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ON MKDV EQUATIONS RELATED TO
KAC-MOODY ALGEBRAS A4 AND 4%

V.S. GERDJIKOV

Abstract. We outline the derivation of the mKdV equations related to the Kac—Moody
algebras Aél) and A?). First we formulate their Lax representations and provide details how
they can be obtained from generic Lax operators related to the algebra si(6) by applying
proper Mikhailov type reduction groups Zj. Here h is the Coxeter number of the relevant
Kac—Moody algebra. Next we adapt Shabat’s method for constructing the fundamental
analytic solutions of the Lax operators L. Thus we are able to reduce the direct and inverse
spectral problems for L to Riemann—Hilbert problems (RHP) on the union of 2h rays [,.
They leave the origin of the complex A-plane partitioning it into equal angles 7 /h. To each [,
we associate a subalgebra g, which is a direct sum of sl(2)—subalgebras. In this way, to each
regular solution of the RHP we can associate scattering data of L consisting of scattering
matrices 1), € G, and their Gauss decompositions. The main result of the paper states how
to find the minimal sets of scattering data Tg, £ = 1,2, from Ty and T; related to the
rays lp and [;. We prove that each of the minimal sets 77 and 73 allows one to reconstruct
both the scattering matrices T),, v = 0, 1, ...2h and the corresponding potentials of the Lax
operators L.

Keywords: mKdV equations, Kac-Moody algebras, Lax operators, minimal sets of
scattering data.

Mathematics Subject Classification:17B67, 35P25, 35Q15, 35Q53

1. INTRODUCTION

This paper is a continuation of a series of papers on Kax-Moody algebras and mKdV
equations [14], [15], [16], [L7], [18] and two recent papers [19], [13]. There we derived explicitly
the system of mKdV equations related to several particular choices of Kac-Moody algebras,
including some twisted ones like fo), s=1,2,3, Aél) and Aéz).

The next natural steps to be considered are to develop the direct and inverse scattering
method for the relevant Lax operators and to construct their reflectionless potentials and,
as a consequence, soliton solutions to the mKdV systems. The methods for doing this have
been already developed in [7], [20], [8], [21], [22], [23], [39]. This is why it will not be difficult to
specify the construction of the fundamental analytic solutions (FAS) [32], [33] of the relevant Lax
operators and to formulate the corresponding Riemann-Hilbert problem (RHP). In constructing
the soliton solutions, the most effective method known to us is the dressing Zakharov-Shabat
method [37], [38].

The structure of the paper is as follows. In Section 2 we outline preliminary known results

about the structure of the Lax operators for the case of A(51) and AéQ) Kac-Moody algebras and
for the recursion operators, see [13]. Section 3 is devoted to the fundamental analytic solutions
(FAS) and to the Riemann-Hilbert problems for both cases. In Section 4 we introduce the
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minimal sets of scattering data and show by these set we can reconstruct both the potential
and the sewing functions of the RHP. In the appendices we discuss some algebraic details of
the structure of Kac-Moody algebras.

2. PRELIMINARIES

2.1. Lax representations: Aél) case. We suppose that the readers are familiar with the
theory of simple Lie algebras and Kac-Moody algebras, see [3], [24], [4] and their applications in
the studies of integrable nonlinear evolution equations [5], [6]. Details about the bases and the
gradings of the Kac-Moody algebras are given in the appendices. Here we consider a nonlinear
evolution equation with a simplest nontrivial dispersion law, which is fukav(\) = M2 K.

In this section, following our previous papers, we define the Lax pairs whose potentials are

elements of the Aél) and AéQ) algebras for the mKdV equations. They represent the third
nontrivial member in the hierarchy of soliton equations related to these algebras. The results

presented here are derived in [16], [14] for Aél) and in [13], [19] for Aég).
We consider a Lax pair that is polynomial in the spectral parameter A:

Ly E(i% + Q1) —Aj)w ~0,
(2.1)

My = (z% + Vo(z,t) + AVi(,t) + N2Va(z,t) — ASK)¢ = - \YK.

The zero-curvature condition [L, M] = 0 leads to a polynomial of fourth order in A, which

has to vanish identically. The Kac-Moody algebra Aél) is graded by the Coxeter automorphism
C1, see Appendix A below) The basis we use reads as

6 . .
‘ 1 if j+s5<6

k —k(j—1) x Y
JW =3 earswr U Ejgre  €gae = {—1 if j+s>6

j=1
IO, ] = (@ =) S, IE I = wrm g,
(JE) = (I

s

The potential coefficients of the Lax pair are defined as

5 6

Qw.t) = (@), Vila,) =Y oM@, T=J",

”? ’? (2.2)
Va(a,t) =Y o (2,007, Vola,t) = o (2,00, K =J.

=1 =1

The condition [L, M] = 0 leads us to a set of recurrent relations, see [20], [22], [9], which
allow us to determine V(¥)(z.,¢) in terms of the potential Q(x,t) and its x-derivatives.
By using the choices for @, J and K from (2.2)) we get:

0 a1 q2 qs qs g5

- 0 @ @ ¢ @

Q = —q1 —¢5 0 @ 92 ¢

-3 —q@ —q¢ 0 ¢ @

@ —¢ —u —¢6 0 ¢

—q1 —@ —q3 —q1 —q5 O

J = diag (1,0, w*, w? w? w), K =diag(1,—1,1,-1,1, —1),
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where w = ", These equations admit the following Hamiltonian formulation:

ot N ox 5q6,i .

