sud (2.14) ¢ mampuyamu 7;;11/\/17' w T-L (BT —T.).

3ameuanne 2.1. 3uaa mampuyy B, maxoce mooicno sunucams onepamop B, odnakro on
bydem HeAOKAALHBIM U3-3G HAAUBUS CNEKMPAADLHOZ0 NAPAMEMPA 8 3HAMEHAMENAT INEMEHMOB
mampuuwv, B.

2.4. IlpeacraBjieHue omepaTopoB 4depe3 omepaTop casura 1. B 3akiiodnTebHONR Ya-
cTH paboThl BeiuIeM onepaTropbl M u L aepes oneparop capura 1. s 3Toro Bo3bMeM BEKTOD-
GYHKIHIO B BHJIE

~TP
V= (A= Aa)ne P

A—A1A3 _)\-‘r)\l)\%P + (6211,17211, + 1)TP — 2w—2uT2p
221 )\ \/ 2uq —2u )\7)\1)\2
1A2v/ € +1 2

Torma B BekTOopHOM cooTHomenun 1V = MV nBa paBeHCTBa BBHITIOJHEHB ABTOMATHYIECKH, A
TpeThe JaeT JUHeRnoe pa3HOCTHOe ypaBHeHnue Ha GpyHKIHO P:

2u

e e
(T—-1)———==+ Vet + 2T | AP+ | (T — 1) —=xs
A /€2u1 + €2u A /€2u1 + 62u

A+A1A2 . o
;Q 5 — HOBBIfl crekTpasbublii napamerp. Orciona, Boipaxkas dhopmaabno AP, nosy-

2
qaeMm oneparop M B HEJOKaJbHOM BH/IE:

2u -1 2u1
~ (&
M= ((T = 1)———— + Ve —|—62“T) (T—l ——\/62“2—1—62”1) T2,
(( ) ( ) €2u1 + 62u

2u1q

— Ve 4 62“1> T°P =0,

rae A =

Oneparop L naxoautest u3 coorHomenns 2 = LV, Bropas KOMIOHEHTa KOTOPOTO HMeeT B
dP ou Ape?t Ay €UP — (e* 4 e2")TP + e*T?P
— = \e — Uo,1 +— | P - .
dx V/ e2ut + et A—-1 Ve2u + et
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Omneparop L onpejiesisieT oneparop auddepeHInpPOBaHUS U UMeeT BUI:

Aoe?u T—1)e*(T -1), -
2—) W el )(M — 1) (2.19)
VeoBue copMecTHOCTH onepatopos M u L umeer Bu:

dM . .
—_— M.LH =0.

f/ = ()\16_2u — Up1 +

Omo skBUBaeHTHO ypaBHeHHIO (1.1). DTU omepaTopbl MOJE3HbBI sl BIYHCICHUS 3AKOHOB CO-
XpaHeHusi, cM. Hanpumep [11].
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NHTEI'PAJIBI 1 XAPAKTEPUCTNYECKUE KOJIBIIA JIN
IIOJIVANCKPETHBIX CICTEM YPABHEHUI

A.B. 2KNUBEP, M.H. KY3HEIIOBA

Annorauusi. Pabora 1ocBsieHa HUCCIEOBAHUIO CUCTEM IMOJIYIMCKPETHBIX ypaBHEHU
Tpt+le = B(x,n,fn,fn+1,Fn7x) B paMKaxX [OOJX0/ia, OCHOBAHHOI'O Ha IOHATUHN XapaKTepH-
cruueckoro Konbna Jlu. 3neck 7, = (vl r2 .. rN) R = (b1, R%, ... RN), n € Z. Cpean
UHTETrPpUpyeMbIX HeJInHEeHHBIX ypaBHeHI/Iﬁ 1 CUCTE€M B YaCTHBIX IIPOMU3BOJHBIX B OT,Z[e.HbeHjI
H_[I/IpOKI/Iﬁ KJIaCC BbILACJ/JICHDLI HeJInHelHbIe FI/IHep6O.HI/ILIeCKI/Ie ypaBHEHUA W CUCTEMbI, MHTE-
rpupyembie <o Jdapby». OTananreibHbIM CBOUCTBOM TAKUX YPABHEHUN ABJISIETCH HATUINE
UHTErPaJIOB IO KazKJAOMY XaPaAKTEPUCTUICCKOMY HAIIPABJJIECHUIO (TaK Ha3bIBa€MbIX T- W Y-
I/IHTeraHOB). HOC.He,ZLHee IIO3BOJIFET CBOAUTH MHTETPUPOBAHUE YPABHECHUA B 9aCTHBIX IIPO-
M3BOJHBIX K MHTEIPUPOBAHUIO CUCTEMbl OOBIKHOBEHHBIX Jn(depeHInabHbIX yPABHEHMIA.
Vpasaenus u cucrembl, uaTerpupyembie «1o Jlapdy» s3dpdekTuBHO 110/1/1a10TCs UCCIIE10BA~
HUO U KJIACCU(PUKAIIIN TIPYU TTOMOIIA XapaKTePUCTUIecKuX KoJiell JIu. OcHoBOmoIararoImmmn
B OPMUPOBAHNN AJIT€OPANIECKOTO MOAX0/1A UCCIET0BAHNS HEJTUHENHBIX THIEPOOTTIECKAX
cucreM gBJisitorcs paborel Jlesnosa, Cvupuosa, [labara, Amwmnosa [1, 2|. B Hacrosiee Bpe-
MsT anrebpanvecKknil oaX0 ] PACTIPOCTPAHEH Ha TTOJYINCKPETHBIE U TUCKPETHBIE YPABHEHHST.
B nmammoii pabore gokazano, uTo cucreMa obianaer N z-wHTErpajiaMu, HE3ABUCUMBIMU B
[JIABHOM, TOTJA U TOJILKO TOIA, KOI/IA XapaKTePpUCTHIEeCKoe KoJbIlo Jlu, cooTBeTcTByOMIEE
HETPEPLIBHOMY XapaKTEPUCTUIECKOMY HAIMPABIECHHIO, KOHETHOMEPHO.

KuroueBbie cjioBa: MOAYINCKpPeTHAd CHCTEMA ypPaBHEHUH, XapaKTepUCTHIECKOe KOJBIIO,
ZT-UHTErpaJi, CUCTeMa, nHTerpupyemas 1o Jdapby.

Mathematics Subject Classification: 37K10, 37K30, 37D99

1. BBEAEHUE

Pabora mocssiena ucc/ieIoOBaHUI0 CUCTEM TIOJTYIUCKPETHBIX yPABHEHUIA
fn—&-l,ac - h([L‘,TL, fnafn—&-lvfn,x) (11)

B paMKax TMOJX0Ja, OCHOBAHHOTO Ha MOHSTHU XapaKTePUCTUYECKOTO Kojblla JIm. 3iech
A NY 7 — (pl 12 N
o= (rtr2 .. .rN), h=(h',h? ....hY), n e Z.

n
[Ipexk e Bcero, Ja UM TOYHbBIE Olpeie/ieHrs U OPMYIUPOBKH yTBepKaenuil. [lepBonadan-

HO, OTPe/Ie UM HAOOp HE3AaBHCUMBIX TepeMeHHBIX. Kakaoe paBeHCTBO JIOJ2KHO OBITH BBIOJI-
HEHO TOXKIECTBEHHO Ha JT000M perrenun cucteMmsl (1.1). IlosTomy Beszme 741, 3aMEHSETCS Ha
IPaBYIO 9aCThb (T, N, T, Trt1, Tng)s Tni2e HA R(z,n 4+ 1, Fgy, Pogo, R(2, 0, Ty Tt T )) B T
Taxum obpa3zoM, HE3ABUCUMbBIE MTEPEMEHHbBIE

i i

Ty s T

: K AN (1.2)

T:w rn-l—l’ e 7T7Z’L+k7 s ’rn,m rn,xac’ n,rxrx’

A.V. ZuBErR, M.N. KUZNETSOVA, INTEGRALS AND CHARACTERISTIC LIE RINGS OF SEMI-DISCRETE
SYSTEMS OF EQUATIONS.
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Jayiee Mbl Oy1eM HCIOJIB30BATL 0b0o3HavYeHus: D, jJid onepaTopa moaHoro auddepennupona-
HUs 110 TIepeMeHHOo# x, D /s omepaTropa CIBUTA 10 N Ha eJUHUILY, T.e

Dr(n,z) =r(n+1,z), D7 'r(n,z) =r(n —1,1),
D?*r(n,x) = r(n+2,z), D?r(n,z) =r(n —2,7).
2 N,

n,x) e ’rn,m

J11e1 IPOU3BOAHBIX BEKTOPA T, Oy/1eM UCIIOIB30BATh 0O03HAYEHUS T, ; = (rl o7

n n

f(m) _ (Tl,(m) o ,TN’(m)) _ (amri amré\[) '

oxm’ 7 Oxm

Onpenenenne 1.1. Qynryus

N 2
ow
W:W(I7n7fn7fn+1""7fn+s)7 Z ( ) #O’

i
i=1 Oy

Y006AEMBOPAIOULGA TapaKmepucmuseckomy ypasruernuto D,W = 0, nasvieaemes x-unmezpaiom
cucmemnt (1.1), a wucao s — e2o0 nopadkom.

Onpenenenne 1.2. Qynxyua

N 2
I=1 P Py T Flm) o 0
- (xanvrnurn,xurn,xxa'-'arn )7 Z,(m) # I
ydosaemeoparowas ypasuenuto DI = I, nasweaemes n-unmeepasom cucmemsvs (1.1), a wucao
m — e20 nopadkom.

Cucrema ypasuennit (1.1) nassiBaercs unrTerpupyemoii o lap0Oy, eciau y Hee CyIiecTByeT
nostEblil HAGop (N 1O KaxKI0My XapaKTepUCTHIECKOMY HAlPaBJIeHH0) (hyHKIHOHAIBLHO He3a-
BUCHUMBIX HHTETIPAJIOB.

ITpumep 1.1. I[enouka
tnt+tp41
thrl,x = tn,x +ce 2

asaaemes unmezpupyemot no labpy, max xax donycraem x-unmezpan

tnt1—tn tnt1—tni2
2

W=e 2 +e

u n-unmeepas (cm. [3])
2
n,T
2

YpaBHeHusd u cucTeMbl, nHTerpupyembie 1mo lapoy, addekTuBHO NOAMAI0OTCS UCCIEI0BAHUIO
U KyTaccuUKAIAY TPU ITOMOIIH XapaKTepUCTUIecKuX KoJer Jlu.

[TonsiTie XapakTepucTHYeKoii aire6psl Jlu 6bL10 BBeZIeHO B pabore 1] miga cucrem rumepbo-
JINYECKUX YPaBHEHHI BUJIA

I= tn,xz -

ul, = F'(u), i=1,2,...,n. (1.3)

B pa6orax [1, 2] 6bu1 mokazan Kpurepuii wHTErpupyeMocty no lapOy HeJluHeHHbIX runep6o-
JMYECKUX CHCTEeM ypaBHeHuii. Bbiio nokaszano, uro cucrema (1.3) obiagaer moHbIM HAGOPOM
UHTErPAJIOB TOTJIa U TOJBKO TOTJA, KOTJa XapaKTepuCTHYecKas ajredpa KoHedHoMepHa. B pa-
oore |4] nosyden kpurepuii uarerpupyemoct 1o JlapOy HeJquHEHHBIX THIEPOOINICCKUX CUCTEM
ypasHenuit Buna
Uzy = F(u, uy, uy) (uy, = F',i=1,2,...,n).

B pa6orax [5, 6] BBejeHO MOHATHE XAapPAKTEPUCTHUIECKOIO KOJbIA JUCKPETHOIO YpaBHE-
HUS W C TIOMOIIBIO ITOTO TMOHATHsS MpOBeJeHa KiaaccuduKaus WHTerpupyeMbx mo /[lapby
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nuddepeHnnatbHo-pa3HOCTHRIX YPaBHeHUH BUIA Uit1, = f(U;, Uit1,U;,). B paborax |7, 8]
HCCIIeIyeTCs 3a0a49a OCTPOSHUs MOJHOrO HABOPa MHTErPAJIOB MUIIEPOOJIHIECKON CHCTEMBL.

B pa6ore [9] chopmymuposana runoresa: cucrema ypasaenuit (1.1) obiagaer moJHBIM Ha-
6OpOM T— M M— MHTErpasoB, TOIJA M TOJbKO TOIJA, KOTJAA XapaKTEPUCTUIECKOE KOJIBIO 110
KazKJI0MY XapaKTEepUCTUICCKOMY HaIllpaBJIEHHUIO KOHEYHOMEPHO.

B macrosmeit pabore mokazamo, wro cucrema (1.1) obsamaer N  He3aBHCHMBIMH
I —WHTETPAJAMHI, TOTIA U TOJLKO TOTIA, KOTJA XapaKTEePUCTHYECKOEe KOJIBIO 110 9TOMY XapaK-
TEPUCTHYECKOMY HAIPABICHAIO KOHETHOMEPHO.

CraTbst opranum3oBaHa cieayoolM odbpasoMm. Ilaparpad 2 comepKuT a0Ka3aTebCTBO OC-
HOBHOTO pe3yJibrara, chopmynupoBanHoro B Teopeme 2.1 agst cucremsr (1.1) mpu N = 2.
B maparpade 3 npupoguTcsd cxeMa JI0Ka3aTeILCTBA OCHOBHOTO Pe3yIbTaTa I MPOU3BOILHOIO
N (Teopema 3.1). 3ak/iodenue CoAepKUT 00CYKJACHAE PE3YJILTATOB.

2. XAPAKTEPUCTUYECKUE KOJBIA. CIVUANl N = 2
Nccnenyem cayuait N = 2:
fn—&-l,;r = B(I,n,fn, Fn—&-hfn,;r)a rp = (Trlm Ti)? B = (h17 h2)7 n € Z. (21)

Onpeenum z-koabio Jlu cucremsr (2.1). Ha MmuO)KeECTBe JIOKAJIbHO-aHAJIUTHYECKHX (DYHKIHIA,
3aBUCAIIAX OT ME€PeMEHHBIX &, Ty z, T, Tnil, . .. OMEPATOP MOJHOTO JuddepeHnupoBanusd 10 T
HMeeT BHI

D, = (% + Tz 82%,1 + T 0:%@ + kZ:O (m,x%k + riﬂg@%) .22
U3 cucrembl ypaBaeruit (2.1) moyv4aeM COOTHONIEHHUSI
Fothe = Pk (T, 0, Py Pty oo Py T)s k=12, (2.3)
[IpesacraBum omeparop (2.2) B Bu/Ie
Dy =1} 40 Y1 + 75 10 Yo + Vs, (2.4)

rie

n+k n+k

9, 0 0 = 0 0
Y, = Y, = Vo = — E 1 - 2 .

Cornacuo dopmyaam (2.3), BEKTOpHOE MOJIe Y3 MOYXKHO MPeJCTaBAThH B BH/IE:

0 0 0 = 0 0
}{3:_4'7’711,95_4'7‘2 _+Z<ak’@rl + Br 73 )’

oz Ory, ~ "Mory ok ors
e hpyr = (Qg, Br). OTmernm, aT0
ap = (T, 0, Ty Trtds -« s Ttk Tz ) B = Be(T, 1, Py Tt 1y« -+ s Tty Tr)-
XapaKTepucTHIecKoe ypaBHeHHe
DW (2, n, Tpy Trity - -« Togm) = 0, (2.5)
corytacHo (2.4), IKBUBAJIEHTHO CHCTEMe
YiW =0, Y2W=0, Y;W=0. (2.6)

C ypaBHeHusimu (2.6) ecTeCTBEHHBIM 00pPa30M CBA3AHO KOJIBKO JIU, TOPOKIEHHOE BEKTOPHBIMI
noamu Yy, Yo m Y3, D10 Kobio X OyjieM Ha3bIBATh XapaKTEPUCTUIECKUM Z-KOJBIOM Jlu
cucreMpl ypasuenuii (2.1). Perrennst ypasuenns (2.5) 6yJeM Ha3bIBaTh T-HHTEIPATAMA.
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CupaBelJIMBO CJIeIyIONIee YTBePXK IeHue:

JIemma 2.1. Ecau cucmema ypasrenuds (2.1) obaadaem 06yms r-unmezpasamu, HE3GEUCU-
MBMU 8 2AGEHOM, MO KOALUO X KOHEUHOMEPHO.

Joxazameavcmso. [lyers cucrema (2.1) obragaer napoit HHTErpagoB OJIUHAKOBOTO MOPSAIKA
W, ny Ty e ooy Trem)s W(z,n,Tny s Trim)s

HE3aBUCUMBIX B IVIaBHOM, TO €CTh OIIpeae/inTelIb

Ow Ow
(97”711+m 8T72L+m 7é 0
ow ow '
MmO
Tora nmeer MecTo paBeHCTBO
Tram = p(W, W, 2,0, Ty oo Trom—1)- (2.7)

Janee nonoxum w, = w, W,, = W. Teneps u3 (2.7) mosrydaeM COOTHOMIEHU
Frgmtk = Ae(@, 1, W0, W, o Wik, Woeks Try Tt - 5 Prgm—1), K =0,1,2,.... (2.8)
Taknm o6pa3oM, yauTseiBas ¢opmyss (2.8), OT HE3aBHCHMBIX [ePEMEHHBIX
Traes Ty Ty Ty -+ s Tigsy -+ - (2.9)
MOZKHO HepeﬁTI/I K HOBBIM II€pEeMEHHbIM
Tres Ty Ty Ty -+ Tngem—1, Wry W oo Wneke, Waggs -+ (2.10)

B nosbix nepemenubix (2.10) oneparop Ys 3anuiiercs: B Buje

m—1
3/3 = a_ + E TnJrk,xa 1 + Tn+k,x8 2
T k=0 Tn—‘rk: Tn—i—k
[Tpu 3ameHe mepeMeHHBIX CIPaBeIUBO cooTHOmenue |[X, 7] = [7, Z], 3/IeCh YepTa CBepXy

O3HAYAET UCXO/AHBIN OIIePATOP B HOBBIX HEPEMEHHBIX, U KOJIBIO JI1, IIOPOXK AEHHOE OLEePATOPAMHE
Y1, Yo u Y; koneunomepno. Ilosromy u ncxomnoe x-kouibio JIlu X' koHeaHomepHo.
[IycTh ucxomuas cucreMa ypasHeHuil (2.1) uMeeT mapy WHTErPATIOB PA3HOIO MUHHMAIBLHOTO

HOPSIKA

w(x,n, Ty ooy Tog),s W(z,n,Fn,- s Foem), [ <m, (2.11)
HE3aBUCUMBIX B IVIaBHOM. llocseanee o3HavaeT, 4TO HHTEIPAJIbI

wx,m4+m—1TFpim—ts s Tnim),s Wi(x,n,Tny. s Trtm)
He3aBHCHMBI B TJIABHOM. 11 TOT/a, Mepexojisi oT mepeMeHHbIX (2.9) K mepeMeHHbIM

fn,xa x, fna fn—&—la s 777n+m—17 Wndm—1, Wndm—I+1y - -+ Wna Wn+17 R

KaK U BBIIIE TOJAYYaeM, 9TO KOJIbIO X — KOHETHOMEpPHO. JlemMMa /oKa3aHa. O

PaccMoTpuM BOIPOC 0 3aBUCHMOCTH JABYX WHTErpajioB B riaaBHOM. [lycts maTerpass (2.11)
3aBUCHMBI B raBHOM. [lociennee o3Havaer, 9To CIpaBeIIBO PABEHCTBO

Wz, n, Py« ooy Praem) = F(T, 0, Ty oo T 1, (X, M — U Tty + -+ Trem)) -
OTkyma moaydaeM, 9To

o
W = ZFK([I}, n, 7:”, . 7Fn+m_1)(w - Wo)k.
k=0
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B cuny Toro, uro w u W — mHTErpaibl MEHAMAJIBLHOTO IIOPAIKA HOIYIAEM, UTO
Fr = (z,n,w(x,n, Fpy ooy Trat)y - w(T,n+m — U Fradmets -+ s Trem—1)) -
Takum obpazom,
W =®(x,n,w,, Wntt, - s Wntm—t)

u ucxopnast cucrema (1.1) mmeer onun T-uHTErpaL.
Paccmorpum obparhyio 3aaa4dy. [lycrs koabio X koneunomepno. Zlcno, yro dim X > 5.
Paccvorpum cayugait dim X' = 5. Torma 6a3uc kosbia X 3a/1aeTcss BEKTOPHBIME TOJISIME Y7,

}/27 }/Ei) 1/’13 = [}/17}/25]7 1/’23 = [}67}6] TaK KaK

0
Y — 1 ¥ 2~
T
+ i ak(xanafnakaFb .. T’n+k77an x)i—i_ (2 12)
a Ttk .

k=1

_ 0
+6k(l’,n,’l“n,7‘n+1,.. Tn—l—lcyrnac)a 3
n+k

TO

0 (O 0 9B D
[YLYE’)] = 67,711 + Z (87« 8rn+k + 8 87"n+k)

k=1

ok, ory . 0r2, or:.,

0

WE

B
Il

1

anee BekropHoe mose (2.12) 3amennmM Ha
¥ 1 2
Y3 =Yz —r, Yiz—1, Yo

Wrak, umeeM cieayroniuii 6a3uc
0 0 ~ 0 0 ~ 0
Y - Y = Y = — Y ————— PR
! 87’}”6’ 2 orz,’ s 8x+z(ak8r1 +ﬁk87’%+k)’

0 0
Yis = + Z (’Yka +5k8ri+k> ; +Z <pka +ka) :

n-‘,—k n+k

(2.13)

Herpyauo 3amernts, aro xo3ddunmentsr &y, Bi, Vi, Ok, Pks @ HE 3ABUCIT OT HEPEeMEHHBIX 7’}1@
u rfw n ecTb OYHKIMHM TTEPEMEHHBIX X,M, Ty, ..., Thik, HHAUe dim X > 5. Xapakrepuctuue-
ckoe ypasrenue (2.5) s x-unrerpana W(x, n, 7, 71 ), cornacuo (2.13), cBogurces K cucreme

YpaBHEHIH
0 0 0
(— + + ﬁ1 ) W =0,

0 a Tn+1 8Tn+1
0 0 0
= 2.14
(8r - 718 n+1 - 61 arn-‘rl) W 07 ( )
0 0 0
(v * g g )W =0

: 1,2 1 2
Tax Kak d9HCJIO HE3ABHCHMBIX TePEMEHHBIX PABHO TSATH: (Z,7,,75,7p 1, nyq), @& UHCIO
ypaBHeHWH TpeMm, TO cucrema (2.14) umeer aBa (DYHKIHOHAJIBHO HE3aBUCHMBIX DeIIeHUs
w(z,n, Fp, Fuy1) 1 W(x,n, Ty, Tpy1) TEPBOTO MOPSIIKA.
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Hanee paccmoTpuM Koaibio X pasmepnoctu 6. He orpanmdauBasi 0OIIHOCTH MOXKHO CUUTATD,
qT0 6A3UC MOPOXKIACTCS BEKTOPHBIMA TossiMu (2.13) u mosem Buga

0 6 > 0 0
Y, = o + Sp—a— +Z<—1+dlar—?m), k> (2.15)

dAcro, aro ko3 duimenTs oneparopa Y, He 3aBHCAT OT MePEMEHHBIX 7’}1@ n rfw. Nuave pas-
MEpPHOCTH KOJIbIa OyaeT OoJibiie 6.

Ananorunano, ko3bbunuenTs BeKTOpHBIX moseil (2.13) me 3aBucarT or T}L’z u rim

Ecau k > 2, To Mbl npuxouM K cucreme (2.14), koropast uMeer jBa HYHKIHOHATHHO He3a-
BUCHUMBIX pelleHus [IepBOro MOps/IKa.

[Iycrs k = 1. Xapakrepucrudeckoe ypasHenue (2.5) st z-MHTerpaja MmepBOro Mopsijika
CBOJIUTCS K CHCTEMe, CocTodIeii n3 ypasHenuii (2.14) u ypauenns (cm. (2.15))
0 0
+s517=—5— | W=0. (2.16)
87’n 41 or2,

Tak Kax 9MC/I0 HE3ABHCHMBIX IIEPEMEHHbIX PABHO ISATU: (T, 75, T2, T 1, T2y ), & YUCIO yDaBHe-
Huil YeTbipeM, To cucteMa (2.14), (2.16) umeer oxHO pertierne w(x, n, Fy, Fpp1) TEPBOTO MOPSIIKA.
Hanee paccmorpum ypasaenue (2.5) JJist x-HHTerpajga BTOPOTo MOPSIKA

0 0 0 0 0
(% +a187ﬂ711+1 +Bla n+1 +a26 n+2 +5Za n+2) W= 07

0 0 0 0 0
( S M + 61 +72 +0255 )W:O,

orl arnH Lor2 Tl orl T pto ors .o

5 ; 5 5 5 (2.17)
(37“% TP T, e, *‘”ar,%ﬂ) =0

? + S1 ? + So (? +d2 ? )WZO
Ot Oryia Oy Ornta

Tax kak dYHCJIO TE€PEMEHHBIX PaBHO T: (x,fn, Trn+1, FHQ), a 4YHCJIO YpaBHEeHUl cucre-
mMbl (2.17) paBHO 4, TO TOCTeHsIA UMeeT TpU (DYHKIMOHATHHO HE3ABHCHMBIX DeIleHus
w(z,n, Fn, Faa1), w(T,n+ 1, Fuyq, Trao) 1 W(x,n, T, Trit, Faaz). TakuM 06pa3om, r-HHTETPAJIbI
w = w(x,n,ry, 1) @ W(x,n, 7y, Tpit, Tre2) 38Ja10T BCe CEMEHCTBO PeIIeHHHE XapaKTePUCTH-
9eCcKOro ypaBHeHus (2.5).

Jlanee pacemorpuM caydaii dim X' = 7. Torma 6a3uc Koabia JIn X mopoxkpaeTcs BEKTOPHBIMHE
nosisiMu, cortacuo (2.13), (2.15), Buga

9
+Z(aka n+k‘|’5ka )

k=1 Tntk
£ 6_711 ' ; (%8 (j-i-k arf—‘rk)
“o 3 (s e
Yy = 51 irk + Skarmk +l;+1 (816 = —i—dlaTG >
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31ech KO3 OUIUEHTH BEKTOPHBIX T0Jeil Y; He 3aBHCAT OT MepeMEeHHBIX r}w, r?m ul>k.
[Ipu k& > 2 cucrema ypaBHeHHUi

YW =0, i=1234,5 (2.18)

uMeeT JBa (PYHKIIMOHAIHHO HE3aBHCHUMBIX PeEIIeHUs MEePBOro IOpsjKa U JI00oe JIPyroe ecTb
GYHKIUS OT UX CIABUIOB, TO €CTh

1,2 ,1,2 1,2
W =W(z,nw,w w,w,... ,w,ws),
rae
1 1 I 2 2 I
w =w (z,n, Ty, Tnt1), w® =w(x,n, Ty, Tnt1),
m __,.m - = = _ .
Wi = W™z, 4 1, P, Prgicl),s m=1,2, 1=1,2,...,s.

Paccmorpum gasee cayuait k = 1. Ecam [ > 3, To Ml npuxoanm k cucreme (2.17). Takum
00pa30M, MMeeM ZT-MHTerpaJj IepBOro MOpAJKa U T-MHTErPaJ BTOPOro mopsiaka. llocsaennme
33/JIa10T BCE CeMeicTBo perrennii cucremsr (2.18).

[Tycrs [ = 2. Torma HeTpy/HO TOKa3aTh Kak W BbIle, 9To cucrema (2.18) nmeer aBa pe-
menns wl(x,n, T, Tny1) 1 w3 (2, 1,y Trs1, Tnyo), KOTOPbIE 33J1aI0T BCe MHOMKECTBO DelleHHui
XapakTepucTHieckoro ypastenus (2.5). Ocranock pacemorpers ciaydail | = 1 (mpu k = 1).

Ecau onpenenurens
1 S1

=0,
K1 1

TO onepaTop Ys 3amenum Ha Ys = Y5 — K1Yy, [locaemnunii umeer Bui:

x 0 0 - 0 0
Y5:/€lar—1+,u18r—2+ Z (Fésal +/~Lsarg );

n+l n+l s=n—+1+1 n+s n+s
rae [ > 2. 91or caydail ObLI HCCaeI0BaH BHIIIIE.
Ecan
1 S1
# 0,
K1 M1

TO OIepaTopsl Yy U Y5 MOKHO 3aMEHHTDH Ha CJIeIYIOIHe

= 0 > 0 0
Vi ——+5
4 orl .y + z (Slﬁrl + dl(%Q ) ’

—92 n+l n—+l
z 0 = 0 0
N
Orp i —2 Or 4y Ory

Nrak, numeem cucreMy ypaBHEHU

VW =0, ZW=0 ViW=0, Y,W=0, Y. =0 (2.19)

st pemmennii sBroporo nopsiaka W = W (x, n, ¥y, Fri1, Tnyo) CHCTEMA CONEPIKUT 7 HE3ABHCHMbIX
HePEMEHHBIX X, Ty, Trnal, Tnio, & 9UCJI0 ypaBHeHuit paBuo 5. CieoBaTebHO, CYIIECTBYET JIBA
HE3aBHCUMBIX WHTErpaJia BTOPOTO MOPSIKA.

dcHo, uro cucrema (2.19) He WMeeT WHTErpajoB MEPBOTO MOPSIKA B TOM cjydae. AHaJo-
IUYHO paccMaTpuBaeTcs ciaydail, korga dim X > 7. UTtak, 1okKa3aHo yTBepkKIeHUE:

Jlemma 2.2. Ecau k0avu0 X KOHEUHOMEPHO, MO CYULecmByem 068G HE3AGUCUMbLT UHIME2PAAA
MUHUMAADHO20 nopadka. J110601 dpy20t unmezpas ecmov Gynkyus om ux cleu208.

Takum obpazom, u3 Jlemm 2.1, 2.2 ciaejyer yrBepzxKeHUe:

Teopema 2.1. Cucmema ypasnerud (2.1) obaadaem 06Yyma T-uHme2paiami, He3a46UCUMDbL-
MU 8 2AA6HOM, M0200 U MOALKO M020a, k0204 KoALYUO X KOHEYHOMEPHO.
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3. XAPAKTEPUCTHUYECKUE KOJIbLIA

OmnpeemM XapaKTepUCTUIECKOe KOIBIO 0 HAIIPABIEHUIO X JIIsI CUCTEeMBI (1.1). Ha muO0XKe-
CTBE JIOKAJIbHO-aHAJIUTUYECKUX (PYHKIMH, 3aBUCSIIUX OT IIEPEMEHHbIX T, Tna, Tny Tngl, - .- Oll€-
paTop IIOJTHOTO ;Lﬂ(l)(l)epeHmeOBaHHH oo T uMeeT BUJ

e LS g S5 () .

T k=0 i=1

U3 cucrembl ypasaeruit (1.1) moaydaeM COOTHOIIECHMUSI

fn-i—k,a: = En—}—k(ﬂjanafn?f’n—l—ly'"afn-‘rk’afn,w)a k= 1727"" (32)
[Ipeacrasum omeparop (3.1) B BuIE

N
Dy =Y 7 ,.Yi+ Yy, (3.3)
=1
rie

0 0 0
Y an T +Z<"+’”al - ”ﬂwarmk)'

+k

Cornacuo dopmyaam (3.2) BeKTopHOe moJie Yy 1 MOXKHO IPEJICTABUTD B BUJIE:

Yoo = g ”’1”6% e ivfaaN *Z <O‘ka ik tooteig ik)
rie hyp = (a}, ..., al). Ormernm, aTo
Qb = (1, Ty Frs 1y s Ty Tz -
XapakTepucTuIecKoe ypaBHEHUE
D, W(z,n, 7y, Tns1s -, Tntm) = 0, (3.4)
corstacHo (3.3), SKBUBAJEHTHO CHCTEMe
YW =0, i=12,...,N,N+1. (3.5)

C ypasaenusivu (3.5) ecrecTBeHHBIM 06pa30M CBA3aHO KOJIbIO JIn X', OPOXKIEHHOE BEKTOD-
HeiMu noasavu Yy, ¢ = 1,2,... N, N + 1. 910 xoapno X OyaeM Ha3bIBATH XapPaKTEePUCTH-
YeCKUM Z-KOJBIOM cucTeMbl ypasaenuit (1.1). Permenns ypasuenus (3.4) Gymem Ha3bIBaTh
x-unterpagamu. CrpaBeiInBO CJe/IyIoNee yTBePKICHTE:

JIemma 3.1. Ecau cucmema ypasnenud (1.1) obaadaem N z-unmezparamu, He3a8UCUMBLMU
8 2AGBHOM, MO KOALYUO X KOHEYHOMEPHO.

Jlokasameavemso. Tlycrs cucrema (1.1) gomyckaer N HHTErpasoB OJMHAKOBOIO MOPSIIKA

WX,y Ty oo, Trym), HE3ABUCAMBIX B TJIaBHOM. T €CTh ompeienurennb
Ow! Ow! owt
orl 8rn tm 87’n i
£ 0.
OwN OwN OwN
ory v Or, . orl. ..

Torna mMeeT MecTO PaBEeHCTBO

Fram = G (W N, 20, Fry o Pt ) (3.6)
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Hanee nomoxum wh = w', ... w =w". Torga uz (3.6) noayuaeM cooOTHOMEHAS
Frgmar = Ap(z,n,wl, o0 0N Wi for « + ,wi\;k,m, Trals s Tntm—1), (3.7)
k=0,1,2,.... Takum obpaszom, yunteiBas GopmyJsl (3.7), OT HE3ABUCHMBIX IIE€PEMEHHbBIX
fn,zaxﬂ;naFnJrla'--777n+57--' (38)

MOZKHO HepeﬁTH K HOBBIM II€peMEHHbIM

_ I _ 1 N 1 N
Trzs Ty s T 1y - o s Trem—1s Wiy« « W e v oy Wty -y Wy e (3.9)

B HoBbix nepemenubix (3.9) omeparop Yy 3alUINercs B BUE

m—1
~ 0 " 0 N 0
Yo =+ > Ttka gt — T T Ttk N
Z k=0 Tn—i—k rn+k
ITpu 3aMeHe MepeMeHHBIX CIPaBeJInBO cooTHoIenune [X, 7] = [7, Z}, JepTa CBEpXy O3Hada-
€T HCXOJHBI OIEpaToOp B HOBBIX IEPEMEHHBIX, U XaPAKTEPUCTHIECKOE KOJIbIIO, HOPOXKICHHOE
ormeparopamu Y7, Ys, ..., Yy, Yyi1 Konednomepno. IloaTomy u mcxojmoe XapaKTepUCTHIECKOE
KOJIBIIO X KOHEYHOMEPHO.
[Iyctb ucxoauas cucrema ypauenuit (1.1) umeer N uHTErpaion
! r r N F F 3.10
W, My Ty ey Pty )y o e ey W (T3, Ty ooy Pl ) (3.10)
Pa3HBIX MUHUMAJbHBIX MOPSakoB [ < Iy < ... < [y, He3aBUCHMBIX B ryiaBHOM. [locsemnee
O3HAYaeT, 4TO HHTErpaabl (0603HaunM [y = M)
! M — 1,7 F
w (.T,TL+ - 17Tn+M—l1a"'7Tn+M)7
i — — .
wiz,n+ M =1, Tosni—t,- - Tnsn), i=1,2,...,N—1,
N _ _
w (T, Ty ooy Tranr)

HE3aBHCHMBI B TJIaBHOM. 11 Tora, mepexossi or nmepeMeHHbIX (3.8) K mepeMeHHbIM

= = = — 1 1 N | N
Tnay Ly Tny Tntls -+ Tngdm—1, wn—l—m—h ) wn+m—ll+17 sy Wy 7wn+1

KaK H BbIIIE IIOJYyYa€eM, 9TO XaPAKTECPUCTUIECCKOE KOJIbIIO X KOHEIHOMEPHO. Jlemma JOKa3aHa.
[l

Teneps paccMoTpuM obpaTHyIo 3a1a4y. CIipaBeIIuBO CJeayioliee yTBePKICHHE:

JIlemmva 3.2. Ecau koavuo X KoHneunomepno, mo cywecmsyem N HE3GBUCUMDBLT
T-UHMEZPANAOE MUHUMGAALHO20 nopadka. JI0b60t dpyeoli unmezpan ecmsv Gyrkyua om ux cdeu-
208.

Cxema gokazareabcTBa. IlycTh Koabio X Koneunomepro. fcao, uro dim X' > 2N + 1. Pac-
cmoTpuM ciaydait dim X' = 2N + 1. Torpa 6asuc kosbna X 3a/aeTcsd BEKTOPHBIMHU OJISIMA

}/17}/27"WYN7YN+17

Yiner = Y1, Yol Yoner = Yo, Y], Yove = Y, Yga]
Tax Kak
N oo
0 .0 ) o . ) 3
Yni1 :6_ + Zrn,xa e Z (T, Fry P 1y -+ oy Ttk rnvl’)aT 4.
v (- Ttk
N = = _ _ 0
,+Oék- (:UynyTTHTnJ,_l,...’Tn_;’_k”r’n’x)ar—N ,

n+k
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TO

0 dal 0
Y1, Yaad] = +Z< O"“ oo ok )

n+k oy, 0rn+k

N
Y, Yaaa] = 8.+Z<a% 0 .. 0u 9 ) i=1.2,... N
k=1

) ) 1 i
ort, ol Ory ors , orl .
Hajiee BekTOpHOE 110J1e YN 11 3aMEHUM Ha

Y 1 2 N
Yniy1 = YN — rmxyl,N—i-l - Tn,zY2,N+1 — TW;YN,NH-

Urak, umeem cireayrontuii 6a3uc

0 0 0
Y, = Y, = Yy =—
Y oorl 2T oz ’ N oy,
~ 8 > ~1 8 ~N
YNt p + Z (ak o, oot O‘n+k) ;
k=1 n
0 > 0 0
Yinpg =55+ (pi k + 4 ) )
ar) ,; Orp o Ory (3.11)
8 (oo}
Yons1 = = , 5,
2N ora " ; (pQ’k Oy ik " P2y ’r]lv-‘y-k) ’
0 > 0 0
YN ==+ <p11\7k— +- +ka ) :
orly ; Ok or,Y Trk
HeTpyiHo 3aMeTHTDb, 4TO KO3 PUIINEHTH pﬁyk, t=1,2,...,N,j=1,2,..., N He 3aBucar or

HePeMEeHHBIX X, N, Ty, - . . , Tpik, HHAUE pazMepHOcTh dim X > 2N + 1.
Xapakrepucruaeckoe ypasaenue (3.4) misa z-unrerpaaa W (x,n, 7, fyi1), cormacuo (3.11),
CBOAUTCA K CUCTEME ypaBHCHUN

0 1 Ny O
ey | )
(ar,ll PLge plvlargyﬂ) (3.12)

0 0 0
(3N+PN18 n+1+ ‘|’le6 nH)W—O-

. N .1 N
Tak Kak 4HMC/I0 HE3ABUCUMBIX TlepeMeHHbix pasno 2N + 1: z,rl ... r) s Toatr -+ a1y @ GUCTO

ypasaenuit pagao N + 1, To cucrema (3.12) nveer N DyHKIHOHATHLHO HE3aBUCHMBIX DEIEHN i

wl(x, Ny Ty Fri1)s - - - ,wN(x, N, Py Frat)

MePBOTO MOPSJIKA.

Amnajornyno jgokazarenbcrBy Jlemmbr 2.2 paccMaTpuBalOTCs CJIydan, KOTJAA Pa3MEpPHOCTD
dim&x > 2N + 1.
Takum obpazom, u3 Jlemm 3.1, 3.2 ciemyer yTBep)KiaeHue:

Teopema 3.1. Cucmema ypasrernud (1.1) obaadaem N x-unmezpasamu, He3a6UCUMBMU &
2AGBHOM, 0204 U MOALKO M020a, k0204 K0AU0 X KOHEUHOMEPHO.
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4. 3BAKJIIOYEHUE

B macTosiee BpeMs anmapar XapakKTepUCTHYeCKUX KoJjell JIn apisercs 3¢pdeKTUBHBIM WH-
CTPYMEHTOM HCCJIe/I0BAHIS HHTEIPUPYEMOCTH HEJIMHEHHBIX MOJIe/IeH, KAK HelPEPbIBHBIX (ypaB-
Hennii u cucrem) |1, 2, 4, 7, 8|, rak u mosryauckperHex ypasuenuit (cm. |5, 6]). Tlo-Bugumomy
KPHUTEPUil MHTErPHPYEMOCTH TOIYAUCKPETHBIX CUCTEM, PACCMOTPEHHBIX B JaHHOI pabore, co-
CTOWT B cjejytomeM: cucrema ypasuernit (1.1) obramaer moaubim Habopom (N 1o Kazkaomy
XapaKTePUCTHIECKOMY HAIPABIEHUIO) HHTErPAJIOB, TOLJIA U TOJHKO TOIJA, KOIJA XapaKTepu-
CTHYECKOEe KOJIBIIO 10 KazKIOMy HAIIPaBJEHUI0 KOHETHOMEPHO. B jaHHo# paboTe j10Ka3aHa 9acTh
9TOT0 KPUTEPHUsI, KACAIOIIAICS HEIPEPLIBHOIO XapaKTePUCTUIECKOIO HAIPABICHHS.
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OBIIINE PEIIEHNA HEKOTOPBIX JINMHEMHBIX
YPABHEHUII C IIEPEMEHHBIMI KO®®UITMEHTAMNI

0.B. KAIIIIOB, M.M. MUP3AOXME/IOB

Annoranusi. B pabore HaliieHbl obIie pertenns 1jisg HeKOTOPBIX KJIACCOB JUHEHHBIX BOJI-
HOBBIX YPABHEHUI ¢ TepeMeHHBIME Koddduimentamu. Takwe ypaBHEHWS OMUCHLIBAIOT KO-
.He6aHI/IH CTep}KHeﬁ, AKYCTUYECCKHNE BOJIHBI, & TaK2K€ K HUM CBOAATCA HEKOTOPbIC MOIEC/IN
razoBoil muuamuku. J[yis mocrpoenus obIUX pemienunii NCIob3YIOTC CIeINAIbHBIE THUITHI
npeobpazosannii Jitnepa-lapby — npeobpazopatus Tuma JleBu. Du npeobpaszoBanus Mpe/I-
craBagaioT coboit muddepenHnmaabHbIe MOACTAHOBKY TEPBOr0o mopsiaka. JLas mocTpoerms
KaKJI0T0 1Ipeobpa3oBanus HEOOXOAUMO PEIIaTh JIBa JUHEHHBIX 00BIKHOBEHHBIX JuddepeH-
[UAJTBHBIX YPABHEHUS BTOPOIO MOPs/IKa. Pelerust 0HOro u3 3THX ypaBHEHU HAXOIATCA U3
PEIeHn IPYyroro ¢ MOMOIIbID AuddepeHIna bHOi TOACTAHOBKYA U (opMyJibl JInyBusiis.
B obmmem cay4aae permarh 3TH OOBIKHOBEHHBIE Aud pepeHiinaabHble YPaBHEHUS HE TPOCTO.
OHaK0 MOXKHO yKa3aTh HEKOTOPYIO (hOPMY/y Cymeprno3utnu mpeobpasoanuit tuma Jlepn.

Craprysl ¢ KJIaCCMYECKOTO BOJIHOBOTO YPAaBHEHHUsSI C TMOCTOSHHBIMU KO DUIMEHTAME W
HCTIOJNIB3YsT HailJeHHbie TTpeobpa3oBaHust, MOXKHO CTPOUTEH DECKOHEUHBIE CEPUH YPaBHEHUII,
00J1a1aI0IUX ABHBIMEI 00IMME perernsMu. C TOMOIIBI0 MeToJa MaTBeeBa Moy YeHbl mpe-
JenbHbIe (POPMBI UTEPUPOBAHHBIX Tpeobpazosanuil. [IpuBouTCsS psal KOHKPETHBIX TpUMe-
POB ypaBHeHuil 06/1aa0MNUX OOIIUME PEITEHUSIMHE.

Kimrouesbie cjioBa: JjivHellHbIE YPAaBHEHUsI C TIepeMeHHbIME KO3 duirmenTamu, obIme pe-
IIeHUs, TIpeebHable Tpeobpas3oBanus Jlesu.

Mathematics Subject Classification: 35C05, 35L10, 35A09

1. BBEAEHUE

Pacnpocrpanenue 0HOMEPHBIX BOJIH B HEOJIHOPOIHBIX CPEJIaX YACTO OMHUCHIBAIOT YPABHEHAEM
BHJIA
vy = a(bvy), (1.1)

rae a, b — IaaKue noJIoKATeIbHbIe (DYHKIMA oT =. HampuMep, B cydae 3ByKOBBIX BOJH (DyHK-
nus v 3a73eT JaBjeHue, IpH 3ToM a = pc?, b = p~ !, Tae p — WIOTHOCTE, ¢ — CKOPOCTH 3BYKA B
cpene [1]. Eciu ke ypapuenne (1.1) Momesupyer pogoibHble KOJNEOaAHUST CTEPKHSI, TO U OTHU-
CHIBAET IEPEMEIIEHUS CTEPKHS, IIPUYEM @ = p%, b=w, rne F — moaysb FOura, p — mioTHOCTb,
W — MJIONIA/Ih HONEPEYHOro cevenns crepzxkusa. Kpome toro, ¢ ypasuenuem (1.1) cBsizanbr apy-
rue Momesn. Hampmmep, cucreMy, ONUCHIBAIOIIYIO OJTHOMEPHBIC H39HTPOIUICCKAC IBHUKCHUS
raza |4|, moxkno npusectn K Buay (1.1).

[IpeacraBiaser uHTEpec HAXOXKJIeHHE OOIMUX pemteHuil ypaBHenus (1.1) 1 HEIOCTOSHHBIX
dbyukumii a, b. Hekoropsie mpuMeps! Takux pernenuit umetores B [5], [3]. Obmmee perenne moxker

0O.V. Kaprsov, M.M. MIRZAOKHMEDOV, GENERAL SOLUTIONS OF SOME LINEAR EQUATIONS WITH
VARIABLE COEFFICIENTS.
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OBITH UCIOJIB30BAHO 11 perrenand 3agaun Komm. s mocrpoenus obmux pemennii HEKOTOPBIX
ypaBHenuit Buna

Ugy + Uy + buy, + cu = 0,
Jamnac npuayman kackaguslii Merosn [2]. C apyroii cropoust, Ditnep [6] mpemoKuI Uemoab-
30BaTh JuddepennuaibLHbe TOCTAHOBKYI /I8 HAXOXKICHUs OOIUX PeNleHuil ypaBHEHUil BHIa

Uy = Fug, + Gug + Hu, (1.2)

rie F, G, H — dyukiuu ot . [Tosauee Tapby [2| u apyrue maremaruku B konie XIX u
Hadaje XX BEKOB 00001aIn Takue Tpeodpa30BaHus M MPUMEHSIN UX K PEIIeHUI0 reOMeTPH-
JecKuX 3a1a4. B mociennue 40 JieT HHTEpec K TaKAM IpeoOPa30BaHUIM PE3KO BO3POC B CBA3U
¢ pazsuTueM Teopuu coauronos [11], [12], [8].

B npammnoit pabore Mbl UCIOIB3YeM IIpeodOpasoBanus Jitiepa-/lapOy g HaX0xXkKIeHHs OOIUX
pelrenuil ypasHenuit

Ut = Ugy + G(T) Uy, (1.3)

IS CIIENHATBHBIX KIacCoB MYHKIMIA ¢g. HecmoKHo moka3aTh, 9T0 TOUEYHBIME IIPE0Opa30BaHN-
sivu ypasaerwe (1.1) mpuomurcs K Buay (1.3). Mbr Haxonaum npeobpaszosanus Ditrepa-/lapby,
nepeBoJIsIue pelenns: ypasaenus (1.2) B pemenus ypapuenus (1.2), Ho ¢ apyroii dyHKIuHEi g.
Craprys ¢ ¢yaknun ¢ = 0, MOXKHO NOJYINTh OECKOHEUHBIE CEPHUU YPABHEHHIl, J/isT KOTOPBIX
yIaeTcs HAWTH OOIIue pereHus.

Hama pabora pacmmpsier uccaeoBanus, Hadarbie B |3], ucnobsys Gosee obime mpeobpaso-
BaHust. Kpome TOro, Mbl CTPOUM IpeJieTbHbIe TIPeodpa3oBaHusi, HCIOIb3yst uaen Marseesa [11].

2. TIPEOBPA3OBAHUS DUJTEPA-JIAPBY

Kak wu3Bectno [6], Ditsep mammes ycsoBus, TpU BBIIOJIHEHHH KOTOPBIX MuddepeHnnanbHas
OJICTAHOBKA TT€PBOTO MOPSIIKA,
w = M(u, + su)
IEPEBONT perieHusi ypaBHenus (1.2) B perienns ypaBHeHUsI

wy = Fiwyg, + Giw, + Hw, (2.1)

rae M, s, Fy, Gy, H — &dyuknuu ot x. Mbl npuBeseM HEMHOI'O H3MEHEHHYIO (DOPMYJIHPOBKY
9TOr0 pe3ysbrara U3 KHUTH |3], OCKOIBKY ee yao0Hee PUMEeHTh B JaJbHefIeM.

JIemma 2.1. Iycmo u — pewenue ypasnenua (1.2). Toeda nodemarosra

w = w (2.2)

nepesodum gynruuto u 6 pewenue ypasrerus (2.1), ecau:
1) ¢pynruyua h(x) ydosaemeopsaem ypasreruro

Fh'"+ GW + (H + ¢)h = 0, (2.3)
2de ' — NPouseoALHAA 2AG0KAA PYHKUUL O T, C — NPOUSBONOHAA KOHCTILAHING,
2) F1, Gy, Hy sadatomes dopmyramu
(Fr' + Gr)

F1:F, G1:G+F/+2F(1HT‘>/, H1:H+
r

+ F'(Inh) +2F(Inh)". (2.4)

Ypasaenue (1.1) HECTIOKHO YIPOCTUTH € TIOMOIIBIO 3aAMEHBI HE3aBUCUMOIT epeMeHHOi. [leii-
crBuTe/ibHO, nycrb v(t, ) = u(t,y(x)), rae y = y(xr) HoBas nepemenHast. Boiaucisis npousBoji-
HbIE Uy, Uy, Ugp M TOJCTaBIAs UX B (1.1), moaydum ypaBHeHUe

Uy = aby*uy, + (aby” + ab'y)u,.
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onaras aby' = 1, Haxommm
dx

y=| ——.

v ab
31ech HHTErpaJl CYIIeCTBYET, HOCKOIBKY (DYHKIMK a, b — TIaJKue U HOJ0KATEILHO OIIPe1eIeH-
ubie. Takum obpasom, ypasrenue (1.1) 3aMeHOll NIPpUBOAUTCS K BHILY

Uy = Uz + G(T)Uy. (2.5)

IIpengioxkenune 2.1. Ilodcmanoska (2.2) nepesodum pewenus ypasuenua (2.5) 6 pewenus
YpasHenUs
Wyt = Wey + Gy, (2.6)
ECAU BHINONHEHDL YCAOCUA:
1) h(zx) ydosaemeopsaem ypasnenuro

h" + Gh' + ch =0, ceR, (2.7)
2)
LAY
G1:G+2<nﬁ>, (2.8)
3) pynrkyus v ydosaiemeopaem ypasHEHUI
"+ Gr' + (G +2(Inh)")r = 0. (2.9)

Dro mpeaiokenue ciaepyer u3 JgemMbl 2.1. Urobbl mosyuuth (2.9), HYXKHO IOJOXKHTH
H, = H =0 B dopmyie (2.4).

IMpennoxenune 2.2. [lodcmanoska

h/
= — 2.10
r=? (2.10)
nepesodum pewenus ypaswenus (2.7) 6 pewenua ypasuenua (2.9). ITodemanoska
h
W=l (2.11)

nepesodum peuwtenus ypastenus (2.5) 6 pewenua ypasnenus (2.6).

JlokazarenncTBo HpoBoAnTCs npsamoit moacranoskoii (2.10) B (2.9). Ilpu srom crenyer yuu-
THIBATH ypasHenue (2.7) u ero auddepeHnuaabHble CIeICTBIA.

Sameuanue 2.1. [odemaroska muna (2.11) nasweaemea npeobpazosaruem Jlesu 6 meo-
puu conpascennvr cemed |7]. Ommemum, wmo, 3uaa obwee pewenue ypasuenusa (2.7), moi
He noayuum obwezo pewenus ypasnenus (2.9). Obwee pewenue Harodumes no ussecmmot
dopmyae Jluysuiirs.

ITpumep 1. Ilycrs byuknus G B (2.5) pasaa myao. Torjga B 3aBucHMOCTH OT BBIOOPA KOH-
CTAHTBI €, MBI OJIYYUM TP THIA pellleHuil ypaBuenus (2.7):
1) upu ¢ = 0 dynkuust b — nuneiinas, r.e.

h = cix + co, c1,00 €ER;
2) npu ¢ = —k? < 0 pemenune
h = ¢; exp(kx) + co exp(—kx), c1,C € R;
3) npu ¢ = k* > 0 bynkuus h pasua
h = ¢; sin(kx) + o cos(kx).
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PaccmorpuM mepBbiii Bapuadt. B aTom ciydae obinee perenue ypaBHenus (2.9) umeer BUj

dl 2 Co
= d b dq,d R b= —=.
r $—{—b+ o(7 +b)7, 1,ds € R, o

Buaunt, cormacuo (2.8), moayaem

4m(z +b)® — 2 _dy
@b (m@+op+1)

G1:

CrenoBaTesbHO, B COOTBETCTBUH ¢ TIpeiozkenneM 2.1, obiiee pemenne ypapaenusi (2.6) B 1aH-
HOM CJIy4dae UMeeT BHJL

" (x +b)uy +u
dy + do(z + b)3’
rie u = X(z+t)+T(x—1t),a X, T — npousBosbuble TIaIKue HYHKIHH.
Kparko ocraHOBHMCs Ha BTOpPOM BapuaHTe. B 3TOM ciydae JBa perrenus ypaHenus (2.9)
BBITJIAIAT TaK

kexp(k:x) — bexp(—kz) _ kx(exp(2kx) —b) — 2b

r =2
exp(kz) + bexp(—kz)’ 2T ’ B

r = :
! exp(2kx) + b 1
Oyukuus G Haxoputes 1o dbopmyse (2.8) u nupu r = 11 UMeeT BUJ

_ 8bkexp(2kz)
© bexp(4kz) — 1

G

Obiee perrerne ypasaerust (2.6), ¢ naunoit pyuknueil G, HAXOAUTCS ¢ HOMOTIBIO TIOICTAHOBKH
(2.2) u numeer BUS

(X" +T")(exp(kz) 4+ bexp(—kz))

w=X+T-— k(exp(kz) — bexp(—kx)) ’

(2.12)

e X(x +t), T(x — t) — upousBOIbHBIE TIaAKHE (DYHKINU, IMITPUX O3HAUAET MPOU3IBOIHYIO.
OueBuano, npu b < 0 perrenne (2.12) sBasgercs naakuM. AHATOIHIHBIM 06pPa30M paccMaTpu-
BaeTCd TPETUI BApUAHT.

B |3| moygena nemma o mocsienoBaresbHOCTH TpeobpazoBanuii Tuna JleBu.

JIemma 2.2. Ilyems hy, ..., h, — aunetino nesasucumovie pewenus ypasuenua (2.7), coom-
BEMCMBYIOUUE NAPAMEMPAM C1, . . ., Cy, (NpUBEM ¢; F# ¢; npu i # j). Tozda npeobpasosarue
_ W D ’,”), (2.13)
W(hy,..., h,)

ede W — eponckuan, nepesodum pewenus ypasuenua (2.5) 6 pewenus ypasHerus
21t = Zga ancm (214)

npu amom Ppynwkyua G, 3adaemca Gopmyror

d W(hy,..., h,)
=G +2(1 nl), 2.1
Cn=G+ d:c<nW(h1,...,hn)> (215)

B [3] moxHO HafiTi npumepsl, oTHOCsIIHECST K 3Toi semme. B pabore [9] uzydanack mocie-
JIOBATEBLHOCTD JIeBH, BOSHUKAOIIAA B TEOPHU CONPIKEHHBIX CeTeil.
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3. ITIPEAEJIBHBIE [IPEOBPA3SOBAHUYA 1 [IPUMEPHI

B nemme 2.2 o nocsieioBaresbHoCTH peobpazoBanuit Tumna JIeBu mpeanoiaraioch, 4To pyHK-
UK h; COOTBETCTBYIOT IONAPHO PA3JHUYHLIM HapaMeTpaM ¢;. 3J1eCh Mbl PACCMOTPHUM CJIydaii
COBIIQJIAIONINX TTAPAMETPOB. By/iemM jajiee HHOIIA HCHOJIB30BaTh 0003HaUYeHUst Oy, Oy JJIs Olle-
paTopoB jauddepennupoBanud 10 £ U k coorBeTcTBeHHO. CTaHIapPTHBIE 0003HAYECHHS /s IPO-
U3BOJIHBIX MBI TOYKE TMPOJIOIKIM ITPUMEHSTh.

Jlemma 3.1. ITycmo h(x, k) — pewerue ypasrerus
B + gh' — k*h = 0, (3.1)
ede g — 2aadkaa dynxuusa om x, k € R. Tozda npeobpasosanue
W (u, h,Oh,...,00"h)

5T W (0uh, 0k0:h, -, O D,h) (3.2)

nepesodum peweHus YpasHEHU.
Ut = Ugg + GUg, (3.3)
6 PEUEHUA YPABHEHUA
2t = Zgg t Gm+1%a, (3.4)

ede pynryus gma1 3adaemcs Gopmyso

O,h, Odh, . . . ,a;gzaﬁh)>

W(
=g +20,(1
Gm1 =9+ (n W (h, Ok, -, O R)

(3.5)
Jlokasamenvemeo. Mebl OyieM HCIonb30BaTh B paccy K/ IeHuax uaen paborer Marseesa [10]. s
yrpotenust paceMorpum ciaydail m = 1. Ilyers h(x, k) — pemenune ypapuenus (3.1). Beemem
oboznauenus: h' = h(x, ki), h* = h(x, ky). Coracno dpopmy.ie Teitiopa numeem

h* = h' + c0ph' + o(e),

rie € = ko — ki, o(e) — cumBoa Jlanmay.
Janee mbl xoTHM mepeiitn K npefeny npu € — 0 B dopmynax (2.13), (2.15). Bpouckuan
W (u, ht, h?) sanmucbiBaeTcs cieIyomuM o6pa3oM

u ht A4 edpht 4 o(e) u h' Ohl+o
W(u,h',h*) = [u, hL Al +eophl +o.(e) | =c|u, hl  Ophl + o,
Uge hl, Rl +cOphl, + 040(€) Uge hl, ORhl, + 04s

= eW(u, h', Oxh* + o(e)).
AHajoruIHBIM 00pa30M MOy daeTcss POPMYJIa
W(ht, h2) = eW (09,.h', 0,0.h* + o(c)).
CirenoBaTeIbHO, HMEEM
lim W(u,h*,n?)  W(u,h', 0xh")
e=0 W(RL h2) — W(0,h',0k0,h)’

Touno takzxke u3 dpopmyasl (2.15) monaydaem Bbipazkerue (3.5). KoHEYHO MOKHO MTPOBEPHUTH

CIPaBeJIUBOCTH JeMMBI 3.1 ipu m = 1 TpIMBIMH BBLIYHCIEHUSMH. O

3ameuanue 3.1. Moowno noayuums boaee obujee ymeepotcoernue, wem Aemma 3.1, anano-
eununoe ymeeporcdenuto us [10]. Ono omeewaem cayuaro, ko2da we 6ce KOHCMAHMbL C; 6 AEM-
me 2.2 cosnadarom. Paccyorcdenun npumepro maxue sce, KAk U 8viule, HO POPMYALL CIMAHO-
gAMCA DoAEE 2DOMO3OKUMU.
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IIpumep 2. Ilycts g =0, k # 0, m = 1. Torga perenne ypasaerus (3.1) umeer BuI
h = ay sh(kz) + ag ch(kx). (3.6)
Jnst yuporennst bopmyat Gymem caurars as = 0. Torma, cornacho (3.5), dyHknus g, paBHa
_ 2k(4kx ch®(kx) — sh(2kz) — 2kx)
ch?(kx) sh?(kx) — k2a2 '
Ob6ee perenne ypasaenus (3.4) uveer Bu/I

L (ch(kx)sh(kx) — kx)g" + (—2k ch®(kx) 4 2k)g' + - + k(k*xf — o f" + 2f") (3.8)
B k%(ch(kz) sh(kz) + kz) ' '
Bnech f(x+1), g(x —t) — npoussoabHbie raagkue dbyuknun. B dopmyne (3.7) u pemennu (3.8)
MOZKHO Tiepeiitu K mnpejgeny npu k — 0. Torma

(3.7)

g2 =

3 4 1
G —rf=—— 2 i=S(f" g = (f g+ fty
—0 X 3

[Tycte Tenepsr m = 2. Boipaxkenus st g3 U 2 OyJayT TPOMO3IKUMU, HO OHU JIETKO BBIYHC-
JISIOTCS ¢ MOMOIIBIO CUCTEM KOMITBIOTePHOI aareOpsl. OHAKO, ecIu TepeifiTu K Mmpejiesy Mph
k — 0 B popMmystax aisd gz U 2, TO TOJYIUM

6 1 2
gg=—— =" Hd"+ (" + )2 = ([ + e+ [ +g.

