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BOUNDEDNESS OF DISCRETE HILBERT TRANSFORM
ON DISCRETE MORREY SPACES

R.A. ALIEV, AAN. AHMADOVA

Abstract. The Hilbert transform plays an important role in the theory and practice of signal
processing operations in continuous system theory because of its relevance to such problems
as envelope detection and demodulation, as well as because of its use in relating the real and
imaginary components, and the magnitude and phase components of spectra. The Hilbert
transform is a multiplier operator and is widely used in the theory of Fourier transforms.
The Hilbert transform was the motivation for the development of modern harmonic analysis.
Its discrete version is also widely used in many areas of science and technology and plays an
important role in digital signal processing. The essential motivation behind thinking about
discrete transforms is that experimental data are most frequently not taken in a continuous
manner but sampled at discrete time values. Since much of the data collected in both the
physical sciences and engineering are discrete, the discrete Hilbert transform is a rather
useful tool in these areas for the general analysis of this type of data.

The Hilbert transform has been well studied on classical function spaces Lebesgue,
Morrey, etc. But its discrete version, which also has numerous applications, has not been
fully studied in discrete analogues of these spaces. In this paper we discuss the discrete
Hilbert transform on discrete Morrey spaces. In particular, we obtain its boundedness on
the discrete Morrey spaces using boundedness of the Hilbert transform on Morrey spaces.
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1. INTRODUCTION

We denote by [,, p > 1, the class of scalar sequences b = {b, },ez satisfying the condition

1
16, = (Z \M”) < 00,

nez

where 7 is the set of integers. 5 .
Let b = {by}nez € lp, p > 1. The sequence b = {b, },,cz, where

anz bm ., nevz,

n—m
m#n

is called the Hilbert transform of the sequence b = {bn}NneZ.
M. Riesz proved (see [16]) that if b € [,,, p > 1, then b € [, and the inequality

1611, < Cllblle, (1.1)
holds, where C), is an absolute constant. Weighted analogues of (1.1]) were studied investigated
in works [4-64(9}/12}13}/15,20].
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If b € [, then the sequence b belongs to the class ﬂp>1 l,, but generally speaking, it does

not belong to the class I; (see [3]). In this case, R. Hunt, B. Muckenhoupt and R. Wheeden
(see |12]) proved that the distribution function

b(\) = Z 1
{n€Z: |by|>A}

of the Hilbert transform of the sequence b satisfies the weak condition
- C
O] < =l for all A >0,

where Cj is an absolute constant. In [3], it was proved that, if the sequence b € [; satisfies the

condition
Sh=0

nez
which is necessary for the summability of the discrete Hilbert transform, and

> " [balIn(e + |n]) < oo,
ne”Z
then b € [, and the following inequality holds:
1Bl <6 [bnlIn(e + [n]).
nez

In [2], the concept of Q-summability of series was introduced and by using this notion, it was
proved that the Hilbert transform of a sequence b € [; is Q-summable and its ()-sum is equal
to zero.

In this paper, we study the boundedness of the discrete Hilbert transform in the discrete
Morrey spaces.

2. DISCRETE MORREY SPACES
The classical Morrey spaces M), 0 < A < %, 1 < p < oo (see [1L[7,|14,/17-19]), consist of the

functions f € L, joc (]Rd), for which the following norm is finite
7, = supsup (111, )

We note that if A = 0, then M, , = L,; if A = ]i‘f, then M)y, = Lo (see [1]). In the case
p>10< A< g, F. Chiarenza and M. Frasca |8] showed the boundedness of the Hardy—

Littlewood maximal operator, a fractional integral operator and a singular integral operator in
the Morrey spaces. In particular, this implies the boundedness of the Hilbert transform in the
Morrey spaces. It means that, in case p > 1, 0 < A < ]l), for any f(t) € M, we have

(H)(t) = %/%Ch e My,

and there exist C), > 0 such that

1 Fllans, < Oxpll fllasy,
holds for all f € M,,,.
In [10], the authors introduced a discrete analogue of the Morrey spaces and studied their
inclusion properties. For m € Z and n € INU {0} we define
Smn ={k €Z: |k —m| <n}.