The Hamiltonian density is:

g1 9gs dq3
H=-32——F+2
k Ox Ox * (83}

oq 5 0q 0 0 0
+ 8\/5( 2423 aq +2¢3 e + (q1q2 + 614615)6—(?5 + 24} ;4 24344 aqs>

+ 245 — 24(quqs + 4204)@3 + 16(¢} — 3q1q — 345q5 + 42) g3 + 24(q1q2 — qugs)*

2.2. Lax representations: A§2) case. Here we formulate the main results of a recent paper
[13], see also [I1], [12], [14], [15], [18]. The grading used here is described in Appendix B. It
uses the Coxeter automorphism Cs and splits A5 into 10 subspaces. The dispersion laws of the

nonlinear evolution equation to Aéz) are odd functions in \; therefore, NLS-type equations here
are not allowed. Thus, we are left with fikav(A\) = M3 K.
The Lax pair is of the form
L =i0, + Q(x,t) — A\J,
M =i0, + VO (z, 1) + AV D (2,8) + N2V (2, 1) — MK,
where
Qz,t) € g, VW (z,t)eg®, Keg® Jegh.
Here we choose J and K as follows:
J = diag (wi, w?,1,0,05,w5), K =20J°
where wy = eT and choose
0 a1 as 92 —q1 —g3
- 0 @& —¢@ —¢ —g

5
—q3 — 0 @ —@ —q

_ £0 _ 4 —q1
@ Zq] J -2 ¢ —q¢ 0 ¢ —q¢
q1 q3 q3 —q2 0 —q1
s 3 g ¢ qq 0

Then we solve the recurrent relations obtaining the following result:
3
:Z’Up;jg](p)a p= 271707 ‘/1 = ‘/vlf+U1;4J,

and obtain explicit expressions for v, ; in terms of ¢; and their z-derivatives, for details see [14],
[13]. The equations of motion

9q; _ Ovo
ox or '
can be cast in Hamiltonian form as follows:

%:%5%(@: oz’ J=123

=123,
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where
8q1 aQ2 aq$3
3 5 — 10 3vH—5
{< V49 (G ) <ax) ~ (V8 )(a
20 (¢= a2 + oq _ + 9 ) g3
+ (02 g5 + ¢y 193 — 2¢, 92) - —20 (02 1G3 + C3 41 — 2¢4 92) .
ox ox
oq
+40 (=305 + 3 o) 275~ + 2005 + 40q145(g3 — 07) + 60(g103 — 0303 — 013)
and

2 2
0321/24—%; =\

Let us now repeat the calculations using the second type of grading, see equation (B.2)). In
this equation, potential takes diagonal form while J becomes the sum of admissible roots. We
can do the grading using an alternative choice of the Coxeter automorphism given by (B.3),

(B.4). This gives:
~ 3
Qlz.t) =iy w(x, )&, JT=Ef+&H+ &;g + 515,

3

v<°><x,t>:Z Ve,

1 1
VO (z,t) = Ul 52+1 + v(1)€+ + §U§1)5J§ + 3

1
V(@) = —vPef — o - e,

1) o
UA(L )8157

K =573,
where

o) = =Bi(uy +us +us), vy = =Biug, w5 = —5i(uy — uy — uy),

ouq
U§1) =10 <u1u2 — a—i) + il)

0

Uél) =5 (u§ — u% + U9 + uoug + — (u:} + ug — Ul)) + vz(ll)u
ox

a (2.4)

Uél) =5 (ug — ug — u% + urug + O (ug + 2ug — Ul)) + Uﬁ(ll)’

0
vfll) =2uj + 2uf — 3uj — Suyug + %(51‘1 — duy — 3ug).
For VO (x,t) we find:

‘ 0? 0
v§0) _1( 5 3U1 4 3u18 (3uy + ug) — 2u1 + 3u1(u2 + ug))

) Ous Ouy ou

Uéo) = (a—(llUQ + 3us) + 3U2% — Yu;—— Oz + 6us 8953 2“3 + 3us (u% + ug)) ’
o ou ou ou

Uéo) = (8_(u3 + 3ug) — GU38—; — 3uy 8x1 3U28—; — 2u3 + 3ug(uf + “2>)
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Finally, the set of mKdV equations takes the form:

ou 0 9*u 0
8_t1 _8_95( 58 ! +3u18 (Bug + uz) — 2U?+3U1(U§+u§)>=
Ouy 0 0? Ous Ouy
E —a—x(ax2(4UQ+3U3)+3U28—x —9u U1 —— 8:6

% 5,3 2 2

+ 6us 2u; + 3ug(uy + u3) |,

ox

dug 0 82 Ouy Ouy , Ouy

These equations acquire Hamiltonian form:

3ui . 8 o0H . 8vg;i
ou; ) Ox

ot Ox

where the Hamiltonian is

1o B o Ay

H = / dx(—§g uf—i—QE Eu ( )
i=1 j=1
1<j

61@ 2 0U3 2 8“2
-2 =] —= -3
(890) (8x " or dr \2 i = 33
30us, 4 Ouy \ ([ Ougy
—— 3 — 1.
* 2 Ox (u +u3) - < Oz Oz
Using the second type of grading is in fact equivalent to the first one. One can check that the
two types of gradings are related by a similarity transformations of the form:

1 11 ;0 1 1
2y 2y 3 2 3
Wy wy o 1 0 Wy W
~ ~ 1 2 —4 1 0 -2 4
~1 = ~1 — — | w2 W2 Wy = W
w, Quo = Q, wy  Jwy = J. Wy w2 wt o1 0 ot
Wi w2 10wyt wy?
1 1 1 —/b 1 1
Effectively we find that u; and ¢, are related linearly as follows:
uy = q+ g Uy = LQ2 us = —c q1 +cgs
) /\/5 ) )
N 10 +2v/5 _ 10 — 2v/5
= = —".
10 ’ 10

2.3. Recursion relations and recursion operators A;. Our aim here is to describe
the hierarchies of equations in terms of the recursion operators Aj,. The idea is to treat
the compatibility conditions as recurrent relations which will be solved using the recursion
operators, see [19], [13], [14], [15], |[18]. The initial condition reads as

Vo =ad ;'[K, Q).