MozkHO BbITIOJIHETH 0GpaTHbI nepexo or ypasuenus (1.3) xk ypasuenuio (1.1) ¢ momorbo
npeobpazoBaHust He3aBUCUMOIT epemerHoi. /leiicrBurenbho, myctsb u(t, x) = v(t, y(z)). Toraa,
IOACTABJIAS TPOX3BOIHEIC

Ut = Utt, Uy = ylvya Ugy = ?/,2Uyy + yﬁvy
B (1.3), moxy4aem
vy =y vy, + <y” + gy’) vy
Cpasuusasg ¢ (1.1), TpUXOIUM K CHCTEME
ab=y",  aby=y"+gy, (3.9)

rae a, b — dbyskyun ot y, g — GyHkuusa or x. Beipakas a u3 mepporo ypapuenust (3.9) u
IOJCTABIAS BO BTOPOE, IOJIyIaeM
by B y// + gy/
b y?
Ecau Boibpars dbyukmun y(x), g(z) u 3arem BeIpasuTh mpabywo 4dactb (3.10) depes y, 10 mo-
JyduM JiuHeiinoe auddepennuaibioe ypaBHeHue 11epBoro mopsiika OTHOCUTEbHO hyHKIuu b.
Pemas ero, naxoauM b, a 3arem a(y).
IIpumep 3. Ilycts g = —%, y = cth(z). Torma ypasuenune na ynkmmio b

_ 2(2cth?(y) — 1)

(3.10)

b, = b
Y cth(y)
nMeerT pemeHI/Ie
h4
b= Aszﬂ, A€ER.
ch(y)

CrenoBaTenbHo, GYHKIUS @ UMeeT BUI
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Kak ormeuanoch panee, obIiee pelleHHe ypaBHEHU
2

Ut = Ugey — — Uy
xr

3AlMCHIBAETCS B BH/JIE
u=aV,—V,

rie V = fi(x +t)+ fo(x —t), fi, fo — nuponssosbubie raagxue dbyrknun. CiregnoBaTebHo,

o0Imee pelnreHne ypaBHEeHUS
h'(y)
= ) (G ™)
Vtt C (y) Ch2<y)vy y

nMeeT BHIT

v = cth(y) (f(cth(y) + 1) + fo(cth(y) —t)) — (fl(cth(y) +1) + fa(cth(y) — t))-

ITpumep 4. Ilycts g = 2/x, y = cth(z). Torna ypaBuenue ua byHKImo b

b~ 2b
Y cth(y)
HMeeT pellleHne
ch®(y)
b= AeR
A Y
CaenoBarenbHo, HYHKIUS @ UMeeT BH/I
h4
we AS Q(y).
ch*(y)

Kak ormeuasioch panee, obiiiee perieHne ypaBHEHUS

U = Ugg + —Ug
X

3allUCbIBa€TCd B BUIE

- )

x
rae fi, fo — mpousBosbHBIE Titaakue dyHKun. CieaoBaTeabHOo, 00IIee pelleHne ypaBHeHHS
4
sh™(y) 2
vy = —(Ch (y)v >
ch’(y) "y

nMeeT BHIT

fileth(y) +1) + fa(cth(y) — 1)
cth(y) '
ITpumep 5. Ilycrs reneps g = 2/sh(x), y = exp(x). Torna dbyukims nveer Bu

—1)2
b= AM, (3.11)
(y + 1)
rie A — mpousBoJIbHAS KOHCTaHTa. B 9TOM ciydae dyHKIHS a 3a1aeTcsa popMy 10
y(y +1)2
= 3.12
“T Ay -1y (3-12)

Obmiee perenue (1.3) ¢ mannoit dbynknueii g 3amaercs dbopmy.oii (2.12). Ioacrasisas x = Iny
U HallJieHHbIe 3HaYeHus a, b, nosrydaem obmee pemienue ypasaenus (1.1) ¢ dynknusamu (3.11),
(3.12).
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XAPAKTEPUCTUYECKUE AJITEBPBI 1 NTHTEI'PUPYEMDbIE
CUCTEMDBI SKCIIOHEHIIMAJIBHOI'O TUIIA

J1.B. MUJIJINOHIINKOB, C.B. CMUPHOB

Annoranusi. B 1anHo#t pabore u3yvamTcs XapaKTEPUCTUIECKNE AJITeOPhl /I CUCTEM JKC-
MOHEHIINAJIBLHOTO THIIA, COOTBETCTBYIONINX BBIPOXKIEHHbIM MarpuriaM Kaprana. D1u cu-
creMbl 0000IIAIOT XOPOIIO U3BECTHBIE B TEOPUU UHTETPUPYEMBIX CHCTEM THIIEPOOJINYeCKUe
ypaBuenusa cunyc-lopnon n Hwurmeitku. Iag TakuX CHCTEM, COOTBETCTBYIOIIUX MAaTPHUIIAM
Kaprana panra 2, xapakrepuctuieckue ajaredpbl OlMCAHbI IBHO B TEPMUHAX 0Opa3yOMMUX
¥ COOTHOIIIEHWH, W JIOKa3aHO, YTO OHU UMeIOT JUHeHHbIN pocT. Vccmenyercs CBI3b MEXKITY
BBICIITUMU CUMMETPUSMEI STUX CUCTEM U CTPYKTYpPOU nX xapakrepucruieckux ajaredp. IloJ-
HOCTBIO ONHMCAHBI BBICIIINE CUMMEeTPUH SKCIOHEHITNAIBHON CUCTEMBI, OTBEYAIOIIEN MaTPHUIIE
Kaprana adpdunnoit anrebpor Jlu Agl). [lomygensl TakKe JaCTUYUHBIE PE3YILTATHI O CHM-
MEeTPHUsIX CHACTEM, COOTBETCTBYIONUX APYIMM BBIPOXKAEHHBIM MarpuraMm Kaprana panra 2.
Brickazana rumore3a 0 CTPYKTYpPe BBICIINX CUMMETPHUI TPOU3BOJILHON SKCIIOHEHITHATHLHON
CHCTEeMBbI, COOTBETCTBYIONIEH BhIpOXKaAeHuoit Marpuiie Kaprana. V3yuena murepecuas KOM-
OMHATOPUKA, CBI3aHHAS C OMEPATOPOM, MOPOKIAIOIMINM XAPAKTEPUCTUIECKYIO aarebpy B
CaMOM MPOCTOM Ciyuae — s waTerpupyemoro mo lapby ypasuenus Jluysuana. Haitgen-
HbIe KOMOMHATOPHBIE CBOWCTBA MOTYT OKA3aThCI BECHMa, MOJE3HBIMU [T JOKA3ATETHCTBA
BBICKA3aHHOW THIIOTE3bI O CTPYKTYype Bbicinx cummerpuii. Kpome Toro, B mammoit crarbe
[aBHO WCIOJIL3YEMOMY B JINTEPATYPE MOHITHIO XAPAKTEPUCTUICCKON aaredbphl runepdbo.im-
YeCKOM CHUCTEeMBbI opuagaeTCd MaTeMaTUuIeCKNT CTpOI‘I/Iﬁ CMBICJI Ha OCHOBE IIOHATUA a.HI‘e6pr
JIn—Paitaxapra m Ha npuMepax MPOAEMOHCTPUPOBAHO, UTO Takas (DOPMaJU3AIAT e CTBH-
TEJTBHO HEOOXOIMMA.

KuroueBbie ciioBa: xapakrepucrudeckas ajaredpa, BBICIIAs CUMMeTpus, ypaBuernue Jlu-
VBUJLIA, CHCTEMA HKCIIOHEHIINAJIBHOTO THITA.

Mathematics Subject Classification: 37K10, 37K30, 17B67, 17B70

1. BBEJAEHUE

B 1981 romy A.B. [la6arom u P.U. SImuinossim Oblia Hamucana pabora [1], B KoTopoii pac-
CMATPHUBAJIACH TaK HA3BIBAEMbIE CHCTEMBI SKCIIOHEHIIHAIBHOIO THIIA, T.e. CUCTEMBI IUIepOOoJIH-
YECKUX ypaBHeHI/Iﬁ B 4aCTHBIX IIPOU3BOJIHBIX BH/a

wiy:exp Zajkwk ., j=12,...,r (1.1)
k=1

D.V. MILLIONSCHIKOV, S.V. SMIRNOV, CHARACTERISTIC ALGEBRAS AND INTEGRABLE EXPONENTIAL
SYSTEMS.
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rJIe a1, — MOCTOgHHbIe Kodbduimentsl, a dbyHkmu w’ 3aBucar or nepeMeHsbix 1 y. HerpyaHo
IIPOBEPHUTH, 4TO eciu Marpuna M = (a;;) asigercs Marpuneit Kaprana npocroit anre6pst Jlu
cepun A, TO cOOTBeTCTByIOmas cucreMa Bujaa (1.1) cBOIUTCS K JBYMEPU30BAHHON IeEmovKe
Tonnr

Qjoy = XP(qjs1 — ¢;) —exp(q; —q;—1), J=0,1,...,7, (1.2)

C TPUBHAJIBHBIMA I'PAHUIHBIMHU YCIOBUSIMHA ¢_1 = 00, (11 = —O0O.

UccnenoBanue mogo6ubrx cucrem Buja (1.1) B pabore [1| 6b1710 OCHOBAHO HA U3YUEHUU XapaK-
TepHCTHICCKHX ajaredp, T.e. anredp JIu, mopokaeHHbIX oneparopamu D, nomHoro auddepen-
[IIPOBAHMUS 10 IEPEMEeHHOR i B CHJIY CHCTEMBI 1 %. [Mlabarom u SAMIIOBBIM OBLIM BHICKA3AHBI
JIBe BayKHBIX THIIOTE3BI 00 MHTErPUPYEMOCTH CHCTEM 3KCIOHEHIHaJIbHOro Tuma. [lepBas ru-
nores3a cocTostia B ToM, uTo cucteMa (1.1) unrerpupyema mo lapOy (T.e. JOMyCKaeT TMOJTHBIE
Ha60pbl HE3aBUCUMBIX XapPaKTCPUCTHYCCKUX NHTEI'PAJIOB I10 O6eI/IM HepeMeHHbIM) TOrJa U TOJIb-
KO TOI'la, KOr'J/la OHa ABJIACTCA HpHMOIU/I CyMMOﬁ HECKOJIbKHX CHCTEeM 9KCIIOHEHIMaJIbHOI'O THUIla,
MaTpuilbl M KOTOpBIX gBjA0OTCS MaTpunamu Kaprana npoctoix ajiredop JIu. Bropas runoresa
yTBep:KIaja, 9ro cucrembl Buja (1.1), He uarerpupyembie o lap6y, HO HHTerpupyeMbie MeTo-
JIoM 00paTHOI 3329, COOTBETCTBYIOT MeIeHHO PACTYIIUM XapaKTePUCTUIECKHM ajarebpaM.
HecMoTpst Ha TO, 9TO JIOKA3ATEJbCTBO OCHOBHOH KiaccubHKANMOHHON TeopeMbl B pabore [1]
COJIEPZKATIO HEKOTOPBIE MPOGEIIbl, KOTOPble He YCTPAHEHBI U 1O Cell JeHb (UTO, MO-BHINMOMY,
U SIBIJIOCH MPUYHHON TOTO, UTO 9TOT TEKCT TAK U OCTAJICS B CTATYCe MPEINPHHTA), ITa pabora
HOC/Iy7KUJIa OTHPABHOW TOYKON Jijisi OOJIBIIOTO KOJUYECTBA, MCCJICI0BAHMUI 1 myO/uKanmuii Ha
TeMy CHCTeM SKCIIOHEHIMAJBLHOTO THIA. B 9acTHOCTH, B cTaThe |2| ObLIN H3y4YeHbl HHTErpupy-
eMble CHCTeMbI SKCIIOHEHITMAIBHOrO THIIA ¢ MaTpuiiamu Kapraxa pasmepa 2, a B crarbe [3] —
CUCTEMBI, COOTBETCTBYIOIINEC HEBLIPOXKJIACHHBIM MaTpUIlaM KapTaHa H, B 4aCTHOCTH, CUCTEMHBI,
coorBeTcTBYyIOIHe anaredpam Jlu cepun A, ObLIH IPOMHTErPUPOBAHBI B gBHOM BHIe. OTMeTHM
Takzke paboTel yHUMCKON 1KOJIBI [4]-[6], B KOTOPBIX M3y4aiuch peJyKIUd CHCTEM IKCIIOHEH-
IHATHHOTO THUIIA ¥ UX CBA3b ¢ BHICHITMME CHMMETPHSAMHE, U HeJblil psijt pabor [7]-[17], B koTopbix
HCCJIeIOBAINCH TUCKPETHBIE AHAJIOTH CHCTEM YKCIOHEHIINAILHOTO THIIA.

XoTs ujaen, CBI3aHHBIE ¢ MOHATHEM XapPaKTePUCTUIECKOH aareOpbl HESIBHO HUCIOTH30BATNCD
emte ['ypca [18] npu ero monbiTkax Kaaccudukanuum uHTErpupyeMbix 110 JlapOy CKagsipHBIX TH-
nepOOTMIeCKUX yPaBHEHNU, COOTBETCTBYIOIIEE ONpe/Ie/eHne ObLIO BBEIEHO JIUIIb B MOC/I€THE
Y4eTBEPTH JBAJANATOrO Beka B ctaThe [19]. BrocsencrBun nonsiTie XxapakTepucTHIeCKON aare6-
PBI TITUPOKO UCHOIH30BAJIOCH TPU U3YYEeHUN UHTErpupyeMbix o JlapOy AucKpeTHbIX U TOJIYIUC-
KPEeTHBIX ypaBHeHuil B paborax ydbumckoit mkost [20]-[30]. [TogpobHoe omucanue mpuMeHeHuit
XapaKTEePUCTHUIECKUX aIrebp MY U3yUeHUN HEJIMHEHHbIX YpaBHEeHWH co/lepKuTcs B Kuure [31].
Cumvmmerpuu ypasrenunit Kieitna—Topona usyvanucs B crarbe [32].

XapaKTepucTHIecKne aJredpbl HHTEIPUPYEMBIX THIEPOOJINIeCKIX YPABHEHUN TAl0T IIPIMe-
PbI I'PaJlyMPOBAHHBIX OECKOHEYHOMEpHBIX asreOp Jlu jmHeitnoro pocra. B crarbe [21] Gbuia
n3ydeHa XapaKTepucTudeckasi ajredpa ypaBHeHus sin-lopoH, KOTOpas uMeeT CKOPOCTH PO-
cTa %, a B pabote 25| OblIa HecIe0BaHA XapaKTepucTHiecKas aarebpa ypasuenus [lumeiiku,
pacTyIas co CpeaHeil CKOPOCThIO %. B paborax [33], [34] 6bu1n mocTpoensl GecKOHEUHBIE JTH-
Heitnble Oa3uCh JJId 3TUX ajarebp JIu u 6bLIO MOKa3aHO, YTO OHU H30MOPGHBI HEOTPUIIATEIHLHOM
qactu anrebpsl nerenb s/(2,C) ® C[t,t™1] u ckpydennoit anrebpe nereab mpocToit anretpsl Jlu
50(3,C) coorBeTcrBeHHO.

Jlannast pabora HanpaB/ieHa Ha Pa3BUTHE HEKOTOPHIX UJIeil, BBICKA3aHHBIX B HpenpunTe |1, u
HA [IPOJIBUKEHNE B JIOKA3ATE/IHCTBE BRICKA3AHHBIX TaM THIIOTE3 U MPEC/eIyeT HeCKOIBKO TeIeit.
Bo-niepBbix, MBI XOTHM NPUJAATH JOKHYIO aJreOpandecKyio CTPOroCThb MOHATHIO XapaKTepu-
CTHYeCKOi aarebpbl (OyIyT MPUBEIEHBl TIPUMEPHI, MOKA3BIBAIOIIHE, YTO B IUCKPETHOM CJIydae
9TO COBEPIIEHHO HeOOXOJUMO): MbI MOKAZKEM, 4TO K THM OOBEKTAM eCTECTBEHHO OTHOCHUTHCS
He Kak K anarebpam JIu (mwim kosbiam Jlu), a kak K anre6pam JIu—Paiinxapra. Bo-BTOpbIX, Mb
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UCCIeIyeM JIIOOONBITHYIO KOMOMHATOPHUKY, CBSI3aHHYIO ¢ YpaBHeHHEM JIMyBHILISA — CAMBIM HPO-
CTBIM TIPEJCTABUTEIEM KJIACCA SKCHOHEHIIMAJIBHBIX CHCTEM, OTBeYalomux Marpuiiam KapraHa.
W, B-TpeThux, MBI ONHUIIEM B IBHOM BHJE XapaKTEPUCTHUYECKHE AJITeOphl dKCIOHEHINAILHOTO
tura (1.1) ¢ Beipox/ieHHbIMI MaTpuiiamMu Kaprana panra 2 u ONMIIeM BbICIIHEe CHMMETDHHA JIJIs
HEKOTOPBIX U3 HUX. Kak u B ciiydae cucreMm panra 1, cBOAAIINXCH K ypaBHeHHAM sin-I'op/ion u
[Turmeiikn, xapakTepucTudecKne ajredpbl 3TUX CUCTEM UMEIOT JIMHEHHBIH POCT.

B naparpade 2 naercs kparkuii 0630p U3BECTHBIX PE3YJIHLTATOB 00 HHTEIPUPYEMOCTH CHCTEM
9KCIIOHEHIIMAJIBHOTO THUIIA, COOTBETCTBYIONMX Marpunam Kaprana. B maparpadge 3 BBOANT-
ca nouaTrue anaredbpsl JIu—Paiinxapra, onuchiBaeTcs CTPYKTYpa XapaKTePHCTHUECKHX aJaredp
ypasuennii sin-lopon u Lluneiiku 1 NpuBOIUTCA IIPUMED, MOKA3BIBAIOIIM, YTO XapaKTePUCTH-
Jeckue ajaredpbl IPpaBUIHLHO PaccMaTpUBaTh UMEHHO Kak aarebpsl JIlu—Paiinxapra. Ilaparpad 4
HOCBHIIEH OIMMCAHUIO IOHATHS PocTa OeckoHneuHomepHbix aJjiredp JIu. B naparpade 5 nuzyqaercs
JIIOOOTIBITHAS KOMOMHATOPHUKA, CBI3aHHA C XapAaKTEPUCTUYECKUMHU UHTErPAJAMH U CUMMETPU-
gavu ypasHenus Jluysuuig. [Taparpad 6 mocesinen SBHOMY ONUCAHWIO B TEPMUHAX 00pa3yio-
IMUX U COOTHOIIEHUN XapaKTePUCTUUECKUX AJITreOp SKCHOHEHITUAJIBHBIX CUCTEM, OTBEYAIONINX
BBIPOXKJIEHHBIM MaTpuiniam Kaprana panra 2. B naparpade 7 onucbsiBaeTcd uepapxus CUMMeT-
pHUil /I cHCTeMBbl, oTBedaollei adpdunnoit marpune Kaprana Aél) U IPHUBOJIATCS HEKOTOPDIE
YACTUYHBIE PE3YJILTATHI O BBICIIMX CUMMETPHUSX CHCTEM, OTBEYAIONINX JAPYTIHM BBIPOKICHHBIM
MaTpunaMm Kaprana panra 2.

2. CUCTEMBI DKCIIOHEHIMAJTBHOI'O TUIA U MATPULLI KAPTAHA

Pacemorpum runepbo/inueckyio cucreMy ypaBHEHHIT B YaCTHBIX HPOU3BOJIHBIX IKCIIOHEHIIM-
AJILHOT'O THIIA, SIBJISIONLYIOCS MHOTOMEPHBIM 0000IIEHIHEM KJIACCHYeCKOTro ypaBuenus JInyBuJLis

7 i _ 1 r .
wy, =€e", pj=apw +--tapw’, i=1,.7 (2.1)

Jleznos |3] mokazas, 4ro, ecan marpuna kodddunnentos M = (a;;) ABAAETCA HEBBIPOZKIEH-
Hoit marpuneii Kaprama, To cOOTBeTCTBYIOmAs 3KCHOHEHIHAJbLHAS THIEPOOJNICCKAsS CHCTe-
ma (2.1) marerpupyema no lap0Oy. B ero nokazarenncrse [3| mas marpuner Kaprana us cepuu
A OBLIO 9BHO HaJIEHO TOYHOE pelieHhe CUCTeMbl, 3aBUCSIee OT 27 MPOU3BOJBLHBIX (DYHKINIA,
T.e. OBLIO SIBHO IIOCTPOEHO MHOI'OMEpHOe 0000IIeHHe KJIaCCHYEeCKOr0 pelleHHsl OJTHOMEPHOIO
ypasHenns JlmyBmwiia u,, = e“. Ilosauee B mpempunTe [1| GBIJIO BBHICKA3AHO yTBEpXKIEHHE
(mpemoIozKeHye ), 9TO OCHOBHOM pe3yabTaT u3 paboThl [3] MoxkeT GbITH MepeHeceH u Ha cJIydail
IPOM3BOIBLHOI MaTpunbl Kaprana M, BO3MOMKHO BBIPOKICHHOM, IIPH HOMOIIE METOIa 00paT-
HOM 3aa4un paccestuust. Caydail r = 2 6l MOJHOCTBHIO pa3obpan B |1, 2|:

1 (a11w'+ainw?)
wwy — ela1 12 M= <a11 CL12) ' (2.2)

T plaziw! +azw?) ’ a1 a2

Bruio nokazauo |1, 2|, 4ro juist BRIpOXKeHHBIX MaTpul Kaprana

2 -2 2 —4
Ml:(—Q 2 ) M=l o

COOTBETCTBYIOIIIE SKCIIOHEHIINATBHBIE CHCTEMBI (2.2) HHTerpUpYeMbl MeTOJ0M 00paTHOI 3a/1a-
an paccestHust. Xapakrepucrudeckne aare6psr Jlu stux ypasHeHuit (Mbl 6yeM 0 HUX TOBOPHUTH

B caemnytonieM naparpade) n3oMopdHbI HEKOTOPBIM nogaaredbpam Jlu B aarebpax Jlu Agl), Ag2).
DKCIIOHEHITHATbHBIE CHCTeMBI (2.2), 0TBedalolie HeBBIPOKICHHBIM 2 X 2-Marpunam Kaprana

G () () (G

HOJIYIPOCTBIX aJyredp JIlu A1P A1, Ag, Csy, G5 ABIASIOTCA HHTETPUPYEMBIMHU B SBHOM BHJIE.
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PaccmorpuM reneps Beipoxkaennyto Marpuiy Kaprana M = (a;;). Ee nocienniowo ctpoky [,
MOXKHO HPEJICTABUTH B BUJI€ JUHEHHON KOMOMHAIIMK MEPBBHIX " — 1 CTPOK:

=Ml 4+ N1l
BBeeM HOBBIE MEpEMEHHBIE
u=apwt 4+ Fazw’, i=1,2,...r—1.
Toryma cucremy (2.1) MOXKHO HEPEIICATh B BHJIE

u;y = ailem + ai26u2 + .-+ ai7'_1€UT71 + aiT€A1U1+"'+AT71UT717 i = 17 27 T — 1.

Taxum obpazoMm, /i BEIPOZKJ/IEHHBIX MaTpuIl Kaprana pa3zMepa r COOTBETCTBYIONIAA SKCIIOHEH-
IUaJIbHAs CUCTEMa, CBOJMTCS K CHCTeMe, cocTosIieit u3 r — 1 runepboJMIecKoro ypaBHEHH.
B wacTHOCTH, BBIpOKIEeHHBIE MAaTpuIlbl KapTraHa pasmepa 2 TPHUBOAAT K CKAJAPHBIM ypaB-
HenugaM sin-I'opgon n Humneiiku. B maparpade 6 Mbl U3yYUM CHCTEMBI, K KOTOPBIM CBOJISTCS
SKCIMOHEHIINATbHBIE CHCTEMBI, OTBEYAIONINE BRIPOXKIACHHBIM MaTpuiiaM Kaprana pasmepa 3.

3. XAPAKTEPUCTUYECKUE AJITEBPHI JIN-PANHXAPTA

HamoMmHuM KOHCTPYKIHIO OZHOTO 0000IIeHs MOHATHSA ajaredbpwl JIu, n3BecTHOro B JiHTEpa-
Type noj HazBanueM ajarebpst Jlu—Paitnxapra.

Onpegenenne 3.1 ([35]). [Tyemv R — KommymamueHoe accouuamueHoe Koabyo ¢ e0uH-
yel u A — xommymamuenas R-arzebpa. Ilapa (A, L) nasweaemes aarebpoii JIn—Paiinxapra,
ecau

1) L asasemesa anszebpot Jlu nad R, xomopas deticmeyem na A aesvmu duddepernyuposa-
HUAMU, M.€.

X(ab) = X(a)b+ aX(b) das scex a,be A, X € L;

2) anzebpa Jlu L aeazsemca A-modyrem.
Ilapa (A, L) doasicra ydosaemeopamo cAOYOUUM YCAOBUAM COBMECTIIHOCTIL

[(X,aY]=X(a)Y +a[X,Y] Odaascex XY €L, ac€ A
(aX)(b) = a(X(b)) O0asnecer abe A X € L.

Mopdnmmsmonm ¢ : (A, L) — (A, L) amre6p JIu-Paitaxapra (A, £) u (A, £) Hazsisaercss Mop-
busm ¢ : L — L anre6p Jlu nan R, cormacosanuslii ¢ neiicrsuem £ na A.

OxasbiBaercs, 9TO IOHATHE aareOpnl JIn-PaifHxapra ecrecTBEHHBIM 00pPa30M BO3HUKAET
B TEOPHH XapaKTepUCTHUeCKuX aareOp JIu rumepboaumueckux cucreM. B KadecTse 6a30BOrO
nupumepa pasbepeM HpuMep xapakrepuctudeckoil aaredpor Jlu x(sinh(u)) ypaBHenusi cunyc-
Topsiona.

B [33], [34] 610 yeranosieno, 94T0 B XapaKTepHCTHICCKOiT anredpe Jlu

X(sinh(u)) = Lie(Xo, X1)

MOKHO BbIOpaTh OeckonedHblit 0asuc X, X1, Xo, X3, ..., TaKkoii, 4ro
1, 7—i=1mod3
(X, X)) = ¢ Xisy, cj=< 0, j—i=0mod3 | i,7>0. (3.1)

-1, j7—1=-1mod 3

CrpykTypHble cooTHOITeHns (3.1) COBNAIAIOT ¢ KAHOHHYECKIMHU COOTHOIIEHUAME 7151 Ga3uc-
HBIX 3JTeMEHTOB aire6psl HeoTpuuarenbubix meretb L(sl(2,C))S0 nan s/(2,C) wim B apyrux
TepMUHAX, — HeoTpunarebuoit yactu addunnoit agaredpsr Kana—Mymu Agl).

Cama xapakrepuctudeckasi airebpa Jlu x(sinh(u)) asagercs obwbranoit anrebpoit Jlu, HO
B JOKa3aTeIbCTBE ee KOMMYTAIMOHHBIX COOTHOIIEHWH CYIIeCTBEHHBIM 00pa30M HCIOTb3YeTCs
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CTPYKTYpa HEKOTOPOii BeroMoraTeabHoi aiare6psl JIu-Pajinxapra. TyT cTouT cpasy 3aMeTHTh,
aro B Monorpaduu [31], a Takxke B mesom psize crareit [25] — [28] u ap. ucnob3oBascs TepMuH
KOJIBII0 JIn. DTOT BHIGOD OBLT HE COBCEM YAAIHBIM, Ceidac B JIUTEpATYpe BCe Jalle MPUMEHACTCsI
OoJtee IPaBUIIbHBIN (Ha HAI B3JIA) TepMuH ajirebpa JIn—Paitaxapra |30).

HamomuuM HEKOTOpBIE M3BECTHBIE KOHCTPYKIuu. Paccmorpum ypapHenue Kureitna—Iopaona
Uyy = f(u), mOTyUeHHOE U3 KIACCHIECKOTO yPABHEHMUS

Uy — Uz = f(u)
- _ z+t _ z—t
3aMEeHOU IMepeMEeHHBbIX T = R Yy = =5 -
Oupegeum ciiokuyio GyHkiuuo ¢(r,y) upu nomomyu (GyHKIUE MHOIUX HEPEMEHHbIX ¢ U
HEKOTOpOro pertenust u(x,y) ypasaenus: Kneitna-Topona:
u=u(z,y), g(x,y) = g(u, Uy, Upy, Upgs, - -.) = g(u, us, ug, us, ...),
IJl¢ UCIIOJb30BaHbl 0003HAYCHUA

U1 = Uy, U2 = Ugg, Uz = Ugga,

Kiraccnueckast KOHCTPYKIIAA: TP BLIYUCJACHUH YacTHOH TTPOU3BOIHOIM g—i CJIOYKHOM (DYHKITUH
0 ou 0 Ouy 0 ) 0
09 _udg Owmdg . _ D9 g
Oxr OxOu Oz Ouy ou ouq
BO3HHUKaeT oneparop D = a% H4aCTHOU MPOU3BOJHON MO T
0 0 0 0
D=u—+u—+uz—+- -+ tUpp1=— +.... 3.2
You *Ouy % By " Dy (3:2)
Ounpenenenne 3.2. Muozounen F(u, Uy, Upy, Ugzzy--.) = F(u,uy, us, us, ...) Hazwsaemes
y-uHTEerpajgom ypasrerus Kaetina—lopdona, ecau 66—5 =0.
Pacemorpum
0 oFr OF OF

_F(u7u17u27'~-) - uy% +Uzya_u1 +Uxxy8—u2 + ...
or L OF  Of oF

oy ou;  Oxduy

~—— iy

=0 =0

[HonmaoM F' OymeT y-wHTerpasioM, ecjand OyAyT BBIIOTHIATHCS YCIOBHS

oF oF oF oF
— =0, X (F)=f— +D(f)— + D*(f)— +---=0.
HamomuuMm, aTo xapakrepucTuydeckoit anre6poii y (sinh(u)) ypasuenus cunyc-I'opona Hasbi-
Baercs anrebpa Jlu Lie(Xo, Xginnq ), mopozkaernast 1ByMst muddepeHnnaabHBIMI OMePATOPAME
XO; Xsinhm rae

0 <=
Xy = — Xanho = Y D" (sinhu
7 ou’ h ; v ) ou,
1 Dy = Xgnhu + Xo. Crpouts HyzXKHBEIT HaM OeckoHeuHbl Oasuc B x(sinh(u)) Gymem mocie-

JOBATEJIBHO, /IS STOr0 PACCMATPUBAEM BCEBO3MOMKHBIE KOMMYTATOPBI BLICIIMX IIOPAIKOB OT
obpasyrommx Xo, Xinho-

Ha mepBoMm mare 3adukcupyeM JuHeiHyo 060109KY (Xo, Xgnnw, Y1), T1e Y1 = [Xo, Xeinhu)
H PAcCMOTPHUM B Heil Ipyroii ba3uc

X07 Xl :Xsinhu—i_YL X2 :Xsinhu_}/i-



XAPAKTEPUCTHUYECKHUE AJITEBPBHl I HWHTEI'PUPYEMBIE CHCTEMHI. .. 49

HoBble onepaTopbl MOT'YT OBITH 3aIIUCAHBI CJAEIYIONUAM 00pa30M

X, — Dn—l el — X, = — Dn—l e W) —
B S K
n=1 n=1
3aMeThM, YTO 3T OHEepPATOPBI MOXKHO BBIPA3UTh Yepe3 MHorodwieHbl Bemna B (uq, ..., u,),
0 KOTOPBIX OyJeM TOBOPHUTH OoJiee MOAPOoOHO B maparpade H:
— LU — _pu — —
Xi=¢ ZBn—l(U1,-~~,Un—1)aun, Xo=—¢ ZBn—1( ULy -y Un—1)aun-
n=1 n=1
[lepBas ujaes mokasarenbcrsa [33], [34] — 910 mpemcTaBuTh XapakTepuCTHIECKYIO aarebpy

JIm x(sinh(u)) xak anrebpy Jlu Lie( Xy, X1, X3), MTOPOKICHHYIO He ABYMS, a TPEMs JEMEHTa-
mu Xo, X1, Xo. [Ipenmymectso npencrasiaenus x(sinh(u)) = Lie(Xo, X7, Xo) 3akmoqaercs B
CJlIe JyIomux ABYyX KOMMYTallUOHHbIX COOTHOINECHUAX

[XU7X1] = X17 [X07X2] = _X2a

KOTOpbIE 03HAYAIOT, YTO BEKTOPbI X1, Xo ABJIAIOTCH COOCTBEHHBIMU 11 onieparopa ad X, paBHO
KaK M BCE UX BBICHTIHE KOMMYTATOPHI. VIMeHHO 3TO coobpazkenue u OyJIeT KJIIOUYEBBIM BO BCEX
BBIUNCIIEHUSIX.

Bropoit umeeit mokasarenbcrsa u3 [33], [34] aBasiercss mabuiofenne, 9TO KOMMYTAIHOHHbBIE
cooTHoIeHust (3.1) MOKHO HAXOIUTH Ge3 TOJyUYeHUs SIBHBIX (OPMYJT IS CAMHX OIePATOPOB
X3, Xy, X5, .... JanHasa uned He gBIdeTCs OPUTHHAILHOM M OCHOBAHA HAa HU3BECTHON 3dJIeMeH-
TapHOH JieMMe.

JIemma 3.1 ([31]). ITycmo duddeperyuarvruii onepamop

X:ZBa—M P, = Py(u,us, ... up,...),

rommymupyem. ¢ onepamopom D. Tozda X = 0.

Cpasy ormerum, uto B paBercTse [D, Xo] = 0 HET HUKAKOTO TTPOTHBOPEUUST € MPEIBIIY N
JIEMMOIi, T.K. oneparop Xg = % He UMeeT YKa3aHHBbIN B yCJIOBUHU JeMMbI 3.1 BUJI.
He cnoxkuo npoBepuUTh U APyrue KOMMYTAIMOHHBIE COOTHOIICHU S

[D,Xl] = —€u)(07 [D,XQ] = equo.

[TosiByienue (pyHKIMMOHATBHBIX MHOXKHTEEH BUIa €%, e~ " B MPaBbIX 4acTdX 3TUX (HOPMYJI U

YKa3bIBaeT Ha HEOOXOJAMMOCTb paccMoTpenus anrebp JIn—Paiinxapra BMeCTO OOBIYHBIX aaredp
JIn.

[IpuBesieM B KadecTBe IpHUMepA ellle OJHO KOMMYTAIIMOHHOE COOTHOIIEHHe, IJle TaK Ke BO3-
HUKAIOT (PYHKIIMOHAJILHBIE MHOKHATEIN ¥, e~

[D, X5] = [D, [ X1, X5]] = — [€"Xo, Xa] + [X1,e " Xo| = "Xy — e " Xj.

Yro MoxKHO ckaszaTbhb o0 aarebpe Jlm Lie(D, Xy, X1, X5), TOpOoXKIeHHOH oIepaTopaMu
p s 205 ; ; p Pl p p

D, Xy, X1, X5?7 lIMeHnno ee m Haao peajn30BBIBATH Kak mojaarebpy Jlu B anredope JIu—

Paiinxapra (A, £), rme A obo3HaYaeT KOMMYTATHBHYIO a/iredpy KBa3UMHOTOWICHOB BUIA

m
ku
A= E € ka PkEC[UhUQ,Ug,...], nameN )
k=—n
a anrebpa JIu L apiasercsa anrebpoii KBa3UMOINHOMUAIBHBIX 1u((EPEHITNATBHBIX OMEPATOPOB

0 0 0 ,
X:f0%+f1w+f2w+..., fie A ieN.
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3aMeTuM €pasy, 4To
[D, —e“XO] = —D(GU)XO = —€UU1X0, [D, €7UX0] = —efuulXo.

[IpomoKuB 9TOT mpOoIece PeKyPPEeHTHO, MBI BuanM, uTo aareope JIu Lie(D, X, X1, Xy) upu-
HAJJIeXKAT U OMePaTopsl ¢ KoxdpuimeHTaMu B BUIe KBA3UMHOTOUICHOB TPOU3BOIBHBIX BECOB

—e"Byp(ug, ..., u,)Xo, e “Br(—u1,...,—u,)Xo, n,k€N.

Bouto 6b1 maTepecHo m3yuuth Lie(D, Xo, X1, X2) ¢ TOUKH 3peHHST OECKOHEUHOMEDHBIX
Z-rpagyupoBannbix ajaredbp JIu. [Ipegcrasisercs, 4ro oHa J0JKHA ObITh U30MOpMHA OHOI
13 M3BECTHBIX TAKWUX ajredp.

O/1HaKO TJIaBHOI 1e/IBI0 BCEX HAINX BBIYUCICHUN SIBISETCS BCE YKe JOKA3ATeTbCTBO KOMMY-
TAIMOHHBIX COOTHOMTeHNH (3.1).

(D, X4] = —[[D, X1], X5] — [X31, [D, X3]] = [€"Xo, X3] — [X1,€"Xo + e "X ] = —€" X,

rae X4 = —[Xl,Xg].
Hokazxkem, aro [X7, X4 = 0. st 57010 BRIYUCIAM TAKON JBOIHON KOMMYTATOD

[D7 [Xl,X4H = [[D,X1]7X4] + [Xl, [D,X4H = — [6“X0,X4] - [Xl, equ] = —e“X4 + 6“X4 = 0.

AnanormynsiM 06pa3om jgokassiBaercd [34], aro [Xa, X;5] = 0.
Hanee onpemensgeM MHIYKTHBHO BCE ONEPATOPHI KAHOHHYECKOrO GECKOHEUHOro 6asmca IId
xapakTepuctuaeckoit aaredps Jlu y(sinh(u)) dopmymamu

X1 = —[Xu, Xax, Xakro = [Xa, Xaxl, Xakrs = [ X1, Xarta), k> 1.

W yx)e aas 3TUX OMEPATOPOB IO MHAYKIMH JO0KA3BIBAIOTCS KOMMYTAITMOHHBIE COOTHOIIE-
uust (3.1).

Caeayst pabote |2], MOXKHO HPeIJIOKATH U APYTOii criocob aarebpandeckux paccyxkenuii. O
3aKII0YAETCS B TOM, 9TO V DA3MCHBIX OMEPATOPOB «yOUPAOTCs» (DYHKIMOHAIBHBIE MHOKUTEJIH

BuIa e, WHBIMHI CJIOBAMHE, MBI BBOAUM HOBEIE OTICPATOPHI

U !/ _ U !/ _ /
Lipi1=e 3k+1> Lo = " X540, L3 = Xgpys-

OueBuano, uro HoBble audQdepeHnuagIbable OnepaTopsl L; yIOBJETBOPSIOT TEM K€ CaMBIM
KOMMYTAIIMOHHBIM CcOOTHOIIeHnsM (3.1), 9To u omeparopsl X;, HO HpPUH ITOM OHH OyIyT
NOJIMHOMUANBHBIMHA, T.e. OHH OyIyT ABIATHCA TU(D(epeHNupOBaHAAME aJreOphl TOJUHOMOB
Clug, ug, ..., up, . ..].

KoMMyTalOHHbIE COOTHOLIEHUS ¢ y4acTueM oneparopa D usMendar c¢soil suj. Boluumenm jnsa
OCHOBHBLIX TaKHUX COOTHOLIEHUS.

[D, Ll] = —UlLl, [D, LQ] == ung. (33)

Mpur mpuxoanM K KOHCTPYKIIUU TaK HA3bIBAEMON MOJIHHOMHAJIBHOH aaredpsr JIn, pe ioxKeH-
Hoii Byxmrabepom [36]. TToamHomuanpras anrebpa Jlu mo Byxmrabepy — s1o anrebpa Jln—
Paiiaxapra B curyanuu, Korja aarebpa A spisierca HEKOTOPOil aarebpoit MHOTOUYIeHOB (datre
BCET0 OT KOHEYHOIO YHCJIA MEPEMEHHBIX ), U IPH TOM JIOJIZKHBI BBITIOJHATHCS B BAYKHBIX JI0-
HOJIHUTEIbHBIX YCJIOBHS:

1) asnrebpa JIu L, yaacTByiomas B OnpejieeHud, JOJKHA ObITh CBOGOIHBIM MOJYJIEM (dalie
BCEIr0 KOHEYHOMEDHbIM) HaJl aarebpoit Aj;

2) anrebpa Jlu £ u noamHoMuadbHas ajarebpa A JT0JKHBL ObITH MDAy HPOBAHHBIMHE, IPHYEM
I'PalyHPOBKU JIOJIZKHBI OBITH COTJIACOBAHBI B €CTECTBEHHOM CMBIC/TE.

Kaxk 6bi10 mokazano B [37| Ha mpumepe x(sinh(u)), nsyuenne xapakTepuCTHYECKUX aaredp
JIu TpuBONT K HEOOXOIMMOCTH PaCcCMATPUBATE MOJTHHOMAAIBHBIE aJredpsl JIu A or GeckoHed-
HOTI'O YHCJIa IEPEMEHHBIX, IpuIeM aareopsr JIu, aBassorcs, BooOIe ToBOps, MOLYJISIMH CI€THOIO
paHra HaJl MOJUHOMHAILHON anredpoii A.
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Ompenennm Tenepb Z-rpayupoBKH nosnHOMuAIBHON amrebper A = Clug, ug, ..., up,...] u
asredpsl Jlu £ mag xapakrepucTudeckoil anaredpsl JIu ypaBHenust cumHyc-l'opmoH, 3a1aB Be-
ca w(u;) oOPA3YIOMUX Uj, U, Ug, ... aaredpel A u Beca w(L;), w(D) Ga3suCHBIX OMEPATOPOB
D, Ly, Lo, L, ... anrebpsr JIu L

w(u) =—i, w(D)=-1, w(L;))=1, rtme i€N.

[Monuuomunasprast anredpa Jlu (Cluy, ug, . .. ], L) caeTHOro paHra OMpegessercs Ipu ITOMOIH
cueTHoro baszuca D, Ly, Lo, L3, ... anreopsr JIu L, T.e. 6asuca jgeBoro Moayas £ Ha aarebpoi
muorownienoB A = Clug, ug, us, . . . |.

1) 6asucubie snementsl D, Ly, Lo, Ls, ... JOJZKHBI YIOBJIETBOPSITH KOMMYTAIIHOHHBIM COOT-
norrenusm (3.1) u (3.3).

2) neitcrue anre6psl L Ha anrebpe muorowienos Cluy, us, . . .| 3amaerca peficTeremM 6a3uCHBIX
OIIePATOPOB HA MEPEMEHHBIX U;

D(Ul) = Uj+1, Ll(ul) = Bi_l(ul, Ce 7Ui—1)a LQ(UZ) = Bi_l(—ul, ey _ui—1)7 ) Z 1.

3) meiicTBre GA3UCHBIX OMEPAaTOPOB Ly mpu k > 3, onpepensercs no WHAYKINHA, HATHHASI C
neficruga obopasyomux Lq, Lo

Ls(uz) = LILQ(ui) - Lle(Ui) = Ll(Bi(uh U2, - - - ,Ui—l) - LzBi(—Uh —U2,y ...y _ui—l)'
KommyTtaropsr [D, Ly ajist k > 3, onpenesisirorest aHAJIOTHYHO:
[D, Ls] = [D, [L1, L] = [[D, L1}, Lo] + [L1[D, Lo]] = L1 — Lo.

AHau3 Ipyrux NpUMEpPOB U3 HPUJIOKEHU MOKA3bIBAET, YTO M CAMU XapPaKTEPUCTHIECKUE AJl-
rebpbl JIu MOryT UMeTh JOMOJHUTEILHYIO CTPYKTYPY ajireopnt JIn—Paiinxapra, 4To MOXKeT Cy-
IIECTBEHHO YIIPOCTHTH MOUCK BBICITHX CAMMETPHI THIepOOJMIeCKUX CHCTEM. DTO HAIIPAB/ICHIE
cefivac akTUBHO pa3suBaercs [30].

[TousiTre XapakKTepuCTHIECKON aaredpsl JOIMyCKaeT 0O0OIeHne Ha Corydail oIy IuCKPeTHBIX
M [OJTHOCTBIO JUCKPETHBIX runepboandeckux ypasaenuii [20], [22]. Eciu ypaBHeHue He cummeT-
PHYHO MO OTHOIIEHUIO K JBYM HE3aBUCHMBIM MEePEMEHHBIM (& B MOJIYJHUCKPETHOM CJIyYae 3TO
BCETJa TaK), TO HEOOXOJMMO OIpPEJIETUTh JBe XapaKTePHUCTHUECKHE AJIreGphbl — 10 KayKJIOMY
U3 XapaKTepUCTUYeCKUX Haupasjenuit. Mbl He Oy/ieM HPUBOAUTH 3/1€Ch 0DIIEl Teopuu u3 pa-
oot [20], [22], a smmb OrpaHEYUMCST PACCMOTPEHEEM OJHOTO MOYYUTETHHON0 HPUMepa U I UM
BCE HEOOXO/IMMBIE JIJIsl HErO OIPEIe/IeHUS.

PaccmorpuM ckasisipHOe ypaBHEHUE BHJIa

Un+1,zc = f(um Up+1, un7:c)7 (34)

rje v — (pYHKIHSA ABYX HE3aBUCUMBIX IepEMEHHBIX: HEIIPEPLIBHON ITIepeMEeHHOM & U JUCKPETHOM
N, 3aBUCAMOCTb OT KOTOpO# MO TPaJHINi YKA3BIBACTCSI B BHIE HUKHETO MHIEKCA. AHAINTH-
deckasg GYHKIuSA [ = (U g, Up, Unt1, Unt2, - - . ) HASBIBACTCH T-HHTETPAJOM ypaBHenus (3.4),
ecJIM ee 10/IHAs IPOU3BOJHAS 10 T B CHJy ypaBHeHus pasHa Hyswo: D(I) =0, rie

s, 9, 9] 9,
8u—w+un’x8un+f +(Tf)5—

a T — omepatop casura o auckpernoil mepemenuoii: T'f = f(Uni1, Uni2, Uni12). HeTpyaro
3aMeTUTh, 4TO eciu DyHKIHUs [ gBJAseTCsl MHTErpajgoM ypaHeHus (3.4), TO OHa He MOXKeT
3aBUCETD OT Uy, 5, TOCKOJBKY B 9TOM CIyd4ae IpU IPUMeHeHHH omepaTopa [ MBI IOJYyIUM cJla-
raemMoe, COJIePzKallee Uy, 5, KOTOpoe HU C 9eM He MOZKeT COKPATUThCA. TakuMm 00pa3oM, BCAKMt
T-HHTErpaJl TaKzKe JIOJZKEH YI0BIeTBOpsThH yeaosuio Xo(l) = 0, rae Xy = aui,m'

Asre6pa JIn Y., mopoxieHHas orneparopamn D u X, HA3BIBAETCS T-XapaKTepPHCTHIECKOH
airebpoii ypasaenus (3.4). VI3 mpeapLayIux paccyzKaeHuil ciaenyer, 4To hyHKiws [ gBiasger-

sl T-WHTETPAJIoOM ypaBHeHust (3.4) ec/iu U TOJBKO eC/Ii OHA AHHYJIHDPYET XapaKTePUCTHIECKYTO

+ (T?f)

D = Up,za

aun—i—l aun+2 aun,+3
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anrebpy X.. Llo anajgoruum ¢ wiaesmu u3 pabor [1], [2] ecrecTBeHHO TPEANOIOKATH, YTO ypaB-
Herue (3.4) JIOMyCKaeT HeTPUBUAJIbHBIE Z-HHTEIPAJBI €CJIU U TOJBKO €CJIH €r0 XapaKTepUCTH-
gyeckas aarebpa KoHednoMepHa. OIHAKO, KaK IMOKA3LIBACT CACAYIOMMIA IIPAMEpP, B TAKOM BHJIE
9TO yTBEP:K/IEHNEe HEBEPHO.

ITpumep 3.1. PaccMorTpuM NOJIyIMCKPETHBIN aHa 0T ypaBHenusd JInyBuLisg

Up+lae — Unax = et et

)

D10 ypasHeHue ObLIO JIeTaJbLHO U3ydeHO B crarbe [38|, rue ObLio 1okazaHo, 4ro 10 CBOMM
cBoficTBaM OHO COBEpIIEHHO aHaJOIMYHO HelpepbIBHOMY ypasHenuio JImysnians ug, = e*. Ha-
npuMep, oHO 06JIaIaeT T-UHTErPaIOM

I = (1 + eun+1—un+2)<1 4 eun+1_un)'

N3zyunm xapaKTepuCTUYECKYIO aaredpy X, 3TOro ypasHenus. HeTpyiHO IpOBEPUTDH, YTO B JaH-
HOM ciydae Ajd jioboro k € N uMmeer MecTo paBeHCTBO

Tk‘f = Uy +oeln 19 (eun+1 LoeUnt? po 4 eum-k) 4 eUnthtl

[TosTromy omeparop D moxkHO npejactasuth B Buge D = X + u, Y + W, rae
i—1

Y = i 0 W = f e’ + QZ einti 4 ghnti 0
N — 8un+i’ B P aun_ﬂ-'

Jj=1

PaccmaTpuBast KOMMyTallMOHHBIE COOTHOIIEHUSI, HETPYIHO YOEIUTHCA B TOM, UTO
(Xo,D] =Y, [Y,D]=W,
oTkyaa caenyet, 4To Y, W € x;. llockonbky D € Xz, TO Uy Y = D — Xo — W € x,. Hanee,
[Un,2Y, W] = tp W € Xa,
[tUn 2 Y, U W] = (Une)*W € Xa,
[tUn2Ys (Uno)* W] = (U)W € Xa,

U T.J1. Jlerko BUAETH, 9YTO B JAHHOM CJIyUae XapaKTepUCTHUYECKas aJaredpa Y, SBJsgercsa OecKo-
HEYHOMEPHOH, Kak ajredpa Jlu Ha nmosem KoHcTtanT. Tem He MeHee, OHA SIBJISETCA KOHEYHO-
MEpHBIM MOJyJIeM HaJ, KOJIbIOM MHOIOWIEHOB OT II€PEeMEHHOU U, U MOPOXKJeHA mojaaMu X,
Y u W, xak anredpa JIu-Paiiaxapra.

XapakTepucTuIecKue ajredpbl MOryT ObITH ONpe/Ie/IeHbl U 3(PHEKTUBHO UCIIOIH30BAHbBI TTPU
U3y9YEHUN NTPOU3BOJILHBIX CHCTEM T'UIlepOOIMYecKuX ypapaenuii. PaccmMorpennblii npumep noka-
3BIBAET, YTO MPH MIEPEXOJIe OT IKCIOHEHITUATBHBIX CHCTEM K 00IIeMY CIyvaro (KaK B JUCKPETHOM,
TaK, BOOOIIE TOBOPs, H B HENPEPBIBHOM CJIyYae), XapaKTePUCTHUECKYIO alrebpy HYZKHO Ompe-
JeJIaTh He Kak anreopy Jlu, a kak anreopy JIm—Paitaxapra n paccMaTpuBaTh ee pa3MepHOCTD
UMEHHO B 3TOM cMbice. T.e. uMeHHO TIoHATHe anreOps! JIn-PaiiHxapra 1aeT B JaHHOM CIydae
HOJXOJANILY IO aJrebpandecKyo KOHCTPYKIHUIO.

4. PoOCT XAPAKTEPUCTUYECKUX AJITEBP JIu

[TosiBjienre U pa3BUTUE TEOPUM XAPAKTEPUCTUYECKUX ajredp B €e HPUMEHEHUU K TeOpuu
CUMMETPHUIl TUIEePOOJINIeCKUX CHCTEM IIPOU3O0ILIO 110 BPEMEHH YYTh IO032Ke MOSBJICHUSA Iep-
BbIX pabor Kana m Mymu, B KOTOpPBIX ObLIN 3a/I0’KEHBI OCHOBBI Teopuu adduuubix aaredbp —
KOHTparpeJHeHTHhIX aJredp JIu, Kak OHU TOT/Ia HA3BIBAJIHCD.

B xomnne 60-x romos BukTop Kai mpuctynui K U3y4eHHIO MPOCTHIX Z-T'PalyuPOBAHHBIX aJI-
rebp JIu g = ®rezgk, YIOBICTBOPSIONIUX CJICIYIONIEMY YCJIOBUIO HA Pa3MEPHOCTH OJHOPOIHBIX
KOMIIOHEHT

dimg, < P(K), keZ,
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rie P(t) — HEKOTOpBI MHOTOYIEH ¢ HEOTPHIATEJbHBIME TesbiMu Koddbdununentamu. Takue
beckorneuHoMepHBIe aaredps! JIu Kai cras nassiBaTh aiaredpamu JIu komedHoro pocra.

Kan nokasai [39], uro GeckoHeuHOMepHast IpocTast Z-TpajyupoBanHas aiarebpa JIu g KoHed-
HOT'O POCTA, Y/JOBJIETBOPLAIONIAS HEKOTOPBHIM JIBYM TEXHHUYECKUM YCJIOBUIM, M30MOPQHA OHOI
anrebpe Jlu (u TosbKO OfHOM) U3 ciegyiomero caucka (cm. [40] mis yrounenus: onpeaesenuii
1 0603HAYEHHI )

e addunHBIE anredOPHI O3 MeHTpa — MIeCTh OECKOHEYHBIX CepUil U CeMb MCKJIIOUNTEIHLHBIX
aJjirebp

B, cW  pW- A pE) EéQ)

? n

A P, BN, B, EY, BV, 6P,

e anreoOpn JIu Kapranosckoro tuma W, S, K, H,,.

Y

B nononnenue k cBoeit Teopeme Kar chopmyanpoBast THIIOTe3Y, 9TO OTKA3 OT JAOMOJTHUTETb-
HBIX TEXHWYECKUX YCJOBHUU M3 €ro TeopeMbl J00ABUT K ITOMY CITHCKY JIAIIb OJHY MPOCTYIO
Z-rpagyupoBannyio anrebpy Jlu — anrebpy Burta W. ['mnoresa Kamna 6p1a mokazana Matbe
B 1990 roxy [40].

[Tosisiienue repmuna poct ajarebpor JIu B pabore Kana Toxke He ciay4daiino, Be/ib TeOpus pocTa
IPYIN 1 aarebp MosSBUIACH M CTAJIA OY€Hb HOTY/ISPHONR MMEHHO B Te camble To/bl [41]: konern 60-
X 1 Hadaa0 70-X rogoB (MOHsITHE POCTA TPYHIbI MOSBUIOCH YyTh paHbIie). TepMuH KOHeTHBIH
poct u3 paborsl [39] Bce-Taku He MPUKUIICA B anrebpamdecKoil Jureparype, oObIYHO ceifdac
TOBOPAT PO MOJTHHOMHATBHBIH POCT.

Hamum coBpeMenHtoe onpejesenne dbyHkiun pocra aarebpst Jlu (em. geranu B [41]). peano-
JIOZKUM, 9TO OecKoHeYHOMepHas anaredpa JIu g mopoxkmeHa KOHEYHOMEPHBIM TOIITPOCTPAHCTBOM
Vi(g). O6o3nauum vepes V,(g) nomupocrpancrso V4 (g), HATSHYTOE HA BBICIIUE KOMMYTATODBI
JIMHBL He OoJibIlle M > 2 ¢ NPOU3BOJILHON paccTaHOBKO# ck0OOK. Bosnukaer menovka 6ecko-
HETHOMEDHBIX MOMPOCTPAHCTB

Vi(g) CVa(g) C---CVulg) C ..., UiTVi(e) = g

Onpenemnm dyuxnuio pocra Fy(n) = dimV,(g). Oanako Taxoe ompene/ieHne He SBIIAETCS
UHBAPHAHTHLIM — OHO OYEBUIHBIM 00PAa30M 3aBUCHT OT BHIOOPA MOPOXKIAIONIETO MHOXKeCTBA V.

HanpuMep, ec/ii BBIGPATH IpyToe MOpozk aafolee MaOKecTBO Vi (g) Takoe, aro Vi(g) C Vi, (g)
JUIST HEKOTOPOTO HATYPAILHOTO 11, TO BOSHUKHET TaKas OIeHKa Ha JBe (PyHKIMH POCTa

Fy(n) = dim V,,(g) < dim V,,,,(g) = Fy(mn).

Pocrom asrebpsr JIn g HaspiBaeTCs KJace dKBHBajgeHTHOCTH ee dyHKIui pocra [41]. DyHk-
nun pocta f,g : N — N HazuBarOTCA IKBHBAJEHTHBIMH, €CJIU HAWIYTCS TaKWe KOHCTAHTHI
c,m,c,m € N, aro

f(n) < cg(mn), g(n) < cf(mn),
g modTu Beex n € N,

Boiesstorcst Tpu THia pocta aaredp Jlu: 1) moJnHOMIATIBHBIN; 2) SKCITOHEHIHATBHbIH (Tak
pacrer cBoboaHas asnrebpa JIn oT KOHETHOro 4ucIa 00pa3ywInuX; 3) MPOMEXKYTOYHbIH, W
cyO9KCIOHEHITUATBHBIN POCT.

[TonmuHOMUAIBLHBIM THI POCTa YI0OHO XapaKTEePHU3YeTCs MPHU IMOMOIIHM IPYroro WHBAPHAHTA,
KOTODBIA Ha3bIBaeTCs B ureparype pasmeproctbio Lensdania—Kupumriosa [42]

GKdim g = lim sup M.
n—-+00 log n
Koneunocts pazmepuoctu lenbdanga-Kupunrosa GKdim g o3Hagaer, 910 CymecTByeT moJrm-
oM P(x) takoit, uro dim V,,(g) < P(n). Ecoim anrebpa JIn g siBasiercst KOHETHOMEDHOI, TO ee
pasmepnocTh l'eibdania—Kupuiiosa pasusercd nyao: GKdimg = 0. Hedbopmaabao MoxkHO
CKa3aTh eIlle TaK: ecJin pasMepHocTh [ebhania—Kupuiiosa aiaredpsl JIu g paBHa HEKOTOPOMY
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BEIIECTBEHHOMY YHCJIY (v, TO (pYHKIHSA pocTa aaredpsl JIu g pacTer co CKOPOCTHIO CTEIEHHOM
dbyukmuu Cn®, rae C — HEKOTOpas MOJOXKHUTE/IbHAA KOHCTAHTA.

[Ipu m3yueHnnm pocra XapaKTepUCTHUECKHX ajareOp JIu HY:KHO HUMeTb B BHAY IEJIbIH psiT
JIOIOJTHUTEIbHBIX 00CTOATELCTB. [lepBoe W3 HHUX OTPazKeHO B CJAEAYIONEH JeMMe, KOTOpas
XapaKTepu3yeT, B YaCTHOCTH, XapaKTepucrudeckue ajrebpbl JIu 3KCIOHEHIMAIBHBIX CHCTEM,
oTBedaloNux Marpuiiam Kaprana.

JIemma 4.1 ([34]). Ilycmo § — beckonewnomepras anzebpa Jlu, noposcdennas kornewnomep-
HOLM TOONPOCTMPAHCINEOM

Vi(g) = go @ g1,

2de go — Kommymamuenas nodaszebpa Jlu 6 g, a nodnpocmpancmeo g1 PadmMepHoCmu ¢ UH-
BAPUAGHMHO 0OMHOCUMEALHO deticmeus go Ha §. IIpednosostcum maxoice, wmo go-mo0yiv g1
JUAROHANUSUPYEM U €20 COOMBEMCMBYIOULUE 8ECA (11, . .., 0, € §f Hempusuaavuol. Paccmom-
pum nodarzebpy g 6 g, noposrcdennyro nodnpocmparcmsom gi. Toeda dynkyuu pocma Fy(n) u
F3(n) omauuaromes dpye om dpyea na Kowcmanmy

F3(n) = Fy(n) + dim go.
CnenctBue 4.1. V aqzebp Jlu g u g pasmeprocmu Ieavarda—Kupuanosa coenadarom.

B yzke pazobpaHHOM TpUMepe XapaKTepucTHaeckoii aare6psl JIn g = x(sinh(u)) ypaBHenus
cunyc-T'opaona koMMmyTatuBHas mofasreopa Jlu go = (Xo) oaHOMEpHA, & ABYMEPHOE MOJIPO-
crparcTBo g1 = (X7, X5) onpeensioch Kak JuHeRHas 000JI09Ka

g1 = (X(sinh(u)), [Xo, X (sinh(u))]).

OO01muit BBIBOJ, TAKOB: €C/IM XapakTepuctudeckasi ajarebpa Jlu g ygosiersopsier cBoficTBam B
ycaoBuu jeMMbl 4.1, TO MOXKHO H3y4aTh POCT ee KOMMYyTaHTa § = (g, §] BMecTO pocra Beeii
asrebpor JIu g.

Bropoe cBoiicTBO, KOTOpPOE XapaKTepU3yeT XapaKkTepucTudeckne ajaredpor JIn g skcrnoneHu-
AJBHBIX CHCTEM, OTBeJalomux MaTpunaMm Kaprana — 3TO ecTecTBeHHAs MOJIOKUTEJIbHAA I'pa-
JIYUPOBKA UX KOMMYTAHTOB g = [g, g]-

Onpenenenne 4.1. N-zpadyuposannas arzebpa Jlu g = ©FFg; nasweaemes ecTecTBeHHO

rpajyupoBaHHOH, ecau

(91, 0k] = Oky1, ede k> 1. (4.1)
JI/1s1 ecTecTBEHHO TpajiyupoBaHHoil anre6pnl Jlu g = @1°7g; MOXKHO ONPENETATh OHY BbI-
JIeJIEHHYIO (DYHKIHIO POCTa Fé””(n) |34], BbiGpaB B KavecTBE MOPOXKIAIONIETO TOANPOCTPAHCTBA

Vi(g) ommopomnyio KOMIOHEHTY g;. OUeBHIHBI CJIEIYIONTHe CBONCTBA

FY"(n) = dim V,(g) = ) _ dimg; = dim(g/g"""),

i=1
rae g"t! obosmagaer (n + 1)-it umeas HUKHErO MEHTPATBHOIO Psijia aireOpsl Jlu g.

Onpenenenne 4.2. WN-zpadyuposannas anzebpa Jlu g = &% g; nasweaemes aaredpoit Jin
OrpaHHIeHHOH MIHPHHBI, €CAU PASMEPHOCTNU GCET e 00HOPOIHBLT KOMNOHEHM, PABHOMEPHO 020~
HUYEeHD, Hekomopoti kKonemanmoti C'

dimgr < C, 2dek >1.

Hauboavwan pasmeprocmo cpedu pazmeprocmeds dim g 00nopodnwvix komnorenm anzedpol Jlu
02PAHUNEHHOT WUPUHBL Ha3bleaemcs ee TUPHHOI d(g).
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J1J1s1 TpOM3BOIBHOM €CTECTBEHHO I'PaJyHpoBannoii aarebpor Jlu g = @;°7g; mupunsr d(g)

bynkuuga FJ"(n) pacrer ne 6victpee, uem d(g)n:
FE'(n) < d(g)n.

CnenoBarenbuo, pazmeproctsb Lenndanga-Kupurmora GKdim g nponssosbHoit aaredpsr Jlun
KOHe4YHOI TupuHbl paBHa equauie: GKdimg = 1.

B pab6ote [34] mokazaHo, uTo xapakrepuctudeckue aare6psl Jlu ypasHenuii cunyc-T'opmona
u Huneiitku pacTyT co cpefiHeil JUHERHOU CKOPOCTHIO % u % cooTBeTcTBeHHO. B maparpade 6
MBI MOKazKeM, 4TO XapaKTePHCTUUYECKHEe aaredbpbl CHCTEM, COOTBETCTBYIOIINE BBIPOXKICHHBIM
MaTpuiiaM Kaprana panra 2, TakzKe UMeEIOT JUHEHHBIH POCT.

B pane pabor, B yacrHocTH B MoHorpaduu [31], BRICKa3bIBATACH THIIOTE3A, YTO UHTETPUPY-
€MOCTH IKCHOHEHIINATHHBIX TUIEPOOJTMICCKUX HEJTUHEHHBIX CHCTEM OMpeIeseTcs POCTOM CO-
OTBETCTBYIOIIEH Xapakrepuctudeckoit ajredopst Jlu. Ham mpempcrasisiercs, 910 u unTerpupye-
MOCTBH U MeJJIeHHBIH POCT XapaKTepuctudeckux ajaredp JIlu — Bce 3TO KOCBEHHBIE TTPOSIBJICHUST
cBoficTB MaTpur, Kaprana. B jirobom cjiydae He CTOUT CHIBHO HAJIEATHCS Ha OTPAHUYCHUS, BO3-
HUKIIE TOJIBKO W3-32 MeIJIEHHOr0 pocTta. OTMEeTHM TakyKe, 9TO Z-TpaayrnpoBaHHbie agreop Jlu
u3 crnucka Kara gaBiagioTcd IPOCTHIME U 9TO OYE€Hb CHJIbHOE YCJI0BUE. XapaKTepPUCTUIECKHE JKe
ayreopnl JIu, ecaum u 06J1a1a10T, TO HEOTPUIATEIHHOM IPAyHPOBKOM, a 3HAYUT YKe B HPHHITH-
e He MOTYT OBITH IPOCThIMH. K TpeboBaHUSAM MeIIeHHOTO POCTa HEOOXOAUMO J00ABUTDL P
JIONOJTHUTETBHBIX TpeOoBanuii. Bece 9To0 B JaHHBIH MOMEHT MOXKHO PacCMATPUBATH TOJIBKO KaK

IJIaH OYJyIIUX UCCJIeI0BAHMIA.

