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EXPONENTIAL ROSENTHAL AND
MARCINKIEWICZ-ZYGMUND INEQUALITIES

KWOK-PUN HO

Abstract. We extend the Rosenthal inequalities and the Marcinkiewicz-Zygmund
inequalities to some exponential Orlicz spaces.The Rosenthal inequalities and the
Marcinkiewicz-Zygmund inequalities are fundamental estimates on the moment of
random variables on Lebesgue spaces. The proofs of the Rosenthal inequalities and the
Marcinkiewicz-Zygmund inequalities on the exponential Orlicz spaces rely on two results
from theory of function spaces and probability theory. The first one is an extrapolation
property of the exponential Orlicz spaces. This property guarantees that the norms of some
exponential Orlicz spaces can be obtained by taking the supremum over the weighted norms
of Lebesgue spaces. The second one is the sharp estimates for the constants involved in the
Rosenthal inequalities and the Marcinkiewicz-Zygmund inequalities on Lebesgue spaces.
Our results are applications of the extrapolation property of the exponential Orlicz spaces
and the sharp estimates for the constants involved in the Rosenthal inequalities and the
Marcinkiewicz-Zygmund inequalities on Lebesgue spaces. In addition, the sharp estimates
for the constants involved in the Rosenthal inequalities and the Marcinkiewicz-Zygmund
inequalities on Lebesgue spaces provide not only some sharpened inequalities in probability,
but also yield some substantial contributions on extending those probability inequalities to
the exponential Orlicz spaces.

Keywords: Rosenthal inequality, Marcinkiewicz-Zygmund inequalities, martingale,
exponential spaces, Orlicz spaces.
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1. INTRODUCTION

This paper aims to extend Rosenthal inequalities and Marcinkiewicz-Zygmund inequalities
to exponential Orlicz spaces. The Rosenthal inequalities and the Marcinkiewicz-Zygmund
inequalities provide some fundamental estimates on the moment of random variables on
Lebesgue spaces. These inequalities have a vast amount of applications on probability and
statistics.

Our main result is based on employing a well known extrapolation property of exponential
Orlicz spaces. Roughly speaking, the extrapolation states that the norms of some exponential
Orlicz space can be bounded by the suprema of the weighted norms in Lebesgue spaces, see
Proposition To be able to apply the extrapolation property, we need a precise estimate
for the best constants involved in the Rosenthal inequalities and the Marcinkiewicz-Zygmund
inequalities on Lebesgue spaces. There were a huge amount of efforts paid for estimating the
best constants in the Rosenthal inequalities, the Marcinkiewicz-Zygmund inequalities and some
other inequalities in probability on Lebesgue spaces, see [1L [5, 6l 10, 111, 12, 16] 20, 24].

The main results of this paper are applications of the best constants obtained for the
Rosenthal inequalities and the Marcinkiewicz-Zygmund inequalities. We establish them by
comdininig the techniques from the theory of function spaces and the sharp inequalities in
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probability. It should be said that the results in [1L [5, [6] 10, 1T, 12, 16, 20, 24] do not just
give some sharpened inequalities in probability, but they also provide substantial contributions
on extending those probability inequalities to exponential Orlicz spaces. This method was also
used in [2] [17].

This paper is organized as follows. The classical Rosenthal inequalities and some preliminaries
on the theory of function spaces, especially, the characterizations of exponential Orlicz spaces
are presented in Section [2| Section [3| is devoted to establishing the exponential Rosenthal
inequalities. The martingale version of the Rosenthal inequalities on exponential Orlicz spaces
is given in Section [ Finally, in Section [5] we obtain the exponential Marcinkiewicz-Zygmund
inequalities.

2. PRELIMINARIES

Let (£2,%, P) be a probability space and let £ denote the expectation operator. Given a
random variable X, for any 0 < p < oo we denote

1
X[, = (EIX[")», [ X[l = sup|X].

Let 2 < p < oo. The celebrated Rosenthal inequalities state that for any independent
symmetric random variables {X;} with finite p"* moment, we have

maX{H ZXi R (Z ||Xi||§>p} <H ZXi )
i=1 i=1 i=1
<B, maX{H iXZ-
i=1

(2.1)

(3 uxz-uz);}

for some B, > 0.