Following standard conventions, we denote the cardinality of a set S by |S|. Then we have
|Smn| = 2n 4+ 1 for all m € Z and each n € IN U {0}. The discrete Morrey spaces my,,
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0< A<
finite

%, 1 < p < o0, consist of the sequences b = {b,, }nez, for which the following norm is

1

HmeA@ = Sup sup |Sm,n|_>\ Z b |”

meZ neNU{0} s

In [11] it was proved the boundedness of the discrete Hardy-Littlewood maximal operators
and discrete Riesz potentials on discrete Morrey spaces. We observe that if

1
b=A{bn}tnez €myryp, 1<p<oo, 0<A<-—,
p
then the series »_ nbm converges absolutely. Indeed, for each n € IN we have

m#n

e N

J=12i-1g|n—m|<2J

o0

1
I
j=1

|[n—m|<27

=

LS ] e

Jj=1 [n—m|<27

oty _ Allbllm
< 4||b||mm ZQ(]-H)()\ ) < ,\ii
j=1 1 — 2 P
It follows that if
1
b:{bn}nGZem)\,pv 1<P<OO> Og)‘<};7

then the Hilbert transform of the sequence b is well-defined.

3. BOUNDEDNESS OF DISCRETE HILBERT TRANSFORM ON DISCRETE MORREY SPACES

We present the main result of this paper.

Theorem 3.1. Let 1 <p <oo, 0 <A< 113. For any b € my,, we have b € my,, and there
exists cxp > 0 such that
||b||mxp C/\7p||b||mxp
holds for all b € my .

We need the following auxiliary lemma.

Lemma 3.1. Ifr € (0,1) and [a,a + 2r] C [=3,3] then

a+2r

/ | In|¢]|Pdt < 2/|1nt|pdt. (3.1)
0

a

Proof. We begin with proving the inequalities

2r r
/Hnt\”dt < /\mﬂpdt, re(0,1), (3.2)
r 0
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3 r
/ In #fPdt < 2/|1ntypdt, re(0,1). (3.3)
3—2r 0

For r € (0,1], inequality (3.2) holds thanks to the decreasing of the function |In¢[” on the
interval [0, 1], while for » € (5,1) it is implied by the following estimates:

2 2 2
3 1 2
/|lnt]pdt</|lnt|pdt</|lnt|dt:§1n2—§<—,
e

l/e l/e

/|1ntypdt> /|lnt|pdt /|1nt|dt

Let us prove . We denote

T 3
x):2/|lnt|pdt— / |Int|Pdt, x€]0,1].
0

3—2zx
Since
B(0) =0
1 3
1) :2/]1nt|”dt—/|lnt]”dt
1/e 1/3
/\lnt\pdtJr (2-9) /|1nt\pdt—/]1nt|pdt—/\lnt]pdt
1/e 1/9 1/3
/\lnt\dt—i-— /|lnt\pdt—|—/\lnt]pdt /]lnt\dt—/\lnt]pdt
179
4 — 1 2
>1+ T (2In3)? - 3 + (In3)7 - 9l ~ 1—-(3—¢)(In3)? >0,
1
() =2(|lnzlP — |In(3 —22)|?) =0 & r=g or =1,
P'(0) = 400,
we get that
m[in] O (z) = min{®(0),P(1)} = 0.
z€(0,1
This proves ((3.3)).

Now let us prove (3.1). We denote
z+2r

U(z) = / ntPdt, « e [0,3— 2.

x

It follows from (3.2) and (3.3]) that

2r r
:/|lnt|pdt< 2/\1nt|pdt,
0 0



BOUNDEDNESS OF DISCRETE HILBERT TRANSFORM. .. 103

35— 2r) /\lnt|pdt /|lnt|pdt

3—2r
1

V(z)=|In(x +2r) — |lnzfP =0 & 1= ——1n—n,

(@) = [In(z +20)F ~ [z .
U'(0) = —o0.

From here we get that
max V(z) = max{¥(0), V(3 —2r)} / | Int|Pdt.
z€[0,3—2r]

This shows that (3.1)) holds for a > 0.
We proceed to the case a < 0. If a < 0, a+r > 0, then for each ¢ € [|al, ] we have

1 1
Z 2 maX{2T’ — t, m}

Therefore, in this case,

a+2r r |al 2r—|al T
/ | In [¢]|Pdt — 2/ | Int|Pdt :/ |Int|Pdt + / |Int[Pdt — 2/ | Int|Pdt
a 0 0 0 0
2r—|al r
_ / n t]dt — / (n #]7dt
r |al
:/ |In(2r — t)|Pdt — / |IntPdt < 0,
|al |al
and hence, (3.1) holds. If a 4+ r < 0, a + 2r > 0, then for each ¢t € [2r — |a|, r] we have
1 1
Z> o
;2 max{2r — t, T t}

and in this case we get:

a+2r |al 2r—lal

/ |1n|t||pdt—2/|lnt|pdt /|1nt|pdt+ / |1nt|pdt—2/llnt|pdt

Ial

—/|1nt\pdt— / (n #]7 it

2r—|al

= / | In(2r — t)|Pdt — / |IntPdt < 0,

2r—|al 2r—|al

that is ) holds. Since the function |In |th is even, then in the case a + 2r < 0 inequality
. follows from the already proved case a > 0. Th1s completes the proof of Lemma E O