5. KOMBUHATOPUKA YPABHEHUS JINYBUJIIA

Dror naparpad IMOCBSINEH CBOWCTBAM HHTErPAJIOB M cuMmerTpuil ypasuenust Jlnysumiuis ¢
TOYKH 3penusi (popMayibHOi ajiredpul 1 KoMOMHaTOpuku. Paccmorpum ypasuenue JInyBusiis
Uzy = f(u) = e*. Jlerko npoBepsieTcst SIBHBIM BBIYHCJICHHEM, 9TO MHOTOW/ICH

2

2
G2 = 2ugy — Uy = 22Uy, — U,

Oy/ieT y-wHTErpaIoM ypaBHeHus JImyBULIs.
Onpemennm monHOMEuATBHEBIN qudbepertmanbabii onepatop X dopmytoit X = e“ X, Te.
0 9 0
— +tu] tu)—+....
( 1 2)au2

Kosddunuerars: 3roro oneparopa u3BeCTHB B KOMOMHATOPHUKE 0] HA3BAHHEM IIOJIHBIX MHOI'O-
wieHoB besia By,

0

X = Z kal(ul, .. ,U,k,1>—.
—1 8uk

B knure Puopaana [43] MOKHO HARTH MHOTO HHTEPECHBIX KOMOMHATODHBIX CBOWCTB MHOTO-
41eHOB Besta, OHM TakyKe MMEIOT MHOXKECTBO MPUIOMKCHUIA.
[Topox natoteit dbyrkuueit qas Maorounenos Bemna B, (uq, ug, . . ., u,) ABAsETCS

00 ti —+00 n
exp Zuzﬁ = Z B,(uy,. .. ’u”)ﬁ
=1 n=0
B [43] nmpuBemena Takke W Takas peKyppeHTHas bopMysia s MHOIOYJIEeHOB DBesia
Bp(ug, ... uy):
(D + ul)Bk = Bk—l—la k 2 0.
CanencrBue 5.1. Bepho pasencmeo:
Bu(uy, ... up) = (D +up)"(1). (5.1)
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[Tpu oMoy dbopmyast (5.1) yao6HO TOCIEI0BATENBLHO BHIIACHIBATH MHOTOWIEHB BeJuia
Bi(w) = (D +w)(1) = w,

By (uy,uz) = (D + uy)(u1) = ug + uf, 5:2)
Bs(uy, ug, us) = (D + uy) (ug + ui) = us + 3ujug + v, '
B4(U1, U9, U3, U4) (D + Ul)(Bg<U1, Ug, U3)) = Uéll + 6U%UQ + 4U1U3 + 3’U§ —+ Uy.
[Tonnble MHOTOWIEHBI Besia MOryT OBITH PEKYPPEHTHO OIpE/IeJIeHbl U JPYTUM CIIOCOOOM:
n
n
BO = 1, Bn+1(u1,u2, RN ,un+1) = Z (i)Bni(ubuQ, Ce ,Un,i)ui+1.

i=0

Omupeennm rpagyupoBky B aireope noauaoMoB A = Kluy, ug, us, .. .| Ha ee o6pa3yommx

w(ug) =k, k=1,2,3,...,

PacpoCTpaHuB €€ ITOTOM IO MYJBTUIIIMKATUBHOCTH Ha BCE MHOI'OYJIEHBHI. HaHpI/IMep, MHOT'O-

qIeH ¢y = 2uy — u? ABIAeTCS OJHOPOJHBIM Beca 2. 3aMeTHM, 4TO 3Ta rpajlydpoBKa OTIHYaeTCH

3HAKOM OT IpaayupoBku anredpol A = Klug, ug, us, .. .|, BBeJeHHON B maparpade 3.
Takmm obpasom, anrebpa A sBJIsIeTCS MOJOKUTEIBHO TPALyIPOBAHHOM

A= @:{i’jAn, A, ={P € A, w(P)=n}.

Omeparop X ymenbiraer Bec w(P) KaxKaoro OJIHOPOTHOTO TonnHOMa P € A, Ha eauHuUILy,
a omeparop D u omepaTop YMHOXKEHHs Ha 1 HA0DOPOT — ITH OLEPATOPHI YBEJUIUBAIOT BEC
KazKJI0r0 OJIHOPO/IHOTO MHOTOYJIEHA PDOBHO HA €HHHILY

X:A,—A, 1, D:A,—> A, w:A,— A, n>1
Omnpegenum Bospacratoriyto dunbrpanuio {A™, m > 0} amrebpbr A
A= (1) c A' = (1,uy) C A* = (Lug,ui,up) C -+ C A" ={P € A,w(P) <m} C A" C

T.6. DUIBTPYIOIIee MOANPOCTPAHCTBO A™ ompejiesuM, Kak JHHEHHYI0 000J109KY OJHOPOIHbIX
muOrowienos P ¢ secamu w(P) He BbIlIe m.

IIpenioxxenune 5.1. Onepamop X, oepanudernvili Ha NPOU3BONLHOE (KOHEUHOMEPHOE) N00-
npocmparcmeo A™ cmMaHOBUMCA HUALNOTEHMHLM: X]m“ =0.

Tak kak X gasiagerca muddepennupoBanueM aaredpsl A, To ero sapo Ker X gapiagerca mo-
naarebpoii B A. Bosee Toro, monaireopa Ker X sapiasiercs D-nHBapHaHTHOM, B CHIY CJIeIYIOIIHX
KOMMYTAIIHOHHBIX COOTHOIIEHUH

D, X]|=DX -XD=-uX <& (D+u)X=XD. (5.3)
B naspneiineMm HaM HOHAIOOUTCS CJIeAyIONIee dJIeMeHTapHoe 0000IIeHHe KOMMY TaIHOHHOI'O CO-
orrorrenus (5.3)
X(D+ku) =D+ (k+Du)X +kId, keZ. (5.4)
PaceMoTpuM omHOPOIHBIE y-HHTEIPAILI BECOB 3,4, ..., k, ..., KOTOPBIE ONPEIEIIIOTCI PEKYp-
PEHTHO NPHU HOMOLIU oliepaTopa D u caMoro 1epBoro 3JeMenTa siapa ¢ = 2us — u3 (OTJIUIHOTO
OT KOHCTAHTHI):
g3 = D(q2) = 2uauy — 2us,  qu = D*(q2) = 2u3 + 2uqus — 2ug, ..., g = D" *(qu),
MoxkHo paccMaTpuBaTh HOJUHOMBI G KaK IOJIMHOMHUAJIBHYIO JedopManuio nepeMeHHbiX 2y,

Qe = 2up, + Qr(ug, ..., up—1),

e KBaJIpaTHIHble HOJTUHOMBL Q (U1, . . ., Ug_1) BaBI/ICHT OT IepeMeHHbIX U, ¢ HOMEPAMH j CTPO-
ro MeHbIIUMH, deM k. Tem caMbIM, IOJTUHOMBI BHJIA q2 q3 .q"m tne k; € Zso, m > 1, obpa-

3y1oT 66CKOH€‘IHI)II/I Ha60p JUHETHO HE3aBUCHMBIX MHOI'OYJIEHOB.
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MpbI npuxoauM K W3BECTHON TeopeMe.

Teopema 5.1 (Ilabar, 2Kubep, 1979). Ilodarzebpa Ker X  uszomopdna nosunomuaivoil
anzebpe Klga, g3, . . ., qr, - - -], 20e qp = D¥2(q2), k> 2.

Ecyim MBI yMaeM 1Ipo J0Ka3aTeIbCTBO 9TOH arebpandeckoil TeOpeMbl, TO Ha JAHHBIH MOMEHT
HAMH JOKa3aHO JIUIIH BKIIOYEHHEe Moaaaredop

Klg2, g3, q4, - . . ] C Ker X. (5.5)

A 1oKa3aTesbCTBO TOrO, YTO 9TO BKJIOYEHNE ABISIETCS Ha CAMOM JIeJIe PAaBEHCTBOM, MBI IIPOBe-
JIeM 9yTh IIO32Ke B 9TOM Iaparpade.
[Ipu momormu oneparopa X ompene uM elle OHY BO3PACTAINIYIO (DUIBTPAIN0 agaredpsr A

A={0}cAlcA’c-..cAm"={Pec A X"P=0}Cc A" ..., (5.6)
T.e. B 9TOM C/Iydae (PUABTPYIOIIEe MOAIPOCTPAHCTBO A™ onpenensieTcss Kak sApo OLEPATOPA

X™. 3ameruM, 910 moaupocrpancTBa A™ yike He OyAyT KOHEYHOMEepHBIMH. [Ipu 3TOM MMeeTcst
OYEeBUIHAS CBA3b MEXKIY JABYMs (DHIBTPAIUAME B CHJIY MpejioKeHus 5.1

A c A m > 0.

Taxxxe ormernm, uto Al = Ker X.

J171s BcexX HATYPAJBHBIX M CIPAaBEIIUBBI BKIIOUEHN T
XA™ C A A™ C AT DA™ C A

Y

[TepBoe BrJIIOYEHME cieyeT n3 onpenenenns A™, a s T0Ka3aTeJbCTBA BTOPOTO JOCTATOTHO
3aMeTUTh, YTO BBIIIOJHSAIOTCH COOTHOIICHUS

X" F)=(m+DX"F +u X™F, rae m >0, (5.7)
KOTOPBIE JOKA3BIBAIOTCS HECTOAKHON WHYKIHeH TT0 1M, HauHHasl ¢ OUeBHIHOTO PaBeHCTBA

HOCﬂe,ZLHee BKJIIO4YEHUE CJeJyeT U3 TaKOro COOTHOHICHHA C YIaCTHUEM OllepaTopa D:

1
X"™(DF) = (D + (m + 1)u) X" F + %Xmﬂ m> 1. (5.8)
OHO TaK Ke JIOKa3bIBaeTCsl MHAYKIUEH [0 cTeneHu m, HaduHas ¢ (5.3):
1
X™DF = X(D + mu) X™F + X(MX”’HF)
1
= (D+ (m+ 1)u) X"F + (w + m) X™F.

B kauectse caencrsus (5.7, 5.8) npubenem u Takyo dbopmyny
(m+ 1)(m + 2k)
2
3ameuanue 5.1. Muozourenn, P us adpa onepamopa Ker X asastomes cobcmeentvmu 6€k-
mopamu onepamopa X D ¢ cobemseerntvm snaveruem A = 0:

XD(P) = (D +u)XP =0.

X" D +ku))F=(D+ (m+k+u) X"F + X™F. (5.9)

Jlemma 5.1. Ilycmov F' — npoussosvHuili mHozousen u3 aszebpor A, mozda pad
u? ul ub
m(F)=F —u XF + 2—}X2F — 3—}X3F o (—1)kk—1|XkF +... (5.10)
codepofcum KOHEYHOE YUCAO HEHYAEBHIL CAASAEMDBIT U onpedeﬂeHHua maxum 05pa30M MHOZ0-
ynaen mF oydem annyauposamos onepamop X.
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,Z[OK&S&TGJH)CTBO JIEMMBbI COCTOUT B IIPAMOM BbIYHCJICHUU

2 X(U%) 2
Xm(F)=XF — X(u))XF —wu X F+TX F—. ...
Tak Kak
X(uw)=1, X)) =2uw,  X(u})=kui™"

TO B TOM Caydae, Korga F' € A™ nj1g HeKOTOpOro HaTypaJbHOTO 1M, HMeeM:

m

. X
XF=—F=0.
m)

s J0Ka3aTeJIbCTBa cjaedyeT B 4aCTHOCTH, YTO AJIAd MHOTOYJ/JICHA F e Am+1 BbBIIIOJIHAETCA
m—1

Uy

——FX"F.
(m—1)!

u% 2 ui% 3
W(F):F—U1XF+§X F_EX F+,,,+<_1)m

B wacrnoctu g F € Ker X? sepno, uro F — u, X F € Ker X.

Sameuanue 5.2. Omobpascenue ™ : A — A, onpedeaennoe gopmyaot (5.10), asasemca
npoexmopom na nodanzebpy Ker X : n% = .

TakzKe HECJIOKHO HAWTH AP0 STOTO MPOEKTOPA:
Kerm = uA={wF, F € A}. (5.11)

B camom jene, uctiosnzyem dopmy.y (5.7) npu Berancaennn 7(uqy F') agst mpoussosbhoro F € A

u? u
(1 F) = ui F — uy X (u F) + 2—}X2(u1F) — 3—}X3(U1F) +...
» ! y
= F —u F —u?XF + 2—}(2XF +u X2F) — 3—}(3X2F +u XPF) 4 - =0.

B kauecTBe caeacTBus moyduM (popMyIIy JIsS Pa3sMEpPHOCTH sijipa omeparopa X, orpaHumdeH-
HOI'O Ha, MOJANPOCTPAaHCTBO A™ 3JIeMEHTOB Beca n:

dim Ker 7| 4» = dimu; A" = p(n — 1),
cormacao (5.11). Orkyaa BeiBogIM bOpMYITY
dim Ker X|4» = dimIm 7|4» = dim A" — dim Ker 7| 4» = p(n) — p(n — 1), (5.12)
rie p(n) obo3HavaeT YucI0 pazbueHnii yucaa n, a pasnocth p(n)—p(n—1), oueBugHBIM 06pa3oM,

paBHgETCd YUCJY pas3OueHHil 4ucjia n Ha cjaaraemMble cTporo OoJibiie 1: pasbuenue ducia n,
coJiepzKallee eJIUHUILY, IMOJIydaeTcsd U3 HEKOTOPOro pasdueHus n — 1, K KOTOpoMYy NpHOaBUJIH

OJIHY €IHHHILY.
Caexncrsue 5.2. Brawouenue (5.5) us meopemv. 5.1 2Kubepa—Illabama asasemcs usomop-
Puzmom.

Takzke MBI JOKa3aaH, 9To omepaTop X |an : A" — A" ! gpnsgerca oTobpaxKeHHEM MOJHOTO
panra: dim Im X|4» = dim A" ! = p(n — 1).

Hanomuuwm 11po otipejiesisiioniee ypaBHenue BoiciinX cuMmmerpuit ypasuenus Kiieitna—Iopjona
(ypaBaenue dopmanbHoil rpymusl JIlu-Bskiaysa Beiciux cummMerpuii)

Foy=f(WF, u; =F(u,tuz, Ugg,-..),
KOTOPOE MOXKeT OBITH CBEeJEHO K cjejylonieil ajredpandeckoii popme
(D+u)XF =XDF =F.

D10 o3HauaeT, yTo cumMerpus F = F(uy, ug, ... ) gBJIseTcst COBCTBEHHBIM BEKTOPOM OIE€PATO-
pa XD c cobcTBeHHBIM 3HaUeHHeM \ = 1.
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Jlemma 5.2. /lasa ecex ueavix m onepamop D + muy umeem nyaesoe A0po:
Ker(D + mu;) = {0}.

Bocmosib3yemcst craniapTHBIM JEKCUKOIpahudecKuM mopsagakoM B ajiredpe A u Bblieaum
CTApITA MOHOM fyu]fl ... uk B paznoxenun snementa sapa F' € Ker(D+muy). 910 o3naqaer, B
YaCTHOCTH, YTO U, ABJIAETCA CaAMOI cTaplieil nepeMeHHol, Cpelyu yIaCcTBYIOIIUX B PA3JI0KEHUN
nojiuHOMa F:

ok k
F=~ui"...uy;n+..., ~veC.
Muororoune o603HaATaET CYMMBI MOHOMOB OT IMEPEMEHHBIX Ui, ..., U,, Ky/Ja HepeMeHHasd U,
MOZKET BXOJHUTH C KPATHOCTSIMH CTPOTO MeHblie k,. [Ipumenum k F' omepatop (D + mauy)

DF +wF = yk:nulfl . uk”_lunH +...,

n

T.e. MOHOM vknulfl - uﬁ”flunﬂ OyJer caMbiM cTapimuM B pasaoxenun (D + muq)F, T.K. KpaT-

HOCTH IIEPEMEHHO{T U, B MOHOME, TJi€ TTPUCYTCTBYET Uy,41, OYJIET MAKCUMAILHOH. 3HaduT v = 0
U, IPOJIOJIZKAA ITH PaCCyXkKJeHus, noaydaeM, aro F = 0.

Ilpeanoxkenmne 5.2. [lycmv ' — cummempus, m.e. A8AAEMCH COOCMBEHHBIM BEKMOPOM
onepamopa XD ¢ X = 1. Tozda X*(F) = 0.

U3 onpenenenns cummverpun F' = X DF u koMMyTaimonHbix coorrormenuii (5.4) npu k = 1
HOJIYYaeM TaKyIo IEeHOYKY PaBEHCTB

XF =X2DF = X(D+u)XF = ((D+2u)X + Id) XF = (D + 2u))X*F + XF.

Orkyna ciaeayer, uro (D + 2u;) X?F = 0, nocjie 4ero npuMenus jemMmy 5.2, nojydaem yrsep-
JKJICHHE TTPeIIOZKCHUS.

Teopema 5.2 (?KuGep, Ilabar, 1979, [32]). IIpoussosvhas z-cummempusa F (cobemeen-
nol eexmop onepamopa X D ¢ X = 1) moorcem 6vumsb 3anucana 6 eude

F=(D+u)Q, Q¢cKerX=K|gp,qs,...]
Mpbi moBTOpPHM 37€CHh Ha 0OJiee CTPOTOM sI3bIKe MoKasarenbeTBo u3 [32]. B oy cropony:
nycts X Q) = 0, Torna
(D+u)X (D4 u)Q = (D+wup) ((D+2u))X + 1d)Q
=(D+u)(D+2u)XQ+ (D +up)Q
= (D +u)Q.

JlokazaresbecTBO B 0GPATHYIO CTOPOHY CJIeyer u3 onpejenenus cummerpun (D+uy) X F = F.
Beenem anement (Q = XF. U3 upemmoxkenus: 5.2 ciaeayer, aro F' = (D + up)Q, mpu 3TOM
XQ = X*F =0.

Obo3naunm cobcTBeHHBIE TTPOCTpaHCcTBa oneparopa X D, oraocamuecs k A = 0,1, kak Vy u
V1 cooTBeTcTBEHHO.

Ilpennoxxenne 5.3. Beprno pasencmso:

Vo ® V; = Ker X2,

Panee MBI gokazann Braodenne Vo @ V) C Ker X2, PaccMOTpnM KOHEIHOMEDHYIO BEPCHIO,
OTPAHUYMB BCE OIEPATOPHI Ha MOAIPOCTpancTBO A" MHOrouneHOB Beca n. [loampocTpaHCTBO
Vi(n) = Vi N A™ uzomopduo nognpocrpancty Vo(n — 1) = Vo N AL, cornacuo Teopeme 5.2 u
jgemMe H.2. Tem cambIM

dim(Vo(n) ® Vi(n)) = p(n) — p(n — 1) +p(n — 1) = p(n — 2) = p(n) — p(n - 2).
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C apyroit croponsl, oneparop X : A" — A" copbekTuBen g 1060ro 7, a 3HAYHT CIOPbEK-
TuBeH u omeparop X2 : A" — A" 2 tem campiM dim Ker X?|4» = p(n) — p(n — 2).

Bosuukaer ectectBennbiii Bompoc: «Kakume erme ecThb coOGCTBEHHBIE BEKTOPBI Y ONEPATO-
pa XD7»

[Ipex e, vem maTh OO OTBET HA 3TOT BOIPOC, IPOAHAJIU3UPYEM NMPHUMEPHI B MAJbIX DPas-
MEPHOCTSX.

1) Bec n = 1.V oneparopa X D nmeercst e IMHCTBEHHBIH cOOCTBEHHBIH BEKTOD U7 ¢ COOCTBEH-
HBIM 3Ha4deHueM A; — 1.

2) Bec n = 2. Paccmorpum 6asuc u?, up. Torga marpureii oneparopa X D 6yer (; }) )

Y 3T0it MaTpHUIBl 1Ba COOCTBEHHBIX 3HaUYeHNT: \g = 0 1 Ay = 3. CoOTBETCTBYIOMNUMEI COOCTBEH-
HBIMH BEKTOpaMu Oy/IyT jBa MHOTOUICHA

2 2
g2 = uj — 2uy, By = uj + us.

3) B Bece n = 3 3adukcupyem Gasuc ul, ujus, u3. Marpuna oneparopa X D B 3TOoM Gasuce
Oyaer paBHa

O O W
— o =
— o =

Ee coberBennbiMu anciamMu 0yayT Ao = 0, Ay =1 u A3 = 6.
A Tpu ee cOOCTBEHHBIX BEKTOPA PABHSIIOTCS COOTBETCTBEHHO
g3 = U1l — 2U3, ()‘0 - 0)7
uil)) - 2u37 (Al = 1)7
QU% + 5U1U2 + us, ()\3 = 6)
4

4) B Bece n = 4 pbibepeM 6a3uc U3 MHOIOUJIEHOB U, Usly, UiUs, U, Uy, MaTpuia omeparopa
X D Oyner yxe MSTOTO HMOPSIKA

4 1101
12 5 4 2 6
0 2 2 2 4
0 21 2 3
0 0101

Ee coberBenupivu anciaamu 0yayT: A\g = 0 (kparnoctu 2), Ay = 1, Ay =3 u Ay = 10.
Cpe/iu cOOCTBEHHBIX BEKTOPOB 3TOH MaTpPHIBI €CTh: JBa unTerpana ¢z u qq (Ao = 0), ogua
cummverpust (D + uy)(q3) = g4, a TakzKe U ApyTHe cOOCTBEHHBIE BEKTODDI:

—ut — 2ulug + 2uius +ud Fuy w 6uf + 26uus + Yuius + Sud 4 uy,
oTHOCAIIHECd K Ay = 3 1 Ay = 10 coOoTBeTCTBEHHO.

MpbI mpuxouM K TeopeMe, KOTopas eCTeCTBeHHBIM 00pa3oM 0600iiaer Teopemy 5.2.

Teopema 5.3. 1) Onepamop (D + u1)X = XD, ozpanunennwi na nodnpocmpancmeo A,
MHO204AEH068 8eCa N > 2, JUA2OHAAUSUPYEM;
2) Eeo cnexmpom aeaaemcs caredyiowutdl Habop HeomputamesbHolT UeabliT YUCes

(n—2)(n—1) ) _n(n+1)
2 ) n - 2 )
3) Kpamnocmov cobemeentozo sHavenus A PASHACTNCA

pn—Fk)—pn—k—1), k=0,1,...,n—2n;

)\OIO, )\1:1,..., )\n72:
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4) Hpouseoavuuti cobemeennnili eexmop P, coomeememsyrowut cobcmeennomy 3Haenu0
A, 20e k€ {0,1,...,n— 2 n}, moocem 6umv sanucan 6 6ude

ede F' obosnauaem nekomopwidi 00HopodHuill mrozousen eeca (n — k) us adpa Ker X.
Hadunem J10Ka3aTeabCTBO TEOpEMbI ¢ TTyHKTA 4).

[Tycre XF = 0; Torga npumenumM K MHorodwieHy P = (D + up)(D + 2uy) ... (D + nuy)F
onepatop X D:

XD(D+u)(D+2uy)...(D+nu)F = (D +up)X(D+up)(D+2uy)...(D+nu)F
= (D~ u)((D +2up) X +id)(D + 2uy) ... (D + nup) F
= (D~ u1)(D + 2u)) X (D + 3uq) ... (D +nuy ) F + P.

Memss nocaegoBarenbno Mectamu orepatopsl X u (D +kuy) ¢ yaerom coornomtenns (5.4), Mbl
B UTOr€ II0JyYaeM COOTHOUICHHE
n(n+ 1)

XDP = (D +un)(D+2w)... (D +nu)XF+ P+ 2P+ nP = ——

P,

rJie UCIOJIb30BaIn TOT dpakT, uro X ' = 0.
Crenyiolee mpeaaozKeHne SBISeTCS YIeMEeHTApHBIM CJIeJICTBHEM JeMMBbI 5.2.

IIpenmnoxkenue 5.4. Jlunetinoe omobpascenue @y : Vo(n — k) — Vi(n), onpedeaenoe gop-
MYA01U

Op(F) = (D +u)(D +2uy) ... (D + kuy) F,
ABNAEMCA MOHOMOPPHUIMOM.

13 Hero cpa3sy BBIBOAUTCS NPOCTasi OIEHKA JJIsl pPa3MepHOCTeil COOGCTBEHHBIX HOJIpPO-
crpancts Vi(n)

dim Vi (n) > dim Im ¢y, = dim Vy(n — k) = dimKer,,_, X =p(n —k) —p(n —k —1), (5.13)
rie p(n) obo3HAYAET YUCTIO0 pasbueHuil ducia n.

Pacemorpum  mpamyio  cymmy  ©F_g 4, 1 Vi(n) COBCTBEHHBIX MOMIPOCTPAHCTB  ONEPATO-

pa X D|,,. Cornacuo (5.13), mMeeM Takyro ONEHKY JIJIs €e Pa3sMepHOCTH
n—2
dim (©_g 4n 1 Vi(n)) = D (p(n — k) = p(n — k — 1)) + 1 = p(n) = dim A,,.
k=0

OTKyza JeaeM BBIBOJ, YTO ITO HEPABEHCTBO SIBJISIETCSI PABEHCTBOM, PABHO KaK M BCE HEPABEH-
crBa (5.13). Orcioma caeayer nyeKT 1), T.e.

Ap =Vo(n) @ Vi(n) @ - @ Vha(n) ® V,(n),

U [YHKT 2) 0 pasMepHOCTAX COOCTBEHHBIX MOANPOCTPAHCTB V. Jl0Ka3aTelbeTBO TEOPEMBI 3a-
KOHYEHO.

CnencrBue 5.3. Hmeemcsa npocmas c6a3b mexHcdy coOCMBEHHLLMU NOONPOCMPAHCMEAMU
Vi onepamopa X D u dusvmpavuetc A™ nosuromuasvroti arzebpo, A

Vo Vi@ -V, = Ker XF! = AR

Mp1 y2ke jmokazasu 310 yrBepxkiaenue aiad k = 0, 1. IIpuaem oneparop X : V) — Vy aBisticsa
U30MOPMU3MOM, MOHUZKAIONIMM I'PAJIYHPOBKY. B obIem ciaydae

XVicVoeVid---d Ve, k>1.

HamomuuMm, uro corimacHo dopmyse (5.9), orobpaxkenne (D + qui) MEPEBOJUT JIEMEHT
F € Ker X™ B asieMenT 6oJiee BbIcoKoil dpuapTpamun u3 Ker X+,
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1
MakcnMaapHOe COOCTBEHHOE 3HAYEeHUEe A\, = ”(";) omeparopa X D|4, uMeeT KpaTHOCTD

OJINH, & COOTBETCTBYIONINI eMy COOCTBEHHBIN BEKTOD KOJLUIMHEAPEH OJHOPOJTHOMY TOJUHOMY P,
B A,, KOTODbIil 3ajaeTcs seranTHoi dbopmysioi, noxoxeil Ha dbopmyny (5.2) s HOIMHOMOB
Benna:

P,=(D+u)(D+2uy)...(D+ nup)(1). (5.14)
y HaC y2Ke HOABJIAJINCh B IIpUMepax II€epBbl€ ITOJIMHOMDBI U3 9TON nocjae10BaTeJIbHOCTH
Po=wu, Py=ul+uy, Py=2ul+5uuy+us, P;=06u]+ 26uiuy 4+ uius + Sus + uy.
Hecio:kH0 yeTaHOBUTH 110 HHAYKIAK 3HAYEHUS JBYX KpalHUX KO3 dUuIuenToB Muorodiena b,
P,=(n—1 4+ 4 u,.

[losiBienne y omeparopa XD cobcTBeHHOro BeKTOpa P, KpPaTHOCTH OJMH CO CTPOTO IIO-
JIOXKUTEJIbHBIMU KOOD/IMHATAMU — 39TO SIBHOE IPOsiBJeHUE KJjaccudeckoit Teopembl [leppona—
Ppobenuyca 00 omeparope ¢ MaTpuileil CrenuajsbHOrO BUIA, COCTOMAIIEHl 13 HEOTPUIATEIbHbBIX
3JIEMEHTOB.

Hamomunm, aro kak n B Teopeme [leppona—Ppoberuyca coorBeTcTByIOINIee BekTopy P, cob-
CTBEHHOE€ 3HaYeHUe )\n ABJIAETCA MOJOXKHUTEJIBbHBIM U MaKCUMaJIbHBIM Cpean BCEX CO6CTB€HHBIX
sHavenuit omeparopa X D|4,. PasyMHO mpeanosioKuTh, 9TO ceMelicTBO MHOrO4JIeHoB P, He
TOJBKO MMeeT KPacHBOe PeKyppeHTHoe ompejenenue (5.14), HO Takxke 00JIaJaeT MOJE3HBIME
HPUJIOKEHUSIMHU, KOTOPBIE €Il IIPEJICTOUT YCTAHOBUTD.

6. XAPAKTEPUCTUYECKUE AJITEBPHI /I CUCTEM PAHTA 2

[To anaioruu co caydaeM CKaJgPHBIX THIEPOOJINIECKUX YPABHEHU TTOHATHE XapPaKTEPUCTH-
4eCKOi anreGpel MOzKeT ObITh PACIPOCTPAHEHO W Ha CJIydail MIPOU3BOJLHON CHCTEMbI SKCIIOHEH-
IHATBHOTO THIA: cJeays pabore |1|, xapakrepucrayeckoii aarebpoii cucremsl Buja (1.1) Gymem
HAa3BIBATL aIrebpy JIu, HOpOKICHHYIO OIepaTOPAME

0 0 0

%’ W’ ceey %, Dy,
rjae D, — oneparop nojaHoro JuddepennupoBanus 110 § B CUILYy CUCTeMbl. [[jis SKCIOHeHIna/Ib-
HBIX CHUCTEM, COOTBETCTBYIONIUX HEBBIPOXKIEHHBIM MaTpuiiaM Kaprana, XapakTepucTudeckas
anrebpa KoHeaHOMepHa [1].
PaceMoTpuM sKcnOHEHNIMATbHBIE CUCTEMBI, COOTBETCTBYIOMMe MarpuiiaM Kaprana adbdun-
HeIX anreOp Jlu Hebosbimoro panra r. HeTpyaHo mpoBepuTh, UTO B CAMOM TPOCTOM CIydae
panra 1 SKCMOHEHIMAIbHBIE CHCTEMBI, COOTBETCTBYONMUe MaTpuiiaM Kaprana

(%5) (33

Upy = €'+ € U Uy = €' + e 2

CBOJATCA K YpaBHECHUAM

u

cooTBeTCTBeHHO. O0a 3TUX YpaBHEHUS XOPOIIO U3yYeHbI, IepBOe U3 HUX HAZLIBACTCS YPABHEHH-
eM sin-Topron!, a Bropoe — ypasrernnem Iluneiixn. XapaKTepucrudeckas aiaredpa ypaBHeHUS
sin-T'opyion Oblia onmcana B siBHOM BHje B |21], a xapakTepucrnueckas ajreOpa ypaBHEHUS
[uneitku — B [25]. B paborax [33], [34] 6bL1a mocrpoena apyrasi cucrema 006pas3yrONuX JIs
3TUX OECKOHEYHOMEPHBIX aaredbp JIu u ObLI0 MOKa3aHO, YTO OHU U30MOP(MHLI HEOTPUIIATE b
HeIM gacTsaM anre6op nerenn L£(sl(2, C))?° u ckpyuennnix neresns L(sl(3,C), 1)?° coorsercraen-
Ho. lIpuBeeM B BHOM BH/JIe 3TU CHCTEMBI 0OpPA3YIONINX.

! Tounee, ypasaennem sin-TopmoH 6osee eCTECTBEHHO HA3BIBATL yPABHEHIE Uzy = SN U, KOTOPOE CBA3AHO
C pacCMaTpWBAEMBIM HAMW yPAaBHEHWEM KOMILIEKCHOW 3amenoii. Ho mockombky HaMm ymoOHee paboTaTh MMEH-
HO C ypaBHEHHEM, COAEPKAIMUM SKCIOHEHTHI, MBI ITO3BOJIUM Ce0e JIOMYyCTUTDH MOMOOHYI0 TEPMHUHOJIOTHIECKYIO
BOJIbBHOCTbD.
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s ypaBHenuit Buna u,, = f(u) xapakTepucTudeckas ajrebpa HOpOzKJIeHA OlepaTOpaMu
o
Xo = 3, u oneparopom D, nonoro auddepennuposanns B cuiy ypasaenus. Herpymno mpo-
BEpHUTH, 4TO ecan f(u) = e* + e, npu « 7é 0,1, ro D, = Xy + X, rae

X, = ¢" ZBn o 8% X, = Q“ZBH 104u)6in

n=1

a By(u) = By(uy,...,u,) = e*“Dx(e ) — noJubtii Maorowien Besuia.

Teopema 6.1. (33|, |34] Xapaxmepucmuueckan areebpa xs¢ = (Xo, X1,..., Xn,...) ypas-
Henusa sin-Iopdon noposcdena obpasyrouumu Xo, X1, Xa:

X3gs1 = —[X1>X3k], Xapyo = [X27X3k]> X3py3 = [X1,X3k+2], k=0,1,2,.... (6.1)

XapaKTepHCTquCKaﬂ anrebpa Ysg ABISCTCS €CTECTBCHHO TPAJLYUPOBAHHON: ee MOXKHO IIPe/I-

CTaBUTH B BUE B 5 0:, e [g1,0:] = gir1. B camom mese, noansysch coornomenusyvu (6.1) u
HoJIArast

go = (Xo), g1=(X1,Xa), .., 00 = (Xa), Gorr1 = (Xsry1, Xski2), -,

MNOJIy9aeM, 4TO €CTeCTBEHHAs T'PALyUPOBKa OA3MCHOrO 3jeMeHTa X, — 3TO KOJUYECTBO KOM-
MyTaTOPOB B €r0 MUHUMAaJbHOM IpeJcTaBieHnn oopasytonnmu. z3obpaszkast 3170 guarpamMmmMoit
(cM. puc. 1), JIeTKO BUJIETH, 9TO CPEJHssE CKOPOCTh POCTA ITOH XapaKTEPUCTUIECKOH aarebphl

X1 X4

Xo X5

Puc. 1. Xapakrepucrudeckasi ajrebpa ypasaenus sin-l'opjon

(T.€. yBeIMUeHHEe PA3MEPHOCTH DY J00ABICHUI OJHON MDAy iPOBAHHON KOMIIOHEHTHI) DABHA %

Teopema 6.2. (33|, [34] Xapaxmepucmuueckan anzebpa x1, = (Xo, X1,..., Xn,...) ypas-
nernua LHuyetixu nopoocdena obpasyrowumu Xo, Xy, Xo:

1

X8k+1 = _[X17X8k]7 X8k+2 = §[X2a X8k]7 X8k+3 = [X17X8k+2]7 X8k+4 = [X17X8k+3]7
1 1

X8k’+5 - _g[X17X8k‘+4]7 X8k’+6 - _§[X17X8k‘+5]7 X8k’+7 - [X27X8k‘+5]7 X8k’+8 - [X17X8k‘+7]7

ede k=0,1,2,....

[IpecTapisis CTPYKTYPY 9TOM aireGpbl B BUJE THATPAMMBI (CM. PHC. 2), HETPY/IHO 3aMEeTHTh,

YTO CKOPOCTDL €€ POCTa paBHa %.

X1 XG X9
X() X3 X4 X5 XS
XQ X? XIO

Puc. 2. Xapakrepucruueckas ajredpa ypasuenus [luneitku
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[lepeiiem Tenepsb K H3y9eHNIO XapaKTePHCTHICCKAX aareOp M/ SKCIIOHeHIUAIbHBIX CHCTEM,
coorsercTByomux adgduaabpM Marpunam Kaprana panra 2 (Takue MaTpHUIBI UMEIOT pasMep
3 x 3). Marpune Kaprana

2 -1 -1
-1 2 -1
-1 -1 2
adppunHOM aaredbpsl Jlu AS) OTBEYAET SKCIMOHEHINATbHASA CUCTEMA,
W1,y = exp(2w1 — W2 — ’UJ3),
Wa 4y = €Xp(—wy + 2wy — w3),

W3 4y = €Xp(—wy — wa + 2w;3).

SaMeHoit u = 2w, — wy — w3, V = —w;j + 2w — w3 3TA CUCTEMa IPUBOJUTCA K BHLY
Upy = 2" — e’ —e 77,
u v —Uu—v (62)
Ugy = —€" + 2" —e .
Oneparop D, nonaoro auddepenmpoBanns B CHIy cucteMsl (6.2) mmMeer Bu
Dy :X1—|—X2+X3,
e
- 0 0
X =€ B, i(u)|2———,
=B (25 - 1)
- 0 0
Xy =¢" B,_1(v) [ — +2— ),
2 ; 1(v) ( ouy, 8%)
- 0 0
Xy = —e 7" B, (—u—v +—.
o= (5 )
Teopema 6.3. Xapaxmepucmuneckan an2ebpa x ,a) = (X0, X1,y Xny...) cucmemos (6.2)
2

nopoostcdena obpasyrouumu Yy = 2 Y, = %, X1, Xo, X5:

ou’
Xekr1 = [ X1, Xsp—1],  Xspro = —[Xo, Xsk),  Xsprs = [ X3, Xsp—1),  Xspra = [ X7, Xspra),
Xekts = [ X1, Xswts], Xspre = [Xo, Xsnts),  Xsprr = [Xo, Xsprs),  Xswrs = [ X, Xspre),
ede X 1= 2Y0+Y], Xo=—-Yo+2Y  uk=0,1,2,....

Herpynno 3aMeTuTh, 9TO CpedHsiss CKOPOCTb POCTa XapaKTePUCTUUECKOH aaredpbl cUCTe-

el (6.2) pasma 3.

X | Xy Xg | Xi2
X X;

Xy | X5 X0 | Xi3
Xo X3z

X3 | X X1 | Xug

Puc. 3. Xapakrepuctuieckad ajaredopa CUCTEMbI Aél)
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Jl1st ToKa3aTeibcTBa HaM TOTPEOYIOTCs CJEYIOININe JIBe MPOCThIe JIeMMBbI (TIepBasi U3 KOTO-
pbix BocxoauT K A.B. [Mlabary). ITycrs

D 0 + 0 + 0 + 0 +
=U1— + UV — +Us=— +Vo— + ...
' ou Yow 26u2 2(%2
(MBI COXpaHUM C TIeJIbl0 yrporerust Gopmya obo3Hadenne D 3a oneparopom GoJee 00IIero

BHIa, YeM B naparpade 3).

Jlemma 6.1. Fcau das duddepernyuarvrozo onepamopa

+o0o
0 0
X = Z (Pn(%UaUl,UhUmUQ ) a— T Qnlu, v, ur, v, U, vs )—) ;
— ou, ov,

ede P, u Q, — mmuozouaens, svinoinerno coommowenue D, X] =0, mo X = 0.
Caenyiomast JiemMma obobmaer geMMy 5.2 u3 naparpada b.

Jlemma 6.2. Ilycmo f = f(uy,v1,us,ve...) — Pynkyua, 3a6UCAUGA OM KOHEUYHO20 YUCAA
NEPEMEHHBIT, @& C — NPOU3BOALHAA Koncmanma. Toz2da dasa a0bwbix nocmosnnnr o u 3 ypasHe-
Hue

(D + auy + ﬁUl)f =C
He umeem pewenuts npu ¢ # 0 u umeem auws mpusuasvroe pewenue f =0 npu c = 0.

Hoxasamenvcmeo. Ilockonsky [Yy, Dy| = [Yo, X1 + X + X3] = X; — X3, omeparop X; — X
NPUHA/TEKAT XapakTepucTHaeckoii aaredpe. Hamee, [V, X1 — X3] = X3, orkyzna ciaemayer, 4ro
X3 (a, cienoBaresbio u X7) TakzKe Jexkar B Xapakrepucrudeckoii asredpe. IToaromy

XQIDy_Xl_XBEXAgl)-

Taxnm 06pa3oM, XxapakTepucTuaeckas aarebpa mopozKaercs srementamu Yy, Yy, X1, Xo n Xs.

N3 ToxmecrBa AKOOH BHITEKAET, YTO BCE BHICIITHE KOMMYTATOPBI BHIPAYKAIOTCA KaK JUHEHHbIE
kombunan Kommyrtatopos Buna [A, [B, [C,[...]]], rne A, B, C, ... — obpasywomue. Takum 06-
pPa3oM, JIOCTATOYHO PACCMAaTPHUBAThH JHUIIb KOMMYTATOPbl TAKOro BuJa. /lajee qoka3zaTesbCcTBO
AHAJIOTHMYHO JI0KA3aTebcTBY TeopeM 6.1 u 6.2 u3 crarbu 34| u npoBoauTcs MHAYKIUel 1o k, rie
k — KOIM9IeCTBO MEPHOIMYECKH TTOBTOPSIOIIUXCS TPYII 10 8 37eMeHToB (eM. puc. 3). Crnepsa,
BBITIACHIBAST KOMMYTAIIMOHHBIE COOTHOIIEHNS OOPA3YIOMHUX U UX KOMMYTATOPOB C JIEMEHTaMu
Yy, Yy u D, upn momortu eMMbl 6.1 MOKHO MOKa3aTh, YTO BCE CPEIN KOMMYTATOPOB €CTe-
CTBEHHOM TPaJlyUpOBKU 2,3 HETPUBUAJbHBI JIMIL djeMeHThl X4, X5, ..., Xg. HezaBucumoctn
BCex 3j1eMeHTOB X1, Xo, ..., Xg JOKA3bIBAETCS OT MPOTHBHOIO Ipu momomn JemMm 6.1, 6.2. DTo
3aBepinaer 6a3y WHIYKIUH.

[MTar uHyKIMU OCHOBAH Ha JIBYX 3aMedYaHusX. Bo-mepBbIX, U3 KOMMYTAIIMOHHBIX COOTHOIIIE-
HUU BHYTPH OJHOM I'DYIIBL Xgk i1, X8kt2, - - -5 Xskts CJAEIYIOT aHAJOTUYHBIE KOMMYTAIMOHHBIE
COOTHOIIIEHUS B cJefytonieii rpymme. OTciona Mpyu TOMOIIH JeMMbI 6.1 MOXKHO BBIBECTH TPUBH-
AJBHOCTH TeX KOMMYTAaTOPOB, KOTOPbIe He MPUBeIeHbl B TAOTUIBI. Bo-BTOPHIX, HE3aBUCUMOCTH
OCTAJIBLHBIX BBIBOJIUTCSA W3 JOKA3aHHON Ha MPEBIAyIIeM Iare He3aBUCHMOCTH MPH MOMOIIH
IOCJIEI0BATEJILHOTO T06ABICHNST HOBBIX 9JEMEHTOB (¢ ucnosb3oBanueM jgemm 6.1, 6.2), uro 3a-
BepIaeT IMar WHILYKIUH. O]

[Tepeiigem Tenepb K U3YYEHUIO XaPAKTEPUCTUICCKUX AJITreOp CUCTEM, COOTBETCTBYIONIUX JIPY-
ruM apdunnbim aaredbpam JIu. Pacemorpum marpuny Kaprana

2 -1 0
-2 2 =2
0 -1 2
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. 2). .
adppunnoi aarebpsl Jlu Bé ); eif oTBeYaeT IKCIIOHEHITUATbHAA CHCTEMA
W1 4y = €xp(2wy — wa),
Wa 3y = €xXp(—2w; + 2wy — 2ws),

W3 4y = €Xp(—ws + 2ws).

BaMeHoit u = 2w, — wq, v = —2wq + 2wy — 2ws3 3TA CUCTEMa TPUBOINTCA K BHILY
Uyy = 2" — ",
6.3
Uy = —2e" +2e" — 2e7 7", (6:3)

Oneparop D,, mosnuoro auddepentmposanns B cuiy cucrems (6.3) mmeer B

Dy:X1+X2+X37

rae
- 0 0
X =€ B, _ 2— —2— ),
1= ; 1(u)( ou, 8%)
- 0 0
Xy =¢€" Bn— - a. |
o Z v ( o * 2o
U 0
ZB” 1 )81)
Teopema 6.4. Xapaxmepucmuueckas anzebpa Xp@ = (X0, X1,y Xny-..) cucmemo, (6.3)
2

nopootcoena 0opasyowumy Yy = aaw Y, = %, X1, Xo, X3¢

Xiskr1 = —[ X1, Xise-1), Xisey2 = [Xo, Xise], Xisers = —[X3, Xise),
Xiskya = [ X1, Xispial, Xiskys = [Xo, Xiswys), Xiskre = [ X1, Xisksa),
Xiskrr = [X1, Xiswys], Xiseys = [ X3, Xispgs), Xisero = [ X1, Xispgr],
Xiskr10 = [X1, Xiskis], Xiser11 = [X1, Xiskr10], Xiser12 = [Xo, Xiskro],
Xiset13 = [Xo, Xisk410], Xiser1a = [X1, Xiseqas), Xiskt1s = [X3, Xisrt12],

2()6X_1:YE)—YE)/, XOZ—}/HUk:O,l,Q,....

Herpyano 3aMeTuTh, 9TO CPeAHsis CKOPOCTH POCTA XapaKTEPHCTHIECKOH aareOphl CHCTE-
5
MBI (6.3) paBHa 3.

X1 Xe X1 X6
X Xy Xy Xy

Xo Xy X2 X7
Xo X5 X10 Xis

X3 X3 Xi3 X8

Puc. 4. Xapakrepucruieckas ajaredpa CHCTEMBI Bf)
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Pacemorpum matpuity Kaprana

2 =2 0
-1 2 =2
0 -1 2

acbbunnoit anredps JIn B2 ; efl oTBeYaeT IKCIIOHEHIMAJIbHAS CUCTEMA
W1 2y = €xp(2wy — 2ws),
W2y = exp(_wl + 2wy — 2UJ3),

W3 4y = exp(—ws + 2ws).

BamMenoit u = 2wy, — 2ws, v = —wy + 2wy — 2ws3 ITA CUCTEMa TPUBOJUTCHA K BHILY
Uyy = 2€" — 2e”,
u v - (64)
Ugy = —€" +2€” —2e 27",

Oneparop D, nonnoro guddepennuposanns B cuty cucreMsl (6.4) umeer Buf,

D, =X+ Xy + X3,

rie
- 0 0
X, =e*S B, i(u) (-2 - 2 ),
(=3 Boa(u) (250 - 52
0 0
X, = B,_ 22 )
2= ¢ Z i ( ouy, * (%n)
u u 0
¥om 2t B (<) 2
3 c ; ! 2 M vy,
Teopema 6.5. Xapawmepucmuueckas aneebpa X ge = (Xo, X1,. .., Xp, ... ) cucmemwvi (6.4)
2
nopoostcoena 0bpasyowumy Yy = aam Y, = %, X1, Xo, X5:
1
Xoaky1 = —§[X1, Xoar—1], Xoseyo = 2[ Xy, Xoar), Xospys = —2[ X3, Xoa],
Xospya = [ X1, Xogpsa), Xosrys = [Xo, Xoargs), Xoseys = [ X1, Xoargs),
Xoarrr = [Xo, Xoaryal, Xoseys = [ X3, Xoarys), Xoseyo = [ X1, Xoarys),
Xosr10 = [ X2, Xosrvel, Xogpr1 = [ X2, Xoago), Xosrr12 = [ X3, Xoart10),
Xogry13 = [Xo, Xoary12], Xosrr1a = [ X3, Xoarg12], Xospy1s = [ X1, Xoars13],
Xoakv16 = [Xo2, Xoarr14), Xospy17 = [ X3, Xoakt14], Xosey1s = [X1, Xoakt16),
Xosry19 = [ X3, Xosry16], Xosry20 = [X1, Xoars19], Xoarro1 = [Xo, Xoaptas),
Xoaryoo = [Xo, Xoart19), Xoseyos = [X1, Xoaky2o], Xoskyoa = [X3, Xoari21],

ede X_1 =2Y) - Y], on—%YO’uk:O,l,Q,....

Herpynno 3aMeTurhb, 9TO CpejHss CKOPOCTb POCTa XapaKTePUCTUUECKOH aaredbpbl cucre-

bl (6.4) pabHa 2.

Pacemorpum matpuity Kaprana



68 JI.B. MHJIJIHOHIIUKOB, C.B. CMHPHOB

Xy X Xi5 X0 Xos

X,1 X4 X9 Xll X13 X18 X23 X28
X2 X7 X16 X21 X26

XO X5 XlO X12 X14 X19 X24 X29
XS X8 Xl? X22 X27

5 (2
Puc. 5. Xapakrepucrudeckas ajaredbpa CHCTEMBI Bé )

. 1), .
adppunnoi aarebpsr Jlu C’; ); eif OTBeYaeT IKCITOHEHINATbHAA CHCTEMA

Wl,zy = eXp(2w1 - 2’(1]2),
Wa 4y = €Xp(—wy + 2wy — w3),

W3 2y = €Xp(—2ws + 2ws).

BameHoit u = 2wy, — 2wy, v = —wq + 2wy — w3 Ta CUCTEMa TTPUBOIUTCS K BUILY
— u v
Ugy = 2" — 2€°, (6.5)
Vgy = —€" + 2e” — 7", ’
Oneparop D, nonnoro puddepennuposanns B cuity cucreMsl (6.5) umeer Buf,

D, =X+ Xy + X3,

re
- 0 0
X, =e*S "B, 0 ¢ _ 9,
1=e Z 1(u) ( 9u 8vn)
0 0
Xy = B, _ 2— |,
ey (2502 )
X3 =—e " 2”23 (—u—2v)=— 0
n=1 " 8vn
Teopema 6.6. Xapaxmepucmuveckas cmee6pa Xow = (Xo, X1, 0, X, ) cucmemw (6.5)
2
nopostcoena obpasyowumy Yy = aau, Y, = w X1, Xo, X3¢
Xioks1 = [ X1, Xior), Xioky2 = —[Xo, X10k-1], Xiowts = [X3, Xiow],
Xiokta = [X1, Xiok+2], Xiokss = [Xo, Xiowts), Xiokte = [ X1, X1ok+s),
Xiowt7 = [Xo, Xioktal, Xiorts = [Xo, Xiorts], Xiok+o = [X1, Xiorts),
[

Xiokt10 = [ X2, Xiok+6)
ede X 1=Y, —2Y, Xo=Y;—Youk=0,1,2,....

HeTpyaHo 3aMeTHTh, 9TO CPEJHSAsT CKOPOCTH POCTA XAPAKTEPUCTUIECKOH aareOpbl CHCTe-
5
MBI (6.5) paBHa 3.

okazaTerbcTBO TeopeM 6.4-6.6 TpOBOAUTCS aHAJOTMIHO JIOKA3aTEIbCTBY TeopeMbl 6.3.
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X Xe X1 X6
X1 X4 Xy X4

Xy X7 X2 Xi7
XO X5 XlO X15

X3 X8 X13 X18

1
Puc. 6. Xapakrepucrudeckas ajaredbpa CUCTEMbI 02( )

7. XAPAKTEPUCTHYECKHUE AJI'EBPHI I CUMMETPUU

Xopowo uzsecrno (cm., naupumep, [31]), uro kaxmoe u3 ypasnenuii sin-T'opgon u Iuneii-
ku 00s1a1aeT OeckoHedHoi nepapxueil Boicimmx cummerpuit. ChopMympyemM cOOTBETCTBYOIITE
pe3yJILTAThI.

Teopema 7.1. [31] Vpasrerue uy, = e + e umeem GeckoHEUHYI0 UEPAPTUIO OOHOPOOHBIT

no 2padyup067§e NOAUHOMUAADHHLT cummempuﬁ Uy = Fk(ul, U, U3, . . . )7 2de k = 1, 3, 5, 7, oo U
k -1
F2k+1 =L (ul), L= <D+U1)(D—U1+D Ug).
Bce noaunomuanvruie CUMMEMPUU suda Uy = F(ul, U, U3,y .« . . ) ACAAIOMCA AUHETHBMU KOMOU-

HayuAMY (¢ nocmoannumu Kosdduyuenmamu) cummempuii Fy, Fy, Fy, . ...

Teopema 7.2. (31| Ypasuenue uzy = € + e 2" umeem beckoneunyro uepapruto 00HopoOHvLT
no 2padyuposre NOAUHOMULAOHULT CUMMEMPUTL

Uy = Fopyr(u, ug, us, . .) 4 up = Fopys(un, ug, us, - ),
ede k=0,1,2,... u
F6k+l = Lk(ul), F6k+5 = Lk (U5 + 5(U2 — u%)UJ — 5’&1“% + Ui’) ,
L= (D —u; —2u1 D up)(D — u1)D(D + uy)(D* + u1 D — 2u? + 2uy D™ tuy).

Bce noaunomuanvuve cummempus suda uy = F(uq, ug, us, . .. ) ABAAOMCA AUHETHBMU KOMOU-
HauUuAMY (¢ nocmoanrumu Kosdduyuenmamu) cummemputs Fopi 1, Fepyis.

OtmernM JBa BaZKHBIX 00CTOSTEIHCTBA. BO-TIepBHIX, B 000WX CAydasX CTPYKTYpa CHUMMeTPHit
OKa3bIBAETCS CBSI3AHHON CO CTPYKTYPOW €CTeCTBEHHO IPalyMPOBAHHBIX KOMIIOHEHT COOTBET-
CTBYIONIUX XapaKTEePUCTUICCKUX aJreOp: /g ypaBHeHUd sin-l'oppon nabJomaeTcs mepuomd-
HOCTB C MIEPUOJIOM 2, a 71 ypaBHeHust [lureitku — ¢ neprogom 6 (CcHMMeTprE TPOHYMEePOBAHBI
B COOTBETCTBHH C WX I'PAIYUPOBKOIi). BO-BTOPBIX, HECMOTPSI HA TO, YTO ONEPATOPHI PEKYPCUH
L B KazKJIOM U3 cJIydaeB cojepsKar ncesnoanddepeHnnaibiblie KoMIoHeHTs D1, cumMerpun
YCTPOEHBbI TAKUM 00Pa30M, 4TO PU HPUMEHEHUU K HUM olepaTopa L HeJIOKaJIbHOCTD PO ia-
er.

[TomobHas ¢BA3b MeXK/Iy nepapxueii CHMMETPUil U CTPYKTYPOil €CTECTBEHHO TPy UPOBAHHBIX
KOMITOHEHT COOTBETCTBYIOIIEH XapaKTepucTuIecKoit ajiredpbl HAOIIOAAeTCS U /I SKCIIOHEHIIN-
aJbHBIX CHCTEM paHra 2.

Teopema 7.3. Dkcnonenyuarvhas cucmema (6.2), coomsememsyrowan mampuue Kapma-

y 1
Ha apdunrnot arzebpuvr Jlu Ag ), uMeem OECKOHEUHYI UEPAPTUIO 0OHOPOOHBLL N0 2PAdyYUPOSKE
NONUHOMUAALHLT CUMMEMPUT

U = F3k+1(U1,U1,UQ,U2, e ), Ve = G3k+1(U1,U1,U27U2, Ce ),

Uy = F3k+2(U17U1,U2,U2, e )7 Uy = G3k+2(u1,v1,uz,?}2, cee ),
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Fapn ) _ k(@ Fario) _ gk U2t 209 + ui + 2u vy
G3k+1 vy )’ G3k+2 —2uy — vy — U% —2ugvy )’

a onepamop L 3adaemcsa caedyrousets hopmyaoti:
I - 1 2 Dd + 9 (751 + (%1 Ul D2
-2 -1 —U1 —Uy — V1

U9 + Vo (5) A 1 2 Uy 0 -1 B C
(G R A PR U PG PR

2de

+ 1 Ug + 2U2 + 2U1U1 + U% 0 -1 —2u1 — U1 —Uy — 21)1 D
3 0 Vo + 2uy + 2uq vy + v3 2up +v1 ug + 20 ’
2 1 2 1 2 2
A= +uv, +02, B=Zu?— 07+ Zuv + vy, C=-u?— 20?7 — Zugvy — uy.
1 1V1 1 3 3 1 3 1V1 2 3 1 3 1 3 1V1 2
Bee noaunomuasvrve cummempuy euda uy = F(uy, vy, ug,ve,...), vy = G(uq,v1,ug,vs,...)

AGAANOMCA NUHETHBLMYU KOMOUHAUUAMY, (€ NOCTNOAHHYLMY KodpPuyuenmamu,) cummempui
(F3kt1, Gsgy1), (Fakto, Gagsa).

Joxazamesvemeso. s ynobersa BBeieM 0003HAYEHUS
X=e¢"X,, Y=e¢"Xy, Z=¢e""Xs.
HeTtpyano mpoBepuTh, 9TO UMEIOT MECTO COOTHOIIEHUS
(D4+u)X =XD, (D+v)Y =YD, (D—u —v)Z=2D (7.2)

U 9TO ypaBHeHus u; = F, v; = G 3a4a10T CUMMeTPHIO chcTeMbl (6.2) ecJid U TOJBKO eCJIu
BBITIOJIHEHBI CJEIYIONINAE YCJIOBUS:

@(6)= (%) (6)=(6): 72(6) - (-18)

IlycTh mapa OZHOPOAHBIX (IO IpagympoBKe) MHOrOWIeHoB F' i G OMHOH CTemenn 3agaer
cumMerpuio cuctembl (6.2). Torma, mosb3ysch coorHomenusiMu (7.2), MOKHO TTOKa3aTh, UTO
byHKIUN

F=XZYF u G=YXZG (7.3)

V/IOBJIETBOPSIOT yCa0BusAM (7.3), T.e. ToKe 33/1a10T cuMMeTprio cucteMbl (6.2). Ilockonbky mpu-
MEeHEeHHe KazK/I0ro u3 oneparopoB X, Y u Z K OJHOPOJHOMY MHOIOUJIEHY IIOHHZKAET €ro rpa-
JYUPOBKY Ha eMHUILY, IpajyupoBKa cummverpun (F,G) Oyaer MeHbIe rpaiynpoBKH F,G na
3. TIpsamoit mpoBepKoil MOKHO yOeUThCsT, 9TO €JAMHCTBEHHBIME (C TOYHOCTHIO JI0 YMHOKEHUS
Ha KOHCTAHTY) CHMMETPHSAMHE TIePBOTO W BTOPOTO MOPsIIKA JJist cucTeMbl (6.2) sSBAA0TCSA

w=F, vw=_G n w=F v=_G

COOTBETCTBEHHO. AHAJIOTMYHO, HETPYJHO TOKa3aTh, 4To cucreMa (6.2) He mMeeT cHMMeTpHii
TPETHEro MOPSIAKA, OTKYAA BHITEKAELT, YTO OHA TaKyKe HEe MOYKET MMeTh CHMMETpHil mopsaaka 3k,
rie k € IN. /Tasee, myTem J0BOJBHO FPOMO3/IKUX BBIUYHCIEHUIT ¢ HCTIOJb30BaHNEM DaBeHCTB (7.2)

MOXKHO 0bpatuth dbopmysst (7.3):
F 1 F
O I
(&) =5:(c)

rie oneparop L onpenenen dbopmynoit (7.1). Takum obpasom, kaxgas u3 cummerpuit (F, Gy)
u (Fy, G2) 0HO3HAYHO (¢ TOYHOCTBIO 10 YMHOYKEHHsSI HA KOHCTAHTY) MOPOKIAET MOCTeT0BA-
TeJBHOCTH CUMMETPHI B rpajayupoBkax 3k + 1 u 3k + 2 coOTBETCTBEHHO. O
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[ToxozkuM 06Pa30M BBITISIUT CTPYKTYpa cUMMeTpHil u s cucrem (6.3)—(6.5). Kommbrorep-
HbI{i 9KCIEPUMEHT MOKA3bIBaeT, y cucteMbl (6.3) ecTh MO OJHON CHMMETPUH B I'PAILyUPOBKAX
1,3,5,7, a B rpajiyupoBkax 2,4, 6 cuMmMerpuii HeT (Mbl He HPUBOJUM 3JI€Ch SIBHBIX BbIPAsKEHMUIA
JUIsT CUMMeTpuii BBUy uxX rpomosakoctu). Herpymno mocrpouts oneparopsi, nogobuse (7.3),
KOTOPBIE TIePEeBOJSIT CUMMETPHH B CHMMETPHH W HMOHHZKAIOT rpajayupoBky Ha 6. Orcioga, B
YaCTHOCTH, CJIeJlyeT, 910 cucteMa (6.3) He WMeeT CHMMeTpPHUil B YeTHBIX IDaJlyHPOBKAX.

Cucrema (6.5) mMeer Mo OJHOW CHMMETPHH B IpaIyupoBKax 1,3,5,7 W He WMeeT CHMMeT-
puii B rpaayupoBkax 2,4,6. IIocKOMbKY Jj1s 3TOM CHUCTEMBI CYIIECTBYET OIlepaTop, KOTOPHIH
MepeBOTUT CHMMETPHH B CHMMETPHUHM W TMOHUMAaeT TPaJIyUPOBKY Ha 4, OTCIOJA BBITEKAeT, YTO
y Hee HET CHMMeTDHii B 4eTHbIX rpajyupoBkax. [Ius cucremsl (6.4) HAM yIATOCh HARTH CHM-
MeTpHUH B T'paJaynpoBKax 1,3,7 m moka3aTh, UTO X HeT B rpajaympoBkax 2,4,5,6. [Iaa sToi
CUCTEMbI CYILECTBYET OLEPATOP, HEPEBOJAAIINI CUMMETPUM B CUMMETPUHU, KOTOPbIIl [HOHUKAET
rpaayuposky #a 10. HeTpysuo 3amMeTuThb, 9T0 3TH PE3yAbTaThl MOJTHOCTHIO TOBTOPIIOT CTPYK-
TYpY XapaKTepHCTHYECKUX aiareOp JJis COOTBETCTBYIONHX cucTeM (cM. puc. 3-6). Onncanupie
BBITIIEe HAOJIIOIEHUS TTO3BOJISIOT C(OOPMYIUPOBATH CJAEIYIONIYIO THIIOTE3Y.

I'unoresza 7.1. Xapaxmepucmuueckasn an2edbpa IKCNOHEHUUANDHOT CUCTEMDL, COOMBEM-
cmeyrowett mampuye Kapmana npouseorvrnoti apdunnoti anreebpor Ju, umeem aunetinoil
POCM, NPUYEM CPEOHAA CKOPOCML €€ POCMma He npesocxodum pazmepa r + 1 coomeemcmey-
roweld mampuys Kapmana (20e v — pane smot mampuyw). Ecmecmeenno 2padyuposanias
CMPYKMYPG TAPAKMEPUCTNUYECKOT, AA2E0DVL MAKOT CUCTEMbL NEPUOIUYHA C HEKOTMOPBIM TePU-
odom m € IN. Taxas cucmema obaadaem becrorneuroti uepapruet 00HOPOIHBIEL NO 2Padyuposke
cummempuii, KOmMopas COCMOUM U3 KOHEYH020 HUCAG nociedosamenrvrocmedl. Bee anemenmot
xaoicdoti makoti nocaedosamenvrocmu umetom cud LF(F), ede L — nexuti aunedinvid onepa-
mop, k=1,2,... uF = (F' ..., F") — 3ampacounas cummempus, Komopas umeem nopaoox,
meruvwul m. Jobas cumMmMempus, NOAUHOMUGALHO 3ABUCAUGA OM T-NPOU3IBOOHBIT OUHAMU-
YECKUT NEPEMEHHBLT, ABAALMCA AuHeTHOT KomMbunayued (¢ nocmoannumy kosdduyuenmamu)
ONUCGHHBIT BHIUWE CUMMEMPUT.
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MMNCKPETHAS 3ATAYA PUMAHA
1 MHTEPIIOJIATINSA EJBIX ®YHKIIAN

B.}IO. HOBOKIITEHOB

Annoraius. PaccMoTpeHbl nBe 33739y KOMILIEKCHOTO aHAJIN3a, pa3pabaTbIBaBINIIECS B
Yde B 1970-x rogax. 1o 3aja4ya Pumana o ckauke KyCcOUHO-aHAJIUTUIECKOW (DYHKIIMHM HA
KOHTYpe W 331a9a WHTEPIOJIANAN Iea0i (PyHKINN Ha CIETHOM MHOXKECTBE TOUEK B KOM-
IJIEKCHOH mtockocTH. Ilpociexeno passuTme STHX 3aJad B MIOCIEIYIONIAE TOABI M ITOKA-
3aHO, YTO OHH MMEIOT MHOro obiiero. IlepBag m3 HUX CAYKUT SKBHBAJCHTOM OOpATHOMN
3aJadn paccedHus, IPUMEHAEMON JIJId NHTErPUPOBAHNS HEJUHEHHBIX JuddepeHnnaabHbIX
ypaBHEHHI MaTeMaTwdecKoit ¢pusuku. Bropasd 3amada gBasercs eCTeCTBEHHBIM 0000IIeHN-
eM opmynsl Jlarpasya JJIsT HaXOXKIEHUS TOJMHOMa, TTPUHUMAIOIIEr0 33 JaHHble 3HaTe-
HUS HA KOHETHOM MHOXKECTBe Todek. [[okazano, 9To 00e 331a9u MOTYT OBITH 00bEeINHEHBI
obobmennem 3amadun Pumana na ciaydail «InCKPETHOTO KOHTYPa», Ha KOTOPOM MPOUCXO-
IUT «CKAYOK» aHaauTudeckoit pyuxmmu. B Takoit dpopmymmpoBke paccMoTpeHa TUCKPET-
Has MaTpPUYHAs 33ja4a PuMana, mpuMeHseMast HbIHE BO MHOTHX 337[a4aX JIJIS TOYHO pelra-
€MBIX PA3HOCTHBIX YPABHEHWI U ONEHKHU CIEKTPa CIyUYaliHBIX MATpHIl. B cTarhe moKa3aHo,
KaK JUCKPeTHAs MAaTPUIHA 33/1a9a PuMaHa J0CTaB/IsteT Crocob HHTErpupoBaHus HEJTMHET-
HBIX PA3HOCTHBIX yPABHEHWH MaTeMaTHIeCKON (DU3WKM, TAKUX KAaK PA3ZHOCTHBIE YPABHEHUS
ITernnee. C apyroii cTOPOHBI MPOAEMOHCTPUPOBAHO, KaK 33aHNE BRIYETOB MEPOMOPQHO
MaTpuilbi-pyHKIMT Ha cueTHOM MHOXecTBe B C ¢ TOUKO#l HakomjeHus B OECKOHEUHOCTH
[0 CYTHU CBOIUTCH K 33396 WHTEPITOSIIIH EIbIX (PYHKIHNA. Y Ka3aHO JPYToe MPUIOKEHNE
pertennii 9To# 3a/1a91, CBSI3AHHOE ¢ BhIYUC/IeHUEeM JeTepMuaanToB Openrossma, npuMeHs-
€MbIX B KOMOMHATOPUKE U TEOPUU IIPEICTABJIEHNS] TPYIIIL.

