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GENERALIZATION OF HADAMARD-TYPE TRAPEZOID
INEQUALITIES FOR FRACTIONAL INTEGRAL OPERATORS

B. BAYRAKTAR, M. EMIN OZDEMIR

Abstract. The role of convexity theory in applied problems, especially in optimization
problems, is well known. The integral Hermite-Hadamard inequality has a special place in
this theory since it provides an upper bound for the mean value of a function. In solving
applied problems from different fields of science and technology, along with the classical
integro-differential calculus, fractional calculus plays an important role. A lot of research is
devoted to obtaining an upper bound in the Hermite-Hadamard inequality using operators
of fractional calculus.

The article formulates and proves the identity with the participation of the fractional
integration operator. Based on this identity, new generalized Hadamard-type integral
inequalities are obtained for functions for which the second derivatives are convex and take
values at intermediate points of the integration interval. These results are obtained using
the convexity property of a function and two classical integral inequalities, the Hermite-
Hadamard integral inequality and its other form, the power mean inequality. It is shown
that the upper limit of the absolute error of inequality decreases in approximately n? times,
where n is the number of intermediate points. In a particular case, the obtained estimates
are consistent with known estimates in the literature. The results obtained in the article
can be used in further researches in the integro-differential fractional calculus.

Keywords: convexity, Hermite-Hadamard inequality, Holder inequality, power—mean
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1. INTRODUCTION

The theory of integral inequalities is being actively developed since it is attracts a lot in
interest. In recent decades, by using various methods, inequalities for different classes of convex
functions were obtained. These classes of convex functions are based on the definition of the
classical convexity of a function. This definition reads as follows (see, for instance, [1| and its
references):

Definition 1. The function f : [a,b] — R is said to be convez if we have
FUE+ (1= <tFE) +1 -1 F(Q) (1.1)
for all £,C € [a,b] and t € [0,1].
One of the most important inequalities in convex analysis is the Hermite-Hadamard integral

inequality. This inequality is as follows [2]:
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Theorem 1.1. Let f: I C R — R be a convex function and let a,b € I with a < b. Then
the following double inequality holds:

f(a;b)<bia/bf(x>dx<w. (1.2)

A natural extension of classical analysis is the integro—differential calculus. This theory plays
a very important role in classical and applied mathematics( [3,4]). In mathematical modeling
of complex systems and processes, the application of fractional calculus theory allows one to
reflect adequately the properties of real systems and processes in models [4].

Butkovsky et al. [5], along with problems in the theory of fractional calculus, gave examples
of real systems in which it is necessary to use that theory.

In the literature, there are various definitions of the fractional integral (see, for example, [6.7]),
but the Riemann-Liouville definition is widely used in most applications of fractional calculus.

Definition 2. ( [3]) Let f € L;[a,b]. The Riemann-Liowville integrals J% f and JX f in
order a > 0 are defined respectively by

£
e () = i / €0 f @ €
and ,
o _ L . a—1
B = ! -0 F €<
where ' () = }oe’“uo"ldu is the well known Gamma function. Here for
0

Jar f (&) =Ty f (&) =f (&)

JLE(E) = /f

Two classical inequalities are used in the vast majority of studies on the theory of integral
inequality. These are Holder inequality and, its other form, the power mean inequality.

Theorem 1.2. (Holder inequality [8]) Let p > 1 and ; + = 1. If f(€) and g(§) are real
functions defined on [a,b] and if | f|P,|g|? € L[a,b], then

as =0 and

as o = 1.

1
q

/ 1£() 9(6)] de < / rera) /b 9(6)[" de (13)

with equality holds if and only if A|f(§ )|p = Blg(§)|? almost everywhere, where A and B are
constants.

Theorem 1.3. (Power mean inequality [§f) Let ¢ > 1 and * + = =1. If f(&) and g(§) are
real functions defined on [a,b] and if | f|?,|g|? € Lla,b], then

1
b =3 b

[1r@a©1ds < / sea) | [ir©ls©rde) - (1.0

a a
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In recent years, many authors (see [7-18| and references therein) studied Hermite-Hadamard-
type inequalities for improvements and generalizations. In these papers, new inequalities for
functions from various convexity classes were obtained.

In the studies [14-16], generalizations of an Hadamard-type integral inequality are given for
functions with convex first derivatives taking values at intermediate points. In this study, by
using the formulated identity, we obtain some new generalizations of Hadamard-type inequal-
ities for functions such that the absolute values of the second derivatives are convex and take
values at intermediate points of the interval. In addition, some applications to special means
are given.