Proof of Theorem[3.1. We define the function f(z) to be 21, for z € [k — 1,k + 3], k € Z and
0 elsewhere. First we are going to show that f € M, ,. Indeed, for each x € [k — %, k + %),
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keZ,ifre(0,1], then
x+r %

P ey = / FOPd: | < @rl2abp)

3=

21+57r7“5_)‘|b | < 21+77T||b||m ;
Ap
if 7 € (4,1], then

x+r

5 1
P 1 ;
- - _ 1
r >‘||fHLp(B(x;r)) =r A / |f<t>|pdt < r A (5 Z |27Tbk+]’p)

< A2 (b [P+ el + b )P < 1222757 by

~—~

3.5)

if r € (n,n+ 1], n € N, then

iy P n+1 %
- - (1
Py =7 /!f(t)lpdt < <§ > |27rbk+j\p>
—r j:—n—l
z (3.6)
n*AQI—%W Z ‘bk+j|p < anQI—%ﬂ_(Qn_'_g)/\”me)w
jeSk,n+1

< 52557 [blm
It follows from inequalities (3.4), (3.5)), (3.6) that f € M, , and
1
1 1Ir,,, = sup Sup (F M ey Br) < 1222757 [b]|my -

Therefore, H f € M), and there exist dy > 0 such that

1 fllary, < dol[bllmy - (3.7)
We define the function F(z) to be by, for v € [k — L, k+ 1), k € Z, and
G(x) = (H[)(x) = F(x). (3.8)

We are going to prove that G(z) € My,. Foreach z € [n— 3, n+ 1), v #n+t 1 neZ, we
have

m—l—f
£(t) 27Tb b
G( ) s x—tdt b N Z n—m
R 1 m#n
m—}—f nt1
[ so, / it | 3 bin
= n_l:p—t n—m (3.9)
4 4
m—i—i n+%
1 1
=) 2b, /( — )dt +2bn/ dt
i ) r—t n—m r—1
= ni
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Let m # n. Since for each z € [n — 2, n+ 3) and t € [m — 1, m + 1]

ponl<g,  Im-ti<g et >ln—ml | —n|—|m—t>n—m -

- ~X _7 m — - €r— = - - - - - = - - _7
TS 4 1
then we get

1 I | |In—x+t—m T+1
z—t n—m| |z—t[-ln—m| " |Jn—m|(jn—m|-3)
B 3 3
~n—m|-(4n—m|=3) " [n—m*
Therefore, for each z € [n — %,n + %), T #n=+ ;11,
" b
1 3b,
G < 2|b,, — 3.10
Gie < 32 |/ i L Tl (3,10
m#n o1
4
It follows from inequalities (3.10) and - that
Blbm| _ 12[[bllm,,
G ( . 3.11
|Gl |\Z|n—m|2 o1 (3.11)
m#n
If r € (0,1), then by (3.11)) we obtain:
x+r %
rGallyaany = | [ G
- (3.12)
2 12[Bl|m L 12-20
2 W oyt < 2222y,
1—-2"» 1-2
Forr e [k —1,k), k€ N, k > 2, by (3.10) and the Holder inequality we have:
T4 7 ntk+g
rMGillyany = | [IGi@pds ) <ot | [ G
—k—%
1
L (e e VY
_ A -
(32 T ioora) < (S ()
J=n=k.l1 j=n—k msﬁj
2
1
n+k ’b |p p—1\ »p
< X\ o)\ T
S\ 1 —ml| Gl Vi m!
)\ o - _
ot (5 ) e (S x>
J=n— km#ﬁ meZ li—n|<k,j#m
1
N n+2k ) 0o ‘bm‘p
< 12r Z |bm| '4+Z Z 22i—3.