Kurouesnbie cjioBa: 3ajaua Pumana, obpaTHas 3ajada paccesiHus, Iejible (pyHKIUN, WH-
TepIIoJIAIs, KAHOHUIECKOEe [IPOU3BE/IeHIE, PA3HOCTHRIE ypaBHeHus [leHsieBe, nerepMuHaHT
OpearosibmMa, aCUMIITOTHYECKIE PA3JIOKEHUS.

Mathematics Subject Classification: 30D30, 30E10, 33C10, 33E17, 34M50, 37K60

1. BBEAEHUE

Anexceit Bopucosuu I[llabar mpuayman meros 3agaun PuMana Kak 9KBUBAJIEHT METOIa 00PaTHOI
sajaun paccesuusi B Yde B 1975 roay (7], [8]. Ero mues onmpanack Ha ajeKBaTHOe OLMCAHUE aHAJIN-
THYECKUX CBOMCTB MarTpuuHoii W-QyHKINNM, KOTOPas YIOBIETBOPSET 3a/a4e PACCesTHUsT

v
INAT
Ui\ > & = +oo, (1.2)

eMTS(N), x — —o0,

V.Yu. NOVOKSHENOV, DISCRETE RIEMANN-HILBERT PROBLEM AND INTERPOLATION OF ENTIRE
FUNCTIONS.
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rae U € Mat(n,C),
A = diag (a1, ag,...,ay), a1 <az<...<ap,
V(z) € Mat(n,R), V;; =0, Vi€ Li(R). (1.3)

Obparnas 3anaua paccesaus (O3P) cocrour B Boccranosmernn marpunbt W(x, \), mpu Beex x, A € R,
yaosaersopstomieii yeaosuam (1.1) n (1.2), no samannoii mampuuye paccearnus S(A) m TOCTOSHHOM
marpune A. Tem cambim BoccranaBiusaercs norennman V(x) B ypasaenun (1.1).

Bosee Touno, BBesem HanaxoBy asredpy Bunepa

= {1l /f )edr, e Li®)

u ee ase nopaarebper Wy u Wy
0

Wi = / de Ws = { FO) = / f(x)emdm,}
0

C HOpMOH

£y = [ [f@)] e

Herpynuo nokasars (8], uro marpuna paccesuust S(A) ypasuenus (1.1) ¢ yernosuamu (1) obmagaer
CBOMCTBAMU

1-Sew,
1 —det;S € Wi, 1—det;S™' € Wy,

rje det; S - j-it roiaBHBIN MEHODP MaTpHIEL S, j = 1,2,...,n. 9TH CBOHCTBA MO3BOIAIOT OJHOZHATHO
TMepeTH 0T MaTPHUILL S K mMampuye ckaukae (Q, onpemensioneii 3agady Pumana:

S =NM = NoM;
Q= MoM; "' = NyNy ', (1.4)
diag M = {det S, ..., det, S}, diag Ny = {det;S~}, ..., det, S},
rme My, Ny - BepxXHETPEYTOIbHbIE MATPUIIL], & My, Ni- HUKHETPEYTOJIbHEIE.
Teopema 1.1. |7, 8] Ilycmov paspewuma caedyrowasn 3adava Pumana:
1) ®y(x,\) € Mat(n,C) anarumuneckue 6 seprret (+) u nuoicned (-) noaynaockocmu no A,
I—d,eW,, I—®_€cW,y, detdyL=1,
2) &y (z,\) > I npud—o0, ImAZ20
3) _(2,N) =D (2,N)Q(x,N), NER, 2de Q(z,)\) = e @MQ(\)e™ M,
mozda GyrKyuU
Uy (z,A) = By (2, A+ i0)e™M, Wy, \) = _ (2, A — i0)eM (1.5)
ydosaemeoparom ypasreruto (1.1) ¢ nomenyuasom
V(z) = lim iINOL, AT (2, N)
u yeaosuwro pacceanus (1.2) ¢ mampuuet S, onpedeasemoti opmyaamu (1).
B teopun conuronos V-dyukims n morennuas V 3aBucaT, KaK MPABUIO, OT IOTIOJHUTEIHHON He3a-
BuCHMOi nepemennoii ¢, a (1.1) momosHsIETCS eme OJHUM YPABHEHUEM BHIA
av

- = (IAN"A+ NV (2, t) + .+ V(1)) T
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YesoBue cosMecTHOCTH 9TOr0 ypasHenus ¢ (1.1) (mapa Jlakca) mocrasiser HeJUHEHOE ypaBHEHHE C
YACTHBIMU TTPOM3BOIHBIME Ha dyHKIH0 V (2, 1), a 3amaga paccesans (1.1), (1.2) urpaer posb «mpeobd-
pasoBanust Oypbes 11/ HAXOXKJCHUS €r0 perieHust [2].

Teopema 1.1 A.B. IllaGaTa okazagach IPEe3BLIYANHO MOJIE3HA JIJIsT TEOPUN COJUTOHOB, TIOIOGHO TOMY
kaKk Pypbe-aHajns moJe3eH s JHHeHHbIX aud depeHiuaabibix ypaBaenuii. B gacrnocru, ToT ¢akr,
4TO B 33Jade Pumana mepemennbie z, t u morennuasn V(x,t) dburypupyor B KadecTBe HapaMeTpOB,
CHJIBHO O6JIErdu/I0 aCUMITOTHYECKUN aHa/Inu3 pelleHni HEeJTUHEeHHOro ypaBHeHUs, KOTOPOMY Y/IOBJIe-
tBopsier V(x,t). B mambmeiitmem dopmympoBka 3agadn Pumana Oblia pacopocTpaHeHa Ha IPYrue
TOYHO peIraceMbIie HeJInHelHbIe yYpaBHEHNWA, B TOM YUCJIE PA3JIUNIHBIE IBOJTIOIMOHHBIEC YPABHEHUA C ABY-
M TTPOCTPAHCTBEHHBIMHU TIEPEMEHHBIMA, PA3HOCTHBIE YPABHEHN, CUCTEMBI YPABHEHNUM KJIACCHIECKON
MEeXaHWKN W T.J. B HacTosmee BpeMs MeTO OOpaTHON 3aJadu 3a9acTyio (bOPMYJUPYETCS TOTBKO B
BUIE TO¥ Wanm wHOM 3aaunm Pumana.

Jlpyroit 6osbImioit TemaTukoii, pazpabarsiBasireiica B Yde B 1970-e ronbt, 66118 TEOpU MEIBIX (DYHK-
nuit U, B 9ACTHOCTH, 3371298 WHTEPIIOAIINN 3TUX (DYHKIWH B Pa3IUdIHbIX npocTpancTBax. B 1976 roxy
Bhiia MoHorpadus Asnekcest Pepoposnua JleonThera [4], B KOTOPOH paccMarpuBasnCh pas3JHYHBIE
acnekThl Teopuu panoB Jlupwxsie, ypaBHEHUI B CBEPTKAX W APYTrHe KIACCHUIECKWE BOTPOCHI TEOPUH
nenbrx yakimit. Eme B 1948 romy A.®. JleonTheB BliepBBIE PACCMOTPEN 3324y WHTEPIOJANUN B
MPOCTPAHCTBE TeABIX PYHKIINH KOHEIHOTO HEHY/IEBOT0 TIOPSIIKA, KOTOPAd MOy YU/Ia BIIOCIEICTBAN Ha-
3BaHue 3a7a4n CBOOOMHOM nHTeprnoadiun. TepMuH «CBOOOMHAST MHTEPIONATINA» CBA3AH C TEM, 9TO Ha
BHAYEHUS WHTEPIOAUPYIONeH (PYHKITMH, TPUHAIICKAIIEH JAHHOMY TPOCTPAHCTBY (DYHKITHN, HAK/IA-
IBIBAIOTCS HAUMEHBIITNE OTPAHUIEeHNS, KOTOPHIM 0093aTe/IFHO T0JIYKHA, YIOBIETBOPATE J1t00asd by HKIHsT
W3 9TOrO MPOCTPAHCTBA.

Knaccuaeckas 3ajgatua mHTEPHOIAMU COCTOUT B OThICKAHUNA (PyHKIUU F' TaHHOTO KJACCa, NPUHU-
MaoLIel B 33/IaHHBIX TOYKAX {an} — y3/1aX MHTEPHOJIALMN — 3a/jaHHble 3HadeHus {by, }

F(ap) =b,, mneN. (1.6)

B pabore [5] A.®. Jleourbes cdopmyaupoBan 3ajady CBOOOJHON WHTEPIOSIIMN TAK: ONPEJIeUTh,
KaKnM yCﬂOBI/IHM JOJIZKHA, y,ZgOBJIeTBOpHTb IOCJICJOBATE/IBHOCTh PA3JIMYHBIX TOYCK {an} KOMILIEKCHOM
IJIOCKOCTH JIJIsE TOTO, 9TO0bI 110 KAXKJIOH II0CIeA0BATEBHOCTH uces {by, }, yA0BJETBOPAIOMEH Hepa-
BEHCTBY
) Int In™ |by,|
lim sup ———
n—00 Inr
MOZKHO ObL710 1I0CcTpOonTSh 1esyto dyHkuuio F(z) us kiacca [p, 00], yaosiersopsiortyto pasercrsam (1.6).
Kuace [p, 00] cocront u3 nesbix GyHKIUA, MMEIOIIUX DU JIAHHOM YTOYHEHHOM HOPSIJIKE p) HOPMaJIbHbIH
I MUHUMAJABLHBIA TUIL.
Dyuknus u3 Kaacca [p, 00| crpoutcst ¢ nOMOIBLI 06001eHHOro psiaa Jlarpanzka

Flz) = Z by, @(2)w(2) (17

—(z— an)® (an)w(an)’

rae w(z) nenas dpyHKIMA MOpsiIKA He OOJIbIIE P U

<p, p>0,

@():ﬁ 1 Z>P@) Pu(2) Z+1<z Z— NENER
z) = —— e Pz)=—+= | — ==
n=1 an an 2 \an dn \QGn

— KaHOHWYECKasi (DYHKIHsI TI0CIEA0BATEIbHOCTH {ay, }, & ¢n — MOCJIE/I0BATEJILHOCTD HATYPAJIbHBIX Ui~
ces1, obecrieqnBaomias cxoauMocTh psijia (1.7) B mpocrpancrse [p, 00]). A.D. JleonThes joKa3as Caey-
IOILLYI0 TeopeMy.

Teopema 1.2. [5| Jlas mozo wmobw 3adaua (1.6) 6wiaa paspewuma 6 npocmpancmee [p, 0o],
p > 0, neobrodumo u docmamouno 6biNOAHEHUE YCAOGUS

1 1
li —In"ln— <p.
™ lan| S o' (ay,) P

JlBe 3a/1aun KOMILJIEKCHOTO aHAJIN3a, PACCMOTPEHHBIE BHIIIE, HE UMEIOT, Ka3aJI0Ch Obl, HUKAKO CBS31
Mexk Ty coboit. Tak Kazasmoch B Tedenne modTH TpuanaTh Jjet, moka B 2000-x romax B pabotax Asexcest
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Muxaiinopuaa Bopoauna u Annpes FOpoeprnda OKyHLKOBa He MOSBUIACL JUCKPETHAS BEPCHUS 3aJadH
Pumana [9], [10], [11]. C oxHoit cTopoHBI, Kak U Kjaccuieckas 3ajada Pumana ua xouType B Teope-
Me 1.1, oHa obCayKHBaJIa, pelleHrne HEKOTOPOro HeauHednoro ypapHenus. C apyroil ¢cTopoHbI, KaK B
Teopeme 1.2, ona oYeHb HAIOMHUHAJIA 33,129y O CBOOOIHON MHTEPIOJIAINHA [IeJI0i (DYHKINHT Ha CISTHOM
MHOKEeCTBE y3JI0B.

Caenyer orMmeTuTd crenudrKy 3a1ad PuMana a1 IHCKPeTHOTo cIydas. 371eCh 33,0a4a, COMPAKEHNA
IPAHUYHBIX 3HAYEHUN HA HEIIPEPBIBHOM KOHTYPE B KOMILIEKCHOH ILJIOCKOCTH 3aMEHAETCS 33/ IaHNeM BbI-
9eTOB MepOMOPdHON MYHKIUN Ha JUCKPETHOM MHOXKECTBE TOUEK. B Teopru cOJIMTOHOB aHAJI0TOM ITOIt
3aJ1a9¥ CJY>KUT BOCCTAHOBJIEHWE COOCTBEHHBIX (DYHKITHIT IO IUCKPETHOMY CIEKTPY 3aJaHHOTO Omepa-
TOpa, YTO YKBUBAJEHTHO PEIIEHUIO 3aa49u PuMana ¢ KoHeuHbIM drcyioM Hyseit det W B COOTBETCTRY-
FOIUX 00IACTAX AHAJUTUIHOCTH. B IUCKPETHOM CIydae MPOUCXOAUT BHIPOXKIEHNE CHHTY/ISIPHON IacTh
W-pyHKIMNT HA CIETHOM 9ncje Todek. Huxke B §2 9T0T m0AX0 OyIeT TPOUJLIIOCTPUPOBAH HA, TIPUMeE-
pe MHTErpupoBaHWS AUCKPETHOrO ypapHeHus lleHeBe BTOPOTO THMA W BBIUUCIEHUS JETEPMUHAHTA,
OpenrosbMa OJHOTO WHTETPATBLHOTO OMEPATOPA, BOSHUKAIOIIETO B TEOPUN CJIYIANHBIX MATPHIIL.

B zaksmounTensEOM §3 006CYKIa€TCS pA3PEnMOCTh JUCKPETHOM MaTpuuHOit 3aa4un Pumana. Ora-
3BIBAETCSH, UTO 9T 33298 SKBUBAJECHTHA, WHTEPIOJANNN 11101 (DYHKINN Ha CIETHOM MHOXKECTBE y3-
noB. Marepnonanuonnstii psay Jlarpamsa (1.7) mogudunupyerca rakum 06pazom, 4To0bl 00CTYKUTh
caydail MaTpPUUYHBIX KO(MMOUIMEHTOB U YCJIOBHUE CONPSIXKEHWs Ha CUYETHOM 9YHC/e y3J0B. B Kadecrre
WJLTFOCTPAIIAN BEIYUCSIETCS HWHTEPIIOIATTMOHHBIN P/ IJTsT OJHOTO TOYHOTO PEIIeHUsT AUCKPETHON MaT-
puaHOit 3agatun Pumana.

2. JIMCKPETHAS 3AJAYA PUMAHA

Caenys paboram A.M. Bopoauna [10], [11], onpegennM THCKpETHYI0 MaTpUIHyO 3a1ady Pumana
(AMB3P) cremyromnum obpazoM.

ITycTb X — HEKOTOPOE CYeTHOEe MHOXKECTBO TOUYEK Ha KOMILIEKCHOI miockoctu A € C, mMeroriee e/uH-
CTBEHHYIO TIPeJIeJIbHYIO0 TOuKy Ha Geckoneunoctn. [lycrs H (x) — HuIbnoTeHTHAst MaTpuaHas QyHKINs
wa ¥, H : ¥ — Mat(N,C), H?(x) = 0.

Bysem rosopurh, uro marpuunosHauHas ynkiuusa Y : C\ X — Mat(N,C) ¢ npoctbiMu mosroca-
MU B TOYKax T € Y sBJsercd perienueM duckpemuol dadawu Pumana (X, H), eciu BBINOJHAIOTCS
CJIEJIYIOIIIE YCIOBHUSI:

1° Y(XA) amamurnana 8 C\ ¥ 1 mMeeT mpocThle TOIIOCH! B TOYKAX X,

2° Resy=z Y(A) = lim (Y(\)H(z)), z€X,
A—x

3° Y(A\) — I upu A — oo.

Takzke kak u Boiiie, H(\) HasbiBaeTcst mampuuel ckawka.

Bamerum, uro yciaosue 3° o3nauaet, uro dpyHkimsa Y (\) uMeer CymecTBeHHY 0 0COOEHHOCTD Ha Gec-
KOHEYHOCTHU. B CaMOM zeJie, beHK]_H/IH C ITOJIIOCaMU, HAKAILJIMBAIOIUMHUCA K 6eCKOHe“IHOCTI/I7 HE MOXKET
MMETb PeryJgpayio acumuroTuky. st Toro, 1robbl ycaoBue ObLIO KOPPEKTHBIM, HY?KHO IOTPEOOBATH,
HATPUMED, PABHOMEPHYIO ACUMIITOTHKY Ha TOCTIe0BATEIBHOCTH OKPYXKHOCTEH |A| = ak, ap — +oo.
Kpowme Toro, 6ymem mpeamnosaraTs, ITO CyIIECTBYET TOCTIEI0BATETBHOCTD PACIITUPSIONINXCSA KOHTYPOB,
TaKUX UTO PACCTOSHUE OT HUX 70 MHOXKECTBA > OTTPAHUYEHO OT HYJIdA, U MBI Oy/eM TpeboBaTh, YTOOLI
pererre Y (\) UMeI0 HYKHYIO aCHMITTOTHKY HA 3TUX KOHTYDPaX.

Bormpoc o cymiecrBoBaHun peIeHnii MaTpUIHBIX 3aja4d PuMana, kak kimaccnaeckoii (Teopema 1.1),
Tak " JUCKpeTHOi 1° — 3°, mocrarouno ciaoxenr [12], [13]. Mer pacemorpum ero ke B §3. Hamporus,
€JMHCTBEHHOCTb STHUX PEIIeHnil JOKA3bIBAETCS TOCTATOYHO TTPOCTO.

Teopema 2.1. B ycaosuazr Teopemwv 1.1 pewenue 3adawu Pumana ®y(x, \) eduncmeenno.

Aoxazameavcmeo. 1lycts nmeercs npa pemenns @4 (z, A) u x4 (x, \). Paccmorpum Marpudnsie GyHK-
i 4 (2, \)x 3 (@, \) 1 @ (2, \)xZ' (z,\). DTt GyHKIMT B cHTy yeaoBus 1) aHATIMTHIHBI IO A COOT-
BETCTBEHHO B BepXHEH W HUXKHEl TTOYIJIOCKOCTH, & Ha BEIECTBEHHON OCH COBIAAIOT B CHIIY YCJIOBUSI
3). Ha GeckoHEYHOCTH OHU CTPEMSITCS K €MHUIHON MaTpuiie 1o ycaosuto 2). CienoBaTesbHO, 10 Teo-
peme JInyBUIIIST OHU TOXKJIECTBEHHO DAaBHBI equHUIE, TO ecTh P4 (z, \) = x4 (x, ). O]
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HokazarenbcrBo enuHcTBeHHOCTH petnenust JIM3P HeckosibKO ciokHee, HO TaK¥Ke OCHOBAHO Ha TEO-
peme JImyBuams.

o

Teopema 2.2. [10] Pewenue 3adauu Pumana Y (X), ydosaemesoparowets ycaosuam 1° — 3°, edun-

CBEHHO.

A—z

Joxazameavcmeo. Jokaxkem cHagasa, 9To Marpura Y () (I + ) AHAJIUTUYHA B OKPECTHOCTHU TOY-

kn . B cuny ycnosus 1° umeem
A(z)

Y()\)Z)\_w—FB(l‘)—FO()\—I‘), A— o,

A(x)H (x)

Resy—z Y(A) = A(z), Y(NH(x) = + B(x)H(z) + O(A — x).

A—zx
Torpa u3 ycaosus 2° Resy—, Y (\) = ;13;: (Y(N)H(x)) cnenyer
A(x)H(xz) =0, A(z)= )l\l_rgc (Y(N)H(z)) = B(x)H (x). (2.1)

Otcrona, yautesast yenosue H2(z) = 0, mosyanm

Y(A) <I + fﬁ‘“i) = B(z) + O(1), (2.2)

HTO aHAJIUTUYHO B6JII/I3I/I xZ.
IMpeamonoxkum, uro Y1 () u Ya(\) - aBa pasmnuneix pemenns JIM3P 1° — 3°. Torma marpuiia

ViANY, 1) =Yi()) (I + fﬁi) <I + fii) - Y, ()
—vi(\) (I + ff”i) (Yg()\) (I + fﬁ) ) - (2.3)

ananutuyana B C, OCKOJBKY @ - Jifobast TOUKa, U3 2.
U3 yesmosust 3° dyHKIMS Yl()\)Y{l()\) — [ mpu A — oo, Torma mo Teopeme JIuyBUMIsT 9Ta (DYHKITHS
TOKIECTBEHHO PaBHA €JIMHAIHON MATPHIIE. O

IIpusenem mpumeps npumenennsi JJM3P B HewHEHHBIX 33/1aUaX MaTEMATHIECKON (DUIUKH.

Haunem ¢ BeiBosa mapsl Jlakca i pa3HOCTHOIO HEJIMHEWHOTO yDaBHEHUS, KOTOPOE DEeIaeTcs C
movotpio JIM3P. /Inst sroro, Takke Kak u B HenpepbiBHOM caydae A.B. [Mlabata, HyKHO MOJIYIATDH
JIBa JINHEHHBIX MATPUYHBIX yPABHEHUS 110 TIEPEMEHHOI A U & COOTBETCTBEHHO. YCJIOBHEM COBMECTHOCTHU
sToit mapsl Jlakca 6yger nckomoe HesnuHeiiHOe ypasHenue [14], [17].

Ob6o3nagum
1 3 113
7 =7Z+=-=<... —= = - = ‘=7 07
"3 { T2y } + o
e Z = {4 uZ = (oo —d -4},

Pacemorpum moctpoenue napsr Jlakca st 3agadu 1° — 3° B wactHoM ciayuae N = 2 u X = Y, vre

Yp=1{kk+1,k+2...}, keZ,

0 T
1"2(:(:—&-%) 7 o= Z/+7
0 0

H(z) = . A (2.4)
2w , €7 .
<_ FQ(—:H-%) O) ©

Cﬂe,[[y?[ [11] n [6]7 JOKazKeM, 9TO JJId Ja100010 N € Zk CyIIECTBYET MOCTOAHHAA HUJIBIIOTEHTHAA MaTPU-
Ha ATL7

p q 2
Ay, = <T‘: _;n> y  Pn = —Tnln, (25)
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n GYHKIUA Gy, by, anb, = 1, Takume 9T0

Yo (\) = (1 5 n) Yu(N), (2.6)

A =1) 0 (YA =L —p)) a,
no-n (TGP C) = (0L ) e, (2.7)

HeticrBurenbro, nockoabky H ne 3aBucur or m, Mbl BuauMm, 410 Yn(A) u Y,11(\) ymosrerso-
PAIOT OJIHOMY U TOMY K€ YCJIOBMIO CKadka Ha Lp. OaHako, Y11 MMeeT JMHIHUA [OJI0C B TOYKE
{n} = B,11 \ Bp. Caemosarensro, otHomenme Yy, 1Y, ! mveer omma momoc B Touke A = n. O6o-
3HA4Yasd BBIUET B 9TON TOUKE uepes3 A, MBI 3aKII0YaeM, YTO (DYHKIUA

Ay
A—n

Yn+1 ()‘)Yn_l ()‘) -

SIBJIAETCS 116101, BBIUNC/Isis aCUMIITOTUKY B OKPECTHOCTH A = 00, TOJydaeM 1o Teopeme JlnyBuiis,

uT0 3Ta (DYHKIHUA TOXKJIECTBEHHO paBHA [, UTO JIOKa3bIBaeT mepBoe ypaBHenwue. llajee, u3 Toro, 4TO

detY,, =detY,11 =1, cnenyer det(I + A, /(A — n)) = 1. Orciona 3akmodaeM, 9T0 A,, HUIBIOTEHTHA.
BriBox ypasaenus (2.7) HeCKOJBKO cyioxkuee. U3 yemosus 3° caemyer, 9To

Qp

Yo(A) =1+ ( ?:) AT 0(0?), A — oo, (2.8)

Tn

C HEKOTOPBIMU KOHCTAHTAMU (i, . . . , Op.
Paznmenmmm 06e wactu ypasuenus (2.7) cieBa Ha marpuity Yy, 11(\) u J0KaKeM, 9T0 €ro JieBas 9acTh
siBsistercst osimeEoMoM 1o A. B cuny (2.8) acumnroruka npu A — 00 uMeeT Buj

<I ! (:Z ?) ”1> (Kl(é_ d 8) <f - (3;‘;1 ?:j) A*)) +op)

_1 _ _
_ %—1 A 3 + anp — ap4 571-&-1 + O()\_l). (2.9)
Tn 0
O603HANNM Gy, = —2¢ ! Bn+1, bn = — Yy, en = Qnt1— Oy Torga w3 Teopemul JImyBuaida ciaemnyer,

9TO BhIpaxKeHue (2) paBHO

%_1(/\ — % —cp) ap
—by, 0/

B sakmodenme mokazkeMm, 4To ¢, = p, U apb, = 1. Bropoe paBencTBO ciemyer m3 Toro pakTa, 9TOo
onpegeuTe b Yy, (A) paser 1. UTobsl 0Ka3aTh, 9TO ¢, = Py, TOACTABUM (2.6) B TOJBKO UTO TOKA3AHHOE

coorrorernne (2.7). [lomyqaem
wtA—1) 0
na-n (T L0l

_ <%1()\—_b3 —cp) a0n> <I +(\—n)"t <Ir’: _q;n>> Yo (\).

CpaBHUBasg aCUMITOTHKY MATPUYHBIX 3JIEMEHTOB (- )11 B 9TOM DABEHCTBE, 3AKJIIOUAEM, UTO Cp = Dp.
Tem caMbIM JJOKa3aHa COPaBEIINBOCTL ypaBHeHui mapsl Jlakca (2.6) u (2.7).

Teopema 2.3. Veaosuem cosmecmmocmu ypasrenud napv Jdaxca (2.6) u (2.7) asasemes duckpem-
noe ypasnenue Ilennese emopozo muna (dPII)

(n+ %) Un,

D) (2.10)

Un41 +Up—1 =

2 _ _—1
2de Vi = x" anTy.
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Aoxazamensvcmeo. Crnpurast A Ha 1 B (2.7) u noxcrapisis npaByo dacth (2.7) B mpaBywo dactb (2.6),
HOJTy 9aeM

C npyroii croponsl, casurag n v A #Ha 1 B (2.6) u (2.7) u nojcrasngs npasyto yacth (2.6) B npaByio

vqacTe (2.7), noaydaem
YA+ 5 —pnt1) a Ant1
Yn )\ — 4 ( 2 n+1 n+1 I n—+
+1 ( —bn41 0 Ly

l —
a0 (U L),

CpaBHUBast 3TU /1Ba COOTHOIIEHH, TOJYINM YCJIOBAE COBMECTHOCTH /Ijist Taphl J1akca (2.6), (2.7)
An 1A+ 1 —pn) a A+ 3 —pay1) a Ant1
7 2 " Pn) Gn) _ 2 Prtl) Gnil) (py ntl ) 2.11
( +/\—n>( —bp 0 —bpt1 0 L (2.11)

N3 marpuanoro ypashenus (2.11) jierko mosyunTs CKasIsipHbIE yDABHEHUsI HA I€DEMEHHBIE Py, U T,
A nmeHHO, BBIYMCIIEHHE aCUMITOTUKM 37eMeHTOB (- )12 u ()21 B paBencrse (2.11) npu A — oo gaer
COOTHOIIIEHNUS

Ay = Qpy1 + %_IQn—Ha bn = bn+1 + %_lrnu
(2.12)

anTn = _bn-‘rlqn-‘rl .

Beiuersr B mpocrom nositoce B A = n B pasencTse (2.11) umeror Buj

_ 1 _
DPn dn % l(n + 5 = pn) an _ ] 1(“ + % _pn+1) An+1 Pn+1 dn+1
T'n —Dn —bn, 0 —bnt1 0 n+1 —Pn+l
Marpuunbiii 3eMeHT (+ )22 9TOrO PABEHCTBA, COBIAJAAET C 1IOCAEeAHUM paseHcTBOM (2.12), a saemenr
( . )12 JdaeT
-1
anppn = 2" (A+ 3 = Pnt1)dn+1 — Gnp1Pntl
Ywmuoxkast 0be qacTu Ha by 1, MOSydaeM (HAOMHAM, UTO Gpy1bp41 = 1)
bn+1anpn = _%71()\ + % - pn—l—l)anrn — Pn+1- (213)
Ob6o3naunm
Sp = AnTn,

TOTIA, YMHOXKAs epBoe cooTHorrerne (2.12) Ha by 41, MBI BUIAUM, 9TO Apby i1 = 1 — s Ls,. Tlogcrasss
970 BhIpaxkenue B (2.13), moaygyaem

(pn +pn+l)(sn - %) = (Tl + %) Sn,
Ucnonb3yst HuibnioreHTHOCTS MaTpuibl A, (2.5), nmeem

Dot = —Gni1Tn41 = (=bnt10n1)(Ani1Tns1) = SnSnti.

Tem cambiv, 15t J1I0060T0 N € Zj, TIOMYIAETCH CUCTEMA CKAJSIPHBIX YPABHEHUN

(pn +pn+l>(3n - %) = (TL + %) Sn,

2 _
Ppa1 = SnSn+1-

W3 sroit cucTeMbl JTETKO UCKITIOUATE TIEPEMEHHYIO Py, & UMEHHO, TIoJIaras
2

Sp = Uy,

MOJIY9MM CKaJIsIpHOE pasHocTHoe ypasaerue (2.10). O
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Ormernm, uto B paborax [16], [18] muckpernoe ypasuenue llennese dPII BeiBeeHo n3 cuMMeTpurii-
HBIX coobpazkenuit 6e3 ucnosibzoBanus Texuuku JIM3P.

Upyrum npumepom npumenenus JAM3P ciayxur seraucienne jgerepmunanToB Openroabma wHTE-
I'PajIbHBIX OIEPATOPOB, CBSI3aHHBLIX C TEOPHeH MpeJCTAaBJeHUH IPyHN W 3ajJadaMi KOMOUHATOPUKH.
TakuM omepaTopoM sABJSETCsT HHTErPaJIbHBI omepaTop ¢ GeccesieBbiM sipoM [13], [19]

Jx—%(2%>']y+%(2z) - Jy_%(Q%)Jw+%(2%)

T,Y) = , 2.14
Q) — (214
e » - napamerp, a J, - 310 J-pyuknus Beccesi.

Honoxum z,y € Z' = {..., —%, —%, %, %, ...} 1 oBozHaunM

Sp={kk+1,k+2...}, keZ.

Ompenenum Q) Kak cy:keHue omneparopa ) ua lfo(Xg)
Qrf(@) =) Q9 f(y), [ € Lla(Sh).
y=k

Omeparop () ABJISIETCA STEPHBIM U MOJOXKHUTEIbHBIM [11], TI09TOMY CyIeCTBYeT €ro OmpeesnTeb
Dpearoabma

Dk = det(l - Qk), Dk 7é 0.
Honoxxum Rs = Qp(1 — Q)™ !. DToT omepaTop BIpazKaeTca u3 permenns cirenyiomeit JIM3P [11]:
(a) Y(\) amasmruana 8 C \ ¥ n nmeer npocThie MOTIOCH B TOUKAX X,

(b) Resy—p Y(A) = lim (Y(N)H(2)), x€X, H?*(z)=0,

A—x
(c) detY(A) =1,
rae marpuna ckauka H onpegensgerca dbopmynoii (2.4). 3amernm, aro 3agaqa 1° — 3° orimaaercs o
sagaun (a) - (¢) ycmoBumem HOPMUPOBKH (C), TO eCTh HE Tpebyercsa Kak B 3° OrPAHUYEHHOCTH DEIIeHUst

Y (\) ma 6eckonedanoCTH.
IMycrs cymectsyer pemenune JIM3P (a) - (¢) B Buge

(2 9)

TOTJIA SIAPO omeparopa Ry MpemcTaBisgeTcss B BUAE
P(2)Y(y) — d(y)y(x)
Ry(z,y) = Tr-y T, (2.15)
Y(@)Y(z) — ¢(z)9(z), ==y

OxaspiBaercd |11], aro IAM3P (a) - (c) momyckaer aBHOe perneHne

Io1(27) 5 1(259)) eAr (A4 L 0
Y()‘) =V (;AJF;(Q%) ‘]i+é(2%)> ( E] 2) 2T (—)\+ 1)) )

det(1 — Qpt1) _ Dita
1 = = .
+ By det(l — Qk) D,

npuyeM

Teopema 2.4. (9] IIycmv k € 7 u v - pewenue duckpemnozo ypasrernus Ilenaese (2.10) ¢ na-
YAAOHBLMU YCAOBUAMU

(2
v_1=-1, v = 1 %)7
2 > Ip(2x)
2de Iy u Iy - amo I-¢pynxyuu Beccean. Toeda npu ecex k > % CIPAGEDAUBO COOMHOWEHUE
DD
2 kK42
UV = 1-— DQi

k+1
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3. CVIIECTBOBAHUE PEIIEHUA JIM3P 1 3AJAYA UHTEPIIOJIALINN

YuaunteiBag npusnoxkenus JAM3P, ynoMmsuyTeie B §2, ynpocTum 3agady moncka MepoMopdHOil HhyHK-
1IUH, yJIOBJETBOpsitoieil yeaosusm 1° — 3°. PaccMoTpuM MHO2KECTBO MPOCTBIX TOJIOCOB X, € X, pac-
npenenerabix B C ¢ yemosusmu

n+a«

0<Rexi <Rexs <..., z,= +O(n_1), n — 0o, (3.1)

o
mpudeM g =0 u x_p,, = —Tp.
OupenennM KAHOHHUYECKOE ITPOU3BEJIEHUE B BUIE

o)) =[] <1 - x2) (3.2)
n=1
C UHJAUKATPUCON pocTa
— In|® (re?
h(f) = lim M = 7o|sinf)|.
7—00
Yenosus (3.1) zasegomo yaosaersopsior Teopeme 1.2 06 y31ax MHTEPIOANNY, TIOCKOIBKY TIPEIET,
yKa3aHHbI TaM, paBeH HYJIO TP Gy, = Zy,. [l09TOMY CyiecTByer uHTeprosiius menoi dyuxiun F(\)
C y37aMi B TOYKAX Tp. B JIAHHOM CJilydae, OJHAKO, MOXKHO MPUMEHUTH Oosiee mipocTyio Teopemy ([3],

ri. 11, reopema 2.6.5)
Teopema 3.1. ITycmov F(X) - yeaas dynryus ¢ ycaosuem

|F(p+iv)] < |pl* T o(phe™ M, e =0, 6(p) >0, p— o0, (3.3)
a Nocaedo6ameALHOCML Ty, ydoeaemsopaem ycaosuio (3.1). Tozda
— F(zn) @)
F\) = .
() n:z—oo O (zp) A —

Wcnonbzyem Teopemy 3.1 juisa koncrpykiuu perrenust JAM3P 1o 3aanHoil MaTpuie cKadyka.

[Tpeamonoxum, 910 Y376l X, pernenus JIM3P 1° — 3° ynosnersopsator yemosusim (3.1), u ompese-
JIMM KaHOHMYeCcKoe npoussesenue opmysoii (3.2). Ilycrs smementsr Mmarpun B(A\) u H(\) sBisiorcs
HeabIMu DYHKISAME U YAOBJIETBOPSIOT OleHKaM (3.3)

[Bi (D] < IA[H (A el A
[Hij (W) < XAl AL 6 (1A =0, A — oo

[To Teopeme 3.1 cymecTByeT pereHne MHTEPHOJIATTMOHHON 3313491

yoy= Y (‘4<$”)-+.B<xn>) T (3.4)

A — 2z, )N — zp)’

n=-—o0o
e A(z) mveer mopsiziok pocra He Gosee To.
Ouesngno, uro Y (M) siBastercst MepomMopdHO# Marpuiedi, nMeromneil mpocThie MOIIOChl B y3/ax
T, = x ¢ pagom Jlopana
A(z) @"(x)
Y(\) = A(x B(z O\N—1xz), A==z
)= 3+ (A0) g + B@) ) + 00—

N3 91010 pasnoxkenus ciaegyer ycaoBue ckadka 2° B BUje

ResY(A) = A(e) = lim Y()H(}) = lim ( A) ;I)q’)//((:;)) n B(x)) H(N).

JIsist TOro, 9To6BI COrTACOBATH 3TO PABEHCTBO ¢ (2.1), MpUMEHNM yCI0BHE HUIBIIOTEHTHOCTH MATPUITBI
H(N)

q)//(l,)
- 20/(x)’
YMHOXKasI cIpaBa IepBoe paBeHCTBO Ha ([ + ¢H (7)) u BHOBb IpUMeHss HUJIBIOTEHTHOCTh H (), 1m0-
Iy M

A(z)(I = ¢H(x)) = B(x)H (x), (I —¢H(x))(I+¢H(x)) =1, ¢

A(z) = B(z)H (z). (3.5)
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TeMm caMbIM [TOKA3aHA CAEAYIONIAS TEOPEMA.

Teopema 3.2. Cywecmsyem pewenue Y (N) AM3P 1°, 2° (6e3 ycaosus nopmuposru 3°) npu pac-
npedescnuu Y306 ckaura (3.1) 6 waacce ueavir gynxyuts Y (A)P(N) xoneunoeo nopadka.

Kak yxazano B Teopeme 2.2, permenne /IM3P eauHCTBEHHO TpU BBITOJHEHHN BCEX TPeEX YCJIOBHI
1° — 3°. TloaTomy coemyeT HAWTH CIOCOD MOCTHXKEHWS YCJAOBUS HOPMHUPOBKH Ha OeckoHednocTH 3°.
Bamennm g pocToThl yeaosue Hopmuposku 3° yeaosuem (¢) det Y(A) = 1, koropoe dburypupyer B
JM3P (a) - (c). J/ljgst 3T0r0 CHOBA BOCIO/IB3YEMCsl HUJIBIIOTEHTHOCTHIO TIABHBIX WJIEHOB psifa JlopaHa
(3.4).

Cormacuo (3.4) u (3.5) B Kaxka0M y31e A = x pan Jlopana nmeer Buj

v = (2 4 B+ 00 - 0)) = B (1

—i—I—i—O()\—x)).

— X

H(z) H(z)
A2y & N (L7 A
<)\ T ) ( Nz ’
To ectb Marpuna I + H(z)/(A — x) nebipokena n det Y (A) = det B(x) npu A = z.
Paznesmm obe gactu dopmynsl (3.4) Ha cKaagpHBIil MHOKUTETh P(A) - KAHOHHYIECKOE MPOU3BEIe-

mre (3.2). CXOIMMOCTDh psifia OT ITOrO HE MOCTPAJIAET, OH TO-TIPEKHEMY OYJIeT MPEJCTABISITH MEpPO-
MOP(hHYI0 (DYHKITHIO C [IOJIFOCAMU B TOYKAX A\ = Ty

Hockomexy H?(x) = 0 mMeem

(= 3 At EeCom), (36)

n=—oo

Torma sTa dpyukus orpannydena Ha OECKOHEIHOCTH,

B
@/

detY () = det »

n=—oo

(zn)
(@)’ A — o0. (3.7)

Yeqosue (b) Tenepn npeBpaiaercs B CuCTeMy ypaBHEHuUit

) — B B(xk)H(CUn)
Ale) = ¥00) 2 ) o — o)

n € Z. (3.8)

Tem cambiM, paspemumocts JIM3P (a) - (¢) cremyer u3 pazpemmMocTu cucrembl ypasHenuii (3.7)
u (3.8) ma marpunpst A(zy,) u B(xy,).

B kagecTBe MpuMepa paccCMOTPUM NMPUMEHEHNE WHTEPIONAINOHHOTO psaa (3.6) aas TowHOrO pere-

mua JIM3P (a) - (¢) (2.16)

Ino1(2) T3 11(22)\ (D (A4 1) 0
YO\ = oo | A ; ( 2 ) .
(—JA+§(2%) J_n_1(250) 0 AT (=X + 3)
Bamernm, gro yciaosue nopmupoku (c¢) detY(\) = 1 cieayer u3 ussecTHbIX (DOPMYS JJIsi raMMa

dbyukunn n Gynxrumit Beccens [1]

COS TTA
JA_%(QK)J_A_%(Q%)—I—J_>\+%(2%)J>\+%(2%) = ,

T
1 1 us
F(A+= )T (-2+=)= .
( * 2> < * 2> COS TA
Teopema 3.3. Illycmv mampuuya Y (N) asasemea pewenuem AM3P (a) - (c), sadannvm dopmy-
a0t (2.16). Toeda e2o mampuunvie saemenmo. nPedcmasumv, 6 6ude PAA0S UHMEPNOAAUUL C Y3AAMU
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Tp=n,n€Z

o0

1 7" Jn(2x)
Yii\) = (A== =
a = ( Q)ngomw_%,

1\ o= #"  Jn(2%)
o) = - (34 3) TR0
n=0 2

Mampuunvie saemernmn, Yo1 4 Yoo UMEIOM AHAAO2UYHOE NPEJCMAGACHUE.

Aoxasamenvemeo. CornacHo (2.16) MATPUIHBIE 9IEMEHTHI IMEIO BH/T
1 1
Yii(\) = 2 M <)\+ )JA 1(2%), Yia(\) :%Mér( A+ >J A-1(252). (3.9)

Bamernm, uto B 3amade (a) - (c) ycroBme ckadka 3aJaHO B TOYKax x € Z', To ecTh A = I OTBeYaer
TTOJTYIEIBIM 3HAYEHUAM, A\ + % =n,n¢EZ.
Bocnonbsyemcst uzsectHbiM psijom Heiimana o dyskmusy Beccens c neabiv 3naakom (1], r. 7.15,

dbopmyna (10))

(G = )Je(2) = D+ ) S PR s, 200,
n=0

[Momaras p = 0 u none3ysick cootHomerneM I'(( +n + 1) = (¢ + n)['({ + n), mocrenHuit ps MOKHO
MEPENNCATh B BUJIE

I'(¢) Je(252) —%CZ

n .
n= On C+n

NI
SN—

[Tepexogs kK nepemeHHONl A — % = ( u cHOBa ucnojb3ys dopmyay I ()\+ %) = ()\ %) ()\
1
+3=

nosygaem nepsyio dopmyny (3.3). Bropas dbopmyna (3.3) mosyaaercs samenoit A + = = (. O
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KOHEYHO3OHHBLBIE PEINTEHN A
HEJIOKAJIbHBIX YPABHEHIN AKHC MEPAPXIN

A.0. CMPHOB, B.b. MATBEEB

Annorauusi. Henuneiinbie HEJOKaJIBHBIE MOJIESN CYIIECTBYIOT BO MHOTUX objactax ¢u-
suku. Hambosiee M3BECTHBIMU W3 HUX SBJAIOTCS Mojesu, obsamarornme PT-cummerpueit.
Kpome PT -cuMMETpUIHBIX MOjIe/Ielt aKTUBHO UCCIETYIOTCS HETOKATBLHBIE MOJEN ¢ 0OpaT-
HBIM BPEMEHEeM /i KOOpAuHaToii. JIpyrue Bujbl HEJOKAIBHOCTEH BCTPEYAIOTCH HAMHO-
ro pexe. Kak mpaBumio, B paboTax, MOCBSIIEHBIX HEJTUHEHHBIM HEJOKAJBHBIM YpaBHEHU-
sIM, PACCMATPUBAIOTCS COJUTOHHBIE WU KBAa3U-PAIMOHAJILHBIE PEIICHUS OJHOTO U3 ITUX
ypasHenuit. B mpegcraBieHHo HaMu paboTe pacCMOTPEHBI HEJIOKAJbHBIE CHMMETPHUH, KO-
TOPBIM YJOBJETBOPSIIOT BCe ypaBHeHUsT u3 mepapxuu Absaosuna-Kayma-Heiosnma-Curypa.
Ha ocroBammu CBOMCTB pereHuii, yI0BAETBOPSIONINX HEJIOKAIbHBIM PEIYKIIUIM YPaBHEHUN
m3 mepapxun AKHC, mpemmoxkena momudukanus ToTa-QyHKIMOHATBEHON (HOPMYIbI s
dyuknuu Beitkepa-Axueszepa. HaiijieHabl ycioBust Ha napaMerpbl CIEKTPAJIbHBIX KPUBBIX,
ACCOMMUPOBAHHBIX ¢ MHOTOMAZHBIMI PEIIEHUSIMY, He NMEOIINX SKCITOHEHIIMAILHOTO POCTa
Ha OeckoneunocTu. llokazaHo, 9To MpU BBITIOJIHEHUN JAAHHBIX YCAOBUI MPOUCKOAUT pasjie-
JIEHUE TIEPEMEHHBIX. BOJIBITUHCTBO yTBEPKACHUI Hariel paboThl SBJIsIETCS BEPHBIM U JIJTs
COJINTOHHBIX W KBa3W-PAIMOHAJIBHBIX DPEIEHUl, TOCKOJIBKY OHU SABJISIOTCS TTPEAebHBIMU
CAyYIasgMu MHOTO(DA3HBIX.

Katouennbie caoBa: ypasuenue HII, nepapxus AKHC, nenoxanbuoe ypasuenue, PT cum-
MeTpHsi, KOHEYHO30HHOE PeIlleHne, ClIeKTpaJibHas KPUBasi, T9Ta (DYHKIHUS.

Mathematics Subject Classification: 37K10, 35Q55, 35Q60

BBEJIEHUE

HeJiuneitHble HeJIOKaJbHBIE MOJEJU BO3HUKAIOT BO MHOTUX obsacTax ¢dbusuku. Haubosee us-
BECTHBIMH M3 HUX SIBJISIOTCS MOJe I, obaaaatomme P T -cummerpueii. s obiero npeacrasie-
HUS O poJid P77 -CUMMeTPHE B IMHPOKOM Kpyre (hU3HIECKHX 32129, CBI3aHHBIX CO CIIEKTPAIbHOMN
Teopuell HESPMHTOBBLIX OIIEPATOPOB € BEIIECTBEHHBIMU CIIEKTPAMH, €€ NPOABJCHUAMA B TEOPUH
HEJIUHEHHBIX BOJIH B PA3JAYHBIX (DU3UIECKUX CPEJaX M, B YaCTHOCTH, B TEOPUU HEJIOKAIbHBIX
HHTErPUPYEMBIX CHCTEM, MOKHO PeKOMeH10BaTh 0030p [1| n HegaBHIO0 KHUTY [2].

[Tocste mosisenns: pabot A6nosuna u Myccaumann [3|- [8] pesko yBesmunioch BHUMAHUE K
PEIeHnsIM HeJIOKAJIbHBIX HHTEIPUPYEMbIX HEeJTMHEHHbIX ypaBHeHusi (M., Hampumep, [9]- [30]).
Kak npaBuio, B 3Tux paboTax /s HOCTPOCHH PelIeHuii aBTOPBI UCIIOIb30BAIN TPeodpa3oBa-
nue /lapOy mim meton Xuporsl. KcrecTBeHHO, BCTAJ BOMPOC O BO3MOYKHOCTH TIOCTPOCHUSA Pe-
HIEHUTT HEJIOKAJbHBIX MHTEIPUPYEMbIX YPABHEHUHA METOJ0M KOHEYHO30HHOIO UHTErPUPOBAHUSI.
ITepBble HAIIU PE3YJILTATHI IO TEOPUU KOHEYHO30HHBIX PEIIEHU HEJIOKAIbHBIX HHTEIPUPYEMbIX
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ypasuenuit u3 AKHC uepapxuu 6p1mu ony6iinkoBanbl B paborax [31]- [33]. B macrosmeit pabore
MBI TIOABOIMNM UTOTH HAIIWX UCCJIEIOBAHUIT MO TaHHOH TeMe.

[IpesncraBiennast pabora COCTOMT U3 HATH Pa3fenoB. B mepBeiM pasjene, ciaenys [34], [35],
Mol BeiBoinM ypasuenust 3 AKHC uepapxuu n ananmmsupyem ux cummerpun. Bropoit pasmen
HOCBAIIEH IpeIaraeMoit Hamu Moaudukanmy GyHKIN beiikepa-Axnesepa. 3a ocHOBY B34Ta,
dyuknus Beiikepa-Axuesepa 115 KJ1acCudecKuX BapUaHTOB HeinHeitHOro ypasuerus [1Ipeima-
repa [36]- [38]. B sakiodenue BTOporo pasjesa mMpUBOAATCS (GOPMYJIBI JJisi KOHEUHO3OHHBIX
perenuit, COOTBETCTBYIOIINX Mpe I IoKeHHoi HaMmu (hyHknnn Beiikepa-Axuesepa. B pasnene 3
UCCJIe/IOBAHBI CBOMICTBA KOHEYHO30HHBIX PEIICHU, MOCTPOCHHBIX 110 TPEM KJIACCAM CIIEKTPAJIb-
HBIX KPHBBIX C aHTUIOJOMOpQHON HHBOMMONMHKEH. B obmem ciydae KOHEIHO30HHBIE PeIleHNus,
HOCTPOEHHBIE 0 CIEKTPAJHHBIM KPHUBBIM € aHTHTOJIOMOPHON WHBOJIIOIHEH, NMEIOT IKCIIOHEH-
IHATBHBIH poCcT/yObIBaHUe MPH CTPEMJICHUN 3HAYEHUIT HE3aBUCHMBIX APIYMEHTOB K IIOJIOKHU-
TeJIbHOIT /OTpuIaTebHON GeCKOHEYHOCTH. B ¢BSA3M € 9TUM Ha CIIEKTPaJbHBIEe KDHBbIE HAJOKEHO
JIOTIOJIHATEIFHOE YCIOBHE B BHIe HAIUYIUs rosioMopdHoit naBosonuu. B pazaenax 4 u 5 moka-
3aHO, KAK HAJMYNE JAHHON rojoMOP(OHON WHBOJIIONNUH BIUSET HA MapaMeTPhl MOCTPOEHHBIX B
pasene 2 KOHETHO30HHBIX pelreHnil HemoKaabHbIX ypaHennit AKHC mepapxuu. B wactHOCTH,
B pazjese 5 MOKA3aHO, 9TO HAJTUINe TO,TOMOP(HON WHBOJIOMUHE TPUBOJINT K PA3EIeHNI0 Hepe-
MEHHBIX: KayKIas TITa~-(PYHKIMA KOHEIYHOIOHHOI'O PeIlleHHs SBJSeTCd CYMMOM, COCTaBIEHHOR
U3 MPOM3BEJICHUI JIBYX TITa-PYHKIUI MeHbIIel pa3MepHocTH. B aprymenTe 0/IHOi U3 MEHDBIITHX
TITa~-QYHKIMI OyIyT NpUCYTCTBOBATH BPEMEHA ¢ HEYETHHIM HHIEKCOM l1,t3,..., B apryMeHTe
BTOPO#l — MEpeMEeHHasl & W BPEMEHa C YeTHBIM HHIEKCOM to,ty,.... Takyke B pasmesne b mpu-
BEJICHBI IIPUMEPBI BBIPAXKAIONINXCsl 9ePe3 OJIHOMEPHBbIE TITa-PYHKIUU JBYX30HHBIX DPereHuit
HesToKasbHeIX ypapaennit AKHC nepapxumn.

1. YpPABHEHUS U3 AKHC UEPAPXUU

Xopormo u3secrro, uro ypashenus u3 AKHC wmepapxunm [39] mosmydwatorcst kak pesyabrar
COBMECTHOTO PACCMOTPEHUs YpaBHEHU
v, =4V,

1.1
\Ijtk - %kqj, ( )

rie (cm., mHampumep, [34], [35])
U= AT+ 40 By =22U+D), By :=2\0, +T),,, k (1.2)

J = (_OZ ?) S0 = (_(Zq ig), (1.3)

o _ (—i"Fi(p.q) " Hy(p.q)
D= (Z””Gk(p,Q) P*Fy(p, q) ) (1.4)

WV
\.H

N3 ypaBHeHHs
(\I’x)tk = (\I]tk)a:
BBITEKAIOT CJIEIYIOIIHe PeKypPeHTHbIe cooTHOMeHus Ha GyHkunu Fi(p, q), Hr(p, q) n Gr(p, q):
Hi(p,q) = —pe; Gi(p,q) = —a,
(Fi(p,9)),, = —pGi(p, ) — ¢Hi(p, ),
Hia(p, q) = 2pFk(p, q) + (Hi(p, q)),
Grr1(p. q) = —2qF;(p. q) — (Gi(p, q)), -
B gacTHOCTH,
Fi(p,q) =pg, Ha(p,q) = 20*q — Dua
Ga(p,q) = = 2¢°D+ Guwr  F2(p, @) = D2q — P,
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H3(p, q) = 6pqpz — Daaes  G3(P: @) = 604G — Qo

F3(p,q) = Plas + @Pza — Pl — 30°C,

Hy(p,q) = — 6p°¢° + 6qp5 + 4ppete + 8PqPza + 2P Goa — Poaaas
Ga(p,q) = 6p°¢° — 6pq; — 44p2Gs — 8PqGuz — 24°Paw + Guwaa
Fu(p,q) = — 6pg°ps + 6p°q40 — QuPaw + Palor + @Pawe — Plaaas
Hs(p,q) = — 30p°¢*ps + 10p2qs + 20qpsPrs + 10p¢uDrr

+ 10pP2Ger + 10pqPree — Drvwe

Gs(p,q) = — 30p*¢*qw + 10poq> + 109qupes + 10gP2 ez
+ 20p9: ez + 10Pqure — Quozeas

F5(p, q) = 10p°¢*> — 5¢°p} — 5p° @2 — 10pg°pra — 10p%q0r + Pralen
— QoPoss — Pollozs T+ QPaszs + Plzass-

Herpyauo nokasars, uro dyukuuu Fi(p, q), Hi(p, q) u Gi(p, q) obiaajaor cieayomumu cBoi-
crBamu [34], [35]

Filq,p) = (=" 'Fi(p.q), Fu(—p,—q) = Fi(p,q),

. (1.5)
Grp1(p,q) = (=1)"Hiy1(q,p), Hpsr(=p, —q) = —Hp1(p, q)

B (Ploe_ys tloe—y) = (1 Fo(p, @) -,
Gr (Ploess tloe ) = (1) Grl0, Q)] (1.6)
Hk (p’x:fx ) q’xzfx) = (_1)k Hk(p7 Q)’x:fx :

CrencrBueM ycJIOBHN COBMECTHOCTH TaKzKe SIBJISIOTCS WHTerpUpyeMble HeJTUHEeHHbIe IBOJIIO-
nnonnbie ypasuenuss AKHC mepapxuu, KoTopbie mMEIOT BUI

Dt = —i"Hy1(p, q), G, = —i*Gri1(p, q)
nJjan
P + " Hy1(p,q) =0, gy, + (—)"Hyy1(g,p) = 0. (1.7)

B mamwux obozHaveHngx KJacCHYecKue MHTErpupyeMbie HeJIMHeHbIe YPaBHEHUS] TMEIOT CJie-
AVIOUAN BUI;

1. dokycupyromee mHenuneiinoe ypasaenne IlIpeaunrepa
ipy, — Ha(p, —p*) = 0;

2. nedokycupyroiiee HesuHeiinoe ypapuenue [1lpemgunrepa
ipr, — Ha(p,p*) = 0;

3. JeiicTBUTeNLHOE MOAUQUIMpoBanHoe ypapHenue Koprepera-ge ®pusa
P, — Hs(p, £p) = 0;

4. ypasnenue Jlakimvanana-TTopcenmana-Januens ( [40-42], t = —t3)

ipr — Ha(p, —p*) = 0.
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2. OVHKLUS BENKEPA-AXUE3EPA /151 HEJIOKAJIBHBIX YPABHEHUI
Cnenaem B ypasHerusix (1.2) 3aMeHy CHEKTPAJLHOTO apamerpa A — iA:
U= idJ + 40 By :=2i\U+ VY, Vyyy =20\, + Ty, k> 1 (2.1)

HeTpyano moHsITh, 9T0 yea0Bus coBMectHocTH map Jlakca (1.1) mpu 9TOM He M3MEHSITCS, XOTs
IIOMEHSIIOTCS YCJIOBUS BEIECTBEHHOCTH, & TaKKe PeJLyKIIH, COIePKAIIIe OePAIHI0 KOMILIEKC-
HOTO COTPSIZKEHUS.

Caenya [36], [37] (cm. Takzxke [34], [35], [43]- [45]) 3amauM rHOEpITHOTHICCKYIO KPHBYIO

I'={(x,\)} poma g

2g+2 2g+2
T =[O =2 =22 4> A7,y eR (2.2)
j=1 j=1
Buibepem na I' kanonudeckuii 6a3uc mukaos 7' = (ay, ..., a4, by, ..., by) ¢ MaTpHIEi HHICKCOB

nepecevYeHust

0 I

Buibepem na [ Takke HOpMuUpOBaHHBIN 0a3uc rooMopdHbIX auddepenInanion

7 d\
dZ/[j = Z Cjk)\g_k—, (23)

k=1 X
f duj:(skjv k.j=1,....9 (24)

ag
C MaTpulleil nepuoos
Bkj:%duﬁ kajzlv"'vga Bt:B? Im(B)>0 (25)
by

[TocTpoum 10 Marpuie nepuoioB g-MepHyio TITa-QYHKIHUIO ¢ xapakrepucrukamu 1), € RY
146]- [51]:
On';¢'(pIB) = > exp{mi(m + n)'B(m + n) + 2ri(m + n)"(p + ¢)},
mez9 (2.6)
©[0"; 0°](p|B) = ©(p|B) = O(p),
rae p € CY, cymmupoBaHue MPOXOIUT II0 HEJOUHCTEHHON g-MepHOil pelnreTke.

Onpegennv  takxke na [ HOpMmpoBamHble abejeBbl uHTErpagsl Broporo — $2;(P)
u TperThero — wo(P), poja ¢ acCUMITOTHKON B GECKOHEUHO Y/IaJeHHbIX TOUKax PL:

%de:%dwOZO, l{?:]_,...,g,
ag ag

Q;(P) = £ ((20) "N —K;+0 (A1), P — PL, (2.7)
wo(P) =F (InA—InKy+0 (A 1)), P — PL,
x=+(MNT+0 (), P — PL.

O6osnaanm depe3 2mi V? BeKTOpBI b-11epro/10B abesieBbIX HHTerpagos Broporo poia ;(P).
Cnemnys [36], [37] u [38], 3amamum ommozHaunyo ot Toukn P € I' BeKTOpHYIO (DYHKIHIO

Beiikepa-Axuesepa
W(P,x) = (WP’Q), (2.9)
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rae X = (x,ty,ta,... )",

( é()( )ZO +ZEJ)( )) exp {Q(P,X)},

OWU(P)—Zy+U(x)+4A)
OU(P) - Zo)

w(P?X) = Tl( )

¢(P,x) = ra(x)

exp {wo(P) + Q(P,x))} .

3aech 7 — HOPMHPYIOIIHE MHOXKATENN, A — BEKTOp abe/eBBIX IOIOMOPGhHBIX HHTEIPAJIOB,
BBIYHMCJIEHHBIX BJIOJIb IIYTH, COSJUHSIONIEro TOUKA P 1 PL, W He epeceKawlnero Hu OiH U3
Oa3UCHBIX TTUKJIOB,

=UPL) —UPL), Ux)=Ve+> Vit
j>1

(PX —$Q +ZtQJ+1

j>1

Z, € CY9 — BekTOp, 3a/IaI0TIHII HATATIBHYIO (asy.
Hopmupyrtoriue MuOXKHATE, 1

_ OWU(P") - Z)
ri(x) = PSUPT) = Zo + U) P {Klif + ZKj+1tj} ;

j21

_ OU(P~) — Zy)
P20 = Koy ~ 2o+ U + A) P {_le -2 Kj“tj} |

Jj=1

HAXOIUM M3 aCHMIOTOTHKH BeKTOp-pyHKIHH (2.9) B OKPecTHOCTH GECKOHETHO Y/IATEHHBIX TO-
qek PL:

Y(P,x) = <P1 + Z ozj(x))ﬁj> exp {x)\ + th(%)j)\j“} , P — P,

Jj=1 j>1
$(P,x) = A" (82(x> +) 6j(x)xj> exp {m - th(%wﬂ} . P —PL,
Jj=1 j>1
(P, x) = (sl(x) + Z ozj_(x))\_j) exp {—x)\ — Z tj(QZ')j)\j—&-l} . PP,
Jj=1 j>1
(P, x) = A <P2 + Zﬂj_(x)/\_j> exp {—x)\ - th(gi)j/\jﬂ} . PP
jz1 j>1

Teopema 2.1. Anzebpo-zeomempuneckue pewenusn ypasnenuti AKHC uepapruu, nocmpo-
ernnvie no Pynkyuu Betxepa-Axuesepa (2.9), umerom sud

2iAp1 OU(PL) — Zo + U(x) — A)
ps  OWU(PL) —Zo+ U(x)) exp{2®(x)},
_ 2ip K3 OU(PL) — Zo+ U(x) + A)

10 = Apr OU(PL) — Zo+ U(x))

p(x) =

(2.10)

exp{—Qq)(X)},

2de

A= SUP) 7’ O(x) = Kiz+ Y Kjat;.

j21
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3. AJIEBPO-TEOMETPUYECKWE PEIIEHUA, IOCTPOEHHBIE 10 CIIEKTPAJIBHOI
KPUBOM C AHTUMHBOJIIOIUEN

[IycTh KanoHmYeckuit 6a3uc MUKJIOB TpeodpasyeTcs: Ipu aHTUTOJOMOP(MHON UHBOJTIONUN

Tat (GA) = (X5 A7) (3.1)
o caenywomum dhopmyram (o, = +1)
T,a=o0.a, T,b=—0,b+ Ka). (3.2)
Beenem obosnauenusa
pm f e f e
aj X b X

J )

Torma Marpuna Kod(DdUIMEHTOB HOPMHPOBAHHBIX ToJoMOpdHBIX auddepennuanos (2.3) u
MaTpHIfa nepuoaos (2.5) paBHBL

C=(A)"!, B=BC=BA™"

/ dw = /wa,
k4 0

rae { ecTb TPOM3BOIBHBIN IyTh Ha I, a dw — mpou3BOAbHBIT abeteB auddepeHIuall, cienayer,

qTo0
d\\" dA
Alm * N % (Ag_m_) N f ¢ (Ag_m_)

J

N L
Taaj X aj X

Cunenosarenvno, A* = 0,4 u C* = ¢,C. Tlocrynas aHaJoru4Ho ¢ MHTErpajgaMy 110 b-IUK/IaM,
HOJIy9aeM

N3 ypaBuenuns

B*=—-0,B+KA) nwm B*=-B-K

Re(B) = 3 K. (3.3)

O6001mas 3ru HGopMyJIbl HA MPOU3BOJIBHBIN IyTh £, UMeeM

( /@ du) — 0, / L (3.4)

13 6ununeiinbix coorHomenunit Puvana (cMm., Hanpumep, [38], [46], [49]) crenyer, ato

k 281 oMUY
V¥ = Res(U;(P)dS2) — Res(U;(P)dY,) = — — i
= Res((P) — Res@(PI) = - |
CooTBeTCTBEHHO,
(VF)" = (=1) 1o,V (3.5)

U3 pagencts (;(P))" = (—1)771Q;(7,P) u 7,PE = PL caenyer, uro
Kf= (17K, u & (x)=—d(Jx),

J

rie :f;m = (—1)* 04y
Pacemorpum 4 Tuna cnekTpasibHbIX KpUBBIX ¢ nHBOonumedi (3.1), (3.2).