We note that the operator ad ; acting on each element X € g by the rule ad ;X = [J, X]| has
a non-trivial kernel and therefore, it could be inverted only if X belongs to its image. Hence,
while solving the recurrent relations, we need to split each V; into, roughly speaking, ‘diagonal
and ‘off-diagonal‘ parts:

Vo=V, + V2
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where VI € Imad ; and V¢ is such that ad ;Vf = 0. Then we have:

Vieslont) = Vi (.0) = 3 24 g oy

p=1

Now we assume that s; is an exponent and split the third equation in (2.3 into diagonal and
off-diagonal parts. Evaluating the Killing form of this equation with 7—[?_31, we obtain:

wy (o,t) = =0, ([QVILHIT) +eonst, ey = (KL M),
S1

In what follows for simplicity we set all these integration constants to be 0. A diligent reader
can easily work out the more general cases when some of these constants do not vanish. The
off-diagonal part of the third equation in (2.4) gives:

i0,VE4+(Q, VA  +[Q, wH] = [J, Vi),
l.e.
Vi =ad;' (i0,V] +[Q, V)] + [Q,w,H]) = A, VL.

Thus, we have obtained an integro-differential operator A,, which acts on each Z = Zf € glsv)
as

Az =ad7 (0.2 4102+ Zl0HI0r (1Q. 2L 1)),
S1
If s is not an exponent, we have only to work out the off-diagonal part of the third equation
in (23
Vi =ad! (i0,V) +1Q,VJ])) = AoVy,
NoZ =ad ;' (10,2 + Q. Z]") .
Here Ay is a differential operator.

Now we can study the hierarchies related to Aél). Since the Coxeter number is 6 and the
exponents are 1, 2, 3, 4, 5, the results are as follows:

n =6ng + 1 8,Q =0, (A™Q(z,1)), FO) =AM,
n =6ng + a 8,Q =0, (AN, ... Aoad ;' [HS, Q(z, 1)]) FO) =AM (@),

where Na = 677/0 +a,a= 1, 2, ey 5and A = A1A2A3A4A5A0.
In the same way we can study the hierarchies related to Ag). Here the Coxeter number is 10
and the exponents are 1, 3, 5, 7, 9. The results are

n =10ng + 1 9Q =0, (A" Q(x,1)),

n =10n0 + 3 8,Q =0, (A"UAlead D Q(a, t)]) ,

n =10ng + 5 8,Q =0, (A”OAlAOAgAOad D Q(a, t)]) ,

n =10ng + 7 8,Q =0, (A"°A1A0A3A0A5A0ad T Q(a, t)]) ,
n=10n0 + 9 8,Q =0, (A"OA1A0A3A0A5AOA7AOad UHO Q(, t)]) ,

where A = Ay AgA3AgAsAgA7Ag A9y and the dispersion laws are given by f;(\) = )\10"0+”j7-[7(11j),
n;j = 2j — 1, being the exponents of Ag).
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3. RIEMANN-HILBERT PROBLEM

3.1. General aspects. The general methods for constructing the FAS of the Lax operators
were proposed in the pioneer papers by A.B. Shabat [32], [33], in which he constructed the FAS
of a class of n x n Lax operators of type with J = diag(ay,...,a,) assuming that the
eigenvalues of J are real and are taken in the descending order. The continuous spectrum of
such L operator with a fast decaying potential @) fills up the real axis in the complex A-plane.
One of the corresponding FAS x*(z, \) admits an analytic extension into the upper half plane
C.; the other one x~(z, A) is analytic in the lower half plane C_ and on the real axis they are
related linearly:

Tz, t,\) = x " (2,8, \)Go(t, N), (3.1)

where the sewing function G(t,\) is expressed by the Gauss factors of the corresponding
scattering matrix. A simple transformation from x*(z,\) to ££(z,\) = x*(z, A\)eM* allows
one to reformulate RHP (3.1) as follows:

EN(w, t,\) = € (2, 6, )Gz, t, ), G(a,t,\) = e "Gt N)e™. (3.2)

An advantage of RHP (3.2) is that it allows canonical normalization in the form
limy oo £ (2,8, 0) = 1.

Shabat and Zakharov developed further these ideas by discovering a deep relation between
RHP and the corresponding pair of Lax operators. They proved a theorem [37], [38]
stating that if ¢*(z,¢, \) satisfy RHP (3.2) and the sewing function G(x,t,\) has a proper
r—dependence, then the corresponding x=(x,¢,\) is FAS of the relevant Lax pair.

A next important step was that they devised a method of deriving a special class of singular
solutions to the RHP. Today it is known as the Zakharov-Shabat dressing method [37], [38],
[31]. It has several formulations and is one of the best known methods for constructing the
multi-soliton solutions of the integrable nonlinear linear evolution equation. Later Shabat’s
results were generalized to the class of Lax operators whose potentials () and J take values in
simple Lie algebras g [10].

A further progress in this direction was made by Beals and Coifman [2] who treated the
general case of n X n Lax operators with a complex-valued J. The substantial difference from
the Shabat’s case was that the continuous spectrum of L filled up a set of rays [,, which
splitted the complex A-plane C into several sectors €2,. In each of these sectors, Beals and
Coifman succeeded to construct FAS £,(x, A). Let us assume that the sectors €2, and € share
the ray [,, then we have a set of relations like

Ep(m,t, \) = E(m, 8, N)Gy(x, 1, ),  Gplw,t,\) = e Gt N)e™,

where [, = Q,NQ,, p = 1,2,..., which is a generalized RHP. Zakharov-Shabat theorem
mentioned above and the dressing method can easily be extended to such generalized RHP.
And of course, the results of Beals and Coifman were generalized also to the case when Q(z,1)
and J took values in any simple Lie algebra g [23], [22], [21].