2. MAIN RESULTS
Let n € N and a,b € R and a < b. The interval [a, b] with a uniform step h = b;—“ is divided
into n subintervals: [a, b] = U [Ek—1,&], where & =a+ih, i=0,1,2,...,n
To avoid some repetltlons We use the following notation:

A(.,.) 1is the arithmetic means of real numbers,

_ f(&) + £ (&)
5 :

U= 5 (Je F(6) + I f(&)) = (JE2F (@) + T2 (&) k=120,

The following theorem can be easily proved.

Theorem 2.1. Let f : [a,b] — R be a differentiable function on [a,b]. If f € Lla,b|, then
for all o > 0 the following inequality holds:

Fa+1)

A(xy, 9, ..., x,) < 5

A(s1,82, -y 80) < AY1, Y2, -+, Un), (2.1)

where

gk—l + Sk 1 o «
= f (T) ; Sk = m < Elj—lf(fk) + Jgk—f(fk—ﬁ) .

Remark 1. Inequality can be treated as a corollary of Theorem 2 in [9]. For n = 1,

by , we get:

() < gt D s+ g st < L

Lemma 2.1. Let f: I C R — R be a twice differentiable mapping on I°, where I° is the
interior of 1. If f" € Lla,b], where a,b € I, then for all o > 2, the following identity holds

Zfék 1) + f(&) _tha 2ZU’f Z (I + Ly, (2.2)
k=1

where

1
I / (t*7 =) [ (&1 + (1 — )& dt

1
/ toz 1 a //<<1_t)£k 1+t§k)
0
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Proof. By taking into account that h = & — &_, and integrating by parts twice integral Iy,
we obtain
1

m :/ (27 =) [ (tmr + (1 = 1)&)dt
0

1
a—1 _ o
= Pt 008l b [ (e 1 ) P+ (- Dggar

0

o — a—2 a a—1
Z% (J DL O f(tg + (1 08l

1
(a—1) / 2170 — at®?) f(t&o1 + (1 — )& )dt
0

1

:f(gf:;l) . (04}:2 1) (- 2) /ta‘3f(t§k-1 + (1 —t)&,)dt

0
1

a / 2ty 4 (1 — D&
0

In the obtained integrals, we change the variables t&,_1 + (1 — ¢){ = z and by taking into
account the properties of the gamma function (sI'(s) = I'(s + 1)), we obtain

& &k
R i R N AR (T R R BT
€h1 Ek—1

_ r
:f(ﬁf; O }(LZ‘) (Jg:ff(gk) - %J%jf(fk)) :

Similarly, for the other integral

f(&) | T(e)
Iy = Th2 T e

By summing these identities, we obtain

CfG) + f ) T(a)

(T2 () = I )

o N o
I + e = 12 s (E (Jg:_if(fk) + e lf(fk—l))
- (in—Qf(fk) + Jg_Qf(fk:—l)))
k—1 k
or .

—1) + 0!
Ly + I = f&n) 5 /&) T - Ug. (2.3)

h h«
By multiplying both sides of the equality 1) by the expression h; and taking the sum over
k, we obtain (2.2). This completes the proof. H

Theorem 2.2. Let f: I C R — R be twice differentiable function on I°. If f" € L|a,b],
where a,b € I and |f"| is a convex function, then for all o > 2 the following inequality holds:

k—1 k F " "
Z‘ff L+ ) QWZU +1)Zw G+ @D 24

k=1
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Proof. By Lemma [2.1] and the triangle inequality, we obtain

n

n n 2
Z f(£k1)2‘|‘ f(gk) - 21_};(0[04)2 Z Uk: < % (|]1k| + |12k|) . (25)
k=1 k=1 k=1

Since | f”| is convex with the account of inequality (1.1)), we can write

1

1| = /(ta1 — 1) [ (t—1 4+ (1 — 1)&,)dt
0
1

< (&) /t (7t =) dt + | /" (&) / (tt — 1) (1 — t)dt

1

= (Oé+1)(06+2) |f”(§k—1)|+a

(a+1)(a+2) ‘f//(gk)’

Hence, for the integral Iy, we obtain

]' 1 z "
Il < ey (760 + 217 @)1

Similarly, for the second integral |Io| we can write

1 2 " "
(Oé + 1) (Oé + 2) <a ’f (fkflﬂ + ’f (fk)|> .