1. Bce Toukn BerBienust He Jiexkar Ha jeficrBurenbHoil ocu, Im(Agy42) # 0, 0, = —1,
Re(B) # 0 mpu g > 1, (manpumep, puc. 1).
2. TosbKO 9acTh TOYEK BETBJICHHsI He JIEXKUT Ha JeficTBUTEbHON ocu, 0, = —1, Re(B) # 0

npu g > 1, (Hampumep, puc. 2).
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3. Bce Toukn BerBieHns srexkar Ha jeiictBuTesbHOM ocnm: Im(\;) = 0, 0, = —1, Re(B) =0
(puc. 3).

4. Bce TouKM BeTBJIeHHUs JIeKaT Ha JelicrBuTenbHoit ocu: Im()\;) = 0, 0, = 1, Re(B) = 0
(puc. 4).

Bo Bcex geThipex ciaydagx OyJaeM CUHTATh, YTO

Qj(P)z/P s, WO(P)Z/P dwo, L{(P):/p du.

P2g+2 Pag+2 P2g+2

CﬂeﬂOBaTeﬂbHO, BO BCeX qupreX CﬂyanX BBIITIOJIHAIOTCA yCﬂOBI/IH
Q(1oP) = —=Q(P), wo(roP) = —wo(P), U(ToP) = —U(P),
1
UPL)=-UPL) u UPL) = §A,

e To €CTh TUIEPITUIUITHYeCKAsT HHBOIIONHU, To & (X, A) = (=X, A).
B cayuae 1 soimosnsercs ycjaoBue T,Pa,r0 = Pagy1. IlosToMmy n3 ypasuenus (3.4) u coor-
HoleHud T,PE = PL BoiTeKkaloT ciledylolyue paBeHCTBa

PL * PL Pagit2
UPL)) = </ dU) =0, dU = aa/ dU + o U(PL),

Pzng . Pngl Paga1 (36)
poo Poc 7)2g+2
UPL)" = / ) —o, [ au- aa/ AU + o U(P2).
P2g+2 Pag+1 P2g+1
ImA
4 - )
()
)\1 @ >\29+1
ail ¢ ag ®
wiimy T
\ 7
® | ) ®
G\ § e

Puc. 1. Caywuait 1

Bamernm, 9TO MYyTH WHTEIPUPOBAHUSA B ypaBHeHHsX (3.6) MpUHAITEKAT DASHBIM JIHCTAM
aBysincTHOl nmosepxunoctu . Tlosromy B cityuae 1

g
1
A* = —o’aZ/ dU +o0,A=e—A unm Re(A)= 5®
k=1 "%

riee;=1,7=1,...,9.
Takke B JIJaHHOM CJiy4ae BbIIOJIHAECTCH PABEHCTBO

P * P aP Pagi2
P = ([ do) = [ )= [ doo= [ dan +an(nP),
Pagt2 Pag+2 Pag+1 Pag+1
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rje IIyTh UHTerPUPOBAHUL, COeIUHAIOMUN TOUKH Pogi1 B Pagio, He IepecekaeT Oa3UCHBIC IUK-

Pagi2
Jibl. Beraucisis uaTErpal / dwy, oIy daemM
P2gi1
P2g+2 1 g
/ dwy = = E / dwo + 2miRes(dwy) | = —mi.
Pag+1 2 k—1 Y Ok ,PSLo

CaenoBartesbHO,

Im(ln Ky) = i lim (wo(P) — (wo(P))")

L PP
T 1 P T

=—+— 1 dwy = — e {0;1;—1
2+2iP—1>I7IDI; i Wo 2+7m, n e }

2
uwi K2 = —|Kyl|”.
Bribupas nagaiabnyo das3y Zg Tak, 9TO BBIIOJHSIETCS YCJIOBUE

(UPL) = Zo) =UPL) —Zo+ BM+N, M,NeZ N=—(ReB)M, (3.7)
nMeeM
P (x) = —2iA*p; O(U(PL) — Zo)" + U(Jx) + A — e)e’zq’(j")
P2 O(U(PL) — Zo)* + U(Jx))
Nt Apl 2 t ~
_ _esz e 627rM ImA Jx).
Fops q(Jx)

Takum obpazom, opu |pa| = |Ap1K0’1 exp{ﬂMtImA}’ dbyukmuu (2.10), mOCTPOEHHBIE MO T'H-
ePIUTHITHIeCKON KpuBoii, obramatoriei uasosonuedi (3.1), (3.2) u ymosierBopsoreii yeao-
BuaM Im(A;) # 0, 0, = —1, gaBisoTCH AIre0PO-reOMeTPHIECKIMEI PEHICHUSIME HEJIOKAIbHBIX

ypasuenuit AKHC uepapxun ¢ peaykuumeit ¢(x) = op*(jx), rie
o = —exp{miM'e}. (3.8)

>

Im\M

/\29+2

L ———

Puc. 2. Cayuait 2

B caydae 2 cymecrByoT OTIWYHBIE OT HYJIs AHArOHAJbHBIE 3jeMeHTHhl Marpuibl K. M3
dbopMy.IBI
©*(p|B) = ©(p" +d|B),
rae (d); = Kj;/2, BolTeKaer 9T0 CHEKTPAIbHAS KPUBAS JAHHOIO THIA HE MOZXKET OBITh HCIIOJIb-
30BaHa JIJIs IIOCTPOEHKS HEJIOKAIbHBIX peayKInii MHOro(a3Hbix pemennit u3 nepapxun AKHC.
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B ciuy4ae 3 prinosngercs ycaosue 7,Pog 0 = Pagia, H HO3TOMY

UPL) = -UPL), UPL) =-UPL) u A"=-A,

u
P * P TP
(wo(P))" = / dwo | = / Ta(dwo) = / dwy = wo(T,P).
Pagt2 Pag+2 Pag2
ImM
by
( _~
aq Qg
| . . | — | . JBed
\ 4 \ 4 \ g \ 4 A4 1 A d >
L 1 : >\2J b%—l Asz )\29+1 : /\2g+2
! I
N U
Puc. 3. Cayuait 3
CooTBeTCTBEHHO,
1 S T
Im(ln Ky) = — lim (wo(P) — (wo(P))") = — lim dwo =7n, ne€{0;1;—1}
L PoPL 2t popt Jop

2
wm K7 = |Kyl|”.
Buibupag nauaabuyio dpazy Zg Tak, 9TO BLIIOJHAETCH YCJIOBUE

(U(PL) —Zo)" =U(PL) —Zo+ BM, MeZ, (3.9)
nMeeM
Ppx) = —2A O(UPs) = Z0)" + UJX) + A) _sa(7)
Pa O((U(PL) —Zo)* + U(Jx))
_ Apr ?

627rM’5ImAq ( jX) .

| Kops

Takum o6pazom, opu |pa| = |Ap1K0_1 exp{ﬂMtImA}’ dbyuknuu (2.10), moCTPOEHHBIE MO T'H-
MePIUTHITHIeCKON KpuBoii, obaamatorieii uasosonuedi (3.1), (3.2) u ymaosierBopsoreii yeao-
susM, Re(B) = 0, Im()\;) = 0, aBisiorcs anre6po-reOMeTpUYIeCKIME PEIICHISIMI HeJIOKATLHBIX

ypasuenuit AKHC wnepapxun ¢ peaykuumeit ¢(x) = p*(Jx).
s ciry4das 4 CHOBa BBIIOJHACTCS YCIOBHE T, Pogio = Pagio, HO HOCKOIBLKY 04 = 1, TO

UPL) =UP), UPL) =UPL) n A=A

AHaJorn4HO CJIy4alo 3 BBIIOJTHAIOTCS paBeHcTBa

P * P TP
(wo(P))" = (/ dw0> = / Ta(dwo) = / dwy = wo(7,P)
Pag+2 P2g+2 Pag+2

1 1 4
Im(ln Ky) = Z—Z‘Pl_i}r?r;+ (wo(P) — (wo(P))) = Q_ipl_i>1’/r>l+ Pdwo =mn, ne{0;1;—-1}
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ImA

N

Al A 1 A2g1 A2g2

Puc. 4. Cayqait 4

2 2
win K§ = |Kol”.
Bribupas nagaiabuyio das3y Zg Tak, 9TO BBIIOJHSIETCS YCJIOBUE
U(PL) = Zo)" = —(U(PL) —Zo) + N, NeZ, (3.10)
nMeeM
P3 ON — (U(PL) —Zy+ U(Jx))) Kops
Takum obpasoM, mpu |pg| = ]Alegl\ dbyukmuu (2.10), mocTpoeHHBIE O THIIEPJLTHI-
THYeCKO# KpHBOH, obaasatoreii waBoonueit (3.1), (3.2) u yHOBIETBOPSIONIEH yCIOBHSIM
Im(Aggi2) = 0, siBustiorcst ajurebpoO-reOMErpUYECKUMH PELICHUAMI HEJIOKAJIbHBIX ypaBHEHHUIT

AKHC uepapxuu ¢ peaykimeit ¢(x) = p*(Jx).
4. PEWIEHUA, TIOCTPOEHHBIE 10 CIIEKTPAJIBHOI KPUBOII
C TOJIOMOP®HOW MHBOJIIOIIUEN

K coxasennio, anredbpo-reomerpuyeckue perenust (2.10), HOCTPOCHHBIE 110 TAIEPIJIIAIITHYE-
ckoif kpuBoii (2.2), obragaomieit uaBosrormeit (3.1), (3.2) npu Ky # 0 UMEOT 3KCIOHEHIH-
AJIbHbIIA POCT 11O COOTBETCTBYIOIINUM II€PpEMEHHDBIM. 9TOFO MOZKHO I/136e)KaTb7 €CJIN NCIIOJb30BaTh
TUIEPIIAIITHYeCKAEe KPUBbIE ¢ TOJIOMOP(MHON HHBOJIIONAEH

Th : (Xv)‘) - (Xa _)‘) (41)

JIerko BUJETH, UYTO BO BCEX YEThIPEX PACCMOTPEHHBIX CAYYasX Oa3MCHl IUKJIOB IPEOOPa3yIOTCs
Mo TIPaBUIY

ma=Sa, mb=Qa+Rb, 7,PL="Py,
rae (eM., mampumep, [38], [52])
SR'=T u QR'= RQ'.

Boranciss nepuoasl ronomMopdHabIX guddepeHnnaios dZ/Alj(P) = dU;(m, P), umeem

g
/ duj(P)z/ duj:ZSkm/ U = Sij,
ag ThQk m=1 am
N g d\ 7
[ ey => e [ n (AM?) =3 e (1) Ay, = (AJC,
ag m=1 ag m=1
Jn = (=1)9T7m5, (4.2)

CooTBeTCTBEHHO, did = Stdu , & MaTpunbl S u J MOI00HbI,
S=(@H1tiet m St=cJct.

roe
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[Tockonbky R = (S') ' m S? =1, 10 R = S".
Nurerpupysa romomopdusie quddepennualibl 1o b-1uk/jaiaM, nMeeM

7 P):/Thbkdu Z(ka/ U, +ka/b du) = (Q + RB)y,

m=1

Ay (P) =" (S [ Uy, = (BS);,

b b

m=1
WH
BS =@+ RB. (4.3)
Tpancnonupysi paBeHcTBO (4.3), UMeeM
S'B=Q'+BR" wm RB=Q"+ BS.
Crenosarensio, Q' = —Q. Boranciasgsa neficTBUTEbHYIO 9acTh paBeHcTBa (4.3), moaydaem

Q = (ReB)S — S'(ReB)

S'Q = S'(ReB)S — (ReB) = Q'S.
BamMeTuM, ITO U3 aCHMITOTHKA (DYHKIUU X (A) B OKPECTHOCTH GECKOHEUHO YIAJeHHBIX TOUEK
cJie/lyer, 4To:

e cciu g — HewerHoe, T0 T, PE = P,
e eciu g — yernoe, To 7, PE = PL.

CrietoBaTeIbHO,

PL PL ThPL
StA :2/ Stdi = 2 Thdld = 2 dUu

Pagit2 Pagt2 P1 (4 4)
Pag+2 '
:2/ AU + U (7 P) = (—1)71A — 2U(Py).
P1

Beenem obo3HaveHus: ﬁj (P) = Q;(m,/P). Otu unTerpasnsl 06Ja1al0T CIEAYOMUM CBOCTBA-

MMHU:
g
/de:/ de:ZSkm/ dQ; =0,
ag Thak m=1 am

Q(P) =+ (20 (=N = K; +O(\Y)), P—PE.

IMockonbky abenes uurerpar p;(P) = Q;(P) — (—1)'Q;(P) ne umeer ocobennocreit u ume-
eT HyJIeBble a-LePUOJbI, TO OH fABJISACTCA HOCTOAHHON Beamuuuoi. 13 acuvunroruku pj(P) B
OECKOHETHO yAaJeHHBIX TOYKAX

1wi(P)=F (-1 -1)K;+0(\"), P—PL
crenyer, aro p;(P) = 0, Q;(P) = (—1)7Q,(P), Kyj_1 = 0.

Taxkum ob6paszom, MuOrodasHbie perenns (2.10), MOCTPOEHHBIE IO THIIEPALIHITHYECKONH KPH-
BOii (2.2) ¢ maBosmonusamu (3.1), (4.1) He UMEIOT FKCIOHEHITHATHHOTO POCTA.
Borancisist b-iepuopbl abeeBbiX HHTETPAJIOB BTOPOTO POJIa, MOJIyYaeM
. 1 - 1
j - ,
(V) = dQ); = — dsl;

271 b 21 b

1 < _
27_‘_2 = (Qk’m /m dQ] + ka /bm de) = (RV])k,
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(Vi) = L aQ; = (-1 / dQ; = (—=1) (V7).

271 by J 21 b

CrenoBaTesbHO, BeKTOpPH V7/  gBASIOTCS  COOCTBEHHLIMH — BEKTOPaMH — MaTpHOB R
RV? = (=1)’VJ mm
SV = (=1)V7. (4.5)
OnHodasuble pemrenus HemoKa bHbIX ypapaennit n3 AKHC mepapxun ObLIH paccMOTpEHBI
Hamu B paborax [31]- [33]. [Tosromy nasee mbl Oyjem caurarh, 4to g > 1.
B cay4ae 1 sBomosasiercs paseHcTBO Re(Bj;) = (0, — 1)/2, a s1eMenTs MaTpHI] Ipeobpa-
30BaHUS ITUKJIOB [IPU WHBOJIONUU Tj, PABHBI:

Slk = (_1)9’ Sjk = (_1)g+15j,g+27k7 j :27"'797 k= 17"'797
ij::(_1>g(6jl_51k>7 juk: 1,---797 (46)
(StQ)jk =1—- 5]-151k.

B wactaocTu, npu g = 2

11 0 1 1/0 1
S—(o —1)’ Q—<—1 0)’ ReB__Q(l o)’

amnupug=3
1 -1 -1 0 —1 —1 L0011
s=(o o 1], o=[(1 0 0|, RB=—[1 01
0 1 0 1 0 0 2\1 1 0

U3 ypasrennii (4.4), (4.6) u ycJoBuS BEIECTBEHHOCTH BEKTOpa A CJIeJyeT, u4To
SIA = (=1)""(A+ (B -1I)ey),

rie €, = (1,0,...,0).

MoKHO MOKa3aTh, 4TO TMPH Y€THOM ¢ ycaoBHe (3.7) BBHINOJHSIETCS TOJIRKO aast M € 279.
CaenoBaresbno, upu derHoMm ¢ perrenue (2.10), mocrpoennoe no xpusoii (2.2), (3.1), (4.1),
VJ0BJIETBOPSAET PEIyKIUH

q(x) = —p"(Jx).
Bwmecte ¢ Tem, Tpu HEYETHOM ¢ CYIIECTBYIOT HadadbHbBIe (a3l Zg /1Jid 000UX BUJIOB PeAyKIUii:
q(x) = £p*(Jx).
B caygae 3 ssementsl MaTpuiipl S onpeesstiorest popmylioii (4.6), a Takzke BBIOTHIIOTCSH
paBeHCTBa:
Re(B]k) = O’ Q]k: = 0, StA = (_1)g+l (A + Bel) .
Herpynno nokaszarh, uto B caydae 3 npu Jaiodbom M € Z9 u npu nHadaabnoit daze Zg, yio-
BrreTBopsomnieit ycaosuio (3.9), pemenue (2.10), mocrpoennoe mo kpusoit (2.2), (3.1), (4.1),
VIOBJIETBOPSIET PeayKIHN

q(x) = p*(Jx).
B cayuae 4
Re(-B]k) = Oa ij = 07 S]k’ = (_1)g6j79+1—k) ja k= 1a RN R (47)
SIA = (—1)9t! (A—e),

u npu Jirobom N € Z9 u nipu HavasbHoil dbasze Zg, yaoBiaersopsionieit yeaosuto (3.10), pernenune
(2.10), mocrpoenHoe o KpuBoii (2.2), (3.1), (4.1), yaoBieTBopsieT peayKIiiun

q(x) = p*(Jx).
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5. PEIAVKUUA AJIFTEBPO-TEOMETPUYECKOI'O PEIIEHUA K TOTA-OYHKINAM
MEHBIIIEIT PASMEPHOCTU

5.1. O6mmume nosmoxkenusi. 113 ypasuenust (4.3) cijeyer, 4To MaTpHIla epUoIOB B yaoBiie-
TOBpsAET YPaBHEHUIO

B =S'BS - S'Q. (5.1)
Crenys [52], pacemorpum matpuiy T, Ty € Z, yI0BI€TBOPAIOILYIO YCIOBHIO
S=TJT, (5.2)

riae Marpuna J onpesesercs: popmyoii (4.2).
B mepBoM U TpeTheM cIydasx, Korja Marpura S ompejensercs yeaosuamu (4.6), u3 ypas-
Herust (5.2) BHITEKAIOT CJIEYIONIHE OTPAHIYEHNST HA 97€MEeHThl MaTpuihl 1

> T = (1) = 1) Ty,

k .
Tyro—jr = (=1)"Tw, j=2,...,9, k=1,...,9.
Sacdukcupyem 3/1eMeHTHI 1€PBOit CTPOKH MaTpuibl 1
lezl, k:L,g
OcrajibHbie 371eMeHThl MaTputibl 1 onpeaenuM cienyomum obpaszom. Ecan g = 2m, m € N, to
Tior = —0jmik — Ojmt2—ks
T‘]',Zkr—l :5j,m+k_6j,m+2—ka ] :27"'797 k= 17--'7m-
Ecmmg=2m+1, meN, to Tj; =0,
,-Tj,2k = —O0im+1+k — 6j,m+2—k7
Tiokt1 = Ojmittk — Ojmia—t, J=2,...,9, k=1,....,m.

U3 cBoiicTB onpenenutens ciaeayer, aro det T = (—2)™.
B qeTrBepToM Ciy4dae OI'paHUYCHHA Ha 9JIEMEHTbI MaTPUILbI T NMEIOT BHU

Tyri-jpe = (=1)" T

Omnpemenum 31emenTsl MaTputibl 1 ceaytomum obpaszom. Ecan g = 2m, m € N, to

Tjo=1 mpu 1<j<m, 1<k<2(m+1—7),

Tj=0 mpu 1<j<m, 2(m+1—j)<k<2m, m#l,

Ty =(-1)F" mpu m<j<2m, 1<k<2(j—m),

Tjr=0 mpu m<j<2m, 2(j—m)<k<2m, m=#l.
Ecm g=2m+1, m € N, to
Tije=1 mpn 1<j<m, 1<k<2(m—yj)+3,
Tjo=0 mpun 1<j<m, 2(m—j)+3<k<2m+1, m#1,
Tiw= (D" mpu m<j<2m+1, 1<k<2(j—-m)-1,
Tij,=0 mpu m<j<2m+1, 2(j—m)<k<2m+ 1L

<
<

B sTOM ciiydae Tak:ke BbIOJHseTCa paBeHcTBo det T = (—2)™.
Beenem obo3navyenus

B=T'GImB)T, A=T!ReB)T, V=TV

U3 ypapuennii (4.5), (5.1) u (5.2) BHITEKAIOT CJIEIYIONINHE COOTHOIICHNUS

B=JBJ, JV/=(-1YVi (A€ (5.3)
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3aMeHss NOPAJIOK CyMMUpPoBaHHs B (bopMyJle MHOIOMepHOU ToTa-DyHKIUHN ¢ MaTpuuoil B,
noayaem (cm. [52])

O(pB) = Y e D6 () ¢! (K)](T'p| B + D),
keZ9(T)
rae cymmmpopanme k € Z9(T) osmadaer koneunyro cymmy 1o k: k € 79, 0 < T 'k < 1,
D — nnaronanpHas Marpuia, D,; = ij, n(k) = Tk, ¢(k) = (A— D)n(k). uco caaraembrx
B cymme paBHO |det T'|. ITpu 9TOM, IOCKOJBKY BBINOJHSIIOTCS cooTHOIMeHUs (5.3), MaTpuia B
nMeer 6ﬂOqHyIO CTPYKTYpPY U TSTa—(byHK]_H/IH

O’ (k); ¢'(k)|(T'p| B + D)

MOZKeT OBITH IIPEJICTAB/ICHA B BUJIE IPOM3BEJICHUI JIBYX TITA-PYHKINI MEHbIIEl pa3MEePHOCTH.
Takkzke u3 coorHorenuii (5.3) caeyer, 4To B apryMeHTe OJHO U3 TaTa-byHKIMH Gy1yT mpu-
CYTCTBOBATH BPEMEHA C HEYETHBIM WHICKCOM l1,%3, ..., BO BTOPOM — IIEPEMEHHAsi & U BPEMeHa
C YETHBIM HUHIEKCOM io, Ty, . . .

B 3akjodenue pasjesia mpuBeeM NMPUMEPHI TPEJCTaB/IeHus JABYX(Aa3HBIX PelreHuil Hes1o-
kabubix ypasuenuit w3 AKHC uepaxuu depes ogaoMepHbie T3Ta~-QyHKIUH.

5.2. Byxdazuoe perenune. Ciyuaii 1. Beraucienus:, mpoBeaeHHbIe I CIIEKTPaIbHON
KpuBOH

X' =N+ (M =2 =)\ + (a®+b*)?), abceR, (5.4)

JIAIOT cJIeAyrone (hopMyJIbl

(2B i 1)2 (1/2-iB,
B‘(wl—m B, ) A—(1/2+z52)’

Vi1 = ( 0 ) V¥ — (2U2j)
Z‘Uijl ’ Vaj ’

rae f3;,0;,v; € R. Crenosareasbno,
~ (2B 0 ~ (01
B_(o M&—%&) A_(lg’

V-1 — ( .0 )7 V2 — (21’23‘)'
—22U2j_1 0

HeTpyano mpoBepuTh, 9T0 COOTBETCTBYIOMAA JABYMEPHAdA T3Ta-(PyHKIUST
fs(x)=06 (Z +Viz + ZVj+1tj + sA

B>
j>1

= 0[0; 0](p1]2i51)0[0; 0} (p2|4iB2 — 2if1) + 6[1/2;1/2](p1[2i61)0[1/2; 1/2] (p2| 4152 — 2i1),
re s € {—1;0;1}, U(PL) — Zo = Z = (21, 22)" € R?,
p1=z1+ QZUthQj_1 + s (% — Zﬂl) )

Jj=1

: : L. :
P2 = 21 — 22’2 - 2“)1$ — 21 ZU2j+1t2j — S (5 + Zﬁl + 2252) s

Jj=1

JOTYCKAET CJIEYIONNE pPelyKInu

fox) = fo(Jx),  fi(x) = foa(Tx), f(x) = fi(Jx). (5.5)
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Canenosarensho, perrenue (2.10) ypapuenuii uepapxuu AKHC, noctpoentoe mo kpupoii (5.4),
npu JII0ObIX 21, 2o € R ymoBiaeTBopsgeT peyKIinu

¢'(x) = —p(Jx).

5.3. Byxdazuoe pernenune. Ciyuaii 3. Boruucienus, mpopejeHHbIe I CIIEKTPaIbHON
KpuBOi

Y=\ =a)(V =)\ =), a,bc€ER, (5.6)
JIAIOT cJIeayrolne (bopMyJIbl

B— 2?51 Zﬁl A= —251 ’ V-1 — .0 : V¥ — 20y :
if1 [ 109 1251 U2;

rie 3;,605,v; € R. Caenosarennsno,

= (28 0 ~ (00
B—( 0 42’52—%51)’ A—(o o>’

V21— 0 V% — 20y,
_22.1)23'—1 ’ 0 '
Herpyano upoBepuThb, 94T0 COOTBETCTBYIONIAS ABYMEPHAas T3Ta-(DyHKIUS
fs(x) =0 (Z +Viz + Z VIt 4+ sA B)
j>1
=0[0; 0](p1[2i31)0[0; 0] (p2|4iB2 — 2if1) + O[1/2;0](p1|281)0[1/2; 0] (p2|4i B2 — 2i1),
re s € {—1;0;1}, U(PL) — Zo = Z = (21, 22)" € R?,
p1=2z1+2 Z Vgjtaj_1 — 15031,
Jj>1

P2 = Z1 — 222 — 2101 — 21 ZUQj.HtQj — 18 (ﬁl + 252) s
Jj=1

nonyckaer peaykuuu (5.5). Ciegoarensro, pemtenue (2.10) ypasuenuit nepapxun AKHC, mo-
cTpoeHHOe 110 KpuBOii (5.6) , mpu J106BIX 27, 2o € R yaoBIeTBOpSIET peayKInu

q"(x) = p(Jx).

5.4. JIByxdazuoe pemenune. Ciyuaii 4. Beraucjienus, mpoBeeHHbIE /I8 CIEKTPAIbHOMN
KkpuBoii (5.6) mator caegyomme GopMyIThI

p_ (W i A= 1 =0 Y e T 2:1’23‘ ’
i1 1P 09 V2j—1 V25

rae 3;,05,v; € R. Caenosarennsno,

~ (2B + B1) 0 ~ (00
B = . A=
( 0 Zl(ﬁg — ﬁl) ’ 0 0)’
{/2]’—1 _ 0 {}_23- _ 2iU2j
—2U2j_1 ’ 0 '
HerpyHo npoBepurb, 410 COOTBETCTBYIONIAS JIByMepHas TITa-(DyHKIUA
fs(x) =6 <z + Vi) VI 4 sA

B)
j>1

=0[0; 0)(p1|2i(B2 + B1))0[0; 0] (p2|2i (B2 — B1))
+ 0[1/2;0](p1|2i(B2 + B81))0[1/2; 0](p2|2i(B2 — B1)),
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rae s € {—1;0;1}, U(PL) — Zo = iZ, rne Z = (21, 20)" € R?,

pr=iz +iz + 20 vty + s,
j>1

P2 = iZl — iZQ — 21)11' -2 ZU2j+1t2j + s (1 — 2(52> y
j>1

nonyckaer peaykiuu (5.5). Ciegosarensho, pemtenue (2.10) ypasuenuit nepapxun AKHC, mo-
cTpoeHHoe 110 KpuBoii (5.6) npu Bropom BbiOOpe Ga3uca IUKJIOB, JJisl JIOObIX 21, 29 € R makxke
YIOBJIETBOPSET peiyKIHN

SAKJIIOYUTEIBHBIE 3AMEYAHUS

Jl1s1 mocTpoeHus peleHnii TOJIbKO OHOrO U3 HeJJOKaAbHBIX ypapHenuit u3 AKHC uepapxun
MOXKHO B3sTh JiI0Ooe perenne JokaabHbix ypaBaenuit AKHC mepapxum, ymosiierBopsioriee
YCJOBUSM

p(_x70707---)ZP(ZE,O,O,...),
¢*(x) =op(x), z,tyeR, o==l

Torpa, B yacrnocTu, pyHKIUN
p(ﬂ?,t,iTg,Tg,iT4,...), q(m,t7iTQ,T3,iT4,...), Tk cR

OynyT pemenusivu P -cuMmMerpudHoro Henunneiinoro ypasuenus [IIpeaunrepa

¢ (x) = op(Jx).
3aMeTuM, YTO IMEHHO TAKUM YCJIOBUSIM YIOBIETBOPSIOT BOJIHBI-YOUIIBI, TIOCTPOCHHBIE B PabO-
tax [27], [29]. Bmecte ¢ TeMm, dyHKIHANI

p(JI,Tl,iTQ,t,iT4,...), q(.I,Tl,iTQ,t,iT4,...), T, € R

Oy/IyT SBIATBCA pemeHusIMu P77 -cuMMeTpudHOro ypabHeHus Jlakmmvanana-Ilopcermana-
JanwueJst.
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NMHTETPUPYEMOE YPABHEHUE ABEJIA 11 ACUMIITOTUNKN
CUMMETPUMNHBIX PEIIEHUI YPABHEHUSY KOPTEBETA-JIE BPU3A

B.I. CYJIEMIMAHOB, A.M. IIIABJIYKOB

Awnnoramusd. [Ipeacrasmeno obiee perenne OOLIKHOBEHHOTO Tu(hepeHITuATLHOIO YPABHEHUS [I€P-
BOT'O TIOPSAIKA € PAIMOHAILHON TPaBOil 9aCThIO, BOSHUKAIONIETO TIPU TOCTPOEHUHN ACUMTITOTHK TIPU
OOIBIINX 3HAYEHUSX BPEMEHU COBMECTHBIX perienuii ypaBuenuss Kopresera-ne Bpwsa u crammo-
HApPHOH YaCTW €ro BBICIIEH HEABTOHOMHON CHMMETDHUU. DTa CAMMETPHUs OIPEIEISeTcs JIMHEHHON
KOMOWHAaIe epBoii BRICIIEH aBTOHOMHOM cuMMerpun ypasaenus Kopresera-ae Bpuza u ero kimac-
cugeckoit cummerpun Lanmnes. Jlanroe obiiee pemenne 3aBUCAT OT MPOU3BOJIBLHOrO napamerpa. Ilo
TeopemMe o HeABHON dDyHKILHI/I OHO JIOKAJIbHO HAXOAUTCA U3 1EPBOT'O MHTErpaJia, ABHO BbBIIIMCAHHOI'O
B TEPMUHAX THUIEpreoMeTpudecKnxX (pyHKIui. JYacTHBIA Caydail 9TOTO ODIIEro PEIeHns: OmpeIesi-
€T aBTOMOJIEJIbHBIE DellleHus ypaBHeHuil Yusema, Haiigennbie panee I.B. Iloremunbiv B 1988 r. (B
uzBecTHbIx paborax A.B. I'ypesuua u JL.II. TTuraesckoro madana 70-X TOIOB OBLIO YCTAHOBJIEHO,
9TO 3TU PEIleHrs yPAaBHEHWI YHW3eMa B IJIABHOM IIOPs/IKe OMUCHIBAIOT BOSHMKHOBEHUE HE3ATYXAIO-
WMX OCLHMJLIMPYIOIIUX BOJIH B IIMPOKOM PsiJie 33a4 ¢ MaJioil jucuepcueii.) Pesysbrar crarbu BHOBb
TTOATBEPIKIAET IMIUPUIECKOE TTPABUJIO: U3 WHTETPUPYEMBIX YPABHEHUN B PE3YIbTATE PABTUIHBIX
TIpeIeTbHBIX TIEPEXOI0B MOTYT TOIYYaThCS JIUITh B TOM MJIM UHOM CMBICJIE WHTETPUPYEMbIe YpaBHe-
nus. BeigBuraercs o0rasi Tumnore3a: HHTErpupyembie OObIKHOBeHHbIE Aud hepeHnnaabHbe ypaBHe-
HUsA, TOIOOHBIE PACCMATPUBAEMOMY B CTAThE, JOJIKHBI BO3HUKATH U IIPU ONMMCAHUU ACUMIITOTHK TTPHU
0OJIBIINX BPEMEHAX APYIUX CUMMETPHUIHBIX PeIleHuil IBOIOMUOHHBIX YPABHEHUU, TOIYCKAIOIUX
MpUMEHEHNEe MeTona OOPATHOM 33/1a9n PACCESTHUS.

KaroueBsbie cjioBa: HHTErpUPYEMOCTh, ypasaenue AGess, ypasuenne Kopresera-ie Bpusa, acumi-
TOTHKA.

Mathematics Subject Classification: 34M55, 35Q53

1. HPE,HEI[beIE [MEPEXO/IBI B UHTEI'PUPYEMBIX YPABHEHMAX

CoracHo XOPOIIO U3BECTHOMY IMITUPUUCCKOMY 3aKOHY, [TPU OMUCAHUN aCUMITTOTHK PEITIeHN HHTe-
rpupyemMbix audPepeHITnaTbHBIX YPABHEHUN, B PE3YIbTATE PA3YMHBIX TPEASTbHBIX TEPEX0I0B, MOTYT
(burypuposaTh pemenns TOJBKO TOYXKE WHTErPUPYEMbBIX YPaBHEeHWI (HO 9acTO B MHOM CMBICJIE, OT/IHY-
HOM OT CMBIC/Ia HHTETPUPYEMOCTH JIONPE/IETbHBIX YPABHEHNH ) .

Hanpumep, BCEBO3ZMONKHBIMYU KOHTHHYAJBHBIMU MPEIETAMU TAKUX HHTEIPUPYEMBIX auddepentiu-
aJIbHO — PA3HOCTHBIX YPABHEHWH, KaK IMenodYku Boabsreppa

(Cn);t = cn(Cng1 — Ccn1)
u Toawr

I Zpy1—2 Znt1—2
(Z'n)tt = efnt n _ efnt n

MOTYT OBITH JIUIIb B TOM WM WHOM CMBIC/IE WHTErpupyembie quddepennnaabHbie ypaBHeHus. 10 ke
KaCaeTCd KOHTUHYAJbHBIX TIPpEJEJIOB MHTETPUPYEMBIX MENMOYeK, NUCKPETHLIM IO ABYM HE3aBUCHUMBIM
epeMeHHbIM. HacTh U3 9THX IPeAeIbHBIX IIePEX0J0B B HACTOAIIEe BpeMst 000CHOBAHA MATEMATHIECKH
crporo [1].

B.I. SuLEIMANOV, A.M. SHAVLUKOV, INTEGRABLE ABEL EQUATION AND ASYMPTOTICS OF SYMMETRY SOLUTIONS
OF KORTEWEG-DE VRIES EQUATION.

© CvaEeitMaHoB B.U, IIIaBavKoB A.M. 2021.

ITocmynuaa 1 anpeaa 2021 e.

104



HHTEI'PUPYEMOE YPABHEHHE ABEJISA U ACUMITOTHKH CUMMETPUHUHBIX PEIIEHHUH ... 105

3ameuanue 1.1. B nepsyio ouepedo uzeecmuocms nayunvm docmusicenusm P.U. Hmunrosa npu-
HECAU PAbOTbL, NOCBAULEHHBLE PA3AULHBIM GCTLEKMAM UHMEZDUPYEMOCTNU TNAK020 6Uda UENOUEr YpPa6-
nenuli. B ezo cmamvazx [2]-[5] npusodamea, 6 wacmmnocmu, u konkpemmvie npumepvl neperodos om
UHMELPUPYEMBIT UETOUEK K UL KOHMUHYAALHBIM TPEJEAAM.

OauH U3 TPOCTERIINX TPUMEPOB TIPEIEILHOTO TePexoa OT OJHOrO WHTErPUPYEMOro YpaBHEHNs K
JIPYTOMY TIPEJICTABJIAET TEPEX0]] OT MHTErPUPYEMOTO MeToF0M obparHoil 3agaun paccesuus (MO3P)
ypasuennst Koprepera-ge Bpuza (KaB) ¢ masoit nucnepcueit (€ — 0)

/ / 2. m
Uy + vy, + € Uy, = 0,

K ypaBHenuto Xortda
/! /
u; +uu, = 0,
o0I1Iee perenre KOTOpOoro JIOKATBHO 3a1aeTcst hopMysIoit
x —tu = F(u).

D10 ke ypapHeHue Xorda siBigercs 6e3 uccuaTuBHbIM peesiom npu € — (0 ypaBuenus bioprepca

/ / 2.1
Uy + U, = €Uy,

KoTOpoe JHeapusytomeii 3amenoii Koyma-Xonda u = —2e2A/, /A cBoaurca XK ypaBHEHHIO TEILIONPO-
sommoct A} = e2A” .
Kpasuriraccnaeckoe npubinkenne K perienusiMm waTerpupyemoro MO3P weannetiHOro ypaBHeHUsT
[Mpemunrepa (HYIIT) ¢ mamoit qucnepcneii
. 2 1 2
—igqy = ¢, +20]ql"¢ =0 (e < 1) (1.1)
JlaeT HECKOJIBKO OoJiee CIIOKHBIN MTpuMep MoI0bHOTO MMepexoia: MoJCTaHOBKA

q= \/Eexp <zf)

9
ceomut (1.1) K cucreme JBYX BEIECTBEHHBIX YBOJIIOINOHHBIX YDABHEHW

\/E)//
Ry + 2(h¢l,), =0, — ;2—25112527( 22
¢ +2(hey) @+ (¢%) Th

6e3IMCTIEPCUOHHBIN TTpeies KOTOPOii eCTh CUCTEMa
h+2(hel)y =0, @y + (¢p)? —20h = 0. (1.2)

[Toce qudpdepennupoBanus BTOporo ypapuenus cucreMbl (1.2) mo nepemennoit © u 3amenst v = 2¢),
3TOT DE3ANCITEPCUOHHBIN TTpeIes TPUHIMAET BU KJIACCUIECKON THIAPOIMHAMUIECKON CHCTEMBI

hy + (hv)., =0, v, +vv), — 45k, =0

(3HAKU TIOCTOSTHHOM 0 OMPEJIEJISIOT €e TUIePOOTHIECKIil U SJTHNTHICCKU BADHAHTHI ), PEIIEHUsT KOTO-
poit mpeobpazoBanueM rogorpada

v(t,x), h(t,z) = t(h,v),z(h,v)
BBIPAXKAIOTCH 4epe3 PelleHud JUHEHHON CUCTeMbl ypaBHCHUN
zy, = vty + 46t z, = vt — ht},.
U Becbma r060mbITHAS TPaHCHOPMAIS CMBICIA HHTErpupyeMocTn mpoucxoaut [6]-[9] npu nepexose

K Oe3IMCIePCUOHHBIM TTPEIeaM TPOCTPAHCTBEHHO MHOTOMEPHBIX nHTerpupyembix MO3P ypasrenmit
Tumna, HanpuMmep, ypapuenns Kamommesa—IlersuarnBumu

0
/ / 2 m o
% (ut +uu, +¢ umx) = Uy, -

Wurerpupyemocts [10] o6o6mentbiM Meromom romorpada C.I1. Hapesa [11], [12] ruapoaunaMude-
CKUX YpaBHEHUI Yuzema, MMoJIyJaroluxcs B pe3yabrare ycpequenus narerpupyembix MO3P ypasae-
auit tuma KaB, HYII n cumnyc-I'opaona, Takyke gBIseTcd OJHUM W3 MOATBEPKIEHNN SMITUPUIECKOTO
3aKOHA, C(hOPMYJIUPOBAHHOTO B HAYaJI€ CTATHH.
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Hanpumep, ¢ TOMOIIBIO UMEHHO STOrO METOJa B COYETAHWH C aJredpo-reOMeTpUIecKUM MEeTOI0M
N.M. Kpuuesepa [13]| I'.B. Iloremunpiv [14] 6bLin HaiileHBI B IBHOM BHJIE aBTOMO/IEIbHbIE DEIIEHUS
ypaBHeHuH Ynzema, KOTOpPbIe COTVIACHO m3BecTHBIM pesyabrataM A.B. I'ypesuua u JI.II. [Turaesckoro
[15], [16] 3amator B riIaBHOM MOPSiIKE TIOBEIEHUE TIPU ¢ — 00 YHUBEPCAJIBHOTO CHEIUAJBHOTO PEIeHIs
ypaBHeHus KB

up + Uty + Uy = 0, (1.3)
¢ ACHMTITOTHKAM U = —23 + o(1) mpu x £ oco.

Samevanne 1.2. A.B. I'ypesuw u JI.II. [Tumaesckudi 6 16| evicrasvisanru muerue, wmo cucmema
OJ1Y, onpedessroujasn smu asmomodesvrvie pewerus ypasHenut Yusema, He moocem bvimb peusena
ABHO.

Nurerpupyemblie METOJIOM U30MOHOAPOMHbBIX JedopManuil [17] obbikHOBeHHbIE JuddepeHnuaibHbie
ypasuennst (OJ1Y) tuna ITensmene, yacTo GUTYpUPYIONINE IPU OMUCAHUUA ACHMITOTUK TPU OOJIBIITHX
BpeMenax mHTerpupyeMblx MO3P ypaBmenunit, TakKe sIBASIOTCS IPUMEPAME MOTODHBIX TPEACAbHBIX
YpaBHEHUI.

3ameuanne 1.3. Cpedu MHO20MUCACHHUT SAHCHUT HayuHwx pesysvmamos A.B. [labamy npu-
HAOACHCUM, U CACOYIOWUT: NPU ONUCAHUY GCUMNINOMUKY NPU BOADWUT 8PEMEHAT HA%AAOHOT 300041
obwezo nososicenus oas ypasnenua KoB (1.3) 6 [18] u 6 pasdeae 8.8 e2o doxmopckoti duccepmayuu
[19] um npuseden nepswiii npumep nodobrozo nepexoda.

Hapsiny ¢ camumu ypashenusivu [lensieBe B HeJMHEHHBIX 3ajadaX ¢ MaJbIM HapaMeTpoM (B TOM
YHUC/Ie TEX, YTO OMUCHLIBAIOTCA PEIEHUSMU WHTErPUPYEMBIX YDABHEHU) NMPU OTMCAHUU PA3TUIHBIX
PE3KUX MEPEXOIHBIX PEKUMOB yHUBEPCATHHYIO POJTh UTPAIOT W UX BBICIINE M30MOHOIPOMHBIE AHAIOTH.
Kak camm ypasuenus ITensiese, Tak W UX BBICITAE aHAJIOTH MOYKHO PACCMaTPHUBAThL B KAYECTBE CBOETO
POJIa, HETMHEHHBIX CIIeMUaThbHBIX (DYHKINN BOJTHOBBIX KaTaCTPOd.

Obmmas Teopnst TAaKWX HEJMHEHHBIX CIeMUATbHBIX (DYHKIMI, OCHOBBI KOTOPOi ObLIN 3aI02KEHBI B Pa-
6ore A.B. Kuraesa [20] (osHOBpeMeHHO 1 HE3ABUCHMO OJIMH YACTHBIN CIIydail — BBICIINIT aHAJIOD BTOPOTO
ypasuenust [Tensese — paccMaTpuBasics [EPBBIM U3 aBTOPOB jaHHO# paborsl B [21]), Ha cerogmsiHuMii
JleHb AKTMBHO PA3BUBAETCS M HAXOAUT MHOTOYMCJIEHHBbIE npuMeHenust [22]-[50].

B wacrHOCTH, MPW ONUCAHAN B OKPECTHOCTH TOYKKM COOPKHU pelennii 6e3uCIepCHOHHbIX YPABHEHN I
B [JIABHOM II0 MaJIOMy IAPAMETPY & MOPSAJIKE HCIOJb3YeTCsl YHHBEPCAJBLHOE CHEIMATbHOE DEIIeHNe
[Cypesuua-Tluraesckoro ypasuenus KaB (1.3), o koropom mia peus B ab3amne Hajg 3amevdanmem 1.2.
A kak 6b110 ycraHosiaeHo B [24], [26], 910 cnenpanbHoe penienue ogHoBpeMeHHO yiosiaersopsier OV

5 " 5 /1\2 5 3_t

= 14
3 6 18 0 (14)

SBJISIOLIMMCS II€PBBIM BBICIIUM IIPEJCTABUTE/IEM UEPAPXUK H30MOHOPOMHBIX AHAJIOIOB LEPBOIO yPaB-
nenust Ilennese uz ynomsanyroit crarsu A.B. Kuraesa [20].

Sameuanue 1.4. Imo oice [26], [37] pewenue OLY (1.4) so3nukaem npu onucanuy KOHMURYAAD-
HOLT NPEOeAns UBOMOHOOPOMNBIT YENONEK, KOMOPHIE 8 CEA3U C 340a4AMU KEANMOGOT MEOPUL 2Pa6UMa-
yuu pacemampusaaucsy s [51], [52].

B.P. Kynammes B [28] ormerna ciienyromee: mocne auddepennuposanuns (1.4) mo x momaydaercs cra-
IMOHApHAS YaCTh HEABTOHOMHOI BhICIIEH cumMerpun ypasrenus KnB (1.3), onmpenessiemast auneiHOM
KoMOHMHaIMell CTaIlMOHAPHBIX YacTell ero Kjaaccmdeckoit cumMerpun [ammes u’TG = 1—tul, u ero
[IEPBOIl BBICIIIEN aBTOHOMHOM CUMMETPHHI

Sul u  5(ul)? 5u3>/ (15)

r " T x
U3 cummverpuiinoro xapakrepa O/Y (1.4) u pesyabraTos crarbu [53| B yIOMSIHYTHIX BBIIIE DeIe-
uwii [.B. IloreMrHa aBTOMO/IEIBHBIX PEIIEHIH ypaBHEHN YW3eMa BBIBOJUTCS OU€Hb TIpocTo [24], [26],
[28]. Boobre, B mocseHO0 UeTBEPTh BeKa pasziudHble coiicTBa perrernit O1Y (1.4) (n riaBHBIM
06pa3oM, KOHEYHO, CHEIHaJbHOrO perienns 1'ypesuda—IlnTaeBKoro) ¢ camMpiX pasHBIX TOYEK 3DEHUSI

pPacCMaTPUBAJINCh BO MHOXKeCTBe paboT — cM., Hanpumep, [30], [32]-[35], [37], [39]-42], [54].

T
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2. HNHTEIPUPYEMOE YPABHEHUE KVJIAIIEBA

AcumnroTuKa TIpu t — 00 yHUBEpcaJbHOTO pertenns ['ypesnda—llntaeBckoro BHe 30HBI OBICTPHIX
KosiebaHmit 3a1aeTcs ABYMsI KOPHIME KyOMYIeCKOro ypaBHEHHs COOPKHU

u —tu+x =0, (2.1)
a B obJytacTu He3aTyXAIIMX KoaebaHuil 3aBUCUT OT MEJJIEHHON TTepeMeHHON 2z = JJF%, OpIcTpOit (hazbl
@ =t1f(2) + fol2) (2:2)
n uMeeT BUJ
_7 _7
uw=Vt(vg(z,®) +t 1v1(2,®) +t 20y(2,®) +...). (2.3)

DTO MOYTH OUEBUIHBIM OOPAZOM CJICLYeT M3 BUIA
u = Vtv(2) (2.4)
pemenwii ypasuenwit c6opku (2.1) m Bmaa qumeapusanmit na dowe (2.4) ypasnenns KaB (1.3) u
OV (1.4).
B.P. KynareB B KoHITe TPOIILIOT0 BEKa MOTPOOOBAT, HE 00PAIAACH K METOAY YCPEIHEHUd Y U3EMa,

IIPOCTO UCKATh COBMECTHOE aCUMITOTHYECKOe perienne Buja (2.3) ypasuennit (1.3) u (1.4). Tlpu stom
o obHapykui1, 4To dyHKIWs f(z), onpesensionias raaBHblil wien 6GpicTpoil dhaszwr (2.2) dopmysnoit

Tf(z 3z
4f! 2
CBdA3aHa C peleHneM T0BOabHO mpocToro O/LY mepBoro mopsiaka

486 R* — 17T1R2 4+ 92R+5

R, = , 2.5
* 9(54R3 —9R+ 2)(2R + 3z) (25)

KOTOpOe, 09EeBUIHO, SKBUBAJEHTHO ypaBHeHU0 Abejs BTOporo poja
(486R* — 171R? + 5 + 9R2) 2, = 972R* — 162R? + (1458R® — 225R)z + 2722 (2.6)

Bameuanue 2.1. B mepmunaxr pewenuts ypasuenus (2.5) mnempydno onucams u pewenue 6oaee
obwezo OJY
, 486r* — 171tr? 4 9ar + 5t

_ . 2.7
e T 9(5413 — Otr + 2)(2tr + 32) 27)

B camom deae, nput =0 OV (2.7) ceodumes x OAY rl, = r/(3z) ¢ obusum pewenuem r = const 5.
A npu t # 0 pewenua OAY (2.5) u (2.7) ceasanv, dpyz ¢ Ipyeom pacmanceruam

r(t,x) = t%R(z), z=at 2.

B [37| Bommcanbr hopMysibL, 10 KOTOPBIM B CJIydae CIeNuaJbHOro perrennst 1'ypesuda—IIutaeBckoro
pemenne R(z) OAY (2.5) cBsa3aHO ¢ aBTOMOJIECIBHBIMEU DEIICHUSIMU ypPaBHEHHI Yu3eMa U3 CTaTbu
[.B. Iloremuna [14]. (Cam B.P. Kymames st dbopMyIibl 3HA, HO NPH KU3HA TAK U HE OILyOIMKOBAJ. )

Opnako nocne Beioga B.P. Kynamesbiv ypasnenus (2.6) cpasy ke BOZHUK €CTECTBEHHBIH BOMPOC:
COTJIACHO M3JI0XKEHHOMY B pasjene 1 JaHHO#W CTaThu 3BPUCTHIECKOMY 3aKOHY 9TO yDaBHEHWE, HECO-
MHEHHO, JIOJIXKHO ObITH nHTErpupyeMbiM. Ho kakum obpazom?

Huke npuBoguTCcs 0TBET Ha 9TOT BONPOC, HANAEHHBIN B MPOILIOM TOMY C MOMOIIBIO CUCTEMBI KOM-
mhIoTepHON anredbpr Maple.

OxaswiBaercs, ypasuenne Kynamesa (2.6) 06/1a1aeT mepBbIM HHTETPAIOM, KOTOPBIA SBHO 3aIUCHI-
BaeTCcd B TepMuHAx runepreomerpudecknx dyukuuit o F1(a, 5;v;y) = F(a, f;7;y). 10T MHTErpas
umeer Byl (I — Ipon3BoJIbLHAS TOCTOSIHHAS )

l‘7

7 9979200VI5(F (=, —; 5:c1)(aab + bs) + o
T

¢} (F(=2, 8% c1)by + TTT11400F (£, L; Z5 c1)aq (bs + b))

e dyHKIu a;, b;, ¢; 3agawrcs hopMyIaMu:
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1 25 1 2R =z
_ 2 - — 4 “Y p2 — 3 <t -~
a(R) =R =5, aa(R) = B' = 00+ qaa5. 03B 2) = BY = ==+ 47,
55 19 1 503 25 1
R =R- —R'+ — R~ 45(R)=RS— R* 2_
a4(F) 174" T om 6261’ %) 31087 T 6396 115128
2665 92515 125 5

_ RS R —
1421 + 8526 17052 + 306936’

1
ag(R) = V/3R* — R?,a9(R) = R® — 7 010(R) = 660R* — T6R* + 1,
a11(R) = 1980RS — 888R* + T9R* — 1,
bi(R, z) = 2iv/15a3(R)(3R% — 1) 4+ 126R* 4+ 92R — 36 R,

bo(R) = v/21(31968R® — 8532R* + 324R? — 1) 4 ag(R)(—83160R* + 9576 R? — 126),

ag(R) = R*(3R%* — 1),a7(R) =

_ 1482las(R)ag(R)ag(R) ¢ T4 ¢ TOR* — R?
ba(R) = - 1155 LR T R T
533iv/35a1 (R)as(R 4263a4(R
ba(R) = — iv/3bar (R)as( ) Bay(R)R2. bs(R) = ay (R)R? ( 3iv/35as(R) + “28304(R))
1421 533
1
bs(R) = o5 (z'\/ﬁ%(R)%alO(R) + 19188v/21a3(R)as(R)R — 7308i\/ﬁa1(R)a4(R)R2) ,

br(R, z) = 15120iv/15a(R) a11 (R) — 124338240R(iv/15a1 (R)R(v21a1 (R)as(R)

- 100l B0l 28BN | 3BT R s ()
bo(R z) = L) <3i\/£a1(R)2a2(R)a9(R) - 29841“3%?%(}%)]%) |

bo(R) = ag(R) <_\/ﬁa1(R)a5(R) B 14211'\/2;4(3)}32) |

2993760iv/15a1 (R)b3(R)
bl(R, Z)bQ(R) ’

es(R) = as(R)ba(R) + a1(R)R? (\/ﬁm(R) + i\/ﬁm(R)) .

a(R,z) =—

B crenyromeit Tabsuiie npuBoAsSTCA MPUOINYKEHHO BBIUMC/IEHHBbIE 3HAYeHUs I, COOTBETCTBYIOIINE
DEIeHUAM [TH PAa3INIHbIX HAdaIbHbIX 3aga4 11 OdY (2.6).

Hauansuoe yciosue [Tpubmxennoe 3uagenune [ | [Ipomexyrok cuera mo R
2(0)=0 0.0960605 + 0.16638164 R € [-10, 10]

2(1)=0 0.0194046 + 0.03360974% R e [-11,11]

z2(5) =7 0.0308202 + 0.0533821+ R e [-1,15]

z(50) =175 0.03177193 + 0.05503056¢ | R € [—1,60]
z(—0.57735) = 0.3849 | 0.000591 + 0.0010237i R € [-10,0]

Tabsmra 1: [Ipubiunkenubie 3Hatuenns [, COOTBETCTBYIONINE ISITH PA3INIHBIM HAYAIbHBIM 331a9aM.
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3. 3AKJIIOUEHUE

Ilo MHeHMIO aBTOPOB CTATBU €e Pe3yJIbTAT MOTEHITNATLHO UMeeT He TOJBKO TacTHOe 3HaIeHHe.
Bozuukaer, Hanpumep, NpejmnoioKeHe 0 TOM, YTO CUCTEMBI JBYX HeaBTOHOMHBIX O/LY

(2A — 1)(—288A3 + 192A% + 24sA — 27TA — 45 + 4B)

Al =
5 (A +25)(—576A3 + 504A2 — 126 A + 485A + 8B — 125 +9)’ (3.1)
108A3 — 10842 — 6sA + 6B + 27TA + 4 '
B — 364 4+ 35— 5442 _ 2 Ay 08 08 6sA+ 6B+ 27A + s
2 2A +4s
s (2A — 1)(288A3 — 19242 + 24sA + 27A — 45 — 4B)
5 (A —28)(—576A3 + 504A2 — 126 A — 48sA + 8B + 125 +9)’ (3.9)

108A3 — 10842 + 6sA + 6B + 27A — 4s

2A —4s ’
paccmarpusasimecs B nybinkanusax P.H. Tapudynnuna [44], [46], Toxe 102K HBL HMETH 110 /IBA IEPBBIX
MHTErpaJjia, KOTOPbIE MOXKHO sIBHO BBIMCATH B TepMuHAx runepreomerpudeckux dynaxiuii. (Ilocpea-
creoM perternit cucrem O1Y (3.1) u (3.2) OMUCHIBAIOTCS ACHMITTOTHKI IIPU ¢ — 0O BAIA

u = t(vo(z, D) —|—t*gvl(z, D) —|—t*gvg(z, D)+...), &= t%f(s) +n(s) (s = t%)

B = (364 — 35 — 5442 — g)A; -

coBMmecTHBIX perennii ypasuennss KaB (1.3) u OY nsroro mopsiaka
" 12 3\ '/ ! " /
Iz 5umxu 5(“1’) ou 2u + LUy — Bt(uxa::v + ’U/th)
3 6 18 /., 6
OIPeAeaIeMbIX ABYMS JIMHEHHBIMA KOMOWHAIMAMY CTAIIMOHAPHBIX YaCTell MepBOil BBIMNEH HEABTOHOM-
HOM cummerpun (1.5) M KIacCH9eckoll CMMMETPHU PacTsiKeHns U, = 2u + xu, — 3t(ul,,. + uul,).)
T'unioresa: momobHOro BUga aCHMITOTHUKU TIPKU OOJIBIITUX BPEMEHAX COBMECTHBIX PEICHUN Pa3imd-
HbIX HesmHelHbIX naTerpupyeMbix MO3P ssosormonssix ypasaenuit ¢ OJ1Y tumna soiciimx [ennese,
OLPEAEISIEMbIX HEABTOHOMHBIMY CUMMETPUAMY 1, 60/1€€ 001110, MHBAPUAHTHBIMI MHOT000OPA3UAMY ITUX

SBOJIIOIUOHHBIX YPABHEHU, TAKXKE JOJIZKHBI OIMUCHIBATHCS UHTEIPUPYEMbIMU B cxOxkeM cmbiciie O1Y.

=0,
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DIFFERENTIAL SUBSTITUTIONS
FOR NON-ABELIAN EQUATIONS OF KDV TYPE

V.E. ADLER

Abstract. The work is devoted to constructing differential substitutions connecting the
non-Abelian KdV equation with other third-order evolution equations. One of the main
results is the construction of a non-Abelian analog of the exponential Calogero-Degasperis
equation in a rational form. Some generalizations of the Schwarzian KdV equation are
also obtained. Equations and differential substitutions under study contain arbitrary non-
Abelian parameters. The construction method is based on the auxiliary linear problem for
KdV, in which the usual spectral parameter is replaced by a non-Abelian one. The wave
function, corresponding to a fixed value of this parameter, also satisfies a certain evolution
equation. Passing to the left and right logarithmic derivatives of the wave function leads
one to two versions of the modified KdV equation. In addition, a gauge transformation of
the original linear problem leads to a linear problem for one of these versions, mKdV-2.
After that, the described procedure is repeated, and the resulting evolution equation for the
wave function contains already two arbitrary non-Abelian parameters. For the logarithmic
derivative, we obtain an analog of the Calogero—Degasperis equation, which is thus a second
modification of the KdV equation. Combining the found Miura-type transformations with
discrete symmetries makes it possible to obtain chains of Bicklund transformations for the
modified equations.

Keywords: non-Abelian equation, Lax pair, Miura transformation.

Mathematics Subject Classification: 35Q53, 37K30, 37K35

1. INTRODUCTION

Equations with non-commutative (for example, matrix) unknowns are an important object
of study in the theory of integrable systems. One of the first examples was the non-Abelian
Korteweg—de Vries equation (KdV)

Up = Uppy — SUUL — SULU
and its modification (mKdV)

ft:fxzm_Bfox_3fxf2' (11)
The inverse scattering method, families of exact solutions, Hamiltonian structures and
Darboux—Bécklund transformations for these equations were studied in [1], [2], [3], [4], [5],
[6] and other works. In [7], another version of mKdV was introduced

Vp = VUgaz + 3]V, Upee] — BVVL, (1.2)

which is related with (1.1) by an implicit change [8]. Currently, non-Abelian analogs are found

for a large number of various integrable models, including evolution and hyperbolic systems,
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3D equations, (semi)-discrete and ordinary differential equations. A deep, but still far from
being complete, presentation of the subject is contained in the book [9]. A fairly wide family of
nonlinear Schrédinger and Boussinesq type systems being polynomial and linear with respect to
the derivatives was studied in [10], and in most cases there were two non-Abelian counterparts
corresponding to one scalar system, like in the case of (1.1) and (1.2).

At the same time, there are many blank spots in the non-commutative theory, for example,
no classification is known for integrable equations of the KdV type

Ut = Ugze + F(x,u, uawu:m:)' (13)

In the scalar setting, such classification was obtained long ago in the framework of the symmetry
approach [11], [12], but in the non-Abelian case we even do not know exactly which equations
from the scalar list admit a generalization. In addition to the above equations, one can find in the
literature non-Abelian analogs of the potential mKdV equation (pmKdV) and the Schwarzian
KdV equation (SKdV), see, for instance, |9, Ch. 3.9] and [13], and the author does not know
any other studies. Moreover, only homogeneous equations without parameters were studied.
Meanwhile, recently it was observed [14] that equation (1.2) can be generalized by adding lower-
order terms with an arbitrary non-Abelian constant, which is important while constructing a
self-similar reduction and leads one to a new version of the non-Abelian Painlevé-II equation.

The purpose of this work is to enlarge the list of examples of type (1.3) by use of differential
substitutions. A similar problem was posed in [15|, where, however, no new equations were
obtained.

Recall that from the point of view of substitutions, all scalar integrable equations (1.3) are
divided into three subclasses [16]. One class includes the linearizable equations, the second
one contains equations related to KdV, and the third class consists of one isolated Krichever—
Novikov equation [17]

2t = Zgps — + oz, R(5)(z) =0, (1.4)
where R is a polynomial of degree 3 or 4 with simple roots; the case of multiple roots reduces
to KdV. For equations related to KdV, the basic sequence of Miura type transformations is as
follows:

Up = Upgr — OUUL, (1.5)
u=fot P45
ft:fmm_6(f2+ﬁ)fz> (1~6)
2
2f = Dz TP+
p
PaPox | 3P3 3 ( )2
pe=" top o\t ) P Bp (1.7)
T w2 +4R(w) — w,
2p = ,
w =7
G 2w? T AR(w)) O A (18)
where R(w) = (w? — 9?)(w + v + «). This “tower of modifications” and several simpler

substitutions like the introduction of a potential cover almost all equations related to KdV;
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the only exception is equation (1.4) with one double root and it is related to KdV by a third-
order substitution which can not be decomposed into simpler ones. Note that each modification
adds an arbitrary parameter, which is important for obtaining equations of general form. In
the non-Abelian setting, we can expect that some parameters may be non-scalar.

One of results of this paper is the non-Abelian analog of equation (1.7) which is the rational
form of the Calogero—Degasperis equation [18], [19]. It is likely that equation (1.8), also
introduced in [18], and equation (1.4) have no non-Abelian counterparts for generic polynomials
R. However, there exist analogs for two degenerate cases of (1.4) corresponding to R = z? and
R=1.

The list of non-Abelian equations and substitutions presented in the next section does not
pretend to be complete; it may well be that analogs of some other scalar equations can be
added to this scheme. All substitutions can be verified by straightforward calculations. A more
demonstrative proof based on the derivation of substitutions from auxiliary linear problems is
given in Section 3.

It should be noted that the above tower of modifications for scalar equations can also be
constructed based on the Bécklund transformations, as shown by Yamilov [20], [21], see also
[22], [23]. Unfortunately, this method does not work in the non-Abelian setting. However, the
differential substitutions still can be used to generate the Béacklund transformations; this is
briefly discussed in Section 4.