Let us also mention briefly how the analyticity properties of &, (x,t, A) are proved. Since
Xv(z,t, A) are fundamental solutions of the above operators L and M, then &, (z,t,\) are
fundamental solutions of the related operators:

Ly, = z% + Q(z, )& (x, t, N) — A[J,&,] =0,
(3.3)

2
My, = z‘% F V(@ NG (2,6 0) = NW[KE] =0, V(e tA) =Y Vyla, b,
p=0

We already made special choices for both Q(x,t) and J using two different specific gradings of
As ~ sl(6). Each of these choices can be viewed as a realization of Mikhailov reduction group
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Zh [27]

C(Q(z,t) — ANJ) = Q(x,t) — Mw, C(V(x,t,\) = NK) =V(z,t, \w) — NP’W’K, (3.4)
with a properly chosen Coxeter automorphism C such that C* = 1 and h is the Coxeter
number. In other words, the Lax pairs with Z;, reductions of Mikhailov type [27] provide an
important class of Lax operators with complex-valued J. It is also natural to recall that in fact
the potentials Q(z,t) — AJ and V(z,¢,\) — A>K of these Lax pairs take values in a Kac-Moody
algebras, which are based on the simple Lie algebras graded by Coxeter automorphisms [3], [6],
51, 251, 1

The derivation of the FAS of equation (3.3)) is based on the set of integral equations which
incorporate also the asymptotic behavior of &, (z,t, \) as ¥ — £oo. These equations have the
form, see [2], [23], [22], [21]:

T

(& (@, 8, A))rj =0n; + 1 / dy (Q(y. )&, (y. 1, N)),,; e M= B)Ey),

for AeQ, and ImA(J, —J;) <0,
v (3.5)

(& (@, 8, A))ks Zi/ dy (Q(y, )&, (y. 1, N)),,; e A=)y,
for AeQ, and ImA(J,—J;)>0,

where the index v in the inequalities in (3.5) means that we restrict A € Q,.

Roughly speaking, our first task in analyzing the integral equations is to determine
the lines in the complex A-plane, on which the exponential factors in the integrands oscillate.
Normally these lines constitute the continuous spectrum of L. They would be determined by
Im A(J — J;) = 0, which can be written in the form:

Im Aa(J) =0, (3.6)
where o = e, — e; is a root of A;. The set of equations (3.6, where o runs over the root
system A of As, are simple algebraic equations. Their solutions are collected in Table 1| for Aél)
and in Table (3| for Ag). Thus, we establish that the continuous spectrum of L fills up all rays
l, =argA=vrn/h,v=0,1,...,2h — 1.

Lemma 3.1. To each pair of rays 1, Ulay,_, there corresponds a subalgebra g, C sl(6), which
in the case of Aél) is isomorphic either to sl(2) @ sl(2) or to sl(2) @ sl(2) @ sl(2). In the case
of Aéz) it is isomorphic either to sl(2) @ sl(2) or to sl(2).
oxazameavcmso. 1t is obvious that if « is a solution to equation (3.6), then —« is also a
solution. It remains to confirm that any two non-proportional roots related to each pair of rays
[, Ulsp—, are mutually orthogonal. Inspecting Table , we prove the lemma for Aél). Similarly,
inspecting Table , we prove the lemma for Aéz). The proof is complete. ]

Theorem 3.1. The solution &,(x,t,\) of eq. 1s an analytic function of A for A € Q).
In addition,

C&(z,t,N) = Eppalz, t, Aw). (3.7)

Idea of the proof. The solutions of the conditions Im A(J, — J;) <0 for A € ©Q, in the case of

Aél) are listed in Tableas the subsets 0,7. All other roots of A5 for A € 2, satisfy the condition
Im A(Jy — J;) >0. As a result, it is easy to see that the exponential factors in equation 1)

decrease exponentially for all z and A € §2,. In particular, this means that the integrals converge
for each A € €2, which guarantees the existence of &, (z,t, \).

Let us now consider the integral equations for the derivatives %f’y(x,t, A). The integrands
of these equations will contain, besides the exponential factors, also polynomial factors in z
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Qs Q

lg Z14

Puc. 1: Continuous spectrum of the Lax operators and contours of the RHP
for Aél) (left panel) and Aéz) (right panel).

l, loUlg Iy Ul;
a | +(e; —eq), £(ea —e3), (e5 —eg) | £(eq — e3), (e4 — €5)
l, loUls I3 Ul
a | E(e; —ez), £(es —eg), E(es —e5) | £(ea — eg), E(e3 — e5)
l, [4 Ul l5 Ul
a | t(e; —eg), £(ea —e5), (e3 —eq) | £(eq —e5), (62 — ey)

Tabnuma 1: The roots of Aél) related to the rays l,, v =0,...,11,
see the left panel of Figure

and y of order s. Again the decaying exponential factors ensure the convergence of the integrals

in the right hand side, which means that &, (x, ¢, \) possesses the derivatives of all orders with

respect to A in the sector €2,. This is one of the basic properties of the analytic functions.
Finally, equation follows directly from Mikhailov reduction condition (3.4)). O

The corresponding generalized RHP can be written as follows:
(b, N) =& 1 (0, b, NGy (o, N), Gz, \) = e MG Lot N e™, (3.8)

where A € [, and the rays [, are determined as arg\ = vw/h, v = 0,...2h — 1, and h is the
Coxeter number. The sector €2, is determined by the rays [, and [, 1, see Figure [l In fact,
A.V. Mikhailov, developing his ideas on the reduction groups in [27], came very close to such
formulation of the RHP.