m=n—2k =1 2ik<|m—n|<2it1k



106 R.A. ALIEV, A.N. AHMADOVA

) = 220 bl |’
<1277 (4(4k3 + 1)p/\||b||gu,p + Z 92i-3; -

i=1

1 P
< 12(k = 1)7MM|bl iy, (4 S BPA 4 —6)

22-pA ]
and hence
Y 16 P
T HGluLp(B(x;r)) é 24Hb”mA,p 20 + m . (313)
It follows from (3.12)), (3.13)) that Gy € M,
|Gy, = sup sup [ MGl ] < dillbllmy (3.14)
where

1 1
12-2» 16 P
dl = max{l_QA_:}a 24 (20"‘ 22p)\__1) }

Let us show that Gy € M) .
For each n € Z we partition the set

into four parts:

For each x € R and ¢ > 0, the identity

T+0 )
dt du
V.p. —— =vp. | —=0
r—1 —Uu
T—0 —0

holds. Therefore, if z € (n — 1, n], then

n—&-% $+(df—n+%) n—l—%
dt dt dt
G = 2b,, - v.p. = 2b, | v.p.
2(7) Vp/m—t VP / :E—tjL / r—1
n—% CC—(CC—n-‘r%) x—i—(z*—n—i—%)
n—&-%
dt 1 1
= 2b, / x_t:2bn(—ln<n—|—1—x)—i—ln(m—n—I—Z)).
2x—n+i
If z € (n,n+ 1), then
n—&—% m—(n—l—%—x) x+(n+i—m)

dt dt dt
Galw) =2, v [ ommve [ o [

n—i n—i x—(n—f—i—m)
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idt
_ o, /
r—1

Ifz€(n+i,n+1), we get:

1 1
= 2b, (—1n<n+1—x)+ln(x—n+é—l>).

n+i
dt 1 1
— 9 = o, (-m(z—n—=)+l(z—n+-)].
Go(x) by, P bn( n(:v n 4)—|—n(x n+4>)
-
This shows that for each x € [n — %,n + %), r#nt }1, we have
1 1
Go(x) = 2b, (—ln r—n— —‘ +In Jz—n—i——')
4 4
and, hence,
1 1
|Go(x)| < |2, | In - +1n = | - (3.15)
|z —n—{] |z —n+ 4]
Thus, for each n € Z,
n—l—%
/ Ga(@)|Pd < dalbnl?. (3.16)

n—3z

where
n—&-%
1 1
dy == 2p/ In n————
|a:—n— | ]a;—n—i—;l
no 1
2
Let z € [n—1 n+1),
that

S =

T+Tr

/ |Gy (t) Pt

-

r Gl By =17

N

p 1 1 p
} dr = 2P / {ln T+ In T du.
| lu — 4| lu+ 4|

N[

r#n=+1 Ifre(0,1), then it follows from (3.15) and from Lemma

Sl

T+r
1 11N\?
< /w%”ﬂp<mt_0%_D_ZH+ t—@%—”+1')dt
T+r %
) 1 1]1\?
+r & |%W’1Ht—n—1 +lnt_n+1 dt (3.17)
x+r %
Y 1 1N\?
+r ¥:|%mﬂp mft=(n+1) = 2|+ mft=(n+ 1)+ ) dt

-

T / Pt | < ds|Blony
0
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where

ds =24 sup r—* /|lnt|pdt < 00.

0<r<1

Iftrelk—1,k), ke N, k>2 then it follows from (3.16]) that

3=

Tt z ntk+y
r M Gall L, ) = 77 /|G2(93)|pdx <r A / |G () [Pdx
,k,%
i T3 n+k 1 (3.18)
Y / G () Pdz Z dalb; yp)
j=n—k. 1 j=n—k
J=3
< (k—-1)" Adz [bllms, (2 + 1)* < 5Ad2 0], -

By (3.17)), (3.18) we find that Gy € M), ,:

1G2lla,, = supsup [r M GillL, @:r)] < dallbllm, (3.19)

xz r>0

where
dy = max {5%12%, ds}.
Hence, owing to , and , we conclude that G € M),
IIGIIMM < (d1 + d4)||b||mx,p- (3.20)
Since F(z) = (Hf)(x) ), by (3.7) and we get that F' € M,
1E Ny, < (do +di + da)|[b]lm,y -

Therefore, for each m € Z and n € N J{0},

. m4n+3 >

Sl | 32 1Bl | = @04 1) / F@)Pde | = @0+ D F sy

k€ESm,n _p 1
2

1
<@2n+ 1) Mo+ 5))‘ N Flag,, < 27 Mdo + dy + da) |6l -

It follows that b € m,, and

1Bl , < 27(do + dy + da) - [[Bllms -
This completes the proof of Theorem O
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