2. GRAPH OF SUBSTITUTIONS

We will construct differential substitutions between the following equations:

Up = Ugpy — SUU; — SULU, KdV
Wy = Wegy — Bw?w pKdV
fi = foze — 3f%fo — 3fuf? — 6afs, mKdV;(«)
Vi = Vgga + 3[V, Vga] — 6000 — 3(v, + vH)a — 3a(v, — v?), mKdVs(a)
Yo = Yaww — ezl Ve — Yl — 3Yay” Ya, pmKdV(a)
3 _
p = (D —adp) <pm; — 5 +0" =) (pe =P+ 0) + [ppa] =2 - 6519), CD(a, B)
3 _
qt = Qeax — §D((QI - C>q 1(q:c + C))7 CD0<C)
3
2 = Zyge — §(zm —az+2b— )z, (2pe + az — 2b+ ¢) — 3az, — 3z,b. SKdV(a, b, c)
Here D denotes the derivative with respect to x, field variables u, ...,z and constants a, b, ¢

belong to a free associative algebra A over C with unit 1, and v~! denote the inverse element
for u. For the sake of clarity, one can assume that A is the algebra of matrices of some arbitrary
fixed size. Equations mKdV;(a) and CD(a, 5) also contain scalar constants «, 5 € C. These
parameters can be set to 0 by the Galilean transform, but we do not do this since they are
involved in the substitutions and related Bécklund transformations. In what follows, we identify
a with al € A, which gives meaning for expressions like u + «.

For each equation, the order of factors in monomials can be reversed by passing to the new
operation of multiplication aob = ba on A. The resulting equation will be called transposed by
analogy with the matrix case. It is natural to regard it as equivalent to the original equation.
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The above equations have the property of invariance with respect to the transposition, possibly
up to some additional involutions like the sign change (in pmKdV, we apply y — y~') or
changing the parameters.

Remark 2.1. In the scalar case, equation CD(«, ) coincides with (1.7), the rational form
of Calogero—Degasperis equation. Passing to the exponents brings it and CDy(7) to the original
form from [18], [19]:

1 3
Pt:Pac;w_Epg_é(ep"’_ae_P)QPx_GBan p:6P7
1 3y _
Qt = Qa:a:m - iQi - 76 2QQ$7 q = eQ‘
The same change transforms the scalar equation pmKdV(«a) to the usual polynomial form
Y, = Yopo — 2Y2 — 6aY,, y=c¢".

Remark 2.2. Comparing the above equations for Q) and Y, we see that CDy(0) is actually
another non-Abelian analog of pmKdV. This equation was studied in [13]. One more interesting
analog of pmKdV on Jordan algebras was obtained in [24, Eq. (2.4)]. In contrast to CDy(0),
it inwvolves the operator ,Mq_1 instead of ¢, where M, is the multiplication operator in the
Jordan algebra. Since any associative algebra A turns into a Jordan algebra with respect to the
operation aob = %(ab+ ba), such equation can be defined on A as well, if we allow expressions
involving (L, + R,)™*, where L, and R, are operators of the left and right multiplication in A.

Remark 2.3. Scalar equation SKdV(a,b,c) is actually the degenerate case of Krichever—
Novikov equation (1.4) with R = ((a — b)z + ¢)*. The case R = 0 is the Schwarzian KdV
equation, and we keep this name for the entire family of equations.

The following proposition is the main result of the paper.

Proposition 2.1. The above non-Abelian equations are related by substitutions

pKdV — KdV : U = Wy, (2.1)

pmKdV(a) - mKdV,(«a) : f=vyy! (2.2)

mKdV;(a) = KdV : u=f,+ f*+a, (2.3)

pmKdV(a) = KdV : U= Yy + +yay ', (2.4)

medV(a) — mKdVy(a) : v =1y 1y, (2.5)

SKdV( B,0) = CD(a — 3, 05) : p=z2y2 ", (2.6)

CD(a — f,8) — mKdVy(a) : v=—3(p. +p* —a+ B, (2.7)

SKdV(O 0,c) = CDy(c) : q= 2, (2.8)

CDy(c) = mKdV,(0) : v=—%(g, —c)g ", (2.9)

SKdV(a,b,c) - mKdVsy(a) : v=—1(z —az+2b—c)z " (2.10)
Schematically, these substitutions are shown in Figure 1. We note that the substitution (2.2)
from pmKdV(a) is valid only for the scalar value of parameter a = «, so the substitution (2.4)

is more general than the composition of (2.2) and (2.3). Similarly, the substitutions (2.6) and
(2.8) from SKdV(a,b,c) do not work for arbitrary (a,b,c), so the substitution (2.10) is more
general than the compositions of (2.6) and (2.7) or of (2.8) and (2.9).

It is worth noting that if we consider the complete graph of substitutions for scalar equations
(the sequence (1.8) — --- — (1.5) from Introduction is a part of this graph) then the KdV
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K(Tl\/ pKdV
mKdV;(«) <o=a pmKdV(a) mKdVs(a) mKdV,(0)
SKdV(a,b,0) =5 CD(a — 3, ) CDg(c) = SKdV(0,0,c)

Puc. 1. Substitutions chart

equation (1.5) turns out to be the only vertex without outgoing arrows except for the isolated
Krichever-Novikov equation (1.4). In the scalar setting, we can say that all paths lead to KdV.
This is not the case for non-Abelian equations, since the mKdV, equation also turns out to be
an end-point vertex.

3. DERIVATION OF SUBSTITUTIONS FROM LINEAR PROBLEMS

The auxiliary linear equations for the non-Abelian KdV equation look same as in the scalar
case:
However, this can be generalized by replacing the scalar spectral parameter A with a non-
Abelian one:

¢mm = u@/} - ¢A7 wt = quvz) - 2“% - 4¢an (31)

where ¥, A € A. Indeed, here A acts on v as the operator of right multiplication R, and the
coefficients v and u, act as operators of left multiplication L, and L, . But, any operators of
left and right multiplication commute: R,L, = LyR,, a,b € A, therefore R) behaves exactly
like the scalar coefficient A when calculating the compatibility condition. It is clear that such a
generalization is possible for any zero curvature representation A; = B, + [B, A], where entries
of the matrices A and B are elements of A depending on A and field variables.

We use (3.1) as the starting point for deriving the substitutions from Proposition 2.1.

PmKdV equation. As in the scalar case, the Miura transform is constructed by a particular
solution 1 = y corresponding to a fixed value A = a € A:

Yoo = UY — YQ, Y = Ugy — 2uY, — 4y,a. (3.2)
From the first equation we find u = y,,y~ ' + yay~! and the elimination of u from the
second equation yields pmKdV(a). Thus, pmKdV is the equation for the wave function of

the Schrédinger operator, and substitution (2.4) is a rewriting of the original linear equation.

Equations mKdV,; and mKdV,;. The next step in the scalar setting is to pass to the
logarithmic derivative f = y,/y. With non-commutative variables, this can be done in at
least two ways, leading to different answers.

The substitution f = y,y~! works only for « = a € C. In this case, the first equation (3.2)
gives the Miura transformation v = f, + f%+ « which is the substitution (2.3), and the second
equation gives

yt:<ux_2uf_4af)y:Fy> F:fxx+[f7fx}_2f3_6af (33)
From equations y, = fy, y; = Fy it follows f; = (D—ad f)(F'), which coincides with mKdV(«a).

If we apply another change v = y~'y,, first equation (3.2) becomes y~'uy = v, + v* + a. By
replacing u in the second equation, we obtain

v = y(y  uey — 2y tuy — dva) = yV, V= v, + 20, v,] — 20 — 3av — 3va.
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Equations y, = yv and v = yV imply v; = (D + ad v)(V'), which coincides with mKdVa(a).

Equation SKdV. The next step is to transform equations (3.1) into auxiliary linear problems
for mKdVs in such a way that the potential u is replaced by v. To do this, it is enough to make
the gauge transformation ¢» = yp [8]. In other words, we define ¢ as the ratio of solutions for
(3.1) and (3.2). A direct calculation leads us to equations

Ouz = ap — N —2vp,, @y = dv(ap — A) — 2(v, + v? 4+ a)pr — 4o A, (3.4)

where ¢, a, A € A. By construction, the compatibility condition for this pair of equations is
equivalent to mKdVs(a). Now we can do what we did before with the pair (3.1): to write an
equation for a particular solution ¢ = z corresponding to the value A = b and for its logarithmic
derivative. So, let z satisfy the equations

Zow = 07 — 2b — 2z,, 2z = dv(az — 2b) — 2(v, + v + @)z, — 42, (3.5)

We find v from the first equation and substitute it into the second one. After simple algebra,
this leads to the SKdV(a, b, 0) equation

2 = Zypgw — g(zm —az+ 2b)2,  (24e + az — 2b) — 3az, — 32,b
and to the substitution —2v = (2., — az + zb)z, ! which relates this equation with mKdVs(a).
In this equation, it is easy to see that the transformation z — 2z + d leads us only to the
replacement of the term az — zb with az — zb + ¢, where ¢ = ad — db. For arbitrary a,b,d € A,
the element c is arbitrary as well, therefore the equation can be extended to the case of three
parameters SKdV(a, b, ¢). This leads us to substitution (2.10).

Equations CD(a, ) and CDy(c). Since equation SKdV (0, 0, ¢) contains only derivatives of z, it
admits the substitution z, = p and we arrive at CDg(c). For equation SKdV(a,b,0), we can use
the logarithmic derivative instead, assuming that one of parameters a or b is scalar. In contrast
to the pmKdV equation for y, this equation is invariant with respect to the transposition and
the interchange of parameters, so that both versions z,2~! and 27!z, are on equal footing. For
definiteness, let

p=rz2" b=peC,
then equations (3.5) take the form
pet+pP=a—B—2vp, zz '=4v(a—p) -2, +v*+a+28)p. (3.6)
The first equation is equivalent to the substitution (2.7), and the second equation becomes

z; = Pz after eliminating v, with

3 - ,
P=p,, — §(px+p2 —a+B)p (po — P>+ a—B)+ [p,ps] — 20° — 65p.

This yields the equation p; = (D — ad p)(P), which is CD(a — S, ).

4. BACKLUND TRANSFORMATIONS

Recall that the scalar tower of modifications (1.5)—(1.8) can be derived in an alternative way
based on Bécklund transformations [20, 21|. For the mKdV equation, the z-part of Bécklund
transformations is represented by the dressing chain [25]

fn,x + fn+1,x = f72z - fTQL—i-l + o — Qg (41)
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generated by compositions of the Miura map and the change f — —f which leaves the mKdV
equation invariant. Let us introduce a new variable p,, and rewrite (4.1) as the system

Pnax — O +an+1
fn+fn+1:pn7 fn_fn+l: D )

then both f, and f,41 are easily expressed through p, and p,,. This is the substitution
(1.7)—(1.6), up to the values of parameters, and moreover, we obtain the chain for p,

(pnpn+1)w = pnpn+1(pn - pn—H) + (an - an+1)pn+1 + (an+1 - an+2)pn~ (4'2)

The CD equation for p, is obtained by applying the found substitutions to the result of
differentiating the relation p, = f, + f..1 in virtue of the mKdV equations for f,, and f, 1.
Moreover, the invariance with respect to the shift n — n + 1 guarantees that p,.; also satisfies
the CD equation, so that the chain (4.2) defines the z-part of Bécklund transformations for
this equation.

This trick can be repeated once more by introducing the variable w,, = p,p,+1 and this
leads us to the substitution (1.8)—(1.7). Further modification is not possible, since the chain
equation for w, does not have some functional structure required for this, see [21].

What about this procedure in the non-Abelian setting? One can easily see that chain (4.1)
still works, since the form of the Miura map (2.3) is the same as for the scalar counterparts.
Therefore, (4.1) defines the Bicklund transformations for the non-Abelian mKdV,(«) equation.
However, introducing the variable p, = f,, + f,+1 now gives nothing for the simple reason that
the difference of non-Abelian squares f2 — f2., is not factorizable. Unfortunately, this nice
scheme fails already at the first step.

Nevertheless, the chain of Backlund transformations for the non-Abelian CD equation can
still be constructed, but for this we have to use the substitution (2.7) from CD to mKdV, and
the change p — —p' which leaves CD equation invariant. Hence it follows that there are two
different substitutions between the CD(a — 3, 5) and the mKdVy(a) equations:

—2v = p’l(—px +pP—a+ B) and — 20 = (p, +pP—a+ ﬁ)p’l.

In these substitutions, § can be changed, but a is fixed, since this parameter is contained in
the target mKdVsy(a) equation. This gives rise to a sequence of substitutions

—20, = P (= Pnp + P2 — a+ Bn) = Pot1e + Port — @+ Bat1)Piiss

from which we obtain the chain

(pnpn-i-l)x = pn(pn - pn+l)pn+l - (a - ﬁn>pn+1 + pn(a’ - 5n+l)- (43)

By construction, it defines the z-part of Bicklund transformations between equations
CD(a — By, Bn)- Of course, this remains true also for scalar variables, but note that the scalar
version of (4.3) differs from (4.2): in one equation the signs of two linear terms coincide, and
in the other they are opposite. This distinction is due to different methods which we used to
construct the chains, and it turns out that one method admits a non-Abelian generalization,
while the other does not.

In conclusion, we remark that Miura maps (2.3) and (2.7) admit non-local generalizations.
Relations like (3.3), which were obtained under assupmtion a = a € C, can be obtained also
for a € A, at the expense of introducing an additional variable. Let f = y,y7 !, ¢ = yay ' then
relations (3.2) imply

u:fr+f2+g7 yr = Fy, F:f$$+[f7.fr]_2f3_3fg_3gf7
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and we arrive to the following system for f and g:

ft:(D_adf)(F):fxmx_3(f2+g)fx_3f$(f2+g>7 gt:[F7g]7 gx:[f7g]

The variable g can be viewed as a nonlocality defined by the latter equation which plays the role
of a constraint. The invariance of all relations with respect to the change (u, f,g9) — (u*, —f*, ")
implies that there is also another Miura map v = —f, + f? + g. The composition of these two
substitutions gives rise to the dressing chain

fn,x + fn+1,m = fr? - T2L+]. + 90 — 9Gn—1, Gnz = [fmgn]a

which defines the general Darboux transformations for the non-Abelian Schrédinger operator
[6] and the z-part of Bicklund transformations for the above system for f and g.

In a similar way, relations (3.6) obtained under assumption b = § € C can be generalized for
the case b € A, by introducing the additional variable h = zbz~!. This leads to the system

pt:(D—adp)(P), ht:[P?h]a h:r:[ 7h]a

3 - f
P=pm—§(pm+p2—a+h)p Y(pe —p* +a—h)+ [p,ps] — 2p> — 3ph — 3hp

and to the chain

(pnanrl)m = pn(pn - anrl)anrl - (a - hn)anrl +pn(a - thrl); hn,x == [ " hn];

which defines the z-part of Bécklund transformations for this system and the Darboux
transformations for spectral problem (3.4).
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ON MKDV EQUATIONS RELATED TO
KAC-MOODY ALGEBRAS A4 AND 4%

V.S. GERDJIKOV

Abstract. We outline the derivation of the mKdV equations related to the Kac—Moody
algebras Aél) and Ag). First we formulate their Lax representations and provide details how
they can be obtained from generic Lax operators related to the algebra si(6) by applying
proper Mikhailov type reduction groups Zj. Here h is the Coxeter number of the relevant
Kac—Moody algebra. Next we adapt Shabat’s method for constructing the fundamental
analytic solutions of the Lax operators L. Thus we are able to reduce the direct and inverse
spectral problems for L to Riemann—Hilbert problems (RHP) on the union of 2h rays [,.
They leave the origin of the complex A-plane partitioning it into equal angles 7 /h. To each [,
we associate a subalgebra g, which is a direct sum of sl(2)—subalgebras. In this way, to each
regular solution of the RHP we can associate scattering data of L consisting of scattering
matrices 1), € G, and their Gauss decompositions. The main result of the paper states how
to find the minimal sets of scattering data Tg, & = 1,2, from Ty and T; related to the
rays lgp and [;. We prove that each of the minimal sets 77 and 73 allows one to reconstruct
both the scattering matrices T),, v = 0, 1,...2h and the corresponding potentials of the Lax
operators L.

Keywords: mKdV equations, Kac-Moody algebras, Lax operators, minimal sets of
scattering data.

Mathematics Subject Classification:17B67, 35P25, 35Q15, 35Q53

1. INTRODUCTION

This paper is a continuation of a series of papers on Kax-Moody algebras and mKdV
equations [14], [15], [16], [17], [18] and two recent papers [19], [13]. There we derived explicitly
the system of mKdV equations related to several particular choices of Kac-Moody algebras,
including some twisted ones like fo), s=1,2,3, Aél) and Aéz).

The next natural steps to be considered are to develop the direct and inverse scattering
method for the relevant Lax operators and to construct their reflectionless potentials and,
as a consequence, soliton solutions to the mKdV systems. The methods for doing this have
been already developed in [7], [20], [8], [21], [22], [23], [39]. This is why it will not be difficult to
specify the construction of the fundamental analytic solutions (FAS) |32], [33] of the relevant Lax
operators and to formulate the corresponding Riemann-Hilbert problem (RHP). In constructing
the soliton solutions, the most effective method known to us is the dressing Zakharov-Shabat
method [37], [38].

The structure of the paper is as follows. In Section 2 we outline preliminary known results
about the structure of the Lax operators for the case of A(51) and A(52) Kac-Moody algebras and
for the recursion operators, see [13]. Section 3 is devoted to the fundamental analytic solutions
(FAS) and to the Riemann-Hilbert problems for both cases. In Section 4 we introduce the
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minimal sets of scattering data and show by these set we can reconstruct both the potential
and the sewing functions of the RHP. In the appendices we discuss some algebraic details of
the structure of Kac-Moody algebras.

2. PRELIMINARIES

2.1. Lax representations: Aél) case. We suppose that the readers are familiar with the
theory of simple Lie algebras and Kac-Moody algebras, see [3], [24], [4] and their applications in
the studies of integrable nonlinear evolution equations [5], [6]. Details about the bases and the
gradings of the Kac-Moody algebras are given in the appendices. Here we consider a nonlinear
evolution equation with a simplest nontrivial dispersion law, which is fukav(\) = M K.

In this section, following our previous papers, we define the Lax pairs whose potentials are

elements of the Aél) and Aéz) algebras for the mKdV equations. They represent the third
nontrivial member in the hierarchy of soliton equations related to these algebras. The results

presented here are derived in [16], [14] for Aél) and in [13], [19] for Ag).
We consider a Lax pair that is polynomial in the spectral parameter A:

Ly z(z'a% +Q(x,1) —Aj)w —0,
(2.1)

My = (i% + Vo(z,t) + AVi(,t) + N2Va(z,t) — >\3K)w = - \YK.

The zero-curvature condition [L, M] = 0 leads to a polynomial of fourth order in A, which

has to vanish identically. The Kac-Moody algebra Aél) is graded by the Coxeter automorphism
C1, see Appendix A below) The basis we use reads as

6 . .
‘ 1 if j+s5<6

k —k(j—1) x Y
I =3 earswr TV Ejgre,  €gae = {—1 if j+s>6

j=1
IO, ] = (@ =) S, IE I = wrm g,
(JE) ™t = (I

S
The potential coefficients of the Lax pair are defined as

5 6

Q) => g, )], Vil ) => vy, T=J,

”? ’? (2.2)
Valw,t) = o (@007, Vole,t) =D o (@, K =J.

=1 =1

The condition [L, M] = 0 leads us to a set of recurrent relations, see [20], [22], [9], which
allow us to determine V(¥ (z,¢) in terms of the potential Q(x,t) and its x-derivatives.
By using the choices for @, J and K from (2.2) we get:

0 q1 q2 qs3 qs g5

- 0 ¢ @ @G @

Q = —q1 —¢5 0 @i 42 g3

- —q@u —¢ 0 @ ¢

—¢@ —q@ —q@u —q¢g 0 @

-1 —G¢2 —q3 —q —q5 0

J = diag (1,0, w*, w? w? w), K =diag(1,—1,1,—1,1, —1),
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where w = e6". These equations admit the following Hamiltonian formulation:

dq; 0 ( SH
ot N ox 5q6,i ’

The Hamiltonian density is:

o dq1 Igs Iq3
H= 328;15 8:1:+2(8:E>

202

oq 0 0 0
+8v3 ( 2G2q3 aq + 23 —— O + (q1q2 + Q4Q5)a—(f +2¢1 == s q5>

o — 2q3q4 b

+ 245 — 24(qugs + 4204) @3 + 16(¢ — 3q1q3 — 34505 + 42) g3 + 24(q1g2 — qugs)*.

2.2. Lax representations: A?) case. Here we formulate the main results of a recent paper
[13], see also [11], [12], [14], [15], [18]. The grading used here is described in Appendix B. It
uses the Coxeter automorphism Cs and splits A5 into 10 subspaces. The dispersion laws of the

nonlinear evolution equation to Ag) are odd functions in \; therefore, NLS-type equations here
are not allowed. Thus, we are left with fixav(A\) = M3 K.
The Lax pair is of the form
L =i0, + Q(x,t) — A\J,
M =id, + VO (z, 1) + AWV D (2, 8) + N2V (1) — MK,
where
Qz,t) € g, VW (z,t)eg®, Keg® Jegh.
Here we choose J and K as follows:
J = diag (wi, w?,1,0,05,05), K =20J°
where wy = e and choose
0 a1 as 92 —q1 —g3
- 0 @& —¢@ —¢ —g

3
—q3 — 0 @ —@ —q¢

_ £ _ 43 —q1
¢ Zq] J - ¢ —q¢© 0 ¢ —q
q1 q3 q3 —q2 0 —q1
B B G G q 0

Then we solve the recurrent relations obtaining the following result:
3
:va;jg;p)> P = 271707 ‘/1 - ‘Gf+U1;4J,

and obtain explicit expressions for v, ; in terms of ¢; and their z-derivatives, for details see [14],
[13]. The equations of motion

9q; _ Ovo
ox or '

can be cast in Hamiltonian form as follows:
8qj 0 O0H ﬁvo;j

%:%5%(@: oz’ J=1253

=123,
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where
oq 0qy g3
3 5 — 10 3vVH—5
{(VF+')<0 ) (ax) - (Vs )(6
— 2 + Iq - + 2 _ o g3
+ 20 (02 g5 + ¢ q1q3 — 2¢, 92) D 20 (02 G193+ ca g5 — 2 2) .
T oz
oq
+40 (=e3.05 + 3 o) G275~ + 2005 + 40q143(g3 — 07) + 60(g103 — 0303 — 0143)
and

2 2
0321/24—%; o=\

Let us now repeat the calculations using the second type of grading, see equation (B.2). In
this equation, potential takes diagonal form while J becomes the sum of admissible roots. We
can do the grading using an alternative choice of the Coxeter automorphism given by (B.3),
(B.4). This gives:

3

3

VO (z,t) = Z (0)5;7

=1 (2.3)
VO (2, 1) = vV +oiVeS + %ug”egg,, + %vf’glg,
VO (z,t) = —052)8;1 — 1152)542 - 1 (2)81_47
K =573
where
o = =Bilur +up +ug), vy = —Biug, v = =5i(ur — up — ug),

duy
v =10 <U1U2 - a—l;> + o,

0
vél) =5 ( uj — ui + wyuy + uguz + = (uz +uz —u1) | + v‘(ll)’
oz (2.4)

0
Uél) =5 (ug — ug — u% + uyug + O (ug + 2uy — Ul)) + Uﬁ(ll)’

0
’Uil) :2u% + 2u% — 3u§ — dujuy + %(51!1 — 4duy — 3“3)'

For VO (x,t) we find:

0? 0
v§0) :i( 5 au; + 3U18 (Bug + uz) — 2Ul + 3u1(u2 + u3))
) Oug Ouy ou
ol = (_8 (4ug + 3us) + 3u2_8x — u; —— o + 6us 8:}03 2u; + 3ua(uf + u%)) ;
o ou ou Ou
vé ) —z(a—(ug + 3ug) — 6u38_a:2 — 3uy 8m1 3U28—; — 2u3 + 3ug(uf + “2)>
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Finally, the set of mKdV equations takes the form:

0 0 0? 0
P =2 (-0 3 (B )~ 2+ 33 448)),
duy, D [ Ous Ouy
E‘%(a g (At o+ 3ug) + uy 7= = G o0
+&m@9—2@+ﬁwuﬁ+u@)
ox
ou o [ 0? ou ou Ous
8_t3 =7 (8 5 (uz + 3uz) — 6“38—; — 3w 8; Sug—— o 2u3 + 3uz(uf + “2))

These equations acquire Hamiltonian form:

Gui 0 (6[‘[) . Gvo;i

ot ox \ ou, o

where the Hamiltonian is

1o 3 o oy

H = / dx(—§g uf+22 Eu ( )
=1 j=1
1<j

8U2 2 0U3 2 811,2
-2 =] —= -3
(890) (8m " or dr \2 i = 33
30us, 4 Ouy \ ([ Oug
—— 3 — ).
* 2 Ox (u +u3) - < Oz oz
Using the second type of grading is in fact equivalent to the first one. One can check that the
two types of gradings are related by a similarity transformations of the form:

1 11 ;0 1 1

2y 2o % 2 % %

) w22 Wy ) 1 0 w22 w2

1A 17 w;  w, 1 0 wy?  wh
Wy Quy = Q, wy - Jwy = J. wo=—=| 2% 72 ) 0 2, 72
V5 [wa wy W24 Wy 2,

wy wil 0wyt w,

1 1 1 —/5 1 1

Effectively we find that u; and ¢, are related linearly as follows:

1
up =c ¢ +ctgs, U = —=(2, uz = —c q1 + ¢ gs,
V5

N 10+ 2v/5 _ 10 —2V/5
cC =—- ¢C = —

10 ’ 10
2.3. Recursion relations and recursion operators Aj. Our aim here is to describe
the hierarchies of equations in terms of the recursion operators Aj,. The idea is to treat
the compatibility conditions as recurrent relations which will be solved using the recursion

operators, see [19], [13], [14], [15], |18]. The initial condition reads as
Vo =ad 'K, Q).

We note that the operator ad ; acting on each element X € g by the rule ad ;X = [J, X]| has
a non-trivial kernel and therefore, it could be inverted only if X belongs to its image. Hence,
while solving the recurrent relations, we need to split each V; into, roughly speaking, ‘diagonal’
and ‘off-diagonal‘ parts:

Vo= ViV
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where VI € Imad ; and V¢ is such that ad ;Vf = 0. Then we have:

Vieslont) = Vi (.0) = 3 24 g oy

p=1

Now we assume that s; is an exponent and split the third equation in (2.3) into diagonal and
off-diagonal parts. Evaluating the Killing form of this equation with H’f_sl, we obtain:

wg, (x,t) = Ciagl <[Q, V;i],?—[?fsﬁ + const, Csy = < ‘il,’H?*Sl)
S1

In what follows for simplicity we set all these integration constants to be 0. A diligent reader
can easily work out the more general cases when some of these constants do not vanish. The
off-diagonal part of the third equation in (2.4) gives:

i0,VE+(Q, VI + (Q,wH] = [, Vid],
l.e.
Ve =ad;! (i0,V] + Q. V]I + [Q, w,H]) = A, VL

Thus, we have obtained an integro-differential operator A,, which acts on each Z = Zf € glsv)
as

Az =27 (0.2 4102+ l0HI0r (1. 2L 1)),
S1
If s; is not an exponent, we have only to work out the off-diagonal part of the third equation
in (2.3):
Vi =ad ! (i0,V) +1Q,VJ])) = AoVy,
NoZ =ad ' (10,2 + Q. Z]") .
Here Ay is a differential operator.

Now we can study the hierarchies related to Aél). Since the Coxeter number is 6 and the
exponents are 1, 2, 3, 4, 5, the results are as follows:

n =6ng + 1 8,Q =0, (A™Q(z,1)), FO) =AM,
n =6ng + a 01Q =0, (A™ Ay ... Aoad ' [HE, Q(x,1)]) FO) =AM,

where Na = 677/0 +a,a= 1, 2, ey 5and A = A1A2A3A4A5A0.
In the same way we can study the hierarchies related to Aé”. Here the Coxeter number is 10
and the exponents are 1, 3, 5, 7, 9. The results are

n =10ng + 1 9Q =0, (A" Q(z,1)),

n=10ng + 3 8,0 =0, (A"OAlead HD Q(a, t)]) ,

n=10ng + 5 8,Q =0, (A”“AlAOAgAOad D Q(a, t)]) ,

n =10ng + 7 8,Q =0, (A"°A1A0A3A0A5A0ad T Q(a, t)]) ,

n =10ng + 9 8,Q =0, (A”°A1A0A3A0A5AOA7A0ad THY, Q(, t)]) :

where A = Ay AgA3AgAsAgA7Ag A9y and the dispersion laws are given by f;(\) = )\IO”OJ’"J'H?%),
nj = 2j — 1, being the exponents of AéQ).
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3. RIEMANN-HILBERT PROBLEM

3.1. General aspects. The general methods for constructing the FAS of the Lax operators
were proposed in the pioneer papers by A.B. Shabat [32], [33], in which he constructed the FAS
of a class of n x n Lax operators of type (2.1) with J = diag(ay,...,a,) assuming that the
eigenvalues of J are real and are taken in the descending order. The continuous spectrum of
such L operator with a fast decaying potential @) fills up the real axis in the complex A-plane.
One of the corresponding FAS x*(z, \) admits an analytic extension into the upper half plane
C.; the other one x~(z, A) is analytic in the lower half plane C_ and on the real axis they are
related linearly:

Tz, t,\) = x" (2, t, \)Go(t, N), (3.1)

where the sewing function G(t,\) is expressed by the Gauss factors of the corresponding
scattering matrix. A simple transformation from x*(z,\) to ££(z,\) = x*(z, A\)eM* allows
one to reformulate RHP (3.1) as follows:

EN(w, t,\) =€ (2,6, )Gz, t, ), G(a,t,\) = e "Gt N)e™. (3.2)

An advantage of RHP (3.2) is that it allows canonical normalization in the form
limy oo £ (2,8, 0) = 1.

Shabat and Zakharov developed further these ideas by discovering a deep relation between
RHP (3.2) and the corresponding pair of Lax operators. They proved a theorem [37], [38]
stating that if ¢*(z,¢, \) satisfy RHP (3.2) and the sewing function G(x,t,\) has a proper
r—dependence, then the corresponding x*(z,¢, \) is FAS of the relevant Lax pair.

A next important step was that they devised a method of deriving a special class of singular
solutions to the RHP. Today it is known as the Zakharov-Shabat dressing method [37], [38],
[31]. It has several formulations and is one of the best known methods for constructing the
multi-soliton solutions of the integrable nonlinear linear evolution equation. Later Shabat’s
results were generalized to the class of Lax operators whose potentials () and J take values in
simple Lie algebras g [10].

A further progress in this direction was made by Beals and Coifman [2] who treated the
general case of n X n Lax operators with a complex-valued J. The substantial difference from
the Shabat’s case was that the continuous spectrum of L filled up a set of rays [,, which
splitted the complex A-plane C into several sectors €2,. In each of these sectors, Beals and
Coifman succeeded to construct FAS ,(x, A). Let us assume that the sectors €2, and € share
the ray [,, then we have a set of relations like

E(r,t,\) = E(a, t, \)Gy(x,t, ),  Gplw,t,\) = e Gt N)e™,

where [, = Q,NQ,, p = 1,2,..., which is a generalized RHP. Zakharov-Shabat theorem
mentioned above and the dressing method can easily be extended to such generalized RHP.
And of course, the results of Beals and Coifman were generalized also to the case when Q(z,1)
and J took values in any simple Lie algebra g [23], [22], [21].

Let us also mention briefly how the analyticity properties of &, (x,t, ) are proved. Since
Xv(z,t, A) are fundamental solutions of the above operators L and M, then £, (z,t,\) are
fundamental solutions of the related operators:

Ly, = z% + Q(z, )& (x, t, N) — A[J,&,] =0,

2
My, = @% V(@ t, V&2, 1) = N[K,E] =0, V(e t,A) =Y Vp(a, 1)\

p=0

(3.3)

We already made special choices for both Q(x,t) and J using two different specific gradings of
As ~ sl(6). Each of these choices can be viewed as a realization of Mikhailov reduction group
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Zh [27]

C(Qz,t) — AJ) = Q(z,t) — M, C(V(x,t,\) = NK) =V(z,t, \w) — N’W’K, (3.4)
with a properly chosen Coxeter automorphism C such that C* = 1 and h is the Coxeter
number. In other words, the Lax pairs with Z;, reductions of Mikhailov type [27] provide an
important class of Lax operators with complex-valued J. It is also natural to recall that in fact
the potentials Q(z,t) — A\J and V(z,t,\) — A>K of these Lax pairs take values in a Kac-Moody
algebras, which are based on the simple Lie algebras graded by Coxeter automorphisms |[3], 6],
51, [25], [4].

The derivation of the FAS of equation (3.3) is based on the set of integral equations which
incorporate also the asymptotic behavior of &, (z,t, \) as ¥ — £oo. These equations have the
form, see [2], [23], [22], [21]:

T

(€t A))ij =0 + / Ay (Q(u: )6 (. 1))y ™M),

for AeQ, and ImA(J,—J;) <0,
v (3.5)

(& (@, 8, M)k Zi/ dy (Q(y, )&, (y. 1, N)),,; e i)y,
for AeQ, and ImA(J,—J;)>0,

where the index v in the inequalities in (3.5) means that we restrict A € Q,.

Roughly speaking, our first task in analyzing the integral equations (3.5) is to determine
the lines in the complex A-plane, on which the exponential factors in the integrands oscillate.
Normally these lines constitute the continuous spectrum of L. They would be determined by
Im A(J — J;) = 0, which can be written in the form:

Im Aa(J) =0, (3.6)
where o = e, — e; is a root of A;. The set of equations (3.6), where o runs over the root
system A of Aj, are simple algebraic equations. Their solutions are collected in Table 1 for Ag)
and in Table 3 for Ag). Thus, we establish that the continuous spectrum of L fills up all rays
l,=argA=vr/h,v=0,1,...,2h — 1.

Lemma 3.1. To each pair of rays 1, Ulsy,_, there corresponds a subalgebra g, C sl(6), which
in the case of Aél) is isomorphic either to sl(2) @ sl(2) or to sl(2) @ sl(2) @ sl(2). In the case
of Af) it is isomorphic either to sl(2) @ sl(2) or to sl(2).

Jlokasameavemso. It is obvious that if a is a solution to equation (3.6), then —« is also a
solution. It remains to confirm that any two non-proportional roots related to each pair of rays
l, Uly,_,, are mutually orthogonal. Inspecting Table 1, we prove the lemma for Aél). Similarly,
inspecting Table 3, we prove the lemma for Aéz). The proof is complete. ]

Theorem 3.1. The solution &,(x,t,\) of eq. (5.5) is an analytic function of \ for A € Q,.
In addition,
C&(z,t,N) = &Eialx, t, Aw). (3.7)

Idea of the proof. The solutions of the conditions Im A(J, — J;) <0 for A € ©Q, in the case of

Aél) are listed in Table 2 as the subsets §;7. All other roots of A; for A € Q,, satisfy the condition
Im A(Jp — J;) >0. As a result, it is easy to see that the exponential factors in equation (3.5)

decrease exponentially for all z and A € §2,. In particular, this means that the integrals converge
for each A € €, which guarantees the existence of &, (z,t, \).

Let us now consider the integral equations for the derivatives %fu(m’,t, A). The integrands
of these equations will contain, besides the exponential factors, also polynomial factors in z



ON MKDV EQUATIONS RELATED TO KAC-MOODY ALGEBRAS ... 129

Qs Q

lg l14

Puc. 1: Continuous spectrum of the Lax operators and contours of the RHP
for Aél) (left panel) and Aéz) (right panel).

l, loUlg Ly Ul;
a | +(e; —eq), £(ea —e3), (e5 —eg) | £(eq — e3), H(e4 — €5)
l, loUls I3 Ul
a | t(eg —ey), £(eg —eg), £(es —e5) | (ea —eg), £(e3 — e5)
l, [4 Ul l5 Ul
a | t(e; —eg), £(ea —e5), (e3 —eq) | £(ex —e5), H(e2 — ey)

Tabaua 1: The roots of Aél) related to the rays l,, v =0,...,11,
see the left panel of Figure 1.

and y of order s. Again the decaying exponential factors ensure the convergence of the integrals

in the right hand side, which means that &, (x, ¢, \) possesses the derivatives of all orders with

respect to A in the sector €2,. This is one of the basic properties of the analytic functions.
Finally, equation (3.7) follows directly from Mikhailov reduction condition (3.4). O

The corresponding generalized RHP can be written as follows:
(b, N) =& 1 (2, b, NGy (ot N), Gy, \) = e MG Lot N e™, (3.8)

where A € [, and the rays [, are determined as arg\ = vw/h, v = 0,...2h — 1, and h is the
Coxeter number. The sector €2, is determined by the rays [, and [, see Figure 1. In fact,
A.V. Mikhailov, developing his ideas on the reduction groups in [27], came very close to such
formulation of the RHP.

Remark 3.1. For technical reasons in Tables 3 and 4 we list the roots of As. Their root
vectors Ey; can easily be expressed in terms of the root vectors of A?) taking into account the
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Q, oF 5,

Qo | (e1 —eaq), (€2 —e3), —(e5 — es) (e1 —es5), (e2 — e4)

0 (61 — 65), (62 — 64) (61 — 66>7 (62 - 65), (63 - 64)
Qy (61 — 66)7 (62 — 65), (63 — 64) (62 - 66)7 (63 - 65)

Q3 (62 - 66); (63 - 65) —(61 — 62)7 (63 - 66)7 (64 - 65)
Oy —(61 - 62), (63 - 66), (64 - 65) —(61 - 63), (64 - 66)

Qs —(62 - 63), (64 - 66) —(62 - 63), (65 - 66)7 —(61 — 64)

Tabmuna 2: The root subsystems 6= of Aél) related to the sectors 2, v =10,...,11,
see the left panel of Figure 1.

l,, l(] U llg ll U lll lg U 112 lg U 113

a | t(eg—eq) | (e —e2),£(es —e5) | £(es —e5) | £(ea — e5), (€3 — eg)
L] 14Ul s Ulys lg Ulis l7 Ulyy

a | t(ea —eq) | £(eg —e5),(e2 —eg) | £(es —eg) | £(e1 — ep), £(ea — e3)
l,| lgUly lo Ulyg

a | +(e; —eq) | £(eg —e3), (e5 — ep)

Tabnuma 3: The roots of As related to the rays [,, v =0,...,19 with
J = diag (wq, w3, —1,0,w), w’), see the right panel of Figure 1 and Remark 3.1.

Q, oF ., Q, o) J,

Oy (61 - 64) —(61 — 63)7 —(65 — 66) 0 (61 — 65), (62 - 64) —(61 — 64)
Qy —(61 — 64) —(61 — 66)7 —(62 — 63) 3 —(61 - 66)7 —(62 - 63) —(64 - 66)
Qy —(64 - 66) —(61 - 65), —(62 - 66) Qs —(61 - 65), —(62 - 66) —(62 - 64)
Qs | —(e2—eq) | —(ea —e5), —(e3 —eg) || Q7| —(ea —e5), —(e3 —eg) | —(es — e5)
(g —(64 - 65) (e1 —e2), —(es—e5) || Qo | (e1 — 62)» —(63 - 65) —(63 - 64)

Ta6suna 4: The root subsystems 6= of Aj related to the sectors Q,, v =0,...,9,
see the left panel of Figure 1 and Remark 3.1.

relations (B.1) from Appendiz B. Indeed,
1o . i
Eyj=5E5+&),  Bi=5E -85, Ej=£&f

wherel<i<j<3andl%:7—k.

It is obvious that all the information about the scattering data of L (or L) is hidden in
the sewing functions G, (z,t,\). For the Lax operators we are considering it is not possible
to introduce Jost solutions without imposing additional severe restrictions on @Q(z,t), such as
tending to 0 as & — 400 faster than each exponential e=“%! for each positive ¢, or even assuming
that Q(x,t) has a compact support. However, we can use the limits of &, (z,¢,\) as © — o0
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and A € [,. They are given by [22], [21]:

lim Moy, (z,t, N) = STt ), e e,

xlgg) ey, (z,t, N) =T, (t, \)DF(N), A€ l,e”,

im Moy, _1(z,t,\) = S, (t, ), e le ™, (3.9)
:z:lggo Moy, (x, t,\) =T (t, D, (\), X€le™,

where v =0,1,...,2h — 1 and S*, TF and DF are of the form

SEN) =exp | Y 52 (\)Eza |,

aest

TF(\) =exp ZT&t()‘)Eﬂ:a :

acdt

D) =exp | 3 diu (W) H

acst

Remark 3.2. Formally one can introduce an analogue of the scattering matriz for each pair
of rays 1, Ulp., as follows:

T,(t,\) = T, (£, N DF(N)SF(t,A) = THE, N D, (VS (8N, Ael,. (3.10)

Note that T,(t,\) belongs to the subgroup G, C SL(6) whose root system is 0,; U6, . Then
TE(t,\), SE(t,\) and DE()\) can be regarded as the Gauss factors of T, (t, \). Another peculiar
fact is that to each sector ), we relate a specific ordering of the root systems, i.e. specific choice
of the positive and negative roots, see 22|, [21].

Lemma 3.2. i) The t-dependence of the scattering data for the mKdV equations is given by:

+ +
2 MK, TF(t, \)] =0, irs

)3 + _
5t NK, S5 (t,\)] =0,

ot (
3.11)
oD* oT, ‘
—2 =0 —" — N[K, T,(t, \)] =O0.
? (9t ) ? 8t [ Y ( ? )]
ii) The function D} (\) (respectively, D; (X)) is analytic in X € Q, (respectively, in X € Q,_1).
They are generating functionals of the integrals of motion for the mKdV hierarchy.

Joxasameavcmeo. i) We multiply the second equation in (3.3) by ¢*/* and take the limits for

r — oo and z — —oo. Takin into account equation (3.9) and the fact that Q(z,¢) and V(x,t, \)
vanish fast enough as x — 00, we easily obtain the equations (3.11).

ii) The analyticity properties of DZ()\) were proven in |21] for generic Kac-Moody algebras.
As generating functionals of the integrals of motion, it is more convenient to consider dia(A).
Their asymptotic expansions

dra() = D_ATLR
p=1

provide integrals of motion Iﬁ{’o)z whose densities are local in Q(z,1), i.e. depend only on Q(z,1)
and its z-derivatives. The proof is complete. O
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4. MINIMAL SET OF SCATTERING DATA

Here we reformulate the basic results of [22], [21] for the specific Kac-Moody algebras used
above. It is natural to expect that these sets are expressed in terms of the sewing functions of
the RHP. Our considerations are relevant only for the cases when the solution of the RHP is
regular. This means that the spectra of the corresponding Lax operators contain no discrete
eigenvalues.

4.1. The Aél) case. We introduce two minimal sets of scattering data for the Aél) Kac-Moody
algebra as follows, see Table 2:

Ti = {st.a(\ 1), a€df, Ael}U st (N 1), acdf, Nel},
T = {5\ 1), a€df, XeltU{r,(\t), a€df, xel}.

Theorem 4.1. Assume that the potential of the Lax operator (2.1) Q(x,t) is a Schwartz-type
function of x and is such that the corresponding RHP is reqular. Then each of the minimal sets
Ti, i = 1,2 determines uniquely:

i) all sewing functions G,(x,t, \) forv=0,1,...,11;

ii) all scattering matrices T,,, v =0,1,...,11;

iii) Ti ~ Ta;

iv) the potential Q(z,t).

Idea of the proof. The fact that the solution of the RHP is regular means that the corresponding

Lax operator L has no discrete eigenvalues. In other words, the functions D¥()\) have neither
zeroes nor poles in their regions of analyticity.

i) Let us now demonstrate that the sets Ty, k = 0,1 allow us to construct all SE(\,t) and
TE(\t). It is obvious that
Sy~ =exP (5514 Ft(er—ea) T 5023 Bt (ea—es) + S0:56 B (es—co) )
Ty = exp (1514 Bt (e1—es) + To23 B (er—es) T Tor6 B (es—es)) »
Sy =exp <3i13Ei(eres) + S:lt;46Ei(e4*€6)) ;
TF =exp (TflgEi(el_eg,) + T§46Ei(e4_66)) .

Note that the reduction condition (3.7) on the FAS reflects also on their asymptotics
for x — £o00 as follows:

C"(SE(z,t,\) =S5, (x,t, \w"”), C¥ (ST (2,1, \)) =S54 (2, t, M),
CY(T§ (w,t, ) =T5 (2, t, \w"”), C¥(TE (2, t,\) =T 1 (w,t, Aw"),
for v =0,1...,11. Thus, we have recovered all ST(\,t) and TE(\, ).

ii) It remains to recover D} (A) and D, (A) (or d;, (X)) using the fact that they are analytic
functions of X in the sector €2, and €2,,_1, respectively. In addition, it follows from equation

(3.10) that
d—ui_;a - dlj;a =In (1 o Sl—/i_,asl;,—oz% A Ell’? o 65:7
dfy —dy =In (1 -7/ ,7,), A €l, a €0,

for v =0,1...,11, which follow from eqgs. (3.10). In particular for & = 0, 1:
i — do.o =In (1 = 55,50 o), A € o, a € {eg —eq,e9 —e3,—(e5 — €6)},
dita — dl_;a =In (1 — Siasl_,oc% AE ll, o€ {61 — €3,64 — 66},

and similar expressions in terms of ;7 and 7, __, k=0, 1.
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iii) Comparing the asymptotics (3.9) of the FAS for © — +oo we easily find that the sewing
functions G, in (3.8) are given by:
Grol\t) = S (ML D)SEN ) = Dy NTF (N H)T (LD (N, A€l k=0,1.
Thus we know the left hand side of the relation:
Dy (N Gro\ DN ) = T (N T, (A1),  k=0,1, (4.1)

and the construction of T (A, t) reduces to decomposing the left hand side of (4.1) into
Gauss factors, which has unique solution. This means that knowing 7; we can recover 7s.
Quite analogously one can prove that knowing 75 we can uniquely recover 7;.

iv) The RHP has unique regular solution. Suppose we have constructed the solution &,(x, ¢, \)
in the sector €2,. Then we recover the potential from the well known relation:

Q) = Tim A (J — £, (w1, 1)
A—00
This result is independent of v due to reduction condition (3.4) and to the fact that

C(Q(z,1)) = Q(z,1).
[

4.2. The Aéz) case. We introduce two minimal sets of scattering data for the Ag) Kac-Moody
algebra as follows, see Table 4:

Ti = {soaM\ 1), a€df, AeltU{si (\t), acdf, Nel},
T ={m.(\1), a€df, XeltU{r,(\t), aecdf, Xel}.

Theorem 4.2. Assume that the potential Q(xz,t) in Laz operator (2.1) is a Schwartz-type
function of x and is such that the corresponding RHP is reqular. Then each of the minimal sets
Ti, i = 1,2 determines uniquely:

i) all sewing functions G,(x,t,\) forv=0,1,...,19;

ii) all scattering matrices T, v =0,1,...,19;

iii) Ty =~ To:

iv) the potential Q(z,t).

Idea of the proof. The fact that the solution of the RHP is regular means that the corresponding

Lax operator L has no discrete eigenvalues. In other words, the functions DE()\) have neither
zeroes nor poles in their regions of analyticity.

i) Let us now demonstrate that the sets Ty, k = 0,1 allow us to construct all SE(\,t) and
TE(A t). Tt is obvious that
S5 =exp (sh1aBr(er—en)
TojE =exp (7_3:14E3t(€1 —eq) ) )
St =exp (31 15E (1 —e5) T 51, 24Ei(ez 64)) ’
T+ =exp (71;15Ei(61,65) + 71;24Ei(62,64)) )

Note that the reduction condition (3.7) on the FAS reflects also on their asymptotics
for x — +o00 as follows:

CY(SF (w,t,\)) =S5 (z,t, \w"”), C"(SE(z,t,\)) —S;,H(a: t, Aw"),
O" (T (2,1, N)) =T (1, A), OV (T (.8, 0)) =T5 (.1, M),

for v =0,1...,19. Thus, we have recovered all S¥(\,t) and T=(\,t).
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ii) It remains to recover D} (A) and D, (A) (or d;, (X)) using the fact that they are analytic
functions of A in the sector €2, and €),_; respectively. In addition, it follows from from
equation (3.10) that (see Table 4)

Ao — ey =In (1 =57 05, ), A €Ly, a €5,
Ao — e =In (L= 7,7 ,7,), A Ely, a €6,

for v =0,1...,19, which follow from equations (3.10). In particular, for £ = 0, 1 we have:
i — doso =In (1 — 55,50 _4); A € lo, a € {eg — ey},
diy —diq =In (1 — s7,57,), A E Ly, a € {e; —e5,e9 — €4},

and similar expressions in terms of 7',:& and 7, k=0,1.
iii) Comparing asymptotics (3.9) of the FAS for x — 400 we easily find that the sewing
functions G, o in (3.8) are

Gro\t) = Sy (NS ) = Dy (NTF (N )T, (LD (N, Ael, k=0,1.
Thus we know the left hand side in the relation

and the construction of T;- (), t) is reduced to decomposing the left hand side of (4.2) into
Gauss factors, which has a unique solution. This means that knowing 77 we can recover
T5. Quite analogously one can prove that knowing 75 we can uniquely recover 7;.

iv) The RHP has unique regular solution. Suppose we have constructed the solution &,(x,t, \)
in the sector €2,. Then we recover the potential from the well known relation

Q(x,t) = )\h_)m A = &JE (=, 8, N) .

This result is independent on v due to reduction condition (3.4) and to the fact that
C(Q(z,1) = Q(z,1).
O

5. DISCUSSION AND CONCLUSIONS

We specified in [13]| the choice od the corresponding Kac-Moody algebras and formulated
the specific Lax operators and the corresponding direct and scattering problems. In each of
the cases one needs to take into account specific peculiarities. For example, in the case of AéQ),
after taking the average on the Coxeter automorphism, the elements B[2k — 1,4] belong to the
center of the algebra instead to its Cartan subalgebra.

The constructions that we outlined allow one to apply the dressing Zakharov-Shabat method
and derive the soliton solutions of the corresponding mKdV and 2-dimensional Toda field
theories. One may expect additional difficulties in this, due to the fact that the Coxeter
symmetries require that even the simplest dressing factors must contain at leat 2h simple poles
(that is, 12 and 20 poles) whose residues P, must be related by the Coxeter automorphism.
Therefore, it is important that deriving the projectors we must strictly stick to the construction
of the FAS in each of the sectors of analyticity.

The main ideas in this and many previous publications of the author, see e.g. [8], [9], [10])
are based on the notion of fundamental analytic solution introduced by A.B. Shabat [32], [33].

Another important trend started by A.B. Shabat and his collaborators concerns the
classification of the integrable NLEE, see 28], [34], [36], [1], [35], [29], [30] and the numerous
references therein. The idea is based on the theorem that if a given nonlinear evolution equation
possesses a master symmetry, then it has an infinite number of integrals of motion and therefore,
it should be integrable.
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c)

a) b) Bs
(&%)
o—0O0—A0O—_0C0——=0 Oo—0O0—=0C iﬂl 2
ap ay a3 Qg Qg o a3 oy O Bo

Puc. 2: Dynkin diagrams (DD) of As and related Kac-Moody algebras:
a) DD of As ~ sl(6); b) extended DD of As; ¢) DD of A,

The final remark here concerns the fact that the one-to-one correspondence between the
minimal sets of scattering data and the potential Q(z,t) follows also from the expansions over
the squared solutions of L, see [8], [10], [9], [22], [21]. These ideas will be published elsewhere.
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A. BASIS AND GRADING OF A

The rank of the algebra Aél) ~ sl(6) is b, the Coxeter number is h = 6 and its exponents are
1, 2, 3, 4, 5. The root system and the set of simple roots a; of Aél) ~ sl(6) are
A=ATUA, A* ={%(ej —er), 1<j<k<6},

Q; =€5 — €541, jzl,,5

The Cartan-Weyl basis of Aél) in the typical representation is as follows:
Hej—ek - E]] - Ekk7 Eej—ek = Ejk‘) E—Oé = Ecj;7
[Haa Eﬁ] = (Qv 6)Eﬁv [EOH Eﬂ] = NopEoys.

The numbers N, g = —Ng, are non-vanishing if and only if o + 8 € A.

The Dynkin diagram of A5 algebra and the extended Dynkin diagrams of Aél) and Aéz) are
shown in Figure 2.

Let us now briefly outline how to define Kac-Moody algebra starting from a simple Lie
algebra g which in our case is chosen to be A; ~ si(6). First we use a Coxeter automorphism
to introduce a grading in the Lie algebra As:

I

P e
o
2

a= & g®, g
k=0 s

Il
o

where the linear subspaces are such that
OXCil=wi*X, Xeg® = OYCl=wtY, Y eEg,,

27

where w; = e’s . Each of the gradings satisfies
8@ g™ € g™ ™ (85,8 € Borp, (A1)
where (k+m) and (s+ p) are understood modulo 6. The indices for Aél) are everywhere taken

modulo 6. Using this grading, we can now construct polynomials in A and A~! such that

N
XN = > XX, X, eg¥, (A.2)

S§=—00
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which are the elements of the Kac-Moody algebra [25], [4]. Here the upper index of the subspace
s is evaluated modulo 6. Obviously the commutator of two such polynomials in A and A\~* due
to the properties of grading (A.1) will again be of form (A.2). Of course, the rigorous definition
of Kac-Moody algebra requires additional structures, which we do not mention now.

For the case of Aj algebra, two different types of Coxeter’s automorphisms are possible. This
produces two Kac-Moody algebras Aél) with height 1 and Aéz) with height 2.

There are two standard choices C; and C’l for the Coxeter automorphism for the algebra
g ~ As. This is Zg automorphism. With this automorphism we effectively work with Kac-
Moody algebra Aél). Indeed, each of these choices satisfies C® = 1, C% = 1 and each of these
automorphisms induces a grading in g.

In what follows, the choice of the automorphisms is specified by

0 10000 10 0 0 0 0
0 01000 0w 0 0 0 0

o oo0o100 oo w20 0 o0

S=lo oo0oo010]° “=foo 0w 0 o0 (A.3)
0 00001 00 0 0 w 0
100000 00 0 0 0

Obviously, C® = C® = 1. Below we also use also the notations C; = J\” and ¢} = Jél) along
with the more general ones Js(k), which provide a convenient basis in Aél) which satisfies the
above gradings, see |3|, |24], [4], |25]:

6

k(i 1 if j+s<6
Js(k) - Z€jj+sw1 K 1>Ejj+s~a €ljts = { e N
= — 1 if j+k>6.

Here 6 x 6 matrices Fy,, are defined as (Ek;,)sp = OrsOmp- The elements of this basis satisfy the

commutation relations
k m —ms —kl k+m
|:Js( )7<]z( )] = (W1 — W )J£+z .

It is also easy to confirm that

crtue, =wkg® Tt e, = wsJ®w

s

and

SO = (9)T = ()

Using this, the bases in each of the linear subspaces can be specified as follows
g =le. {JW, s=1,...,6}, go=le. {JO k=1, 6}.
The basis that we constructed for Aél) is
0@ Le {0, 10, 10 00, 1O, g Le {0, JV, Y g, I, gy,
RIS WO VA A MY Y S B S S (LD WO A0 A S A L S
g@ Lo (1, Y, H0 a0 A0 I g e 0P Y, 00 I I a0

B. DBASIS AND GRADING OF A?)

Let us now briefly outline the gradings for A?). Now, as Coxeter automorphism, we employ
Cy = (1 0oV, which is a composition of C; with the external automorphism V of A5, and V is
generated by the symmetry of its Dynkin diagram. In the five-dimensional space of roots, the
mapping V acts as V : e — —er_, k=1,...,6. On any of the root vectors X, V act as

V(X)=—-SX"5", Sy =FEi6— Eos+ F34— FEy3+ Eso— Fg .
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Note that Sy ' = —S,. Obviously, V splits the Lie algebra g ~ Ajs into two: g = go U g1, whose
bases, corresponding to the positive roots, are given as follows:

o {&F & &L 1<i<j<3Y,
oV {&; & 1<i<j<3}, (B.1)

Here we can identify the root vectors:

+ St + St 5
BE, =8 EBE, =& EBf =&
Obviously, E/_.,, E/.., and E;;j are the generators of sp(6) corresponding to its positive

roots; E¢,_. and E . provide the positive roots of g;. It is easy to confirm that they satisfy
standard commutation relations, taking into account the Zs-grading such as
[Ei:?Eita] = HOM [H7 Ez;t] = Oé(H)E;t, [E@E/;] = n;,BE;r—&—B? [onaE;r] = n;,BEo?—&—B?
etc. Let us now take into account the Coxeter automorphism which is given by

CQ(X) = Cl‘/(X)Ofl - —0152XT52710171.
One can check that C;° = 1, so the Coxeter number is hy = 10. This automorphism C5 splits
the roots of Aj; into three orbits each containing 10 roots. The grading condition is

[g(k)7g(l)] C g(k+l)7 kul = 17"'7107

where k + [ is taken modulo 10. We assume that the orbits start from the root vectors Eqo, Fs3y4
and FE;3. We consider also the action of C5 also on the Cartan generators. The basis for each
of the subspaces g*) is obtained by taking the weighted average over the action of Cy:

9 9
e =3 wtos(By), MY =Y wMCH(BN),  w =T
s=0

s=0

It is easy to check that Cg(gi(f)) = wkeW Co(HP) = WP i, 5}? and 1" belong to g®.

iy
We will provide this basis explicitly:

0 1 0 0 —w,** 0
—w* 0 w00 0
s _ 0 —w,™ 0 0 0 —w
12 0 0 0 0 0 0 ’
wy B 0 0O 0 0 —wy ¥
0 0 w0 wy% 0
0 0 0 wy %0 0
0 0 0  —w % 0 0
ew_| O 0 0 1 0 0
34 _w;k w;Bk _w55k 0 wggk _w57k )
0 0 0 —wy*™ 0 0
0 0 0 w0 0
0 0 1 0 0 —wy "
0 0 0 0 —w?F —wy?
o) _ w0 0 0 —w,™ 0
13 0 0 0 0 0 0 ’
0 w™ w™ 0 0 0
Wy wy™ 0 0 0 0
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where cpj = wit — 1 Since wh = —1 it is easy to see that cyy # 0 for k =1, 3,5, 7 and 9.
Thus, the subspace g has a nontrivial section with the Cartan subalgebra if and only if p is
an exponent of A5 . It is easy to confirm that 5;; provides a basis for the subalgebra sp(6) of

Ag). Then the basis in each of the subspaces g is as follows

9 ) =Lc. {5117 2275 Y =lLec. { 215 327 4375 }
2 =Le. { 31> 42a 14} 9 ) =lc. {5147 25751—37 24}7
g :l.C. {8517 5;2; 823}7 g :l C. {5167 5617 ?E’) - gﬂu 373 - 525}7 (B2)

g(6) IIC {g$7giﬂg?5} _IC { 41755+27 N?:U ~4;2}7
g™ =lc. {€5, &5, Ent, g9 =Le. {&h. &5, &5 Ea -

As a result, the rank of A52 is 3, h = 10 and its exponents are 1, 3, 5, 7, 9, see [5], [4].

An alternative grading of A?) can be achieved by using a realization of the Coxeter
automorphism as an element of the Cartan subgroup. More precisely, one can use the
automorphism Cy [5]:

CQ(X) = _SQXTS2_17 SQ = dlag (]-7 —Wa, W%, _w;))?wga —W;), W2 = 6%7 (B3)
and where the transposition is taken with respect to the second diagonal of the matrix. With
choice for the Coxeter automorphism, the set of admissible roots of AéQ) acquires the form

Eso :g(Em + Eae), E_py =2(Es1 + Es2)¢, Hoy =Hi + Ha,
gﬂz :C(Ei-i-l,i + E7—i,6—i)7 S—Bz :(Ei,i+l + Eﬁ—i77—i)c_17 Hﬁl :Hi—i-l - Hiv (B4)
B3 :CE4,37 87,33 :E3,46717 H,BZ = - HS + H47

where ¢ = 1, 2, (Ekm)ab = 5ka6mb and Hl = Ei,z’ — E?—z’,?—z’-
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GENERALIZED INVARIANT MANIFOLDS FOR INTEGRABLE
EQUATIONS AND THEIR APPLICATIONS

I.T. HABIBULLIN, A.R. KHAKIMOVA, A.O. SMIRNOV

Abstract. In the article we discuss the notion of the generalized invariant manifold
introduced in our previous study. In the literature, the method of the differential constraints
is well known as a tool for constructing particular solutions for the nonlinear partial
differential equations. Its essence is in adding to a given nonlinear PDE, another much
simpler, as a rule ordinary, differential equation, consistent with the given one. Then any
solution of the ODE is a particular solution of the PDE as well. However the main problem is
to find this consistent ODE. Our generalization is that we look for an ordinary differential
equation that is consistent not with the nonlinear partial differential equation itself, but
with its linearization. Such generalized invariant manifold is effectively sought. Moreover,
it allows one to construct such important attributes of integrability theory as Lax pairs
and recursion operators for integrable nonlinear equations. In this paper, we show that they
provide a way to construct particular solutions to the equation as well.

Keywords: invariant manifold, integrable system, recursion operator, Lax pair, algebro-
geometric solutions, Dubrovin equations, spectral curves.

Mathematics Subject Classification: 35Q51, 35Q53, 35Q55

1. INTRODUCTION

In the article, a notion of the generalized invariant manifold for nonlinear integrable equation
is discussed. Recently in our works [1]-|7] it was observed that the objects of such kind provide
an effective tool for evaluating the Lax pairs and recursion operators.

The approach developed in [1]-[7] explains the essence of the Lax pair phenomenon. In
fact, the Lax pair in 1 + 1 dimension is naturally (internally) derived from the nonlinear
equation under consideration. First we find the linearization (Fréchet derivative) of the
nonlinear equation. The linearized equation obviously includes the dynamical variables of
the original equation as well, which are here considered as functional parameters. Now we
find an ordinary differential equation consistent with the linearized equation, which also
depends on the dynamical variables of the original equation. We call this ordinary differential
equation a generalized invariant manifold. For a given equation, there are many such manifolds,
including nonlinear ones. In order to evaluate the generalized invariant manifold, we use the
consistency with the linearized equation that allows us to derive a system of differential
(difference) equations that is highly overdetermined due to the presence of the independent
parameters, which are the dynamical variables of the original nonlinear equation. In all
of the examples discussed in [1]-|7] (KdV, Kaup-Kupershmidt equation, Krichever-Novikov
equation, Volterra type lattices from Yamilov list, two equations of KdV type found by
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© L.T. HABIBULLIN, A.R. KHAKIMOVA, A.O. SMIRNOV. 2021.

The work of A.R. Khakimova is supported in part by Young Russian Mathematics award. The work of
A.O. Smirnov is supported by the Ministry of Science and Higher Education of the Russian Federation, Grant
Agreement No. FSRF-2020-0004.

Submitted March 30, 2021.

141



142 I.T. HABIBULLIN, A.R. KHAKIMOVA, A.O. SMIRNOV

Svinolupov and Sokolov, Garifullin-Mikhailov-Yamilov non-autonomous lattice, sine-Gordon
equation and several hyperbolic type equations, etc.) the corresponding overdetermined systems
are effectively solved and the desired non-trivial manifolds are found. Trivial generalized
invariant manifolds are constructed quite elementary by using the classical or higher symmetries,
see examples in [5]. A manifold, which is consistent with the linearized equation if and only if
the original nonlinear equation is satisfied, is called non-trivial. Actually, this condition means
that a pair consisting of the linearized equation and the generalized invariant manifold defines a
Lax pair. It is curious that usual Lax pairs do not belong to this class, but they can be derived
from properly chosen nonlinear generalized invariant manifolds by suitable transformations.
Note that new Lax pairs are of an independent interest. For instance, a generalized invariant
manifold generated by a consistent pair of linear invariant manifolds is easily transformed into
the recursion operator. It was shown in |7] at the example of the Volterra lattice that a nonlinear
Lax pair can be used for constructing particular solutions of the nonlinear equation.