Remark 3.1. For technical reasons in Tables [ and [§) we list the roots of As. Their root
vectors Ey; can easily be expressed in terms of the root vectors of A52 taking into account the
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Q, oF 5,

Qo | (e1 —ea), (€2 —e3), —(e5 — es) (e1 —es5), (e2 — e4)

0 (61 - 65), (62 - 64) (61 - 66)7 (62 - 65), (63 - 64)
Qy (61 - 66)7 (62 — 65), (63 - 64) (62 - 66)7 (63 - 65)

Q3 (62 - 66)7 (63 - 65) —(61 - 62)7 (63 - 66)7 (64 - 65)
Oy —(61 - 62), (63 - 66); (64 - 65) —(61 - 63), (64 - 66)

Qs —(62 - 63)7 (64 - 66) —(62 - 63), (65 - 66)7 —(61 — 64)

Tabmuma 2: The root subsystems 6= of Aél) related to the sectors €, v =0, ...
see the left panel of Figure

11

Y Y

ll, l(] U llg ll U lll lg U l12 l3 U 113

a | t(es—eq) | (e —eg),£(es —e5) | (s —e5) | £(ea — e5), E(e3 — eg)
L] 14Ul s Ulys le Ulis l7 Ulyy

a | t(ea —eq) | £(eg —e5),(e2 —eg) | (eq —eg) | £(e1 — es), £(ea — e3)
l,| lgUly lo Ulyg

a | +(e; —eq) | £(eg —e3), (e5 — ep)

Tabnuma 3: The roots of As related to the rays [,, v =0,...,19 with
J = diag (wo, w3, —1,0,w), w?), see the right panel of Figure [1| and Remark

Q, o 0., Q, or 5,

Oy (61 - 64) —(61 - 63), —(65 — 66) 0 (61 — 65), (62 - 64) —(61 — 64)
Qy —(61 — 64) —(61 — 66)7 —(62 — 63) (3 (61 — 66)7 (62 - 63) —(64 - 66)
Qy —(64 - 66) —(61 - 65), —(62 - 66) Qs (61 - 65), (62 - 66) —(62 - 64)
Qs | —(e2—eq) | —(ea —e5), —(e3 —eg) || Q7| —(e2 —e5), —(e3 —eg) | —(es — e€5)
(g —(64 - 65) (e1 —e), —(es—e5) || Qo | (e1 — )» (65 - 65) —(63 - 64)

Ta6muna 4: The root subsystems 6= of Aj related to the sectors Q,, v =0,...,9,
see the left panel of Figure T[] and Remark 3.1}

relations from Appendix B. Indeed,
1 s L i
Etjzé(gi—;—i_gij)? Eﬁ:—(gt_g-*% E; =&~

wherel<i<j<3andl§::7—k’.

It is obvious that all the information about the scattering data of L (or L) is hidden in
the sewing functions G, (z,t,\). For the Lax operators we are considering it is not possible
to introduce Jost solutions without imposing additional severe restrictions on @Q(z,t), such as
tending to 0 as  — 400 faster than each exponential e=“*! for each positive ¢, or even assuming
that Q(x,t) has a compact support. However, we can use the limits of &,(z,¢,\) as © — +o0
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and A € [,. They are given by [22], [21]:

lim Moy, (z,t, N) = STt ), e e,

lim Moy (x,t, N) = T, (1, \) D (N), A€ le”,

im eMox,_1(x, t,\) = S, (L, \), e le ™, (3.9
lim eMox, _1(x, t,\) =TS (6, \)D,; (\), Aele ™,

where v = 0,1,...,2h — 1 and S, T+ and DT are of the form

SEN) =exp | > 52 (\)Eza |,

aest

T\ =exp | > 75 (N)Eia | |

acd;t

D) =exp | 3 diu () H

aest

Remark 3.2. Formally one can introduce an analogue of the scattering matriz for each pair
of rays l, Ulp., as follows:

T,(t,\) = T, (£, \DF(N)SH(E,A) = THE, N D, (NS, (8N, Ael,. (3.10)

Note that T, (t,\) belongs to the subgroup G, C SL(6) whose root system is 0,; U6, . Then
TE(t,\), SE(t,\) and DE(N\) can be regarded as the Gauss factors of T, (t,\). Another peculiar
fact is that to each sector 2, we relate a specific ordering of the root systems, i.e. specific choice
of the positive and negative roots, see [22], [21].

Lemma 3.2. i) The t-dependence of the scattering data for the mKdV equations is given by:

+ +
2 N[K, TF(t, \)] =0, irs

)3 + _
T NK, S5 (t,\)] =0,

ot (
3.11)
oODF oT,
—2 =0 —" — N[K, T,(t, \)] =O0.
1 8t ) ¢ at [ Y ( ? )}
ii) The function D} (\) (respectively, D, (X)) is analytic in X € Q, (respectively, in X € Q,_1).
They are generating functionals of the integrals of motion for the mKdV hierarchy.

Joxasameavcmeo. 1) We multiply the second equation in (3.3) by e*’% and take the limits for
xr — oo and x — —oo. Takin into account equation (3.9 and the fact that Q(z,t) and V(z,t, \)
vanish fast enough as x — 00, we easily obtain the equations (3.11)).

ii) The analyticity properties of DX()\) were proven in [21] for generic Kac-Moody algebras.
As generating functionals of the integrals of motion, it is more convenient to consider d,jja()\).
Their asymptotic expansions

di o (N) =D NPIP)
p=1

provide integrals of motion Iﬁ%’o{ whose densities are local in Q(z,1), i.e. depend only on Q(z,1)
and its z-derivatives. The proof is complete. O
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4. MINIMAL SET OF SCATTERING DATA

Here we reformulate the basic results of [22], [2I] for the specific Kac-Moody algebras used
above. It is natural to expect that these sets are expressed in terms of the sewing functions of
the RHP. Our considerations are relevant only for the cases when the solution of the RHP is
regular. This means that the spectra of the corresponding Lax operators contain no discrete
eigenvalues.

4.1. The Aél) case. We introduce two minimal sets of scattering data for the Aél) Kac-Moody
algebra as follows, see Table [2}

Ti = {st.a(\ 1), a€df, Ael}U st (N 1), acdf, Nel},
T ={m.(\t), a€df, XeltU{r,(\t), a€df, xel}.

Theorem 4.1. Assume that the potential of the Lax operator Q(z,t) is a Schwartz-type
function of x and is such that the corresponding RHP is reqular. Then each of the minimal sets
Ti, i = 1,2 determines uniquely:

i) all sewing functions G,(x,t,\) forv=0,1,...,11;

ii) all scattering matrices T,,, v =0,1,...,11;

iii) Ti ~ Ta;

iv) the potential Q(z,t).