By adding the last two inequalities, we get

| Lok | <

1

I Ly < ——
el + i ala+1)

(1" E-)l + [/ (€&)I) - (2.6)

By multiplying both sides of inequality 1) by the expression %2 and taking into account

inequality (2.5)), we obtain (2.4)). The proof is complete. O

Corollary 1. If we choose o = 2, then from 7 we get

b

1 b—a)?
A(y17y27 s 7yn) - m/f<x>dl' < %A(zluz% s 7Zn)7 (27)

a

where

k= |f”(§k—1)| + |f”(§k>| , k=12,....n
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Proof. Since h = &, — &1 = =2 and a = 2, for the second expression under the absolute value
in the right hand side of 1nequahty ([2.4) we have:

g 22U =giecs 3 (3 (1160 02 160) = (520160 + 06))
:% Z% (Jg;_lf(fk) + Jg;f<€k71)> — (Jgj_lf(&) + J?kf(gkl))>

k=1

1 2n &
=5 b—akz:; §/f d:}c—k/f ) (f (&) + f(&- 1)))

=3 /f ) (F(&) + (& m)

n

= b4—na /f(:c)dx - (f&) + f(ikl)))

k=1

N | —

N | —

- / fle)dr = 3 D7 (F(E) + F(6).

1

Thus, we can rewrite inequality (2.4) as

+ o
fokl fe) T QZU

Zf§k1+f§k<2n /f dx__

n

= |37 (Pl + f(6) — 5 / F(2)de

(f(&) + f(fkl)))

< U 0 @l + 1)
k=1 k=1

By dividing both sides of the last inequality by n, we obtain (2.7)). The proof is completed. [
Corollary 2. If we choose n =1, by (-) we get

fla b—a/f )dx

This inequality for convexr functions was obtained by M. Sarikaya and N. Aktan, see
118, Prop. 2/, and in (11, Cor. 3.1].

< (If”( I+ 17 ®))- (2.8)
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Proposition 1. Let € € (0,1) and n € N. In order to satisfy the inequality,

b
1
A(ylay27"'ayn)_b_a/f(x)dx <eg,

n > < ) , (2.9)

Proof. From the right hand side of the inequality (2.7]), we have

it 1s sufficient to

b—a [/
2 3e

where || f"|| = sup |f"(z)].

z€(a,b)

(b B a)2 (b — a)2 - " "
k._
(b—a)? (b—a)?, .,
< W< nllfl) = o2 [Faal
and since
(b—a)?
<
then for n we get
_e—a f17
2 3 ||
The proof is complete. O

Remark 2. Let R(f,h) be the estimation error of the Trapezoidal rule of numerical integra-
tion, then by we obtain the estimate for the error known in the literature:

b—a

R(f,h) = 1711
Remark 3. If ||f"|| = sup |f"(x)|, then from inequality (2.8), it follows that
x€la,b)
fla)+ 1 / ) "
2.11
0L [y 11 211

and from , by taken into account mequalzty ' we get

—a)’

122

A(ylay277yn ||f”|| (212)

\

These two inequalities show that when the mterval 15 divided into n sub-intervals, the error of
an Hadamard-type inequality decreases in n? times.

Theorem 2.3. Let f: I C R — R be a twice differentiable function on I°. If f" € Lla,?],
where a,b € T and | f"|? is a convex function on [a,b], then for all o >2, ¢ >1, and
% + é =1 the following inequality holds

" S6) £ /(&) i) ¥
;<kg<w_$ggm

h2m —
< — Dy, 2.13
200 ; b ( )
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where

_ (F(a+ 1)F(q+1)>;’

I+ q+2)
= (a|f" (&0 + (g + D (&-0)|")

+ (g + D) [ (G- + | (&)
Proof. By Lemma and the triangle inequality, we obtain

f(& +f€ I'(«
Z - : QhQZZU

By using the Holder integral inequality (1.3) and since | f”
1

|k = /tal (1 —1t) f"(t&1 + (1 — t)&)dt

1
q

1
q

)

| q

/t T = ) [ (6 + (1 — 1)) de

1
P 1

< / e / L= 80 (] (Gn)| + (1= 1) | (€0)]7) dt

0 0
1 1

I
o
S|

0 0

= a7 (Bla+1,q+1) |f"(E-)* + [£(&)" B (a,q+2))

where B (.,.) is the Euler Beta functions.
By the Euler functions properties

la+1)I'(g+1) al'(a)l(g+1)

Bla+1lg+1)=

Tla+q+2)  Tlatq+2)
_D(@P(g+2) _ (g+DI(@)C(g+1)
Blaa+) =50 79" Tatrqt 2

for the first integral, we get

Il < (g) (L(q“))) (@761 + (g + 1) 1€

(o +q+2

_ é <F(a + 1)I'(q + 1)>

Q=

[a+q+2)
< o (@l @)l + (+ DI G-l
Similarly, for the second integral I, we can write
Il < == (g + DI G0l + alf" (G-n)I")
By adding the last inequalities, we get
[Tl + Lot < = - Dy

Q=

Q=

([ L] + [L2x]) -

@0l [ = o el [ et - omar

Y

(alf"Er-)I"+ (¢ + 1) |f"(&r-1)")

Q=

Q=

S

S

(2.14)

is a convex fllnCthIl we have

(2.15)
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By multiplying both sides of inequality 1) by the expression %2 and taking into account