Let us briefly describe the content of the article. In the second section we recall the definition
of the invariant manifold and generalized invariant manifold for the differential equations in
partial derivatives. We explain how to look for the generalized invariant manifold and why
it can be effectively found. We conjecture that each integrable equation admits a consistent
pair of linear invariant manifolds and give examples supporting such conjecture. We assert,
based on our previous work, that consistent pairs of linear invariant manifolds can be used to
construct both recursion operators and Lax pairs. We illustrate the algorithm by the examples
of NLS system and mKdV equation in Sections 3-5. The consistent pair of the linear generalized
invariant manifolds usually can be reduced to nonlinear one of smaller order. In this form, the
invariant manifold provides an efficient way to derive the Dubrovin equations, from which finite-
gap solutions are obtained; on method of finite-gap integration see [8]-[12]|. The description of
the spectral curve, the derivation and study of the Dubrovin equations for the NLS equation
are presented in Sections 3.1-3.3. The corresponding solutions of the generalized invariant
manifolds and their relation with the Novikov equation are considered in Section 3.4. Examples
of one-phase and two-phase solutions of the NLS equation are given in Section 3.5. Derivation
of the Dubrovin equations for mKdV equation is presented in Section 4.

2. INVARIANT MANIFOLDS AND THEIR GENERALIZATION

The concept of an invariant manifold is well known in the theory of partial differential
equations. It forms the basis of the method of differential constraints, widely used to construct
particular solutions of nonlinear equations. We recall briefly the main points of the method of
the invariant manifolds using the example of equations of evolutionary type

u
up = f(2, 8,0, Uy, Ug, - - UE),  Uj = Ere (2.1)
An ordinary differential equation of the order r
Up = G(T, Uy Uy Uy -+ 5 Up1) (2.2)

is called an invariant manifold for the equation (2.1) if it is consistent with (2.1), or, in other
words, if the following condition is obeyed:

D.f - Dt9|(2.1),(2.2) = 0. (2.3)

Here D, and D, are operators of the total derivative with respect to x and to t.

It is clear that if a solution u(z,t) of equation (2.1) satisfies equation (2.2) for some moment
t = tg, then it remains a solution of (2.2) at all values of time ¢. This is the invariance of
equation (2.2).
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Obviously relation (2.3) defines a PDE for the desired function g. Sometimes this equation
can be solved explicitly, although in the general case the problem of finding the function g is
rather complicated.

The situation changes essentially if we look for an ordinary differential equation that is
consistent not with the nonlinear equation (2.1) itself, but with its linearization

L0, of . Of of

T du +8um +8um + +8uk F (2:4)
Let give rigorous definitions. We consider an ordinary differential equation of the form
Un=F(x,t,U,Up,Ups, ..., Upp 15U, Ug, Uggey - - -, U, ), (2.5)

where U = U(z,t) is a sought function, while an arbitrary solution u = u(x,t) of the original
equation (2.1) is interpreted in (2.5) as a functional parameter. In fact, the variables x, t, U,
Us, Uy -+ oy U1, Uy Ug, Ugg, - - -, Uy in (2.5) are regarded as independent.

Definition 2.1. Equation (2.5) determines a generalized invariant manifold if the relation
DU — DtUm|(2.1),(2.4),(2.5) =0 (2.6)
is satisfied identically for all values of the variables {u;}, x, t, U, Uy, ..., Up_1.

Here the variables u;, U; as well as their derivatives with respect to x are expressed due
to equations (2.1) and (2.4), the variables U,,, U,11,... are replaced by means of (2.5).
To emphasize that the solution wu(x,t) is arbitrary, we consider the variables u, g, Uy, . ..
as independent ones. By virtue of this assumption, the problem of finding the function
F(x,t,U Up,Upsy ..., U150, Uy, Uy, - - -, Uy,) I8 overdetermined but, as it is suggested by
numerous examples, can be effectively solved.

Linear generalized invariant manifolds, that is, those of the form

LU =0,

where L is a linear differential operator

L:

N
a; (U, Ug, Uggs, - . .) D,
i=0

are of a special interest.

Definition 2.2. Let equations LU = 0 and LU = 0 define linear generalized invariant
manifolds for the equation (2.1). We call these two manifolds consistent if for all \,u € C the
linear combination

is a generalized invariant manifold for (2.1).
The following conjecture is supported by numerous examples, see [1]-|7].

Conjecture 2.1. FEquation (2.1) is integrable if and only if it admits a pair of the consistent
linear generalized invariant manifolds such that the quotient

R=L"L,
is a pseudodifferential operator; in fact, it is the recursion operator for (2.1).

Examples can be found below in Section 3.2 and at the end of Section 5.
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3. INVARIANT MANIFOLDS FOR NLS EQUATION

In this section we find an invariant manifold of the first order (the simplest nontrivial!) for
the nonlinear Schrodinger equation. It is determined by the system

Wy = Upy + 2u211,

o ) (3.1)

Wy = —Ugy — 207U

under appropriate additional condition. Let us first find the linearized equation for the system
by rule (2.4):

iU; = Uy + duvlU + 2u?V, (52)

iV = Vg — 20°U — duvV. ‘

According to Definition 2.1, the generalized invariant manifold is a system of the ordinary
differential equations consistent with (3.2) for arbitrary solution u = wu(z,t), v = v(z,t) of
(3.1). We look for it in the form

Ux = f(U> V,u,v),
‘/:v = g<U7 V)“:”)‘

The comptability condition for the equations (3.2) and (3.3) gives an overdetermined system
of equations for a pair of unknowns f and ¢ that is effectively solved and defines a generalized
invariant manifold given by a system of the form (for the details see Appendix below)

U, = \U — 2u/C — UV,
V, = —-\V —20/C — UV,

where A and C' are arbitrary constants. Due to the obtained equations, linearized equation (3.2)
converts into a system of the ordinary differential equations:

iUy = (2uv + N)U — 2(uy + Mu)VC = UV,
iVi = —(2uv + AV + 2(v, — W)VC = UV.

The following statement can be easily proved by straightforward computations.

(3.3)

(3.4)

(3.5)

Theorem 3.1. A pair of systems (3.4) and (3.5) is consistent if and only if the functions u
and v solve equation (3.1).

Therefore, the pair of equations (3.4) and (3.5) defines a Lax pair for the NLS equation.
Unlike the usual Lax pair found by V.E. Zakharov and A.B. Shabat, this pair is nonlinear and
contains two arbitrary constants, but with the help of a simple technique it is reduced to the
usual one [13]. Indeed, by setting C' =0, U = ¢*, V = ¥? we reduce equations (3.4) and (3.5)
to the form

1
1
1/% = _M)QO - _>‘77Z)7
2
and, respectively,

1
0 = (uv + 5/\2> © —i(uy + ),

U = i(v, — Av)p — (uv + %)\2) .
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3.1. Invariant manifolds and spectral curves. Let us show that the found nonlinear
Lax pair is of an independent interest since it provides opportunities for building particular
solutions to the NLS equation. We change the variables in the nonlinear Lax pair as U = u®,
V' = vV and this casts the pair into the form

Lo+ @, - \d = —2V/C — dWuw,
Uu

(3.6)
By 40, + AU = —2/C — dTuw
v
and
iU 4 id, = (2uv + AP — 2 (“— + )\) Ne=xT7m
u u
(3.7)

i 10, = — (2uv + AW 42 (”— - )\) Ne=x 17
v v

Assume that the parameters C' and ) are related such that C'is a polynomial of A with constant

coefficients:
IN+2
1

o= [T0-m= iﬁ(x). (3.9)

k=1
We see solutions to the nonlinear Lax equations in the form

N

¢ = H()\ — %), ¥=- H(A — Br)- (3.9)

k=1

We note that identity (3.8) defines the equation for the spectral hyperelliptic curve of the N-gap
solution of the NLS equation, see [10]-[12].

We substitute representations (3.8) and (3.9) into system (3.6) and compare the coefficients
at the like powers \V. This gives the following relations being the well known trace formulae:

N 2N+2

- 1
v N 1 2N+2 (3'10)
f = Zﬁk ~3 Z Ak
k=1 k=1

We substitute polynomials (3.9) into system (3.6), take A = ~; in the first equation and A = j;
in the second. Then we get the well known Dubrovin formulae [§]

/ V(’Yj) r_ V(ﬁj)

K Hk;ﬁj(%‘ — k)’ Bj a _Hk;éj(ﬁj — Br)’ (311
where v} = %, B = %. By applying the same manipulations to (3.7) we obtain
. <_ Zk;ﬁj Yk + % Zii;& )\k> ’/(%’)
e [Ty (i — ) | 1)
(D B A )
W= 1585 — Br) ’
where v; = %, 'j = %. In order to get the focusing NLS equation

W = Ugy + 2 |u|2 u,
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to system (3.1) we add a constraint of the form v = @, where the bar over a letter means the
complex conjugation. Then solution (®, ¥) to the nonlinear Lax pair (3.6), (3.7) can be chosen
in such a way
P (—A) = (—=1)Nw(N).
Function C()) and parameters \;, 3;, y; satisfy the involution
C=C(A), N=h =

Evolution of v; in = and ¢ is determined by a pair of the systems of ordinary differential
equations

r V(’Vj)
K Hk;ﬁj(%‘ — )’ (3.13)

(T A vl)

! Hk;ﬁ] (’YJ 719)

Thus, we arrive at systems of ODE describing the well-known algebro-geometric solutions for
the NLS equations, see [10].

(3.14)

Theorem 3.2. A pair of systems (3.13) and (3.14) is consistent.

Proof. Let us show that a pair of systems (3.13), (3.14) is consistent. To do this, we differentiate
system (3.13) with respect to ¢, multiply by ¢ and subtract then system (3.14) differentiated
first with respect to z. We get

Zi / d >d v(v5) . (%)dtHk;ﬁj( — k)
= () = — (i) = Hk#(% S Mooy
)
+; %) Hk;é](% Vi)
1 2NH42 43 (y;) (3.15)
( ;%—i_ ZAk) Hk;ﬁ;(% Vk)
1 (%) 4z Hk;e](% Vi)
( ;%Jr ZAk) Hk;&](% Ww?

We find the derivatives
. d d d d
ZEV(%)’ %V(%‘); la H(%‘ - %)7 % H(% -
k#j k#j
separately. We have:

d () N~ 1
’ldtl/(’YJ) 2 Zl 'Y] . >\k:
1 2N+2 P}/ ) 2N+2 1
e+ = Ak ! ,
A s B
and
2N+2

2N+2
(”YJ) 1 ‘
— W) =~ M

d _v() 1 1
() = Z 2100
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In the same way we find:

Z% 1L =) =11 =) D> u

k#j k#j s#j Vi Us
| 2N+2 1
(Tt 3 n)
k#j s#£j Py] Vs
603 () g
k'] s£j \ ks —Ys) Hk;ﬁs( — k)
2§2 16 S v(7s)
— )\k P)/k’) S ,
k=1 K £j s£j (71' - ’YS) Hk;ﬁs(’)/s - ’Vk)
and
d V= Ve
%H(%‘ — ) ZH(%‘ —%)z:7 Y
k#j k#j .975]
v(7s)
=v(7;) - ,
’ ; Vi s g ; (75 =) Hk;és(% — Vk)

We substitute the obtained identities into (3.15) and after simple transformations we arrive at

d d (%) v(7s)
it () - () = [Tz (i — w)[ Z<Z%> = %s) [poes (s — %)

A (3.16)
v(7s)
2 RO
s#j Hk;és k#j s#j (fy] - ’73) Hk;és (P)/S - 'Yk)
We observe that the first two terms in the brackets can be simplified as
V(7Ys V\Ys
2 (ZV’“> - )Hm( SRR (m_ )
s£j k+#s Vs k#s Vs Tk s k+#s Vs Vi
v(7s)
N SO z%> :
5] ( kts — %) Hk¢s<% Vi)
14 S
(-2 ey
s#j ktj T Vs) Mz \Us — Tk

Then, taking into consideration the obtained relation, we see that identity (3.16) becomes

d d
dt (7]) dl‘ (Z’yj) =0.

This completes the proof. O
3.2. Consistent pair of linear invariant manifolds. Here we present an example sup-

porting Conjecture 2.1. From nonlinear invariant manifold (3.4) we derive a consistent pair of
linear invariant manifolds for the system (3.1). We differentiate both equations in (3.4) with
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respect to x

U,V +V,U
Upe = AU, — 2u, VO = UV 4+ u———,

VO =UV

U,V +V,U

V.. = —AV, — 20,V/C — UV +
v N B Ay

and then exclude irrationalities in the obtained equations due to relations:
UV +V,Uu
vC -UV

XU -U, =-A\V-V,
VO -UV = = )
2u 2v

—2(uV +0U),

As a result, we obtain a linear relation
LW = AL W, (3.17)

where W = (U, V)T and the operators are as follows
D, — = 0
b= ( 0" -D,+ —) ’

D? — =D+ 2uy 202
Ly = Y, 2 2w,
2v D3 — =D, + 2uv
We confirm straightforwardly that the linear constraint defined by equation (3.17) is consistent
with linearized equation (3.2), i.e., it defines a linear generalized invariant manifold with a
parameter \ for the NLS equation. It is easily verified that a pseudo differential operator
Li 'Ly coincides with the recursion operator for NLS system (3.1)

R D, +2uD; v 2uD;u
~\ —2vD;'v  —-D,—2vD;'u)"

and

3.3. Integrals of systems. The overdetermined system of equations (3.13), (3.14) admits
integrals of the form

N ’Yj(xvt) d

/ w8 0, k=0,1,...,N -2, (3.18)
=1 /(0,0) v(7)
N ’)/j(l‘,t) d
Z/ N1 8y (3.19)
j=1 7;(0,0) l/(’)/)
Nt g 1 2
SR TR Y o
= S0 - v0) 2 S

that are derived directly from the systems by using some elementary manipulations and subse-
quent integration.

3.4. Novikov equation. We express coefficients of the polynomial P = (P, \I/)T in terms of
the solution (u,v) of the NLS equation (3.1) obtained due to (3.10). Then we rewrite equation
(3.17) in a convenient form

RP = \P, (3.21)

e

where

o=
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We introduce notations for the coefficients of the polynomial P

pP= ( 11) AN 4 (“) ANy (TN> . (3.22)
— S1 SN
By virtue of the above expansion, equation (3.21) gives rise to
R (( 11) AN 4 (rl) AV 4 (TND
— S1 SN
_ ( 11) ANFL (“) AN+ (TN) Al
— S1 SN

Comparing the coefficients at AN in (3.1), we find:

()-(2)

We recall that the operator R involves an integration. It is easy to confirm that equation (3.23)
is satisfied for an appropriate choice of the constants in the integration.
We proceed to the coefficients at AV and we get

R(4)=(0)
()=Ce i)

(vy — c1v)
By continuing this process we find for £ > 1:
Tk _ %(9k+619k—1+-~+0ku)
Sk %(hk+clhk_1 +...+ck(—v)) ’
where ¢;, i = 1, k are arbitrary constants, the vector (gj, h;) coincides with the generator of the
homogeneous symmetry of the order k

that implies

Ur; = Gjy  Ur; = Iy
of NLS system (3.1). Finally, comparing the coefficients at \°, we find
rnvy1 =0, syy1=0
that actually coincides with the Novikov equation
gy +cign_1+ ... +enu =0,
hy +cithy—1+ ...+ cen(—v) =0.

3.5. Examples. Below we present two examples illustrating the use of the Dubrovin equa-
tions (3.13), (3.14) by taking N =1 and N = 2.
Example 1. In the particular case when N =1 and
v(v) =y —=A)(y—A2) with AN =n+i, I=-n+i
we get a system of consistent equations for determining the unknown v = ~(x, t):
Y = (v = M)y = Aa),
iy = 2i(y — M) (7 — A2).
It can be solved easily:

v = ntanh(2&nt + nx + so) + €.
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In order to find u = u(x,t), we first solve the equation

Uy _
— = —y+ 2.
u
Integration of this equation yields
B eiExA(t)
cosh(2&nt + nx + so)

We substitute the obtained ansatz into the NLS equation tu; = g, + 2 |u]2 u and find
A(t) = nelr—&)ttivo,
Then finally we get the well-known soliton solution

Ea+(n?—€2)t+¢0)

= 1
u(z,t) = .
’ cosh(2&nt + nz + sq)

Example 2. Let us take N = 2 and assume that the hyperelliptic curve is as follows
v(\) = (A2 —4)%

In order to find the functions v (x,t) and yo(z,t), we use the integrals (3.18)-(3.20), which in
this case take the form:
2 (x,
Z/’YJ( i dry =0,
=1 /7(0,0) v(v)
2 (2
i (2,t) dy
2| gy =t
+;(0,0) v(7)

Jj=1

2 v; (,t) ) d’Y B
S [t
=1 /7(0,0) v(7)
These integrals are evaluated in a closed form and generate a system of algebraic equations for
v (x,t), vo(z,t), which is easily solved and gives rise to

X(1—iT)+ (-1)/T - X -1)iT+X —1)R
(X2+T?2+1)(X24+T? 4+ 4T — 3) ’

7]('%‘715) = _2 j = 1727

where T' = 4t, X = 2z and
R=\/(T?+ 2T + X2+ 3)(X —iT + 1)(X +4T — 1).
Then we find u(z,t) according to (3.10):

41 —iT) \ o
““U’t):(“m)e -

The obtained solution obviously coincides with the well known two-phase Peregrine soliton [14].

4. INVARIANT MANIFOLDS FOR MKDV EQUATION: COMPLEX-VALUED CASE
A complex-valued version of the modified KdV equations
Uy + Ugzs + 6|ul?uy =0 (4.1)

has important physical applications, see [15].
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The equation is obtained by imposing an involution of the form v = u, where the bar over
the letter means complex conjugation, in the system of equations

Uy + Ugpr + O6uvU, = 0,

Uy + VUpae + 6uvv, = 0. (4.2)
Linearization of (4.2) leads us to the system
U. 4+ Upypr + 6uvU, + 6vu, U + 6uu,V =0, (4.3)

V4 Vigs + 6uvVy, 4+ 6vu,U + 6uu,V = 0.

It should be stressed that generalized invariant manifold (3.4) found in the previous section for
the NLS equation, is also a generalized invariant manifold for mKdV equation (4.2). This is
not surprising since the systems (3.1) and (4.2) mutually commute. It can be easily confirmed

that system
U,=\U —-2uvyC -UV,
Veo==\V-=-20vyC-UV

is consistent with (4.3) for each solution (u,v) of (4.2). Due to (4.4), linearized equation (4.3)
is reduced to the form
U, =2 (um + 20V + Mg + )\2u) v-=UV +C— (2uvx — 20Uy, — 2 uv — )\3) U,
V.=2 (Um + 2uv? — v, + )\211) vV-=UV +C — (2uvx — 20U, — 2 \uv — )\3) V.

It is easy to confirm that (4.4), (4.5) define a nonlinear Lax pair for system (4.2).

Since systems (4.4) and (4.5) are very similar to those studied in the previous section (see
(3.4), (3.5)), we investigate them in the same way. First we change the variables as U = u®,
V = vV and get

(4.4)

(4.5)

Yp 4@, — \b = —2v/C — dWuw,
u

(4.6)
By 40, + AT = —2v/C — ol
v
and
&CD + &, =2 <% + 2uv + )\% + >\2> VO — dVuv — (2uvx — 20Uy — 2D\uv — )\3) D,
u u u
(4.7)
U—T\II + ¥, =2 (Uﬁ + 2uv — /\& + /\2> vC — dUyv — (2uvw — 20Uy — 22 uv — )\3) v,
v v v
We use the same spectral curve:
1 22 1
C=1 [T-x= ZVQ(A) (4.8)
k=1
and seek solutions to the nonlinear Lax equations in the same form:
N N
o=J[A=w), T=-]]C 5. (4.9)
k=1 k=1

We substitute representations (4.8) and (4.9) into system (4.6) and by comparing the coefficients
at A, we derive trace formulae (3.10). The next step is to substitute polynomials (4.9) into
system (4.6). Then we set A = ; in the first equation and A = ; in the second and get the
system of ordinary differential equations defining the dynamics of the roots on z: [§]

r_ Vpﬁ) I VQ%)
K Hk;,ej (v — k)’ 6 Hk;ﬁj(ﬁj — Bk)’

(4.10)

&g 4B
where v = dx,ﬁj— 2
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Let us derive equations describing the time evolution of the functions ~(x,t), 5(x,t). We
substitute explicit representations of the functions ®, ¥ and C into (4.7) and set A = ; in the
first equation and A = 3; in the second:

v(v;)
[Tz (i =)

v(5;)
[z (85 = Br)

where we used notations v; = dﬁ” ﬁj = % == To get a closed system for v;, 3;, we exclude ==,
e Pz and 2= due to (3.10). For the term uv we deduce two equations:

IN+2 N IN+2 2
4“”—22%‘1‘Z)\kZ%—QZ%%—QZ (1) (Z Ak) —ZAMw

v = <—+2uv+)\ +A2>
(4.11)

Bj=—<vﬂ+2uv—)\ +)\2>

k#j k=1 k#j k#s k#s
2N +2 N 2N 42 2
4uv——226k+ZMZ@JZ@@%Z Bi)? (E Ak) = A
k#j k=1 k#£j k#s k#s

by comparing coefficients at the power AV*! in (4.7). As a result, system (4.11) converts into
a system of equations describing the time evolution of the roots

REA B Z MY+ Y W Z Ak EZ)\MS VW&_
2 Hk;éj(%

k=1 k#j k#s#j k#s

Vi)’
(4.12)

2N+2 IN 12 . ) ]
Z R R <Z )\k) +§Z)\MS Hk#j((ﬁﬁj)—ﬁk)'

k=1 k#j k#s#j k#s

It can be proved by a direct computation that systems (4.10) and (4.12) mutually commute.
In what follows, we impose reductions of two types on system (4.1). Complex reduction
v =1 in (4.1) is related to the involution

® (—A) = (1))

of the eigenfunctions, that generates conditions for the zeros 3, = —f3; and A\, = —\; of the
polynomials ®, ¥, C' such that

and v, = —0;, A\ = —\;, such that

It is obvious that both reductions are consistent with dynamics (4.10), (4.12). By using the
found solution {7;};_, of the Dubrovin equations, one can find solution u of equation (4.1) due
to formula (3.10). Solutions of such kind were earlier studied in [16].
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The overdetermined system of equations (4.10), (4.12) admits integrals of the form

Noopun) g
/ w0 k=0,1,...,N -3 (4.13)
=1 /73 (0,0) V(V)
N iz,
/ T e (4.14)
=1 /73(0,0) v(7)
N ; (2,7) d 1 2N+2
Y IR E PN B (1.15)
j=1 77i(0,0) v(7) 2 k=1
N i) d g (2N£2 ? 1
Z/ N |2 ( /\k> — > M| T (4.16)
j=1 /73 (0,0) v(7) s\ o 2 ks
aking into account the dependence on ¢ and 7 in equations (3.18)-(3. an 13)-(4.16),
Taking i he d d dri i 3.18)-(3.20 d (4.13)-(4.16
we find that
N

5 (,t,7) d
/ F 0 k=0,1,...,N -3
7;(0,0,0) V(V)

j=1
N /fyj (x,t,T) N_o d'y B

Y — =T,
7=1 ’Yj(0,0,0) V(’Y)
N Vi (SE,t,T) d 1 2N+2
Z/ A ED IR
= Ju000) v(7) 2 &

N a7y

Vo T E g 2 M) el =S N | T

;/w(o,om v(7y) (2 ; 8 kz:; 2;

We note that formulae (3.18)-(3.20) and (4.13)-(4.16) can be easily generalized to solutions
which simultaneously satisfy several equations from the AKNS hierarchy. In this case we obtain
the following representation for the integrals

N

7vj(to,ti,te,...) d
S e g, k2o
i

=1 /7300, v(v) i~k

where t) = x, t; = t, to = 7 and ¢;, for j > 2 correspond to higher symmetries. Here ¢ ; are
constant coefficients.

5. INVARIANT MANIFOLDS FOR MKDV EQUATION: REAL CASE

In this section we seek for the generalized invariant manifold for the mKdV equation which
can be obtained from (4.2) by imposing the real involution u = v:

Up = U + 6U U, (5.1)

and then show how to derive from it the Lax pair, recursion operator and a consistent pair of
the linear invariant manifolds.
First, we linearize equation (5.1):

U, = Uppw + 60U, + 12uu,U. (5.2)
Since equation (5.1) is reduced to the equation with cubic nonlinearity

3
Wi = Wage + 2W
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by substitution v = w, the linearizations of these two equations are related by a similar
replacement. Indeed, if we put U = W, then we arrive at the equation
Wi = Wigs + 60> W, (5.3)

that is much simpler than (5.2). Hence, it is more convenient to work with this one. Below we
will seek an ODE of the form

W:m = F(WI,VV,U);

consistent with linear equation (5.3) for each solution u(x,t) of the equation (5.1). Omitting
the computations, we present only the answer

Wae = 2u\/—W2 + AW2 + C + AW, (5.4)

where A\ and C are arbitrary constants. By virtue of the found equation, linearization (5.3)
turns into the form

W, = (A +2u®) W, + 2up/—W2 + AW2 + C. (5.5)

It worth mentioning that the found nonlinear equations provide a Lax pair for (5.1), namely,
the following theorem holds.

Theorem 5.1. A pair of equations (5.4) and (5.5) are consistent if and only if the function
u solves equation (5.1).

Remark 5.1. We note that generalized invariant manifolds (4.4) and (5.4) are related by
the following change of the variables. We let X = €2 in (5.4) and introduce U, V in such a way

U=W,—=&W, V=W,+EW.
Then we get

U, = U — 2u/C — UV,
V, = —&V —20/C — UV.

Let us reduce pair of nonlinear equations (5.4), (5.5) for the case when C' = 0 to the usual
Lax pair of equation (5.1). We change the variables in the following way

W =200, W, =VX(p*+?)

then in the new variables equation (5.4) becomes a system of linear equations
o = —iup + %fw,
Yo = 5VAg + iy
and similarly, (5.5) turns into
pr = —i (Ugo + 2u® +ud) o + %\/X (2iu, + 2u® + \) ¢,

Py = —%ﬁ (2iu, — 2u® — X) @ + i (Uga + 20° + u) 1.

In order to bring it to a standard form, we make a replacement

1 1) =%
o= (3 1)@
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where ® = (¢, )T and ® = ($,4)7. Then we get

o = £§ — iut,
Vo = —iug — £
and
Gr = (48° + 2u%) ¢ — i (4u€® + 2uu€ + uyy + 2u) 2,
Yr = —i (4u€” = 20,6 + upy + 20%) ¢ — (4% + 2%€) ),
where \ = 4£2.
We get rid of irrationality in identity (5.4) by squaring and then rewrite the result as
M;x — QAWZL/M + AQVZ—; +AW? — AAW? — 4C = 0.

Then we differentiate the obtained equation with respect to . The found equation turns out
to be linear
Ug

Waze = —Woy + 40 W, = A (WI — %W) .

Actually, it defines a linear invariant manifold, consistent with the equation (5.3). Let us rewrite
it in the form

LQW = )\L1W, (56)
where

Uy

Li=D,— 2 [,=D*-"D. 44D,
u u
Since U = W, from (5.6) we get a relation
L,D;'U = \L,D;'U

for the solution U of linearization (5.2) of mKdV equation (5.1). The latter allows to get the
recursion operator for (5.1):

R=D,L;'LyD;' = D? + 4u® + 4u, D, 'u. (5.7)

6. APPENDIX

Let us show how equations (3.4) are constructed. The aforementioned consistency condition
for equations (3.2) and (3.3) is written as

9 (Use + 4uvU + 20°V) — @'2 (f(U,V,u,v))

O ot (3.1),(3.2),(3.3) (6.1)
9 (—Viw — 20°U — 4wV — 22 (9(U,V,u,v)) = 0.
ox ot (3.1),(3.2),(3.3)

We regard variables u, v and their derivatives with respect to x and U, V' as independent. The
variables u;, vy, Uy, Vi, DEU, D*V| where k > 1, in identities (6.1), will be excluded by virtue
of equations (3.1),(3.2) and (3.3). Then we get an overdetermined system of equations:

F(U7 V7 U, UV, Uy, Uy, U:E.’E) - 07

G(U, V,u, 0, Uy, Uy Ugy) = 0.

In the obtained relations, we equate the coefficients at independent variables u,, v, Uzz, Vs
and step by step we determine the form of the sought functions f(U,V,u,v) and g(U, V, u,v).
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We compare the coefficients at the highest derivatives of functions u and v, i.e., at u,, and
Vzz, as well as at u? and v?, then we get:

f(U’ V,U,'U) = fl(Uv V)U' + f2(U7 V)7
g(U, V,u,v) = g1 (U, V)v + g2 (U, V).

Note that the dependence of functions f(U,V,u,v) and g(U, V,u,v) on the variables v and v is
defined, so we can equate the coefficients at these variables.
Analyzing the equations obtained by comparing the coefficients at u,, v,, u and v, we deter-

mine the form of functions f1(U, V), fo(U,V) and ¢,(U, V), go(U,V):
fl(U,V>: V —4UV+01, f2<U,V) :CQU+03,
g (U, V) =+/—4UV + ¢4, ¢2(U, V) =5V + c6.

By considering the remaining equations, we obtain a relationship between the constant param-
eters ¢;, i = 1, 6:

c4 = C1, 5 = —Ca, c3 = cg = 0.
Thus, the functions f(U,V,u,v) and g(U,V,u,v) read as
f(U,V,u,v) = XU — 2u/C = UV,
g(U,V,u,v) = =V = 20/C = UV,

where A = ¢, C = icl.

CONCLUSION

In the article we have discussed the notion of the generalized invariant manifold for the non-
linear partial differential equations. We have found such manifolds for the nonlinear Scréodinger
equation and the modified Korteweg-de Vries equation. We illustrated that this object provides
an effective tool for constructing the recursion operator and the Lax pair. We have shown that
the well-known Dubrovin equation, which is an important ingredient in the finite-gap integra-
tion method, can be easily derived from a suitably selected generalized invariant manifold.
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YAMILOV’S THEOREM FOR DIFFERENTIAL
AND DIFFERENCE EQUATIONS

DECIO LEVI, MIGUEL A. RODRIGUEZ

Abstract. S-integrable scalar evolutionary differential difference equations in 1+1
dimensions have a very particular form described by Yamilov’s theorem. We look for
similar results in the case of S-integrable 2-dimensional partial difference equations and
2-dimensional partial differential equations. To do so, on one side we discuss the semi-
continuous limit of S-integrable quad equations and on the other, we semi-discretize partial
differential equations. For partial differential equations, we show that any equation can be
semi-discretized in such a way to satisfy Yamilov’s theorem. In the case of partial difference
equations, we are not able to find a form of the equation such that its semi-continuous
limit always satisfies Yamilov’s theorem. So we just present a few examples, in which to get
evolutionary equations, we need to carry out a skew limit. We also consider an S-integrable
quad equation with non-constant coefficients which in the skew limit satisfies an extended
Yamilov’s theorem as it has non-constant coeflicients. This equation turns out to be a
subcase of the Yamilov discretization of the Krichever-Novikov equation with non-constant
coeflicient, an equation suggested to be integrable by Levi and Yamilov in 1997 and whose
integrability has been proved only recently by algebraic entropy. If we do a strait limit, we
get non-local evolutionary equations, which show that an extension of Yamilov’s theorem
may exist in this case.

Keywords: differential difference equations, continuous and discrete integrable systems,
Yamilov’s theorem.

Mathematics Subject Classification: 39A14, 35Q53

1. INTRODUCTION

Integrability properties of differential difference (DAEs) or partial difference equations
(PAESs) have been thoroughly studied along the last decades, following several approaches and
criteria to characterize these equations (see, among many others, references [1], [6], [9], [13]).
In the case of 1+ 1 DAEs, Yamilov’s theorem [10], [11], [13]| provides a necessary condition for
the existence of a large number of conserved quantities of S-integrable equations [5]. This is
reflected in a certain symmetry of the points involved in the equation.

By this work, we start a project aiming on characterizing S-integrable equations in total, i.e.
non only DAEs but also either partial differential equations (PDEs) or PAEs.

As a part of this project, we plan to extend Yamilov’s result to other classes of equations.
To do so, in this work we provide some examples of integrable quad equations whose partial
continuous limits satisfy Yamilov’s condition. Moreover, we show that each PDE can be partially
discretized into a DAE, which satisfies Yamilov’s theorem.
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In Section 2 we present a brief description of Yamilov’s theorem and in the following Section
its consequences for PDEs. Section 4 is devoted to the partial continuous limit for quad-graph
equations, PAEs defined on a square, and in Section 5 we summarize our results and present
some plans for future works on this project.

2. YAMILOV’S THEOREM

As we have written above, Yamilov’s theorem gives a necessary condition for a 1-++1 DAEs to
admit higher order conservation laws. Following [10], [11], [13], the search for these equations
yields the conclusion that only symmetrical (in a sense to be detailed below) equations have
this property. Let us consider a one-dimensional lattice, labeled by n € Z, and a function u, ()
of a continuous variable ¢ (real or complex), which takes values at the lattice points. We are
interested in DAEs of the type:

un:f(un+N7un+N—1a"‘7un+M) Efn, (21)

where the dot above u,, denotes the derivative with respect to ¢, N > M and the function f
truly depends on u,,, y and u, /. A conservation law for this equation is a relation of the form:

Dtpn = (T - 1)Qna

where p,,, the conserved density, and g, are functions of (u,, upy1, ..., Unsx) (k is a finite integer
number called the order),
T is the shift operator, (T'¢, = ¢,4+1) and D, the total derivative with respect to t:

b B
Dt - Z fn-l—zw
=0

n+1

Yamilov’s theorem provides a condition on the form of equation (2.1) ensuring that it has
conservation laws.

Theorem 2.1. If (2.1) possesses a conservation law of order m > min{|N|,|M|}, then
N=—M,N>0.

The proof of this theorem is based on a detailed studying of the variational derivative of the
conserved density p,, of equation (2.1), which exists due to its S-integrability, see [10], [11], [13].

3. DiscussioN OF PDES FROM THE POINT OF VIEW OF THEOREM 2.1

According Theorem 2.1, if (2.1) is an S-integrable DAE and if the function f,, contains the
highest shift w, .y, then it should also contain a lowest shift w,,_y. Defining

v,ii) = Upyp T Up_p, (3.1)

we can rewrite (2.1) in the S-integrable case as

- ) (=) (+ - 1) (-
Uy = f(vj(\,),vgv),vx_)l,vg\,_)l,-~- ,U§ ),v§ ),un). (3.2)

To perform the continuous limit, we define x = nh and, as h — 0, we write the following Taylor
expansion

1 1 ) 1
Uns; = w(z £ jh) = w(z) £ jhw, + §j2 h*wa, + 5]'3 R ws, + EJA hwgg + -+, (3-3)
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where w,,, is the n-th derivative of w(x) with respect to z. In this way, we can write a list of

Taylor expansions for vj(-i). For the lowest values of j we have:
) h
U§+ =2w(x) + h*way + 1g Waa +---,

_ 1
vg ) =2hw, + gh?’wgz +--,

4
o§P) =2w(x) + 4h*ws, + §h4w4x +-- (3.4)

_ 8
vé ) =4hw, + §h3w3m +---

27
véﬂ =2w(x) + 9h*wq, + Zh4w4m +oee

Consequently, we can express all derivatives of the function w(x) in terms of the Taylor
expansions of vj(-i) up to order h%. Here we present the leading terms:

1
w, =0\ + O(h?),

" 2h
wre =5 of?) — o] + 00,
L) o () 2 (3:5)
W3y ZZ—M[UQ — 20, ']+ O(h?),
Wiz BoST) — 80S") + 501 + O(h?).

~10A¢
As all continuous derivatives can be expressed in terms of symmetric differences, by
Theorem 2.1, we do have no constraints on the form of an S-integrable PDE. This result
agrees with what we know about S-integrable PDEs.

4. DIscusSION OF PAES FROM THE POINT OF VIEW OF THEOREM 2.1

In this section we discuss by examples the semi-continuous limit of S-integrable PAFEs.

4.1. Lattice potential Korteweg-de Vries equation. As an introduction to the
procedure necessary to do the semi-continuous limit, we consider the well known example of
the lattice potential Korteweg-de Vries (IpKdV) equation [2], [6], [12]:

(un,m—l—l - un-l—l,m)(un,m - un+1,m,+1) - p2 - q27 (41)

where u,, ,,, are the values of the variable u at the points of a two dimensional lattice labeled by
the integers n, m € Z. Equation (4.1) is nothing else but the nonlinear superposition formula for
the KdV. The parameters p, ¢ are obtained in the construction of the IpKdV as the parameters of
the sequence of two Bécklund transformations which give the nonlinear superposition formula.
The IpKdV satisfies the integrability property provided by the compatibility around the cube
as shown in [2].

On (4.1) we will carry out a procedure to transform the discrete index m into a continuous
variable t in such a way that equation (4.1) becomes an evolutionary DAE for the unknown
function u(t) depending on a continuous variable ¢ and a discrete index k.

The base of the method is the Taylor expansion in a parameter € of u,,, at a particular
solution ug of the equation. Both the index m and the corresponding parameter ¢ will depend
on €. As a particular solution, it is convenient to use a simple function which, in this case, is
given by ug = pn + gm. By the change of variables

Up,m = Un,m — Uo (42)
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equation (4.1) becomes

(p —q + Un,m+1 - Un+1,m>(p + q + Un,m - Un+1,m+1) = p2 - q27 (43)

which has as a solution vy = 0.

A simple approach to the continuous limit when m goes to infinity and € goes to zero in such
a way that me is finite is the following. We define a new function V,,(t) = v,,,, and a continuous
variable t = ty + me such that

Unamts = Valt) + jeVi(t) + O(€?). (4.4)
Moreover, we define a parameter g as
q=¢" (4.5)
Substituting (4.4), (4.5) into (4.3), we see that coefficient at ¢! vanishes, while the zero order
term yields the equation
Vi 4 Vit = (Vs = Vi) 20 — (Vs — Vi) (4.6)

Equation (4.6) is a nonlocal DAE which has derivatives with respect to t at two different points
of the lattice n and n + 1. To obtain an evolutionary DAE with a derivative just at one point,
we have to mix the indices in the lattice, a skew limit as is called in [6]. We let k = n + m and
introduce a new variable wy, ,,, such that

Unti,m4j = Wktitjm+j- (4.7)
Then (4.3) is transformed into

(P — g+ Wkt1,m41 — Wkt1,m) (P + ¢+ Wem — Wir2my1) = P’ —q. (4.8)

In this case, defining as above Ug(t) = wy,, with ¢ = p + ¢, the € term vanishes and at first

order we get:

_ Up1 = U
Up—1 — Ups1+2p

Equation (4.9) is an evolutionary DAE, with terms at points £ — 1, k and k + 1, which thus

satisfies Yamilov’s condition of S-integrability.

Uy

(4.9)

4.2. Integrable map obtained by factorization. Let us consider a nonlinear PAE:

Clun,mun—‘rl,m + C2 (un,mun—i—l,m—i-l + un+1,mun,m+l) + CSUn,m—l—lun-l—l,m-‘rl (4 10)
+ CsUn,mUn,m+1 + CeUn+1,mUn+1,m+1 = 07 '
an example taken from [7], [11]. Equation (4.10) has been proven to be integrable for all values
of constants ¢; by checking its algebraic entropy.
In the particular case ¢; = c5 and cg = c3, the equation is invariant under the swapping of n
and m.

4.2.1.  Continuous limit t = em and uy,,, = v,(t). We have:

CBUZ + CGUE_H + (01 + 202 + 03)vnvn+1 (4 11)
+ 6(051)”1'}“ + C6Un+1’l'}n+1 + (02 + C3)<Un+11>n + vn'l‘}nJrl)) + 0(62) = 0. .

The terms of zero order in € do not involve the derivatives in ¢. Hence, in order to get a DAE,

we have to suppose that the coefficients ¢; depend on e. We have the following possibilities:

1. c5 = axe, cg = age, ¢1+2¢co+c3=0,

d
(c1 + 2)— (VnUny1) = asv + agv? . = 0, (4.12)

dt
2. Cy = Cg = 0, C1 +262+03 = (/123€

d
(Cl + CQ)E(FUn’Un-l—l) = (¥123UpUn41- (413)
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In the first case, the obtained equation is nonlocal. In the second case we have an ODE for
UnVne1- Then, as for the IpKdV equation, we pass to a rhombic lattice.

Under the change of variables & = n 4+ m + 1 and Wiyitjmtj = Untim+j, equation (4.10)
becomes

CLWk—1,m Wk m + C2 (Wi m Wk m+1 + Wk—1,mWk+1,m+1) + C3Wk 1 Wh1,m+1

+ C5Whk—1,m Wk m+41 + C6WhkmWht1,mt1 = 0. (4.14)
Letting
t = ne, Wi = Ug(t), (4.15)
we transform equation (4.14) into
(e1 4 ¢5)Up-1Uk + (¢3 + ¢6)UpUg 11 + c2(Up-1Up i1 + Uf) (4.16)
+ €<(02Uk_1 + (e3+ CG)Uk)Uk_H + (esUp—1 + Uy + 03Uk+1)Uk) + O(*) = 0. .
To get a DAE, at the lowest order in ¢ we need to set
c1 + 5 = e, c3+ cg = €, Co = €7, (4.17)
and choose ¢; and cg of order one. In this way, at the lowest order in € we get
(c6Uns1 + 1Up1)Ux — (BUps1 + YU 4+ aUy_ 1)Uy, — YUp_1Up1 = 0. (4.18)

Equation (4.18) satisfies Yamilov S-integrability theorem. Thus, for all values of ¢;, equation
(4.10) is an S-integrable and the result obtained by the algebraic entropy is shown to be correct.

4.3. H2 equation: a more complicate equation of the ABS classification. The H2
equation

(un,m - un—i—l,m—i—l)(un—i-l,m - un,m+1)
+ (ﬁ - &)(un,m + Un+1,m + Un,m+1 + un+1,m+1) - 052 + 52 = 07

is another of the discrete integrable equations in the Adler-Bobenko-Suris list, see [2] and [11].
As in other cases, we admit that the constants a and § depend on the parameter €, in
which we carry out the limiting process. We follow the approach, which uses as starting point
a background solution provided by equation (4.7a) in [8].
Following [8], we redefine the parameters of H2 (4.19):

(4.19)

p=r—a*, q=r—"b
and get the equation:

(un,m - un+1,m+1)(un+1,m - un,m-{—l)

4.20
+ (a® = ) (tnm + Uns1m + Ungmi1 + Unsrmer + 20 —a® — b?) = 0. (4.20)
Among others, equation (4.20) has the solution
1
ug = (an +bm +7)* — 3" (4.21)

Making the change (4.2) in (4.21), we can rewrite (4.20) as:

(Un,m - Un-l—l,m—l—l)(”n—&—l,m - Un,m—&—l)
+2(a—b)((a(n+1)+bm~+1) +7)vnm — (an + bm + ¥)Vpi1m+1) (4.22)
—2(a+b)((an +b(m + 1) +7)vps1m — (a(n + 1) +bm + ¥)vpme1) = 0,

which has the solution vy = 0.
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In order to take the skew limit in one of the indices, as in the previous section we define
k =n+m and a new field wy,,, according to (4.7). Then (4.22) is transformed into

(wk,m — wk+2,m+1)(wk+17m - Uk+1,m+1) + 2(@ - b)((a(k; —m + 1) + b(m + 1) + ”y)wk,m
— (alk —m) + bm + Y wirzmi1) — 20a+b)((alk —m) +b(m + 1) + Ve (4.23)
—(a(k —=m+1) +bm + Y)wWgs1,ms1) = 0.

In order to take the continuous limit in the index m, we replace a and b by ea and eb and we
define

Wepin = Upsi (1), Wpigneg — Ugi(t) + € Upg(t) + O(€3).
Then, the lower order terms of (4.23) are
(Uk — Ugy2 — 6Uk+2)(Uk+1 — Ukg1 — 6Uk+1)
+2¢(a—b)((ealk —m+1) +eb(m + 1) +7)Uy

— (ea(k —m) + ebm + ) (Upso + € Upss)) (4.24)
—2¢(a+ b)((ea(k —m) + eb(m + 1) +7)Ups1
— (ea(k —m+1) + ebm + U1 + € Ups1)) +-+- = 0,

which has no order zero term. The first order term of (4.24) is
Uk = 2"}/(& — B)(Uk,1 — Uk+1), (425)
and this is an equation satisfying Yamilov’s theorem.

4.4. Equation ,H{ from ABS extended classification. We consider the following
equation:

CHE=(a— B) (€2Xm+nun+1,mun,m+1 + € Ximtnt1Unt1mt1 Ungm — 1> (4.26)

+ (un,m - un+1,m+1)(un+1,m - un,m—H) = O,
where «, 3, € are three parameters, which could depend on the steps of the lattice and
1 m
Xm = 5(14—(—1) ). (4.27)
Equation (4.26) is an S-integrable equation of Boll classification [4] appearing in the ABS list
3], [11].
As in the previous case, we transform the variable w,,, — v, in such a way that the
resulting equation has vy = 0 as a particular solution:

Un,m = Un,m + f:

where f, a constant, must satisfy the identity

(a—B)(Ef2—1) =0. (4.28)
Choosing one of the two signs for f in (4.28) with € # 0, we get:
1
un,m - /U'n,7m + - (429)
€

The equation for vy, ,, is

(a - B) (Xn—i—m-‘rl(l + Evn,m)<1 + 6Un—i-l,m+1) + Xngm (1 + 6Un,m+1)(1 + evn-&-l,m) - 1)

+ (UnJrl,m - Un,m+1)(vn,m - Un+1,m+1) =0

(4.30)

and vy = 0 is a solution of (4.30).
In order to take a semi-continuous skew limit, we first modify the lattice from a rectangular
one to an oblique lattice by defining a new index k£ = n + m and leaving m as it is. Then we



164 DECIO LEVI, MIGUEL A. RODRIGUEZ

take the continuous limit in the m direction of the new lattice. The equation with wy, ,, defined

as in (4.7) now reads as
(@ = B) (Xig1(1 4 €wWpo ) (1 4 €Wpizmt1) + Xu(1 + €Wpg1 mg1) (1 + €Wpg1,m) — 1) (4.31)
+ (Wt 1,m — Wit tmt1) (Whn — Wig2mer) = 0.

Taking the continuous limit in the m direction and assuming that the order parameter is e,
we find that

Witim = Upis Witiymt1 = Upgi + EUk-I—i + O(€), (4.32)
and substituting (4.32) in (4.31), we get
(@ = B) (o1 (1 + eUp) (L + €(Usz + eUsa + O(€%)))
+ k(1 + €(Uisr + €Upir + O(E)) (1 + Upyr) — 1) (4.33)
+ (Upy1 — Upyq — eUk+1O(e2))(Uk — Upyo — €Ujpo + O(e?)) = 0.

Taking into consideration the definition (4.27) of x,,, we see that the zero order terms in (4.33)
vanish. The first order terms are

(o = BY(Xk41(Us + Usr2) + 2X6Uk41) — (U — Upy2)Up 1 = 0. (4.34)
Equation (4.34) is a DAE satisfying an extension of Yamilov’s theorem when the function f
appearing in (2.1) depends explicitly on the index n:
Up = (o — f) 2Xk—1Uk + xk(Up—1 + Ugy1)
Ug-1 — U1

Equation (4.35) is a subcase of the k-dependent generalization of the Yamilov discretization of
the Krichever-Novikov equation postulated in [9] and discussed in [11].

. (4.35)

5. (CONCLUSIONS

In this paper we have discussed Yamilov’s theorem on the form of evolutionary DAEs from
the point of view of its consequences for PDEs and PAEs. In particular, we have shown that
this theorem have no implication for the S-integrability of PDEs.

We have not been able to have such complete result in the case of PAEs. In all considered
cases, the theorem is satisfied, even in the case of PAEs with non-constant coefficients.

Often, unless we use the skew limit, we obtain nonlocal evolutionary PAEs. Some natural
questions are

e [s there an extension of Theorem 2.1 when the function f depends explictly on n?

e Is (4.6) also S-integrable?

e Is there an extension of Theorem 2.1 which shows the S-integrability of (4.6)7

e Has Theorem 2.1 implications for the construction of numerical schemes for S-integrables
PDEs?

We plan to continue this research by answering these questions and looking for a compulsory
shape in the case of S-integrable PAEs.
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ON DARBOUX NON-INTEGRABILITY
OF HIETARINTA EQUATION

S.YA. STARTSEV

Abstract. The autonomous Hietarinta equation is a well-known example of the quad-graph
discrete equation which is consistent around the cube. In a recent work, it was conjectured
that this equation is Darboux integrable, that is, for each of two independent discrete
variables there exist non-trivial functions that remain unchanged on solutions of the equation
after the shift in this discrete variable. We demonstrate that this conjecture is not true for
generic values of the equation coefficients.

To do this, we employ two-point invertible transformations introduced by R.I. Yamilov.
We prove that an autonomous difference equation on the quad-graph cannot be Darboux
integrable if a transformation of the above type maps solutions of this equation into its
solutions. This implies that the generic Hietarinta equation is not Darboux integrable
since the Hietarinta equation in the general case possesses the two-point invertible auto-
transformations. Along the way, all Darboux integrable subcases of the Hietarinta equation
are found. All of them are reduced by point transformations to already known integrable
equations.

At the end of the article, we also briefly describe another way to prove the Darboux
non-integrability of the Hietarinta equation. This alternative way is based on the known
fact that a difference substitution relates this equation to a linear one. Thus, the Hietarinta
equation gives us an example of a quad-graph equation that is linearizable but not Darboux
integrable.

Keywords: Hietarinta equation, quad-graph equation, Bécklund auto-transformation,
Darboux integrability, C-integrability.
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1. INTRODUCTION

The Hietarinta equation
Zn,m + b Zn+1,m+1 + d o Zn+1,m + b Zn,m+1 + d
Zn,m +a Zn+1,m+1 +c Zn+1,m +c Zn,m+1 +a

, n,m € 7, (1.1)

where the constants a, b, ¢ and d satisfy the inequality (a — b)(a — d)(c — b)(c — d) # 0, gives
an important example of the quad-graph difference equation which is consistent around the
cube [1]. This example was introduced in |2| to illustrate that the tetrahedron property is not
necessary for the consistency around the cube.

A non-autonomous version of the Hietarinta equation was recently studied in [3]. It turned out
that this non-autonomous version was Darboux integrable. At the very end of [3], the authors
raised the question of whether autonomous Hietarinta equation (1.1) is Darboux integrable as
well. The main purpose of the present article is to answer this question and to demonstrate
that this answer is negative for the generic values of the constants a, b, ¢ and d.

S.YA. STARTSEV, ON DARBOUX NON-INTEGRABILITY OF THE HIETARINTA EQUATION.
© S.YA. STARTSEV. 2021.
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Let us recall that an equation of the form
oF oF OF

Up+1,m+1 = F(un,rm Un+1,m» un,erl)a 7& 0 (12)
aun—l—l,m aun,m—&—l aun,m
is called Darboux integrable if there exist functions €y, m (Unm, Unt1m, - - - s Untpm)s P > 0, and
Qi (W Unmt 15 - -« s Unomtp), P > 0, such that they essentially depend on w,,,, and their last
arguments (Up4pm for Q, ,, and w, m4p for Q,.,) and satisfy the relations
Qn,m—i—l(un,m—l—lu un+1,m+17 . 7un+p,m+1> - Qn,m(“n,m; un+1,m7 v 7un+p,m)7 (13)
Qn—i—l,m(un-l—l,ma Un4+1,m+15 -+ 7un+1,m+ﬁ> = Qn,m(un,ma Un,m+1y - - - 7un,m+ﬁ) (14)

for all n, m and each solution u of the equation. In other words, €2, ,, and Qn,m remain unchanged
on solutions of (1.2) after the shifts in m and n, respectively. The functions €2,, ,, and Qmm are
respectively called an n-integral of order p and an m-integral of order p for the equation (1.2).

It should be stressed that we eliminate all variables of the form w,4;m+;, 7 -J # 0, via
equation (1.2) to check whether a relation (in particular, relations (1.3), (1.4)) holds on solutions
of the equation. That is, we substitute F'(wpm, Un+1,m, Unm+1) fOT Upi1m1,

F (un+1,m7 Un+2,m F(“n,ma Un+1,m, un,m+1)) for Un+2,m+1

and so on. A relation holds on solutions of the equation if and only if this relation holds
identically after the above substitutions. These substitutions show why we can assume without
loss of generality that the integrals are independent of the variables of the form w1 45, 25 # 0.
In addition, after eliminating these variables from the defining relations of the integrals, the
independence of ©,,,, and 2, ,, of the variables u,, ,+; and w,;,, follows directly from (1.3)
and (1.4), respectively; see, for example, Lemma 1 in [4] for more details.

Remark 1.1. We note that defining relation (1.3) can be considered for each n separately,
and the corresponding ), ,, may be chosen quite differently for different n. For example, we can
set Qym equal to constants for some values of n and to non-constant ‘solutions’ of (1.3) (if
they exist) for other n. But, since (1.2) is explicitly independent of n, we can choose €y, ,, same
for all n and assume without loss of generality that it is explicitly independent of n, too. Under
this assumption and by using the inequality in (1.2), it can be proved that €, ., must depend
on its first and last arguments for all n and m if §2,, ,, depends on these arguments for at least
some m and satisfies (1.3) for all m. Of course, the same (up to the interchange n <> m) is
also true for (1.4) and Qy, .

A simple example of Darboux integrable equation is the ‘multiplicative’ discrete wave
equation

unJrl,mun,erl
Uiy = bt (1.5)
Un,m
admitting the integrals
Un+1,m ~ Un,m+1
Qn,m = ) Qn,m = .
Un,m Un,m

We can modify (1.5) by the point transformation @, ,, = (ymUn,m, where ¢, ., = —1 if both n
and m are odd, and (, ,, = 1 otherwise. This gives the autonomous equation

_ U U
T tme1 = _% (1.6)
n,m
that admits the integrals
u - U
Qn,m = (_1)m?;1’m7 Qn,m = (_1)71?7#“

Un,m Un,m
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We observe that these integrals are non-autonomous, i.e., they explicitly depend on m and n.
The last example looks contrived since the equations (1.5) and (1.6) are, in fact, same. However,
some other autonomous quad-graph equations with non-autonomous integrals can be found, for
example, in |5]. Thus, we may not exclude non-autonomous integrals from consideration when
we check an autonomous equation for the Darboux integrability.

It is interesting that the non-autonomous Hietarinta equation in [3] is reduced to (1.6) by a
non-autonomous Mébius transformations, while the work [2] relates the equation (1.1) to (1.5)
by a point transformation in the case |a —c|+|b—d| = 0 only. A less trivial example of Darboux
integrable discrete equation is the equation

Unp+1,m+1 o Unp+1,m + 1 (1 7)
Un,m+1 un,m + 1
admitting the integrals
un,erl un+2,m - unJrl,m
—— and .
un,m + 1 un+1,m - un,m

This equation and its integrals were found in [5]. We show below that a point transformation
reduce equation (1.1) to (1.7) in the case a = ¢, b # d and to the equation obtained from (1.7)
by interchanging n <+ m in the case a # ¢, b = d. Hence, equation (1.1) is Darboux integrable
if (a —¢)(b—d) = 0. In the present paper, we prove that all other cases of the autonomous
Hietarinta equation (1.1) are not Darboux integrable and, moreover, do not admit an integral
even in one direction.

As it was demonstrated in [6], |7], the smallest orders of the integrals for Darboux integrable
equations can be arbitrary high. To prove Darboux non-integrability, we therefore need to make
sure that there are no integrals of order p for all p. Characteristic algebras [8] and Laplace
invariants 9], [10] give strong and enough constructive necessary conditions for the existence of
integrals of order p for the quad-graph equations, but these methods do not solve the problem
of the arbitrariness of p. This is why the Darboux non-integrability of a quad-graph equation
is not always obvious.

To demonstrate the absence of integrals for the generic equation (1.1), we employ some
specific properties of the Heitarinta equation and prove theorems about the absence of integrals
for any quad-graph equation with the same properties!. These properties are considered in the
next section.

2. HIETARINTA EQUATION: TRANSFORMATIONS AND DARBOUX INTEGRABLE SUBCASES

Following the work [11], it is convenient to make the point transformation

d — cupm

: ’ Un,m -1 ( )

Z71,,m,+d

in the equation (1.1), that is, we denote -~
variable. In the case a # c this gives the equation

by Unm and rewrite (1.1) in terms of this new

un+1,m+1 (un,m + B) (un,erl + A) = un,m+1<un+l,m + B)(”n,m + A>7 (22)
where A= (d —a)/(a—c¢) and B = (d —b)/(b— c). It should be noted that A # B because
A_B— (d—c)(b—a)

(@a=c)(b—c)
and the coefficients of (1.1) satisfy the conditions d # ¢ and b # a.

!But the author does not know other nonlinear examples of quad-graph equations with these properties.
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If a = ¢, then (2.1) maps Hietarinta equation (1.1) into the equation

un+1,m+1 . un+1,m + B

)
un,m+1 un,m + B

where the constant B again equals (d — b)/(b — ¢). The last equation coincides with (1.5) if
B = 0. Otherwise, the scale transformation w,, ,, — Bu,, n, relates this equation to (1.7).
In the case B = 0, the equation (2.2) becomes
Un,m+1 + A Un,m + A

Un+1,m+1 = Un+1,m
n,m—+1 n,m

Recall that d # a for (1.1) and A # 0 for (2.2). Denoting A/, ,m by v, We obtain

Un+4+1,m+1 _ Un,m+1 + 1 . (23)

Un+1,m Un,m + 1

The last equation is Darboux integrable because it coincides with (1.7) up to the change of
notation v — u and the interchange n <> m.
Summarizing the results of three previous paragraphs, we arrive at the following statement.

Proposition 2.1. Hietarinta equation (1.1) is Darboux integrable if (a—c)(b—d) = 0. In all
other cases, point transformation (2.1) reduces (1.1) to equation (2.2) with non-zero constants

A and B such that A # B.

Below we prove that equation (2.2) is not Darboux integrable if AB(A — B) # 0. To do this,
we employ two-point invertible transformations. Alike transformations for differential-difference
and continuous analogues of the quad-graph equations were introduced in works [12] and [13],
respectively. For discrete equations (1.2), such transformations were, in fact, used in [14] and
then considered in a more explicit form in [15]. In particular, these transformations for (2.2)
were briefly given in [15], and we reproduce them in the next two paragraphs with detailed
calculations to make it easier for the reader to check them.

The mentioned transformation for (2.2) is as follows. We can rewrite (2.2) as

un,m—i—l + A o (un+1,m + B)(un,m + A)

Unt1,m+1 : (2.4)
Un,m+1 Un,m + B

We denote

Unm + A A (2.5)

Un,m = Un+1,m
n,m

Then equations (2.4) implies that

(un+1,m + B)(un,m + A)
Up,m + B

Un,m—f—l = — A (26)
by virtue (i.e., on solutions) of the equation (2.2). The next step is to resolve the system (2.5)-
(2.6) with respect to uy, m, and w414, that is, to express uy, , and w41, in terms of vy, ,, and
Unm+1. Resolving (2.5) with respect to uy,41.m, We obtain

Un g (Vnm + A)

Unt1, Upm + A (27

The substitution of (2.7) into (2.6) results in

Up i (Vnm + B)
Upm + B

(2.8)

Unm+1 =
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Resolving (2.8) with respect to u, ,,, we get

an,m—i-l

n,m — . 2.9
B ’ B + Un,m - Un,m—l—l ( )
Substituting (2.9) into (2.7), we find:
an m+1 (Un m + A)

Upt1m = ’ : . 2.10
T AV + B) + (B — A)vg i (2:10)

If we shift (2.9) by 1 in n and compare the result with (2.10), we obtain the equality
an—i-l,m—i-l _ an,m+1<vn,m + A) (211)

B + 'Un—i—l,m - Un—f—l,m—i—l A(Un,m + B) + (B - A)Un,m—i-l '

Resolving (2.11) with respect to v, +1m11, We see that

Un+4+1,m+1 (Un,m + B) (Un,m—i-l + A) = Un,m+1(vn+1,m + B)(Umm + A)

The last equation coincides with (2.2) up to the change of notation u — v. Thus, transformation
(2.5) maps solutions of (2.2) into solutions of (2.2) again, that is, (2.5) is a Bécklund auto-
transformation for the Hietarinta equation (2.2).
Repeating the arguing in the previous paragraph in the inverse order, it is easy to confirm
that
Bun,mﬂ

’Dn,m = )
B + un,m - un,erl

is in fact (2.9) if we replace the notations as u — ¥, v — wu and this is also an auto-
transformation for equation (2.2). Indeed, starting from (2.11) and introducing u, ., by (2.9),
we obtain (2.10). Equation (2.8) appears by solving (2.9) with respect to vy, 41, and (2.7)
does by substituting (2.8) into (2.10). Equation (2.7) implies (2.5), and (2.6) is obtained by
substituting (2.5) into (2.8). The comparison of (2.5) and (2.6) gives us the Heitarinta equation
in form (2.4).

Remark 2.1. Under the condition B # 0, all formulae (2.4)-(2.11) remain valid even if
A=0or A= B. Thus, (2.5) and

Bun,m—i—l

Upm =
’ B + un,m — Un,m+1

are auto-transformations for (2.2) in these cases, too. But (2.2) loses the dependence of wy m1
0T Upm if A =0 or A= B, respectively.

3. TRANSFORMATION OF INTEGRALS

In this section, we formulate some general propositions that are applicable, in particular,
to Hietarinta equation (2.2). The key propositions, Lemmata 3.1, 3.2, were proved in [16] in
the case of autonomous integrals. For the reader’s convenience and to demonstrate that these
propositions remain valid for non-autonomous integrals too, below we reproduce corresponding
(slightly modified) proofs from [16].

Lemma 3.1. Let there exist functions o(z,y), v, # 0, and ¢¥(z,y) such that the right-hand
side of (1.2) satisfies the relation

Qp(un,m—i-la F(un,nw Up+1,m; un,m—l—l)) - ¢<un,m7 un—i—l,m)u (31)
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that s, ©(Upm+1, Un+1.m+1) = Y (Un,m, Unt1,m) o0 solutions of (1.2). In addition, let the identity
o(x,y) = v be uniquely solvable for y. Then each p-th order n-integral for the equation (1.2)
can be written in the form

(pn,m(@(un,m) un—l—l,m)a Qp(un—i-l,ma un+2,m)a teey @(un—ﬁ-p—l,ma un-i—p,m))- (32)

Note that Lemma 3.1 only defines the form of the integrals (if they exist) but does not
guarantee their existence.