Idea of the proof. The fact that the solution of the RHP is regular means that the corresponding

Lax operator L has no discrete eigenvalues. In other words, the functions D ()\) have neither
zeroes nor poles in their regions of analyticity.

i) Let us now demonstrate that the sets Ty, k = 0,1 allow us to construct all SF(\,t) and
TE(\t). It is obvious that

Sy~ =exp (5514 P4 (e1—ea) T 5023 F(ea—es) + 0565 (e5—e0) ) -
Ty = exp (1514 Bk(e1—es) + To23 B (er—es) T Tor6 B (es—e0)) »
Sy =exp <3i13Ei(eres) + S:lt;46Ei(e4*€6)) ;
TF =exp (TflgEi(el_eg,) + T§46Ei(e4_e6)) .

Note that the reduction condition (3.7) on the FAS reflects also on their asymptotics
for x — 400 as follows:

C"(SE(z,t,\) =S5, (x,t, \w"”), C¥ (ST (2,1, \)) =S54 (2, t, M),
CY(T§ (w,t, ) =T5 (2, t, \w"”), C¥(TE (2, t,\) =T 1 (w,t, Aw"),
for v =0,1...,11. Thus, we have recovered all ST(\,t) and TE(\,t).

ii) It remains to recover D} (A) and D (\) (or d;, (X)) using the fact that they are analytic
functions of X in the sector €2, and €2,_1, respectively. In addition, it follows from equation

B10) that

d—ui_;a - dlj;Oé =In (1 o SIGS;—Q)’ A Ell’? o 65;_’
dfy —dy =In (1 -7/ 7,), A €ly, a €5,

for v =0,1...,11, which follow from egs. (3.10). In particular for £ = 0, 1:
i — do =In (1 = 55,50 o), A € o, a € {eg —eq,e9 —e3,—(e5 — €6)},

df, —di, =In (1 — 57 ,57,), A€l a € {eg —es, eq — €5},

and similar expressions in terms of 7,7 and 7, __, k=0, 1.
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iii) Comparing the asymptotics of the FAS for z — 400 we easily find that the sewing
functions G, in (3.8)) are given by:
Gro(\t) = Sy (M 1)SE(N ) = Dy (NTF (N HT (LD (N, Aely, k=0,1.
Thus we know the left hand side of the relation:
D (N Gro\DEN ) = T (N T (ML), k=0,1, (4.1)

and the construction of T (), t) reduces to decomposing the left hand side of into
Gauss factors, which has unique solution. This means that knowing 7; we can recover 7s.
Quite analogously one can prove that knowing 75 we can uniquely recover 7;.

iv) The RHP has unique regular solution. Suppose we have constructed the solution &,(x,t, \)
in the sector €2,. Then we recover the potential from the well known relation:

Q(a,t) = lim A (J — &,JE (2,1, 1)
A—00
This result is independent of v due to reduction condition (3.4) and to the fact that

C(Q(z,1)) = Q(z,1).
[

4.2. The Ag) case. We introduce two minimal sets of scattering data for the Ag) Kac-Moody
algebra as follows, see Table [4}

Ti = {soaM\ 1), a€df, AeltU{si (A1), acdf, Nel},
T ={m5.(\1), a€df, XelbU{r,(\t), aedf, xel}.

Theorem 4.2. Assume that the potential Q(x,t) in Lax operator 1s a Schwartz-type
function of x and is such that the corresponding RHP is reqular. Then each of the minimal sets
Ti, i = 1,2 determines uniquely:

i) all sewing functions G,(x,t,\) forv=0,1,...,19;

i) all scattering matrices T, v =0,1,...,19;

iii) Ty ~ To:

iv) the potential Q(z,t).

Idea of the proof. The fact that the solution of the RHP is regular means that the corresponding

Lax operator L has no discrete eigenvalues. In other words, the functions DE()\) have neither
zeroes nor poles in their regions of analyticity.

i) Let us now demonstrate that the sets Ty, k = 0,1 allow us to construct all SE(\,¢) and
TE(At). Tt is obvious that
o =exp (sh1uBr(er—en)
TojE =exp (7'3[14Ei(61 e4) ) )
St =exp (51 15+ (1 —es) T 51, 24Ei (ea—en)) »
T+ =exp (71;15Ei(61,65) + 71;24Ei(€2,64)) )

Note that the reduction condition (3.7) on the FAS reflects also on their asymptotics
for x — 400 as follows:

CY(SF (w,t,\) =S5, (z,t, \w"), C¥(SE(2,t,\)) =S5 1 (2,8, M),
CY(T§ (x,t,\)) =T55 (2, t, Aw”), CY(TiE (z,t,N)) =T5 1 (2,1, A",

for v =0,1...,19. Thus, we have recovered all S¥(\,t) and T=(\, t).
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ii) It remains to recover D} (A) and D (\) (or d;, (X)) using the fact that they are analytic
functions of A in the sector €2, and €),_; respectively. In addition, it follows from from

equation (3.10) that (see Table [4)

Ao — ey =In (1 =57 15, ), A €l, a €60,
Ao — e =In (L= 7,0 ,7,), A €ly, a €5,
for v =0,1...,19, which follow from equations . In particular, for £ = 0,1 we have:
i — dose =In (1 — 55,50 _4); A € lo, a € {e1 — eq},
diy —diq =In (1 —s7,s7,), A E Ly, a € {e; —e5,e9 — €4},

and similar expressions in terms of ;' and 7, __, k=0, 1.
iii) Comparing asymptotics (3.9) of the FAS for + — £oo we easily find that the sewing
functions G, in (3.8)) are

Gro\t) = Sy (NS E) = Dy (NTF (N )T (LD (N, Ael, k=0,1.
Thus we know the left hand side in the relation
Dy (N)Gro\ ) DiF (A1) = TiH (A )T (A 1), k=01, (4.2)

and the construction of T= (), t) is reduced to decomposing the left hand side of into
Gauss factors, which has a unique solution. This means that knowing 77 we can recover
T5. Quite analogously one can prove that knowing 75 we can uniquely recover 7;.

iv) The RHP has unique regular solution. Suppose we have constructed the solution &,(x, ¢, \)
in the sector €2,. Then we recover the potential from the well known relation

Q(x,t) = )\h_)m A = &JIE (=, 1, N) .