(2.14), we obtain inequality (2.13). The proof is complete. O
Corollary 3. If a = 2, then from (W we get

A1, s, - ) /f wA(Dl,DZ,...,Dn), (2.16)

b—ua 8n?

where

9 a
wla) = (<q+1><q+2><q+3>) ’

i A
Dy = (2[f"&-0)|" + @+ D [f"E)) " + ((g+ 1) |f" (&) + 2] (&)%)
Proof. For a = 2 as shown in Corollary [I] the left hand side of the inequality ([2.13) will be

fen) 1) Tlo
Z - ’“—hMZUk

For the right hand side of inequality (2.13), we get

C(Tla+1)T(g+1)\7  (TET(g+1)\7
=0 = ("fateta) = (Cran)

Qe

n

=D (f(&) + f(&-) 2n /f . (217)

k=1

(s Sitem) (o)
(¢ +3)(g+2)(qg+1)qT(q) (q+3)(qg+2)(q¢+1))

Hence, inequality (2.13)) becomes

1 - k k—1 1 / h2w =
NS (f(£ )+2f(£ )) B b_a/f@)df” < #;Dk

k=1
By dividing both sides of the last inequality by 2n, we get ([2.16). O
Remark 4. Forn =1, by (2.16) we get
b
2
f(a) /f )dz < —a) w(q) - Dy, (2.18)
—a 8
where
0= ()
w\gq) = )
(¢+1)(g+2)(qg+3)
= 2@+ @+ D)L O) 7 + (g + 1) [f(@)]" +2[f"O)) "
Since the
lim ( 2 > = i
1+ \(¢+1)(¢+2)(¢+3)) 12
and

lim

400 ((Q+1)(qi2)(Q+3))q -t

we hence have

Q|

1 3
Th (<q+1><q+2><q+3>) <!
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for all ¢ > 1. For ¢ — 17, by we get (2.8).

Theorem 2.4. Let f: [ C R — R be a twice differentiable function on I°. If f" € L|a,b),
where a,b € I and | | is a convex function on [a,b], then for all @ > 2 and ¢ > 1 the following

mequalzty holds
~ f(&-1) +f&)  T() ¢
3o fe) 1116 1) Sy,
=1 =1

9 — 1 o .
Cala+1) \a+2)

V= (1@l + 217 @) + (21 + 1 eor)’

Proof. Owing to identity (2.2]) and the triangle inequality, we can write:

Zf§k1+f§k_l;ba2ZU )

By using the well-known power mean integral inequality (1.4) and since |f”|? is a convex
function, we have

h29 <
< —> : 2.1
5 ;Vk (2.19)

where

(Ml + Harl) - (2.20)

1
1 1=

| I1i| = /t‘“ (L—1t) f"(t&—1 + (1 — )& )dt| < /tal (1—t)dt
0

0
1

q

[t =@l + a- ol ) d

1 1

—1 )1_(11 " q a 7 q a—1 2 5,1
[ (Ge—)|" [ (L= Ot%dt + [f7 (&))" [ 7 (1 — 1) dte
2

1
q

1 -5 1 . , ) ;
Oz(Oz—i—l)) ((Oz+1)(a+2) L[ (k1) +oz(oz—|—1 (@ +2) |f" (&) )

1

>
(ﬁ) (arisy ) (72 <@>|‘1);

or
1 a \¢ 2 .
il < ey (555) (17@eor+ 21 @or) (2.21)
Similarly, for the second integral, we can write
1 1
1 « a (2 q
il < o (553 (— el + 1 @) (2.22)

By adding side by side the last inequalites (2.2 and (2.22), we get

1 o
1 Iy < Vi. 2.23
Il + 1l € s (a+2) k (2.23)

By multiplying both sides of inequality 1) by the expression %2 and taking into account

(2.20), we obtain inequality (2.19). The proof is completed. ]
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Corollary 4. For a =2, from Theorem [2.]], we get

(b—a)’

< WA(vh Vo, .oy Up), (2.24)

A(y17y27 S 7yn)

where

o (\f”(ék—ﬂ\q; 1 <£k>!q)q, F=12....n

Proof. Tt we take a = 2, then from Theorem we have

gL (e Y L1y
S ala+ ) \a+2)  6\2)

V= (7o + 216 ) + (21 e er)'
=2 (1" (G0l + 17" (€I

and, in view of (2.17), we can write

n n

S (&) + F6e)) — /f )da <b1;—na() ka_ Ctln 5P

k=1 k=1
By dividing both sides of the last inequality by 2n, we get (2.24)). ]

Remark 5. If we choose n =1, from we get

f(a)+ F(b) L b—a) (@) + |7 (0)|"\ #
! /f = ( ! ) | (2.25)

For q=1, from (m, we get (@

10.
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