Jorasamenvcmso. Resolving the identity ¢ (tn m, Unt1.m) = v with respect to u,11,,, we obtain

Up+1,m = g(gp(un,m7un+1,m)aun,m)' (33)

Let (1.2) admit a p-th order n-integral €2, ,,. Using expression (3.3) as well as its consequences
derived by shifts in n, we rewrite €, ,, in terms of Uy m, ©(Unm, Un+1.m) and its shifts in n:

Qn,m = Cbn,m(un,ma Qp(un,ma un+1,m)7 @(un—‘rl,ma un+2,m)y ey go(un—l—p—l,ma un+p,m))~ (34)

The relation (3.1) implies that @©(Untjm+1, Untjt1m+1) = Y(Untjms Untjt1m) On solutions of
(1.2). Therefore, the shift of (3.4) in m gives:

Qn,m—l—l = an,m—&-l(un,m—‘rly w(un,ma un+1,m)7 77/}<un+1,ma un+2,m)a R w(un—&-p—l,m) un—l—p,m))'

Comparing the last identity and (3.4), we see that Q,, ,, satisfies the defining relation (1.3) only
if the function ®,, ,,,41 in (3.4) is independent of its first argument for all n and m. O

Let us consider the equation (1.7) as an illustrative example. Subtracting 1 from both sides
of (1.7) and then replacing them with their reciprocal values, we rewrite this equation in the
form

Un,m+1 . Un,m +1

Un+1,m+1 — Un,m+1 Un4+1,m — Un,m ‘
Thus, (1.7) satisfies all conditions of Lemma 3.1 with

U Upm + 1
SO(Umm, un-‘er) = - > ¢(un,m> un—l—Lm) = LN
un+1,m — Un,m Un+17m - un,m
This choice of ¢ and v is not most obvious but convenient for the reasoning in the next
paragraph. It is easy to check that
Un4+2,m — Un+1,m _ Un,m + 1 (3 5)

Up+1,m — Unm Un+1,m

where

_ o Un,m
Un,m - (P(un,ma un+1,m) - .
un+1,m - umm

Note that the left-hand side of (3.5) is an n-integral of (1.7) and the right-hand side is the

representation in the form (3.2) for this integral.
Applying the scheme of the invertible two-point transformations from Section 2, we see that

Un,m

Unm = ——————
Unp+1,m — Unm
maps solutions of (1.7) into solutions of the equation (2.3) and the right-hand side of (3.5) is
an n-integral for (2.3). The latter is a particular case of a more general fact formulated in the

following Lemma.
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Lemma 3.2. Let equation (1.2) satisfy the assumptions of Lemma 3.1, the functions p(z,y),
Y(z,y) be functionally independent and the transformation v, = @(Unm,Untim) Map
solutions of (1.2) into solutions of an equation

Un4+1,m+1 = Q(Un,ma Un+41,n, Un,m+1)- (36)
Then equation (1.2) admits an n-integral of order p > 1 only if equation (3.6) admits an
n-integral of order p — 1.
Joxasameavecmeo. Let €, ,, be a p-th order n-integral of (1.2). Lemma 3.1 implies that

Qn,m = CDn,m(vn,ma Un4+1,my - - - >Un+p—1,m)7 (37)
where v;; = @(u;;,ui11,). Let TF denote the combination of the shift by k in n and the
elimination of the variables v, y; m+t1, @ > 0, by using equation (3.6). Since v, ,, satisfies (3.6)
for each solution of (1.2), we have

Un4+1,m+1 = Tnl (vn,m+1) = Q(Un,my Un+1,m; Un,m+1)7
Unt2,m+1 = Tq% (Q) =Q (Un+1,m7 Un4-2,m; Q(Un,mu Un+41,m; Un,erl)) )

Un+k+1m+1 = T:f(@) = Q(Un+k,m7 Un+k+1,m Trlfil(Q»a k> 1.

Substituting these formulae into the defining relation for integral (3.7), we obtain

q)n,m+1(vn,m+17 Qa s 7T7Z;_2(Q)) = (I)n,m(vn,ma Un+1,m7 CIE 7Un+p—1,m)- (38)
This identity holds as

Unm+1 = Qp(un,m+1> un+1,m+1) = w(un,ma un+1,m)7
see (3.1), and

Un4t,m = (;D(unJrf,m: un+€+1,m): (= 0717 - 15
other variables v;; are absent in (3.8). But ©(unm,Unt1m) and @(Uniom, Untes1,m) are
functionally independent and, hence, (3.8) should hold identically for arbitrary v, ,.1 and

Unmte- Thus, @ (Vnm, Ung1ms - - - Untp—1,m) 1S an n-integral of the equation (3.6). Taking
(3.7) into account, we see that ®,, ,,, essentially depends on v, ,, and v, p_1,, if

Osm Om

—— #0 and —— #0.

aun,m uner,m
The integral ®,, ,,, therefore has order p — 1. The proof is complete. O]

Remark 3.1. In contrast to (1.2), we do not assume

80  8Q 90

aUn-‘,—l ,m avn,m—i—l aUn,m

# 0
for (3.6). But this inequality follows from assumptions of Lemma 3.2. Indeed, substituting

Unm = Qp(un,nw un+1,m)7 Un,m+1 = w(un,ma unJrl,m)

into (3.6), we obtain

dJ(unJrl,mu un+2,m) == Q (90<un,m; U’n+1,m>7 <p<un+1,m7 un+2,m>7 ¢<un,m7 unJrl,m)) (39)

and we see that the last relation holds only if Q) depends essentially on its second argument.
The functional independence of ©(Unt1.m, Unt2.m) 6Nd Y(Unt1m, Untom) excludes the case when
Q is independent of both first and third arguments. Differentiating relation (3.9) with respect
0 Uy m, we see that this relation cannot hold if Q) is independent of its first or third arguments
since ©(Up m, Unt1,m) s (Unms Unt1.m)s @ (Unt1m, Untom) are functionally independent and these
functions should essentially depend on their first argument to be compatible with both (3.1) and
the inequality in (1.2).
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The next proposition is a direct implication of Lemma 3.2.

Theorem 3.1. Let equation (1.2) satisfy the assumptions of Lemma 5.1, the functions
o(x,y), v(z,y) be functionally independent and the transformation v, m = @ (Unm, Unt1.m) MaP
solutions of (1.2) into solutions of (1.2) again. Then equation (1.2) does not admit n-integrals.

Roughly speaking, the above theorem means that a quad-graph equation has no n-integrals
if it admits a two-point invertible, in the sense of [13], [15], auto-transformation depending on
the shift of w,,,, in n.

Jlokasameavemso. We argue by contradiction and assume the contrary. Let (1.2) have an n-
integrals of order p. If p > 1, then, applying Lemma 3.2 several times, we obtain that (1.2)
admits a first-order n-integral.

Each first-order integral of (1.2) is of the form @, ,,(¢(tpm, Unt1,,)) by Lemma 3.1, and
(3.1) implies that the defining relation for this integral takes the form

(I)n,m+1(w(un,m; un+1,m)) = (I)n,m(90<un,m7 unJrl,m))-

But this contradicts the functional independence of i) and ¢. The proof is complete. O

Making the interchange n <> m in Lemmata 3.1, 3.2, Theorem 3.1 and in their proofs, we
also prove the following analogue of Theorem 3.1 for m-integrals.

Theorem 3.2. Let there exit functionally independent functions @¢(x,y) and (z,y) such
that the right-hand side of (1.2) satisfies the relation

@(un—l-l,ma F(“n,ma Un+1,m; un,m—i—l)) - ¢(un,m7 un,m—l—l)a

that is, @(Un+1.m, Unt1.m+1) = U(Unm, Unm+1) 0N solutions of (1.2). In addition, let the equation
o(x,y) = v be uniquely solvable for y. Then equation (1.2) does not admit m-integrals if the
transformation Uy, = @(Unm, Unm+1) maps solutions of (1.2) into solutions of (1.2).

As it is demonstrated in Section 2, equation (2.2) satisfies all assumptions of Theorems 3.1,
3.2 in the case AB(A — B) # 0. The corresponding functions ¢, 1, ¢ and v are

n,m; Unt+1,m) — Un my—_Av n,ms; Unt+1,m) — 7 7 _Au
P(Unms Unt1,m) = Unt1, U Y (Unm, Unt1,m) Unm + B
Bun,m—‘rl n Bun,m—&-l(”mm + A)

@(Un,m, un,m+1) -

w(un,ma un,m+1) - A(Un,m + B) + (B — A)Un7m+1.

Thus, taking Proposition 2.1 into account, we make the following conclusion.

)
B + un,m - un,m-‘,—l

Proposition 3.1. Hietarinta equation (1.1) has no n- and m-integrals if (a —c)(b—d) # 0.
Theorems 3.1 and 3.2 are also applicable to the linear equation

Unp+1,m+1 = AUpt1m + ﬁun,m—i-l + YUn,m (310)

with constant coefficients o, 8 and ~. Indeed,

So(un,rm un+1,m) = Un+1,m — 5un,m7 w(un,my un+1,m) = QUp+1,m + YUn,m,

@(un,ma un,m—i—l) = Up,m+1 — QUpm, &(un,nm umm—‘rl) = Bun,m—l—l + YUn,m
for this equation. The transformations v, ;m = Unt1.m — BUnms Unm = Unm+1 — Oy m, Which
coincide with the discrete Laplace transformations (see [17], [9]), map solutions of (3.10) into
solutions of (3.10) again. Thus, Theorems 3.1 and 3.2 imply that (3.10) has no integrals in the
case 7 + aff # 0 because both the pairs ¢, 1 and @, ¢ are functionally independent under this
condition.
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Remark 3.2. As it was demonstrated in |9], [10], to vanish a Laplace invariant is a necessary
condition for the existence of autonomous integrals of (1.2). Analyzing the proof of Proposition 2
in [10], we can make sure that this necessary condition remains valid for non-autonomous
integrals of autonomous equations. Since all Laplace invariants of (3.10) are equal to v+ a3, we
see that the Laplace invariants provides an alternative way to prove the absence of integrals for
equation (3.10) in the case y+af # 0. And this provides another way to prove the Darboux non-
integrability of the generic Hietarinta equation if we employ the fact [11] that the transformation

Un+1,m

Upm = === — A maps solutions of the linear equation

Un+1,m+1 = Un+1m + Avn,m—‘rl + (B - A)Un,m (311)

into solutions of (2.2). Indeed, since all Laplace invariants of (3.11) are equal to B, this
linear equation is not Darbouz integrable in the case B # 0 and the Darboux integrability
of the corresponding Hietarinta equation (2.2) contradicts the following obvious statement, cf.
Lemma 1 in [7].

Proposition 3.2. Let a transformation

8o 0

a/Un,m aanrk,m

un,m = ¢(Un,ma Un—i-l,ma s 7Un+k:,m)7 k > 07 7é 07 (312)

map solutions of an equation

Un+1m+1 = Q(Un,ma Un+1,m> un,m—i—l) (313)

into solutions of (1.2) and let the equation (1.2) admit an n-integral of order p. Then the
equation (3.13) possesses an n-integral of order p + k.

Aoxazameavcmso. Let €, ., be an n-integral for (1.2). Then defining relation (1.3) holds for
each solution of (1.2) and, in particular, for all solutions obtained by formula (3.12) from
solutions of (3.13). Therefore,

Qn,m (gb(vn,ma Un4+1,my - - - >Un+k:,m)a s >¢(Un+p,m7 Un4p+1l,ms - - - avn+p+k,m))

is an n-integral of (3.13). The proof is complete. O

Thus, the Hietarinta equation gives an example of a quad-graph equation that is linearizable
but is not Darboux integrable.

It should be noted that Remark 3.2 describes a sketch for the proof of the Darboux non-
integrability of (2.2) in a way very similar to that was used in |7] for estimating the minimal
orders of integrals for a particular linearizable quad-graph equation. In the present paper,
the author prefers another way that does not require introducing the Laplace invariants and
therefore seems to be more self-contained.
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ON DISCRETIZATION OF DARBOUX INTEGRABLE SYSTEMS
ADMITTING SECOND-ORDER INTEGRALS

K. ZHELTUKHIN, N. ZHELTUKHINA

Abstract. We consider a discretization problem for hyperbolic Darboux integrable systems.
In particular, we discretize continuous systems admitting - and y-integrals of the first and
second order. Such continuous systems were classified by Zhyber and Kostrigina. In the
present paper, continuous systems are discretized with respect to one of continuous variables
and the resulting semi-discrete system is required to be also Darboux integrable.

To obtain such a discretization, we take z- or y-integrals of a given continuous system
and look for a semi-discrete systems admitting the chosen integrals as n-integrals. This
method was proposed by Habibullin. For all considered systems and corresponding sets of
integrals we were able to find such semi-discrete systems. In general, the obtained semi-
discrete systems are given in terms of solutions of some first order quasilinear differential
systems. For all such first order quasilinear differential systems we find implicit solutions.
New examples of semi-discrete Darboux integrable systems are obtained. Also for each of
considered continuous systems we determine a corresponding semi-discrete system that gives
the original system in the continuum limit.

Keywords: Darboux integrability, discretization.

Mathematics Subject Classification: 37K60

1. INTRODUCTION

In the present paper we study the problem of the discretization of integrable equations so
that the integrability property is preserved. In particular, we consider hyperbolic systems

p;y:fl('r7y7p7p$7py> /L’:l?"'7m7 (1'1)

where p = (p*, ..., p™), p. = (p,...,p) and p, = (p;, D)
For such hyperbolic systems it is convenient to use Darboux integrability |[1]. The above
system is said to be integrable if it admits m functionally independent non-trivial x-integrals

and m functionally independent non-trivial y-integrals. A function I(z,y, p, py, Dyy, - - -) is called
an z-integral of the system (1.1) if

D, I(x,y,p, Dy, Pyys---) =0 for all solutions of (1.1), (1.2)

where D, is the total derivative with respect to x. One can define y-integrals in a similar way.
Darboux integrable systems are extensively studied, see [2]-[11] and a review paper [12].

The extension of the notion of Darboux integrability to discrete and semi-discrete Darboux
integrable systems was developed by Habibullin and Pekcan [13], see also [14]. In recent years
there is an interest in studying such systems, see [15]-[25]. A semi-discrete system

qlim:fi(xanaQ7Qxaq1) Z':]_’“,7m7 (13)
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where ¢ = (¢*,...,¢™), ¢z = (q},...,¢") and ¢; = (¢ (x,n +1),...,¢"(z,n + 1)), is called
Darboux integrable if it admits m functionally independent non-trivial z-integrals and m
functionally independent non-trivial n-integrals. A function J(z,n,q, ¢z, Gzs, - - .) is called an
n-integral of the system (1.3) if

DJ(x,n,q,qs, Qeas - --) = J(T, 0, ¢, Gy Qs - - -) for all solutions of (1.3), (1.4)

where D is the shift operator, that is Dqg = ¢;. Note that Dq. = qio1, K = 1,2,3,.... The
z-integrals I(x,n,q,q1,qo, . ..) for system (1.3) are defined in the same way as for continuous
systems.

A hypothesis states that any continuous Darboux integrable system can be discretized with
respect to one of the independent variables such that the resulting semi-discrete system is
Darboux integrable and admits the set of x- or y-integrals of the original system as n—integrals
[26]. The results of our work support the above conjecture. We complete the discretization of
continuous Darboux integrable equations derived by Zhiber and Kostrigina in [8]. In their paper,
Zhiber and Kostrigina considered the classification problem for continuous Darboux integrable
systems with two integrals of the first order and two integrals of the second order. They found
all such systems together with their z- and y-integrals. Following [8], we have two types of
systems. The first system is

Ug Uy o
Ugy = + + 5 | UzVy,
U—+v uU-+v U+ a*v

v _azvmvy_i_ ! + L UV
Y w4 a2y alu+v) u+av) Y

(1.5)

with « being a nonzero constant. We mention that in the case o = 1, system (1.5) was discretized
in [26]. For o # 1, it possesses y-integrals

1 11—« —a
11:(1+_>U( s ) _Um( U ) | (1.6)
o uU-+v U+ v

1
= e (0t et av, (1.7)

Uy a(u+v)

and the z-integrals have the same form in u, u,, u,, and v, v,, v, variables.
The second system reads as

Vg Uy " 1 N 1
Uy = ULV,
Y ww+d w+d  aluv +c) Y

(1.8)
UV Uy o 1
Ugy = + + Vg Uy,
uv + ¢ (uv—l—d uv+c>
where «, ¢ and d are nonzero constants. For &« = —1 it possesses y-integrals
d— 2,2 2Us
12:( cuiup  cugv (1.9)
2uv+d)?  w+d
and p
Jy— Uss (d — c)vu, — cuvx’ (1.10)

Uy c(uv + d)
where ¢ and d are non-zero constants and the z-integrals have the same form in wu, u,, u,, and
V, Uy, Uy, variables.
For o # —1 it possesses y-integrals

B 2,,6+1
AL S (1.11)
(wo+d)f  (uv + d)B+!
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and
Ugy 20Uz + UV,
Jg=——"""4+ ———, 1.12
3 Uy wo +d ( )
where d and f = —a # 1 are nonzero constants, and the z-integrals have the same form in

U, Uy, Uyy aNd U, Uy, Uy, variables.

In order to discretize the systems (1.5) and (1.8), we employ a method introduced
by Habibullin et. all [20], see also [24]-[26]. According to this approach, one takes the
x- or y-integrals of a system and looks for a semi-discrete system admitting such integrals as
n-integrals. In general, one gets a set of semi-discrete systems admitting these n-integrals. For
all sets of the y-integrals of systems (1.5) and (1.8) we obtain corresponding semi-discrete
systems. Note that initially we allow the parameters «, ¢ and d in integrals (1.6), (1.7) and
(1.9)-(1.12) to depend on n. It turns out that only d may depend non-trivially on n in one case.
In all cases we are able to choose a semi-discrete system that gives the original system in the
continuum limit. Also in examples, where we can write a semi-discrete system explicitly, we
show that the system is Darboux integrable.

The following theorems are formulated for a hyperbolic type semi-discrete system

{ulm:f(x7n7u7vvum7vx7ulavl)a (1 13)

Vg = g(xv n, U, U, Ug, Uy, U1, Ul)a
where variables u,v depend on a continuous variable x € R and a discrete variable n € Z.

Theorem 1.1. Let o # 1. System (1.13) admits n-integrals (1.6) and (1.7) if and only if it
15 of the form

Uy +v -
Uy = 1+ 1D? 1uaca
Uu v
. (1.14)
a+ 1Dy —vD,
Vig = Uy + Dlvx-
e U+ v

The function Dy is equal to 1 or given implicitly by H(n, Ky, L1) = 0, where, for each n, the
symbol H denotes an arbitrary smooth function and

an, DY — avDIT 4 (1 — DYy

K, = D 1) , (1.15)
_ o1 o1 _ - o
L (ug — DI+ ) els (—1)%ePT (any DY — aw DI 4 (1= DY ) (1.16)
Dy(Dy 1) (Df " = 1)+ '
Let us construct some examples.
Example 1.1. In the case Dy = 1 system (1.14) becomes
U + U1
Uy = + o Uy
u
1\ vy — v (1.17)
Vig = <1+—> Uy + Vg
a) utv

This system is Darboux integrable. Indeed, it possesses two independent non-trivial n-integrals
(1.6), (1.7) and two independent non-trivial x-integrals

V—U Uy —u 1

and Fo=——— — vy —v)T+a. 1.18
V1 — Vg 2 (v —v)THe ( ! ) ( )

Fi=

The x-integrals can be found by considering the x-ring corresponding to the system.
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Example 1.2. Letting K1 =0 and a = —1, we get

Dl _ uy + U1 .
Uy + v
Using (1.14), we find the system
Uy + v
Ule = Y Ug,
u
.y (1.19)
Vig = Ve
Uy + v

This system is Darboux integrable. It possesses two independent non-trivial n-integrals (1.6),
(1.7) and two independent non-trivial x-integrals

(UQ+U1)(U—111) (u—ul)(ul +’Ul)

Fi= and Fo = . 1.20
P (o) (0 — ) 27 (—ug + ug)(ug + v) (1.20)
1
Example 1.3. Choosing K1 =0 and a = 5 we get
4U1 + 2?]1
D, = :
v+ /2 + 16u? + Suyv,
By (1.14), we obtain the system
2
( up + vy v+ /v + 16u? + 8uyv,
Uiy = Uy,
! U+ v duy + 2v;
2
o v+ /02 + 16u? + Suyv;
Vg = —
! U+ v duq + 211 (1.21)
v(4uy + 2v1)
(u+v)(v + /02 + 16u? + Suyvy)
4uq + 211
+ Vg
L v+ /v2 + 16u3 + Suyv;
This system possesses two independent non-trivial n-integrals (1.6) and (1.7).
Example 1.4. Considering L1 =0 and o = —1/2, we get
p U + /v + 16u2 + Suv
e 20 + 4du '
By (1.14) we then arrive at the system
/ 2
Uy + U1 2v + 4u
Ule = Ugs
u+v \ v+ v} + 16u2 + Suv
2
vy 20 + 4u v(v1 + v/} + 16u? + 8uv) (1.22)
Vg = — - Uy :
1 u+v \ v + /v + 16u? + Suv (u+ v)(2v + 4u)
vy + /07 + 1602 + Suv
+ ..
( 2v +4u

This system possesses two independent non-trivial n-integrals (1.6) and (1.7).
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Remark 1.1. In both previous examples let us consider the corresponding x-rings. Let

0 0
X = D,, V= —, Yy = —
! Oy, 2 v,
El:[}/l’X]? EQZD/Q,X], EgZ[El,EQ].

We observe that
X =uF1 +v,Fy+ Y, + Y5
The following multiplication table

|E;, E;] Eq Es Es
E1 0 E3 —2<U + U)_1E3
E, —FE5 0 —Q(U + U)ilEg
E; 20u+v) B3 | 2(u+v) 1 Es 0

shows that the x-rings are finite-dimensional. Therefore, systems (1.21) and (1.22) are Darbouz
integrable.

Remark 1.2. We consider the function D‘fﬁ1 defined tmplicitly by
H(K1, L) = K1 =0,
that s, by
owlD?_l - owDiJra_l +(1- D?_l)ul =0,

and expand it into a series of the form
Dif (u1,v,v1) Zan vy — )"
where the coefficients a,, depend on variables u; and v only. This yields

a—! (67
Dy (ul,v,vl):1+u1+a2 v — +Zanvl—v

and

OZ2

Dl(ulyv Ul) =1+ 101"'—042

(v —v) —i—Zan (v —v)".

n=2
Letting uy = u + euy, v1 = v + v, and passing to the limit as € — 0, one can see that system

(1.14) becomes (1.5).

Theorem 1.2. System (1.13) admits n-integrals (1.9) and (1.10) if and only if it is of the

form
v(ujvy + d)Dy
ulx -~ X
vy (uv + d)
(d — c)vv (D3 — 1) v (1.23)
Vg = - 2 Uy + _1ULE'

2¢(uv + d)Dy vDy
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The function Dy is defined implicitly by H(n, Ky, Ly) = 0, where, for each n, the symbol H
denotes an arbitrary smooth function and
 vDy M

2d
Dy — 1) M~ e+d
u(De = 1) . (—2cduyvy + uwvDy M) , Ly=—"— (1.24)

Ky =
2 UDQ U1

where
(C —f- d)(DQ — 1)U1U1

D,

M = 2¢d +

Example 1.5. Let Ky =0, then we get
~ (2cd + (¢ + d)uv)ugvy
(2¢d + (¢ + d)ugvy)uv

y =

Using (1.23), we obtain the system
( uy(uvy +d)(2¢d + (¢ + d)uw)

e = u(uwv + d)(2ced + (¢ + d)yugvy)
_ (d—o¢) uv?(2¢d + (¢ + d)uv) B uv?(2cd + (¢ + d)uyvy)
Vi " 2c(uv + d) < u(2cd + (¢ + d)uyvy) u1(2¢ed + (¢ + d)uw) ) ta (1.25)

u(2ed + (¢ + d)uqvy)
L u1(2ed + (¢ + d)uw)
This system possesses two independent non-trivial n-integrals (1.9) and (1.10). One can confirm
that this system possesses also the following two n-integrals
(2¢d + (¢ + d)uv)uy, . (¢ — d)yuv?u, UV,
u(uv + d) ’ 2= 2¢(uv 4+ d)(2¢d + (¢ + d)uw) + 2cd + (¢ + d)uv
Considering the corresponding x-ring we can also find the x-integrals given by
]__1:E<20d+(c+d)uv>z+g F, = v w
2cd + (¢ + d)uyvy UgVs — UV
Example 1.6. Let Ky =0, then

Iy =

(et dun
© 2cd + (c+ d)ugvy

2

Using (1.23) we get the system
( (e +dwv(uv +d)

e = (wv 4+ d)(2¢d + (¢ + d)uqvy)
o (d —c)v ( (c+duwvy  2cd+(c+ d)ulvl> y
" 7 20(uwv + d) \ 2ed + (¢ + d)ugv, (c+ d)uy ’
2cd + (¢ + d)uyvy
L (c + d)uqv

This system possesses two independent non-trivial n-integrals (1.9) and (1.10) and two

independent x-integrals
ctd e=d

1 (20d+ (c+d)u1v1> 2d L <2cd+ (c+d)u1v1) 2d

c+d VU Uy VU

Fi=

and 0
vy (2cd + (¢ + dyugvy) 36
v (2¢d + (¢ + d) (urvy + ugvy))
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Remark 1.3. We consider a function Dy defined implicitly by
H(Ks, Ly) = Ly — (2¢d)®¥(¢t9) =

and expand it into a series of the form

ul,v Ul E Cln 'Ul—U

where coefficients a,, depend on variables uy and v only. This gives:

(v —v) +Zan (v —v)".

n=2

Cc

D =14+ —
2(un,v,01) =1+ v(uv + ¢)

By letting w1 = u+eu,, vi = v+ ¢cv, and passing to the limit as € — 0 one can see that system
(1.23) becomes (1.8) with o = —1.

Theorem 1.3. System (1.13) admits n-integrals (1.11) and (1.12) if and only if it is of the
form
ULV + d1

Da(uwv +d)

—pv} | pv*Df 5
v <D3(uv+d) * w+d)" TR

Uy =

(1.26)

The function D3 is given implicitly by H(n, K3, L3) = 0, where, for each n, the symbol H
denotes an arbitrary smooth function and

(Ul — UD?)ﬁ_l(dlu — dung)

K3 = D, , (1.27)
Ly = (v — vD3)(1=9)8 <d DI dy + (B — Dun(vr — vpg’)). (1.28)
Here di = Dd and D is the shift operator.
Example 1.7. Considering K3 =0, we find
1
Dy — Zfﬁj

Using (1.26), we get the system
(wrvr + dp)v'/?

1x x>

(uv + d)vy’?
2,1/8 v2v v
Vg = ( BU + g ! ux+—1vx
v

(1.29)

P (uv +d)  v(uv+d)

This system possesses two independent non-trivial n-integrals (1.11) and (1.12) and two
independent x-integrals

and



ON DISCRETIZATION OF DARBOUX INTEGRABLE SYSTEMS ... 183

One can confirm that this system possesses also the following two n-integrals

. v Bu, . Uz Poug
P ww+d v w+d
Example 1.8. Let K3 =0, we find
dlu
Dy = —.
3 dU1
By (1.26) we get the system
- (wvy + dy)duy
T (wt dydyu
1.30
Bdviu, BdPv2uf dPuP (1.30)
Vig = | — 3 Uy + —= 5 Va
diu(uv +d)  dBu) (uv + d) dbu]

This system possesses two independent non-trivial n-integrals (1.11) and (1.12) and two

independent x-integrals
B d’fuﬂv — dﬁufvl

N dgufvl — dfugvg

Fi

and
(dPuPv — dPulvy) (ddiuPu — dydPullu + (1 — B)uuy)

FQ - ddluul

We confirm that this system possesses also the following two n-integrals

o du, e _ ubu, n Bu2uPu,
P (w4 d)’ P df dP(uv+d)
L . di+ R
Example 1.9. Considering Lz = 0 with 8 = 2, we get D3 = 5 , where
uLv
R = \/d% + 4U1U(U1U1 — dl)
Then by (1.26) we arrive at the system
( B (uwl + d1)<d1 — R)
Uy = Uy,
2(uv + d)(dy — uqvy)
2(R—d d? +2 —d iR -
v = (U1< 1) L4 + UW(“W; 1) +di ) u (1.31)
d1 — U1 uy uv + d
d% + 2ulv(ulvl - dl) + leU
2uiv? .

This system possesses two independent non-trivial n-integrals (1.11) and (1.12).

Example 1.10. Considering Ly = 0 with B = 1/2, we see that

2d1 + uv; + R
2uqv

Dy* =

Y

where

R = \/(2d1 + U1U1)2 — 8d1U,11}.
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Employing (1.26), we get the system
. (ulvl + dl)(2d1 + uiv1 — R)2

e = 162 (uv + d) e 132)
A —v?(2d; + uv; — R)? N v(2d; + uyv; + R) Uy 2d, + wv; + R '
e = 32d3 4w,y uv +d 2uqv v

This system possesses two independent non-trivial n-integrals (1.11) and (1.12).

Remark 1.4. In both previous examples the corresponding x-rings have the following
multiplication table

(E;, ] E,y E, Es

R A
- —2u

2 E3 0 d+ uv Ej
v 2u

Es d—l—qu3 d—l—qu3 0

where the fields X, Yy, Ya, E1, Fy and E3 are introduced in the same way as in Remark 1. This
shows that the x-rings are finite-dimensional and the corresponding systems (1.31) and (1.32)
are Darboux integrable.

Remark 1.5. We consider a function D5 given implicitly by H (K3, L) = L3 = 0 and ezpand
it into a series of the form

oo
Ds(uy, v,01) = Y an(vr —v)",
n=0

where coefficients a,, depend on variables uy and v only. Then

i (v —v) + Z an(vy —v)".

Burv —

u
Ds(ur,v,v1) =1+ 1

n=2
By letting uy = u+eu,, vi = v +¢cv, and passing to the limit as € — 0 one can see that system
(1.26) becomes (1.8). We observe that § = —« and constants «, ¢, d satisfy the identity d = ac.

2. PROOF OF THEOREM 1.1

It follows from the identity DJ; = J; that

Ulzx 1 1 Uiy U1z o Uy (OZ + 1)“90 + AUy
Uty 1) up v u U alu+v)
that is
fz+fuu9&+fvvx+fu1f+fvlg+fulua:x+fviva:a: . 1+i f
/ a1/ U+ vq
(2.1)
g U (a+Du, +av,
up v Uy alu+v)

By comparing the coefficients at v,, and u,,, we get
1
fs, =0 and fur _ —.
I ug

Hence,
flzymyu, v, uy, 01, Uy, ) = Az, 0, u, v, Ut V1) Uy (2.2)
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It follows from DI, = I; that

1 Au, '™ Au, ™M 1 u, \'° upy \
1+ — ] —g =(14+—|w — Uy .
oq Uy + U1 Uy + U1 Q U+ v U+ v

We first consider the case a; # a. We have:

g="Tu, + Muiﬁ'al_a + Nogus ™,
where
1 A 1 a=l ga aqn
T:(1+—) ns M:_<1+_>”<“+“> BV ) i
a1 ) uy + vy a (ug + v1)™ (ug + v1)™

Substituting the expression for g and f into (2.1) and comparing the coefficients at u?, u,, v,,
ultr=® and v,u "%, we get

% =0, (2.3)
%—i_Aul * AAUIT_ <l+ai1> u11—|4—v1 B ulf—vl T <1+é) uj—v’ (24)
% T u i v’ (2:5)
M (AX - = ivl) 0, (2.6)
N (AA‘“ - Jlrm) = 0. (2.7)
It follows from (2.5)-(2.7) that
A=t vlS(n,u,ul),
u+wv

where S(n,u,up) is a function depending on n, u, u; only. Substitute this expression for A into
(2.4), we find that

1 2
S a1 (03]

Uy + v

=0. (2.8)
Differentiating the last equation three times with respect to v, we get

1
—6 (1 + —) S =0, hence, S=0.
a1

Hence, A = 0 is the only solution when «a # ;.
Now we consider the case when « is a constant, that is « is independent of n. We have:

1 A A“ “ “
g:<1+—)( no Y (“+v))u$+(A“+“) V. (2.9)
Q U + U1 u+v \up + v U + U1




186 K. ZHELTUKHIN, N. ZHELTUKHINA

We substitute the expressions for f and g into (2.1) and compare the coefficients at v,, u, and
the free term. This gives:

— =0 2.10
o, (2.10)
A, 1 o vA®A, ut+v \° A
— 4+ A, 14+ =) |4, - - —
A 1+( +0z)[ "up+v1 Alu+ o) (u1~|—v1> uy + vy
A A~ “ 1
B v v ( u+v ) N o, (2.11)
(ur +v1)?2  (u+v)(ur +v1) \us + vy u+v
A, A, A~ “ A~ “ 1
Loy fu Uty uTUN = 0. (2.12)
A A U1 + U1 u; +v; \up +vp u—+v
Let N
D, = ( utv ) A, (2.13)
U1 + U1
In terms of the function Dy, the equations (2.11) and (2.12) cast into the form
_ +1 -1 -1
(4 + v)Dyy + (11 +v1)DY Dy, + = (0D} DDy, ~Dy(Dy —1) =0, (214)
D,
* + Dy, =0. 2.15
D, + luy ( )

The set of solutions of the above system is not empty. For example, D; = 1 is a singular solution
leading to Darboux integrable system (1.17). Let D; # 1. It is convenient to regard D; as a
function of n, u, v, uy, v; defined implicitly by the equation as follows

W (n,w,v,uy,vy, D) = 0.

Then in terms of function W = W(n,u,v,us,v1,D;), equations (2.14) and (2.15) can be
rewritten as

—1 + 1 —1 —1
(u+0) W, + (ur + 01)DY Wy, + QT(lef‘ — D)W, + Dy (DY — 1)Wp, =0, (2.16)
Wy
W,, = 0. 2.17
Dl + 1 ( )
Under the change of variables
17:'11, ?N}l:’l)l—?)Dl, ﬁ:u, ﬂlzul, ’blzpl,

the above equations cast into the form
~ ~ 1 1 o~ 1 = -1 ~
(a + QNJ)VVﬁ + (ﬂl + 171 + ’INJDl)D? VV{“ + ((1 + a) Ulp? + EU(D%—HX — Dl)) Wﬁl
+ (D —Dy)Wp, =0,
Wi = 0.

We differentiate the first equation with respect to ©, then use the identity W3 = 0, and get two
new equations

~ -1 1 ~ -1 ~
Wi+ D1t Wy, + — (Dt —D)W;, =0,

«

- - o a+1_ ~ - -
aWa + (i + 00)DY W, + — 0Dy Wa, + (D17 = Dy)Wp, =0
In the latter system, we make the change of variables
uy = U — 75%““_1@, v = 0/15?_1171 +(1-— 75?_1)&1, ut =1, vt =1, Di = 751
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and we get:
Wy = 07
(@i +a 1= D i + o i D Wy

Qa + 1 xyra ! * xa !

The last equation has a general solution H(n, K, L;) = 0, where K;, L; rewritten in old
variables are given by (1.15), (1.16) and H is a smooth function for each n. Now, using identities
(2.13), (2.2) and (2.9), we obtain system (1.14). This completes the proof.

3. PROOF OF THEOREM 1.2
The identity D.J, = Jo implies that
fx + fuux + fvvx + fulf + fvlg + fuTux:B + fvxvzx + (dl - Cl)vlf — Clu1g

f c1(ugvy + dy) (3.1)
Uz  (d — C)vu, — cuv,
T ouy c(uv + d)
Comparing the coefficients at u,, and v,, in the above identity, we get
fux ]'
fo. =0 and TZU_:B
Hence,
f=A(x,n,u,v,uq,v1)u,. (3.2)
The identity DI = I implies
(di —c)viA®u,  cAg _(d- viu, vy (3.3)
2(uyvy + dy)? wvr +d; 2wv+d)? w+d )
It follows from (3.3) that
(di — c1)viA  (d — c)vi(ugvy + dy) c(urvy + dy)
- (201(1“@1 +d) 20 A(uw + d)? ) YT At d) (3.4)

Substituting the expressions for f and g into (3.1) and comparing the coefficients at u,, v, and
the free term, we get

Ay

a0 (3.5)

Au CA (i L w ) ( (di —c)viAd  (d =)’ (umn +d1)>

A “ A u1v + dy 2¢1 (ugvy + dy) 2c1 A(uv + d)? (3.6)
(dy — 1) A  (d—c)v
c1(ugvy + dy) B cluw +d)

Ay cluvy +dy) (A, Uy u

A CEA(UU —|—d; ( Al R —I—d1> + P 0. (3.7)

One can check that
_ v(wvr +d)

EROCER)
is a particular solution provided d; = d and ¢; = c.

Now assuming that
v(uivy + d)

vi(uv +d)’
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we introduce a new function ( )
vi(uv +d

Dy=——*_A. 3.8

2 v(uvy + dy) (3.8)

In terms of Dy, system (3.6) becomes

DZz = 07
+ dy)D
(wv + d)Day, + ”(u“’lv ) 2Dy, ”—zl ((dy = ¢1)Dy — (d — ¢)Dy ") Dy,
1 1
d d d
o _UDQ ( 1 + 1>UD22 + ,U( C) — 07
c 2cq 2c1

Cﬂ)DgDQU + C’Ulpgvl + (—CDQ + 61D22) =0.

In the same way as in the proof of Theorem 1.1, we introduce a function W (n, u, v, uy, vy, Ds).
For the function W = W (n, u, v, uy, vy, Dy) the last two equations become

(ugvy + dy) VU1

(wv + d)W, + o DWWy ot (= )y = (d =)Dy W,
+ (d—:m _ldite) ;C fl)”Df - “(C;—C_lc)) Wp, =0,
clvDaW, 4 co Wy, + (¢Dy — ¢ D> ) Wp, = 0.
In new variables
u=u, Uy = Uy, 0 =v(1Dy — ¢), o = vi(c1Dy — ¢)Dy Dy = D,,

the last system can be rewritten as
(1D = e)iid + d(rDa = €2 )Wy + = (@51 D(er Dz = ) + da(er D3 = ) W
U1

~ ~ 2
L <c1d1>2 _(dite)Dy | e d) W

c 2 2

~ 9 ~
dy — ¢;)D 4, D d
v (= c)D2  cdiDy ot Ws, =0,
2 C1 2

W, = 0.

Special solutions of (3.9) may exist only when D, = ¢1/c. We differentiate equation (3.9) with
respect to Dy three times and get the following system of three equations

~ _ d ~2 d ~ ~
(d62 — CQNMNJ)W{L + CzdlgWﬂ + <C )U ng + (C i )UUl W{} = 0, (310)
(%1 ! 2 2 !
~ d~2 d ~ o~
(01&6 — 2dclc)Wﬂ — (2d1€1c~£ + Cfblf)) Wal + ady Wf) — vt Wf,l = O, (311)
U1 C (6]

dy 3o d 02 dy — ;)00
a2+ (BT L) wy, - )T iz e)it, (3.12)
U1 2 2
that has no solutions if ¢; # ¢ or d; # d. In the case ¢; = ¢ and d; = d the system becomes
RS i)y SO e D)
2¢(Ut1 001 + cd(a0 — 1171)) 2¢(Uty 001 + cd(Ud — Uy0y))
W, — 001 (—2c%d + (¢ + d)av) W 03(2¢*d + (—c + d)uv) Wy, = 0. (3.14)

2C(ﬁa1’l~)’l~)1 + Cd(fb?N] — Z~L11~)1)) v 20(&7:616171 + Cd(’ll?NJ - ?1161))
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Under the change of variables

0 2d
C—dy,  vi=01, v = — (23Rd+ (c+ d)iydy )
U1
c=d _2d
ut =ty (27d 4 (¢ + d)in ) F = 2Pdug 070" (27 + (e + d)inty)
equations (3.13) and (3.14) become W, = 0 and W+ = 0, respectively. We rewrite these first
integrals in old variables and get the general solution in an implicit form H(n, Ky, Ly) = 0,

where, for each n, H is a smooth function and Ky, Ly are given by (1.24). The form of system
(1.23) follows from (3.2), (3.4) and (3.8). The proof is complete.

<

4. PROOF OF THEOREM 1.3
The identity DJ3; = J3 implies
_ fz + fuum + fvvx + fulf + fvlg + fuTumm + fvmvxm + 2U1f + urg o _%_FQUUQ: + UV,

f u v + dy Uy w+d (4.1)
Comparing the coefficients at u,, and v,, in the above identity, we get
w, 1
fuo. =0, fT T
Hence,
f=A(x,n,u,v,uq,v1)u,. (4.2)
It follows from the identity DI3 = I3 that
14 Brodfot e, potuit 43
(wivy +di)P  (wvg +d)A 1t (wo +d)P (uww + d)PH?
First we consider the case 5, # 5. We have:
g = Toul P + Mul™=% - Nu,, (4.4)
where
T AP (uyvy + dy)* M Br2 AP (ugvy + dp)P N Brv?A .
(wv +d) ’ (uv + d)P+1 ’ (wvy + dy)

We substitute this expression for g into equation (4.1) and compare the coefficients at u%, u,,
uP=P1 v, ul™=P1 in the resulting equation. This gives:

Ay

S, (4.5)
% +Au + Ale * ulilAj—ldl * ulzlli\[dl - quj— d’ (4.6)
% - uvsz d’ (47)

(AX + ﬁ) —0, (4.8)
M <A1:{1 + ﬁ) ~0. (4.9)

If T=0o0or M =0, then A = 0. Hence, in order to have A # 0, we assume that TM # 0. If
TM # 0, then equations (4.7)-(4.9) imply
d
uv + S
uvy +d,
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where S = S(n,u,uy) is a function depending on n, u and u; only. We substitute the above
expression for A into (4.6) and we find that

Sy
(uyvy + dp)?*(uv + d>§ + (wvy + di)(uv + d)?Sy, + v1(uv + d)2S — v(ugvy + dy)* = 0. (4.10)

Then we differentiate the last equation twice with respect to v; and we obtain:
2 Su 2
2ui (uv + d)g — 2ujv =0,

that is,

Su W
S wv+d
This contradicts to the fact that S is independent of v, v;. Hence, 5; = .

We proceed to the case when 3 is a constant, that is, £ is independent of n. Let

U1V + d1

Dy = ——.
7 A(w + d)

(4.11)

Then it follows from (4.3) that

2 2pB
g= <_D (5”1 L Py )ur + D, (4.12)
3

w +d)  (uww+d)

Being rewritten in terms of Ds, identity (4.1) casts into the form

ng 4 Dgu ULV + d1 6(?)22)5 — U%Dgl)p 1 U1 _ v w
Dy Dy D(wv+d) " Ds(uv + d) N Da(ww+d) (wo+d) ) "
D _
+ (DS; + Dy 1D3v1) vy = 0.
We compare the coefficients at u,, v, and the free term and we get:
D3x - 07
uwv +d wvy +dy Bv2DE — Bu?Dy ! o
D ——D D ——0v=0 4.13
Dg 3u + D32 3u1 + Dg 3v1 + Dg v ) ( )
Ds, + DyDs,, = 0. (4.14)

We introduce a function W in the same way as in the proof of Theorem 1.1 and in new variables
ﬁlzvl—ng, U=, U =u, Uy = Uy, Ds = D;,

equations (4.14) and (4.13) for the function W = W(n, @, , 1, o1, Ds) can be rewritten as
follows

W5 =0,
Ds(at 4 d)Wy + (a1 (01 4+ 0D5) + dy )Wy,
+ D3(8(Ds — D5) — 1) Wp, — Bon (01 + 0D )W;, = 0.
We differentiate the latter equation with respect to v, employ the identity W; = 0, and get a
new system of equations:
UDsWy + Dy Wa, + (D3 — Dy ™YW, — By Dy Wy, = 0,
AD; Wy + (11 + di) Wi, — Dstn W, — BT W5, = 0,
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which can be rewritten as

d1Ds — d\ D + Dyiny dio, D5
W, + & ~3 ng + ~3~u1~01W1~)3— _ g 1~Uﬁl~ 3 W, =0,
dvyu — dDs 1y 4wty vy ° dyu — dDguy + uugty
o Ds(dDs — dDS + y) - By (dDS — i) W —o0.

dyii — D20y + Wiy dvii — dDSTy + Gl by
In these equations, we make the change of variables

ut = ﬁﬁl/ﬂdi/(l_ﬂ)ﬁs—l i dd?/(l_ﬁ)ﬂﬂ?i/ﬁ,

D = oy DI — i TP 4 (8 - Dy,

uy = Uy, vt =1, vy = 0y,
and these equations become W,» = 0 and W,,; = 0, respectively. We rewrite these first integrals
in old variables and get that the general solution is given implicitly by H(n, K3, L3) = 0, where,

for each n, the symbol H denotes an arbitrary smooth function and K3, Ls are given by (1.27),
(1.28). The form of system (1.26) follows from (4.2), (4.12) and (4.11). The proof is complete.
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ABSTRACTS

A.B. Borisov

ON INTEGRABILITY OF O(3)-MODEL

Abstract. A three-dimensional O(3) model for a unit vector n(r) has numerous
application in the field theory and in the physics of condensed matter. We prove
that this model is integrable under some differential constraint, that is, under certain
restrictions for the gradients of fields O(r), ®(r) parametrizing the vector n(r)).
Under the presence of the differential constraint, the equations of the models are
reduced to a one-dimensional sine-Gordon equation determining the dependence
of the field O(r) on an auxiliary field a(r) and to a system of two equations
(VS)(VS) = 0, AS = 0 for a complex-valued function S(r) = a(r) + i®(r). We
show the solution of this system provide all known before exact solutions of models,
namely, two-dimensional magnetic instantons and three-dimensional structures of
hedgehog type. We find an exact solution for the field S(r) as an arbitrary implicity
function of two variables, which immediately represent the solution for the fields
O(r), ®(r) in an implicit form. We show that the found in this way exact solution of
the system for the field S(r) leads one to exact solution of equations of O(3)-model
in the form of an arbitrary implicit function of two variables.

Keywords: integrable system, O(3)-model, differential substitution, quasilinear
equation, general solution

B.S. Bychkov, G.B. Shabat

ON GENERALIZATIONS OF CHEBYSHEV POLYNOMIALS AND CATALAN NUMBERS

Abstract. We provide possible directions of generalizations of earlier found relations
between the Chebyshev polynomials and the Catalan numbers arising in studying
commuting difference operators. These generalizations are mostly related with ideas
proposed by N.H. Abel in his publication in 1826, which then were reproduced by
many authors in a modern language. As generalization of Chebyshev polynomials,
we propose to consider polynomials with exactly two critical values well-studied in
a so-called theory of dessins d’enfants. The Catalan numbers are located in the
first column of the table of Harer-Zagier numbers related with the distribution by
genius of orientable sewing of polygons with even number of sides. The commuting
difference operators are implicitly contained in the Abel theory, who studied quasi-
elliptic integrals, namely, the elliptic integrals of 3rd kind integrated in terms of
logarithms. In the present work we formulate conjectures on relation between the
main Abel theorem and commuting self-infinite matrices. In the work we provide
calculations supporting the conjectured relations.

Keywords: Chebyshev polynomials, Catalan numbers, Harer-Zagier numbers,
polynomial Pell equation, dessins d’enfants.
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ABSTRACTS

R.N. Garifullin

ON INTEGRABILITY OF SEMI-DISCRETE TZITZEICA EQUATION

Abstract. In the paper we consider a semi-discrete version of Tzitzeica equation

At 41 duy, -2 -2 A/
[ e Un _l_ e Un+1 _l_ 62u7L 62un+17
dx dx * ) *

which was found in a recent paper [R.N. Garifullin and I.T. Habibullin 2021 J.
Phys. A: Math. Theor. 54 205201]. It was shown that this equation possess higher
symmetries along the discrete and continuous directions. These higher symmetries
are equations of Sawada-Kotera equation type and of discere Sawada-Kotera equation
type. In the work we construct the Lax pair for this equation and for its higher
symmetries. The found Lax pair is written out in terms of 3 x 3 matrices and
this indicates the integrability of the found equations. To solve this problem, we
employ the known relation between one of the higher symmetries with a well-
studied Kaupsbh“Kupershmidt equation. The found Lax pairs can be employed
in further studies of this equation, namely, for finding its conservations laws, the
recursion operators and wide classes of solutions. Moreover, we write out two Lax
representations in the form of scalar operators. The first representation is written in
terms of the powers of the differentiation operators with respect to the continuous
variable x, while the other is written via the powers of the operator of the shift along
the discrete variable n.

Keywords: integrability, Lax pairs, higher symmetries, Tzitzeica equation.

A.V. Zhiber, M.N. Kuznetsova

INTEGRALS AND CHARACTERISTIC LIE RINGS
OF SEMI-DISCRETE SYSTEMS OF EQUATIONS

Abstract. The paper is devoted to the study of systems of semi-discrete equations
Proite = h(T,1, Ty, Py, Tne) Within the framework of an approach based on the
concept of a characteristic Lie ring. Here 7, = (r}, 72 ... rN), h = (h* h2, ... hY),
n € 7. Among integrable nonlinear partial differential equations and systems, we
find Darboux integrable nonlinear hyperbolic equations and systems. A feature
of such equations is the existence of integrals along each characteristic direction,
the so-called = - and y -integrals. This allows us to reduce the integration of a
partial differential equation to integrating a system of ordinary differential equations.
Darboux integrable equations and systems can be efficiently investigated and
classified by means of characteristic Lie rings. Papers by Leznov, Smirnov, Shabat,
Yamilov underlie an algebraic approach for studying nonlinear hyperbolic systems.
Currently, the algebraic approach is extended to semi-discrete and discrete equations.
In this paper, we prove that the system has IV essentially independent z-integrals if
and only if the characteristic Lie ring corresponding to a continuous characteristic

direction is finite-dimensional.

Keywords:semi-discrete system of equations, characteristic ring, x-integral,
Darboux integrable system.
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0O.V. Kaptsov, M.M. Mirzaokhmedov

GENERAL SOLUTIONS OF SOME LINEAR EQUATIONS WITH VARIABLE COEFFICIENTS

Abstract. In the work we find general solutions to some classes of linear wave
equations with variable coefficients. Such equations describe the oscillations of rods,
acoustic waves, and also some models of gas dynamics are reduced to these equations.

To construct general solutions, we employ special types of FEuler-Darboux
transformations, namely, Levi type transformations. These transformations are first
order differential substitutions. For constructing each transformation, we need to
solve two linear second order ordinary differential equations. The solutions of one of
these equations are determined by the solutions of the other equations by means of
a differential substitution and Liouville formula. In the general case, it is not easy
to solve these ordinary differential equations. However, it is possible to provide some
formula for the superposition of the transformation of Levi type.

Starting with a classical wave equation with constant coefficients and employing
the found transformations, we can construct infinite series of equations possessing
explicit general solutions. By means of Matveev method we obtain limiting forms of
iterated transformations. We provide a series of particular examples of the equations
possessing general solutions.

Keywords: linear equations with variable coefficients, general solutions, limiting
Levi transformations.

D.V. Millionschikov, S.V. Smirnov

CHARACTERISTIC ALGEBRAS AND INTEGRABLE EXPONENTIAL SYSTEMS

Abstract. In the present work we study characteristic algebras for exponential
systems corresponding to degenerate Cartan matrices. These systems generalize
hyperbolic sine-Gordon and Tzitzeica equations well-known in the theory of integrable
systems. For such systems, corresponding to Cartan matrices of rank 2, we describe
explicitly characteristic algebras in terms of generators and relations and we prove
that they have linear growth. We study the relations between the higher symmetries
of these systems and the structure of their characteristic algebras. We describe
completely the higher symmetries of exponential systems corresponding to the Cartan
matrix of affine Lie algebra Aél). We also obtain partial results on symmetries of such
systems corresponding to other degenerate Cartan matrices of rank 2. We propose
a conjecture on the structure of higher symmetries of arbitrary exponential system
corresponding to a degenerate Cartan matrix. We study an interesting combinatorics
related with an operator generating a characteristic algebra in the simplest case for
a Darboux integrable Liouville equation. The found combinatorial properties can
be very useful for proving the aforementioned conjecture on the structure of higher
symmetries. Moreover, in the present paper we give a rigorous meaning to notion of
a characteristic algebra of a hyperbolic system used for a long time in the literature.
We do this by means of the notion of Lie-Rinehart algebra and at the examples we
demonstrate that such formalization is indeed needed.

Keywords: characteristic algebra, higher symmetry, Liouville equation, exponential
system.
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V.Yu. Novokshenov

DISCRETE RIEMANN-HILBERT PROBLEM
AND INTERPOLATION OF ENTIRE FUNCTIONS

Abstract. We consider two problems in complex analysis which were developed in
Ufa in 1970s years. These are a Riemann-Hilbert problem about jump of a piecewise-
analytic function on a contour and a problem of interpolation of entire functions on a
countable set in the complex plane. A progress in recent years led to comprehension
that they have much common in subject. The first problem arrives as an equivalent of
the inverse scattering problem applied for integrating nonlinear differential equations
of mathematical physics. The second problem is a natural generalization of Lagrange
formula for polynomial with given values on a finite set of points. It is shown that
both problems can be united by generalization of the Riemann-Hilbert problem on
a case of “discrete contour”, where a “jump” of analytic function takes place. This
formulation of discrete matrix Riemann-Hilbert (dmRH) problem is applied now
for various problems of exactly solvable difference equations as well as estimates
of spectrum of random matrices. It is shown in the paper how dmRH provides a
way to integrate nonlinear difference equations such as a discrete Painlevé equation.
On the other hand, it is shown how assignment of residues to meromorphic matrix
functions is effectively reduced to an interpolation problem of entire functions on a
countable set in C with the only accumulation point at infinity. Other application of
dmRH includes calculation of Fredholm determinants emerging in combinatorics and
representation of groups theory.

Keywords: Riemann-Hilbert problem, inverse scattering problem, entire functions,
interpolation, canonical product, discrete Painlevé equations, Fredholm determinant,
asymptotic expansions.

A.O. Smirnov, V.B. Matveev

FINITE-GAP SOLUTIONS OF NONLOCAL EQUATIONS
IN ABLOWITZ-KAUP-NEWELL-SEGUR HIERARCHY

Abstract. Nonlinear nonlocal models exist in many fields of physics. The most known
of them are models possessing PT-symmetries. Apart of PT-symmetric models,
nonlocal models with inverse time and/or coordinates are actively studied. Other
types of nonlocalities arise much rare. As a rule, in works devoted to nonlinear
nonlocal equations, soliton or quasi-rational solutions to such equations are studied.

In the present work we consider nonlocal symmetries, to which all equations in the
Ablowitz-Kaup-Newell-Segur hierarchy. On the base of the properties of solutions
satisfying nonlocal reductions of the equations in the Ablowitz-Kaup-Newell-Segur
hierarchy, we propose a modification of theta-functional formula for Baker-Akhiezer
functions. We find the conditions for the parameters of spectral curves associated
with multi-phase solutions possessing no exponential growth at infinity. We show
that under these conditions, the variables separate. The most part of statement of
our work remain true for soliton and quasi-rational solutions since they are limiting
cases for the multi-phase solutions.

Keywords: Nonlinear Schrédinger equation, Ablowitz-Kaup-Newell-Segur hierarchy,
nonlocal equation, PT-symmetry, finite-gap solution, spectral curve, theta function.
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B.I. Suleimanov, A.M. Shavlukov

INTEGRABLE ABEL EQUATION AND ASYMPTOTICS
OF SYMMETRY SOLUTIONS OF KORTEWEG-DE VRIES EQUATION

Abstract. We provide a general solution for a first order ordinary differential
equation with a rational right-hand side, which arises in constructing asymptotics
for large time of simultaneous solutions of the Korteweg - de Vries equation and the
stationary part of its higher non-autonomous symmetry. This symmetry is determined
by a linear combination of the first higher autonomous symmetry of the Korteweg-de
Vries equation and of its classical Galileo symmetry. This general solution depends on
an arbitrary parameter. By the implicit function theorem, locally it is determined by
the first integral explicitly written in terms of hypergeometric functions. A particular
case of the general solution defines self-similar solutions of the Whitham equations,
found earlier by G.V. Potemin in 1988. In the well-known works by A.V. Gurevich
and L.P. Pitaevsky in early 1970s, it was established that these solutions of the
Whitham equations describe the origination in the leading term of non-damping
oscillating waves in a wide range of problems with a small dispersion. The result of
this article supports once again an empirical rule saying under various passages to the
limits, integrable equations can produce only integrable, in certain sense, equations.
We propose a general conjecture: integrable ordinary differential equations similar to
that considered in the present paper should also arise in describing the asymptotics
at large times for other symmetry solutions to evolution equations admitting the
application of the method of inverse scattering problem.

Keywords: integrability, Abel equation, Korteweg-de Vries equation, asymptotics.

V.E. Adler

DIFFERENTIAL SUBSTITUTIONS
FOR NON-ABELIAN EQUATIONS OF KDV TYPE

Abstract. The work is devoted to constructing differential substitutions connecting
the non-Abelian KdV equation with other third-order evolution equations. One of the
main results is the construction of a non-Abelian analog of the exponential Calogero—
Degasperis equation in a rational form. Some generalizations of the Schwarzian KdV
equation are also obtained. Equations and differential substitutions under study
contain arbitrary non-Abelian parameters. The construction method is based on
the auxiliary linear problem for KdV, in which the usual spectral parameter is
replaced by a non-Abelian one. The wave function, corresponding to a fixed value
of this parameter, also satisfies a certain evolution equation. Passing to the left
and right logarithmic derivatives of the wave function leads one to two versions
of the modified KdV equation. In addition, a gauge transformation of the original
linear problem leads to a linear problem for one of these versions, mKdV-2. After
that, the described procedure is repeated, and the resulting evolution equation for
the wave function contains already two arbitrary non-Abelian parameters. For the
logarithmic derivative, we obtain an analog of the Calogero-Degasperis equation,
which is thus a second modification of the KdV equation. Combining the found
Miura-type transformations with discrete symmetries makes it possible to obtain
chains of Backlund transformations for the modified equations.

Keywords: non-Abelian equation, Lax pair, Miura transformation.
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V.S. Gerdjikov

ON MKDV EQUATIONS RELATED TO KAC-MOODY ALGEBRAS Aél) AND Af)

Abstract. We outline the derivation of the mKdV equations related to the Kac—
Moody algebras Aél) and Aff). First we formulate their Lax representations and
provide details how they can be obtained from generic Lax operators related to the
algebra sl(6) by applying proper Mikhailov type reduction groups Z;. Here h is the
Coxeter number of the relevant Kac-Moody algebra. Next we adapt Shabat’s method
for constructing the fundamental analytic solutions of the Lax operators L. Thus we
are able to reduce the direct and inverse spectral problems for L to Riemann—Hilbert
problems (RHP) on the union of 2h rays [,. They leave the origin of the complex
A-plane partitioning it into equal angles w/h. To each [, we associate a subalgebra
g, which is a direct sum of sl(2)-subalgebras. In this way, to each regular solution
of the RHP we can associate scattering data of L consisting of scattering matrices
T, € G, and their Gauss decompositions. The main result of the paper states how
to find the minimal sets of scattering data 7, k£ = 1,2, from Ty and 77 related to
the rays [y and [;. We prove that each of the minimal sets 7; and 75 allows one to
reconstruct both the scattering matrices 7,,, v = 0,1,...2h and the corresponding
potentials of the Lax operators L.

Keywords: mKdV equations, Kac—-Moody algebras, Lax operators, minimal sets of
scattering data.

I1.T. Habibullin, A.R. Khakimova, A.O. Smirnov

GENERALIZED INVARIANT MANIFOLDS
FOR INTEGRABLE EQUATIONS AND THEIR APPLICATIONS

Abstract. In the article we discuss the notion of the generalized invariant manifold
introduced in our previous study. In the literature, the method of the differential
constraints is well known as a tool for constructing particular solutions for the
nonlinear partial differential equations. Its essence is in adding to a given nonlinear
PDE, another much simpler, as a rule ordinary, differential equation, consistent
with the given one. Then any solution of the ODE is a particular solution of
the PDE as well. However the main problem is to find this consistent ODE. Our
generalization is that we look for an ordinary differential equation that is consistent
not with the nonlinear partial differential equation itself, but with its linearization.
Such generalized invariant manifold is effectively sought. Moreover, it allows one to
construct such important attributes of integrability theory as Lax pairs and recursion
operators for integrable nonlinear equations. In this paper, we show that they provide
a way to construct particular solutions to the equation as well.

Keywords: invariant manifold, integrable system, recursion operator, Lax pair,
algebro-geometric solutions, Dubrovin equations, spectral curves.
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D. Levi, M.A. Rodriguez

YAMILOV’S THEOREM FOR DIFFERENTIAL AND DIFFERENCE EQUATIONS

Abstract. S-integrable scalar evolutionary differential difference equations in 1 + 1
dimensions have a very particular form described by Yamilov’s theorem. We look for
similar results in the case of S-integrable 2-dimensional partial difference equations
and 2-dimensional partial differential equations. To do so, on one side we discuss
the semi-continuous limit of S-integrable quad equations and on the other, we semi-
discretize partial differential equations. For partial differential equations, we show
that any equation can be semi-discretized in such a way to satisfy Yamilov’s theorem.
In the case of partial difference equations, we are not able to find a form of the
equation such that its semi-continuous limit always satisfies Yamilov’s theorem. So
we just present a few examples, in which to get evolutionary equations, we need
to carry out a skew limit. We also consider an S-integrable quad equation with
non-constant coefficients which in the skew limit satisfies an extended Yamilov’s
theorem as it has non-constant coefficients. This equation turns out to be a subcase
of the Yamilov discretization of the Krichever-Novikov equation with non-constant
coefficient, an equation suggested to be integrable by Levi and Yamilov in 1997 and
whose integrability has been proved only recently by algebraic entropy. If we do a
strait limit, we get non-local evolutionary equations, which show that an extension
of Yamilov’s theorem may exist in this case.

Keywords: differential difference equations, continuous and discrete integrable
systems, Yamilov’s theorem.

S.Ya. Startsev
ON DARBOUX NON-INTEGRABILITY OF HIETARINTA EQUATION

Abstract. The autonomous Hietarinta equation is a well-known example of the
quad-graph discrete equation which is consistent around the cube. In a recent work,
it was conjectured that this equation is Darboux integrable, that is, for each of
two independent discrete variables there exist non-trivial functions that remain
unchanged on solutions of the equation after the shift in this discrete variable.
We demonstrate that this conjecture is not true for generic values of the equation
coefficients.

To do this, we employ two-point invertible transformations introduced by
R.I. Yamilov. We prove that an autonomous difference equation on the quad-graph
cannot be Darboux integrable if a transformation of the above type maps solutions
of this equation into its solutions. This implies that the generic Hietarinta equation
is not Darboux integrable since the Hietarinta equation in the general case possesses
the two-point invertible auto-transformations. Along the way, all Darboux integrable
subcases of the Hietarinta equation are found. All of them are reduced by point
transformations to already known integrable equations.

At the end of the article, we also briefly describe another way to prove the
Darboux non-integrability of the Hietarinta equation. This alternative way is based
on the known fact that a difference substitution relates this equation to a linear one.
Thus, the Hietarinta equation gives us an example of a quad-graph equation that is
linearizable but not Darboux integrable.

Keywords: Hietarinta equation, quad-graph equation, Backlund auto-transformation,
Darboux integrability, C-integrability.
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K. Zheltukhin, N. Zheltukhina

ON DISCRETIZATION OF DARBOUX INTEGRABLE SYSTEMS
ADMITTING SECOND-ORDER INTEGRALS

Abstract. We consider a discretization problem for hyperbolic Darboux integrable
systems. In particular, we discretize continuous systems admitting x- and y-integrals
of the first and second order. Such continuous systems were classified by Zhyber and
Kostrigina. In the present paper, continuous systems are discretized with respect to
one of continuous variables and the resulting semi-discrete system is required to be
also Darboux integrable.

To obtain such discretization, we take x- or y-integrals of a given continuous
system and look for a semi-discrete systems admitting the chosen integrals as
n-integrals. This method was proposed by Habibullin. For all considered systems
and corresponding sets of integrals we were able to find such semi-discrete systems.
In general, the obtained semi-discrete systems are given in terms of solutions of
some first order quasilinear differential systems. For all such first order quasilinear
differential systems we find implicit solutions. New examples of semi-discrete Darboux
integrable systems are obtained. Also for each of considered continuous systems we
determine a corresponding semi-discrete system that gives the original system in the
continuum limit.

Keywords: Darboux integrability, discretization.
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