This result is independent on v due to reduction condition (3.4) and to the fact that
C(Q(z,1) = Q(z,1).
O

5. DISCUSSION AND CONCLUSIONS

We specified in [13] the choice od the corresponding Kac-Moody algebras and formulated
the specific Lax operators and the corresponding direct and scattering problems. In each of
the cases one needs to take into account specific peculiarities. For example, in the case of A?),
after taking the average on the Coxeter automorphism, the elements B[2k — 1,4] belong to the
center of the algebra instead to its Cartan subalgebra.

The constructions that we outlined allow one to apply the dressing Zakharov-Shabat method
and derive the soliton solutions of the corresponding mKdV and 2-dimensional Toda field
theories. One may expect additional difficulties in this, due to the fact that the Coxeter
symmetries require that even the simplest dressing factors must contain at leat 2h simple poles
(that is, 12 and 20 poles) whose residues P, must be related by the Coxeter automorphism.
Therefore, it is important that deriving the projectors we must strictly stick to the construction
of the FAS in each of the sectors of analyticity.

The main ideas in this and many previous publications of the author, see e.g. [§], [9], [10])
are based on the notion of fundamental analytic solution introduced by A.B. Shabat [32], [33].

Another important trend started by A.B. Shabat and his collaborators concerns the
classification of the integrable NLEE, see [28], [34], [36], [T], [35], [29], [30] and the numerous
references therein. The idea is based on the theorem that if a given nonlinear evolution equation
possesses a master symmetry, then it has an infinite number of integrals of motion and therefore,
it should be integrable.
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c)

a) b) Bs
(&%)
o—C0O0—0O—0O—-—=0 Oo—0O0——0 iﬁl 2
(651 (%) Q3 Oy (07 631 Qo asg Qly (6751 Bo

Puc. 2: Dynkin diagrams (DD) of A and related Kac-Moody algebras:
a) DD of A5 ~ si(6); b) extended DD of As; ¢) DD of Aéz).

The final remark here concerns the fact that the one-to-one correspondence between the
minimal sets of scattering data and the potential Q(z,t) follows also from the expansions over
the squared solutions of L, see [8], [I0], [9], [22], [21]. These ideas will be published elsewhere.
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A. BASIS AND GRADING OF A

The rank of the algebra Aél) ~ sl(6) is b, the Coxeter number is h = 6 and its exponents are
1, 2, 3, 4, 5. The root system and the set of simple roots a; of Agl) ~ sl(6) are
A=ATUAT, A* ={+(ej —er), 1<j<k<6},

Qy =€5 — €541, jzl,,5

The Cartan-Weyl basis of Aél) in the typical representation is as follows:
Hej—ek = E]] - Ekk7 Eej—ek = Ejk‘) E—Oé = Ecj;7
[Hm Eﬁ] = (Qv 6)Eﬁv [EOH Eﬂ] = NopEoys.

The numbers N, g = —Ng, are non-vanishing if and only if o + 8 € A.

The Dynkin diagram of A5 algebra and the extended Dynkin diagrams of Aél) and Ag) are
shown in Figure

Let us now briefly outline how to define Kac-Moody algebra starting from a simple Lie
algebra g which in our case is chosen to be A5 ~ sl(6). First we use a Coxeter automorphism
to introduce a grading in the Lie algebra As:

I
P
o
N

g= & g, g
k=0 s

I
o

where the linear subspaces are such that

O XCrl=wi*X, Xeg®, COYCi'=wY, Y eg.,

27
6

. Each of the gradings satisfies
8@ g™ € ™™ (85,8 € Borp, (A1)

where (k+m) and (s + p) are understood modulo 6. The indices for Aél) are everywhere taken
modulo 6. Using this grading, we can now construct polynomials in A and A~! such that

where w; = e

N
XN = > XX, X,eg¥, (A.2)

S§=—00
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which are the elements of the Kac-Moody algebra [25], [4]. Here the upper index of the subspace
s is evaluated modulo 6. Obviously the commutator of two such polynomials in A and A\~! due
to the properties of grading will again be of form (A.2). Of course, the rigorous definition
of Kac-Moody algebra requires additional structures, which we do not mention now.

For the case of Ay algebra, two different types of Coxeter’s automorphisms are possible. This
produces two Kac-Moody algebras Aél) with height 1 and A?) with height 2.

There are two standard choices C; and C’l for the Coxeter automorphism for the algebra
g ~ As. This is Zg automorphism. With this automorphism we effectively work with Kac-
Moody algebra Aél). Indeed, each of these choices satisfies C® = 1, C% = 1 and each of these
automorphisms induces a grading in g.

In what follows, the choice of the automorphisms is specified by

0 10000 10 0 0 0 0
0 01000 0w 0 0 0 0

o oo0o100 oo w20 0 o

S=lo oo0o010]° “=foo 0w 0 o0 (A.3)
0 0000 1 00 0 0 w 0
100000 00 0 0 0

Obviously, C® = C® = 1. Below we also use also the notations C; = J\” and ¢} = Jél) along
with the more general ones Jék), which provide a convenient basis in Aél) which satisfies the
above gradings, see [3], [24], [4], |25]:

6

: —k(j— 1 if j+s5<6
Js(k) - Z€jj+sw1 K 1>Ejj+s~a €ljts = { e N
= — 1 if j+k>6.

Here 6 x 6 matrices Fy,, are defined as (Ek,)sp = OrsOmp- The elements of this basis satisfy the

commutation relations
k m —ms —kl k+m
|:Js( )7<]z( )] = (W1 — W )J£+z .

It is also easy to confirm that

crtue, =wrkg® Tt e, = wrsJ®w

s

and

SO = (9)T = ()

Using this, the bases in each of the linear subspaces can be specified as follows
g =le. {JW, s=1,...,6}, go=le. {JO k=1, 6}.
The basis that we constructed for Aél) is
0@ Le {0, 10, 10 00, IO, g Le {0, AV, Y g I, gy,
AR WO VA A MY Y S B 8 S (LD WO A A S A S L A S0
oW Le {IV, IV a0 0B I Y, 0@ e {0 09, I 00 00 Iy

B. DBASIS AND GRADING OF A?)

Let us now briefly outline the gradings for A?). Now, as Coxeter automorphism, we employ
Cy = (1 0oV, which is a composition of C with the external automorphism V of As, and V is
generated by the symmetry of its Dynkin diagram. In the five-dimensional space of roots, the
mapping V acts as V : e — —er_, k=1,...,6. On any of the root vectors X, V act as

V(X)=—-SX"5", Sy =FEi6— Fos+ F34—FEyi3+ Eso— Fg .
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Note that Sy ' = —S,. Obviously, V splits the Lie algebra g ~ Ajs into two: g = go U g1, whose
bases, corresponding to the positive roots, are given as follows:

o9 {&F & &L 1<i<j<3Y,
oV {&; & 1<i<j<3} (B.1)
Sf; =F;F (—1)i7jE3,;, 55 = E; £ (_1)1'ij]5’ SE = Ej;.

Here we can identify the root vectors:

+ St + St 5
BE, =&, B, =&, EBf =&
Obviously, E/_.,, E/.., and E;;j are the generators of sp(6) corresponding to its positive

roots; E,,_., and E_ |, provide the positive roots of g;. It is easy to confirm that they satisfy
standard commutation relations, taking into account the Zs-grading such as
[E;t,Eita] = H,, [H7 E;t] = O‘<H)E;t7 [E077E/ﬂ - n;,BE;r—&—ﬁ? [E(LEE} = n;r,BE;+B7
etc. Let us now take into account the Coxeter automorphism which is given by

C2(X) = Cl‘/(X)Cfl - —0152XTS;10;1.
One can check that C;° = 1, so the Coxeter number is hy = 10. This automorphism C5 splits
the roots of Aj; into three orbits each containing 10 roots. The grading condition is

[g(k)7g(l)] C g(k+l)7 kul = 17"'7107

where k + [ is taken modulo 10. We assume that the orbits start from the root vectors Eio, Fs3y4
and Fi3. We consider also the action of C5 also on the Cartan generators. The basis for each
of the subspaces g*) is obtained by taking the weighted average over the action of Cy:

9 9
e =Y Wt es(By), MY =Y wMCi(Bn),  w =T
s=0

s=0

It is easy to check that C'g(é’i(f)) = wkeW Cy(HP) = WP i, 5}? and 7" belong to g®.

ij
We will provide this basis explicitly:

0 1 0 0 —w,** 0
—w* 0 w00 0
sk _ 0 —w,™ 0 0 0 —w
12 0 0 0 0 0 0 ’
wy 3k 0 0 0 0 —wy*
0 0 w0 wyo 0
0 0 0 wy %0 0
0 0 0 —w™ 0 0
ew_| 0 0 0 1 0 0
34 _w;k w;Sk _w55k 0 wggk _w57k )
0 0 0 —w™ 0 0
0 0 0 w0 0
0 0 1 0 0 —wy "
0 0 0 0 —w?F —wy?
sk _ —wy?* 0 0 0 —w,™* 0
13 0 0 0 0 0 0 ’
0 w™ w™ 0 0 0
wy % W™ 0 0 0 0

(k) _ . —5k  —Tk , —9k -3k  —k
%1 _CH,kdlag <w2 ) w2 ) w2 9 Oa w2 ) w2 )7
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where ¢y = Wik — 1 Since ws = —1 it is easy to see that cyy # 0 for k =1, 3, 5, 7 and 9.
Thus, the subspace g has a nontrivial section with the Cartan subalgebra if and only if p is
an exponent of A5 . It is easy to confirm that 5;; provides a basis for the subalgebra sp(6) of

Ag). Then the basis in each of the subspaces gi* is as follows

9 ) =lc. {5117 22,5 g W =lc. {5217 327543751_5}7
2 =Le. { 315 42a 14} 9 ) =lc. {5147 25751_37 2_4}7
g :l'C‘ {8517 gl}u 273}7 g :1 C. {51678617 373 - gﬂa STS - 523}7 (B2)

@<6> =lc.{&5, &, Ex), g< =l.c. {55,852,55,5’45}
9 ) =le. {51375247 Ajl}a g ) =le. {5127 23) 347 51}

As a result, the rank of A52 is 3, h = 10 and its exponents are 1, 3, 5, 7, 9, see [5], [4].

An alternative grading of A?) can be achieved by using a realization of the Coxeter
automorphism as an element of the Cartan subgroup. More precisely, one can use the
automorphism Cy [5]:

éQ(X) = _SZXTSQ_17 SQ = dlag (]-7 —Wa, W%a _w;))?wga _wg>7 W2 = 6%7 (B3)
and where the transposition is taken with respect to the second diagonal of the matrix. With
choice for the Coxeter automorphism, the set of admissible roots of A?) acquires the form

Eso :g(Em + Eae), E_py =2(Bs1 + Eo2)( ", Hoy =Hi +Ho,
5, =C(Eipri+ Broioo), g =(Brop + Bsoir)C Hp =Hipr —Hi, (B4
B3 :CE4,37 57,33 :E3,46717 H,BZ = - HS + %47

where ¢ = 1, 2, (Ekm)ab = 6ka6mb and Hl = Ew’ — E?—z’,?—z’-
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