The main result in [I6] stated that the growth rate of B, as p — oo is p/logp as {X;}I-, are
nonnegative independent random variables. That is, there exists a constant K independent of
p such that i

P
B, < g

We now turn to some definitions and preliminary results on the theory of function spaces.

We begin with the definitions of exponential Orlicz spaces.

(2.2)

Definition 2.1. Let a > 0 and 0 € R. The function space E, consists of X-measurable
functions f satisfying
L1y
|fllg, =inf S A>0: /(e(k) —1)dP <1} < o0.
Q
The function space &, consists of X-measurable functions [ satisfying

ma
| flle. = inf /\>0:/(ee(A> —e) dP < 1% < 0.

Q
The function space E L, consists of X-measurable functions [ satisfying

a a/6
1oz, = mf 4 A>0: / (e<'i'> (1106 41 _1) Pt <oo

Q

The following proposition gives extrapolation properties of exponential Orlicz spaces.
Namely, it provides some equivalent norms of E,, &, and EL, in terms of the norms from Ly,
k € IN.
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Proposition 2.1. Let a >0, 6 € R and ky € IN.
1. There exist constants C; B > 0 such that for all f € E,, we have

_1
Bl flle. < sup k7| fllz, < Ol flEz.- (2.3)
kEN,k>ko
2. There exist constants C, B > 0 such that for all f € &,, we have
Bl flle. < sup (e+logk) = fllr, < C|flle.- (2.4)

kEIN, k>ko

3. There exist constants C, B > 0 such that for all f € EL,, we have

e+logk g
Blflern < s CEE g <o, 25
;RZR0 @

This proposition was proved in [7, Cor. 3.2|, [8, Sect. 3.4] and |23 Cor. 2.2.4]. These results
show that the exponential function spaces E,, &, and EL,y can be characterization by the
norms of Lebesgue spaces. The characterizations and appeared in [9, 23] and [7],
respectively.

Although the proofs in |7, 23] are given for Lebesgue spaces on R", we note that the proofs in
[7, 23] rely on the estimates for the decreasing rearrangement of a Lebesgue measurable function.
It can be extended to Lebesgue spaces on measure spaces with some minor modifications in
notations only. Therefore, for brevity, we do not repeat the proofs here and refer the reader to
[7, 23] for details.

Let a,0 > 0 and 1 < p < oco. In view of Proposition we have the embedding

Lo =& — ELyyp— Ey— ELy_g — Ly, (2.6)

3. EXPONENTIAL ROSENTHAL INEQUALITIES

The first main result of this paper, the exponential Rosenthal inequalities, is established in
this section.
Whenever sup;¢;,, HXZHOO < 00,, the classical Rosenthal inequalities and ([2.6) assure that

‘ max ‘
log P {

The best constant for the classical Rosenthal inequalities and Proposition sharpen the
above estimates by replacing the norm || - ||z, on the left hand side in the above inequality with
the norm || - ||z, ;-

nE sup ||X1Hoo} (3.1)

1<i<n

Theorem 3.1. Let n € IN. For any m € IN, there exits a constant C' > 0 such that for each
nonnegative independent random variables {X} ', with

sup || Xi||eo < 00,
1<i<n

we have

i 2,nﬁ sup HXlHOO} (3.2)

1<i<n

i < C' max
EL1;

for some C > 0.

Proof. As

sup || Xi||oo < 00,
1<i<n



102 KWOK-PUN HO

for each 1 < p < oo, embedding (2.6 implies that sup;;, || X;|, < oo. Then (2.1) and the
embedding Lo, — L, guarantee that

p n n %
x| (1)
1> logpmax{ >ox], (X }

i=1

p - - z
e x| (DIl
e {5 (S e

i=1

max{ ZX,- v sup || X Hoo}

<ol
log p

for some C > 0 independent of 1 < p < co. That is, for any k£ € IN,

<cma{]3
1=1

where C' is a constant independent of k£ € IN.

Since supys,, nk = ni, by taking supremum over k € IN with & > m of both sides of the
above inequality, in view of (2.5) we get

n n
- ELia -
=1 ’ =1
L]

According to for each 1 < p < oo we have ELy; < L,. Therefore, (3.2) improves the

i—1 1<i<n

e+long

1<i<n

1
ot s ||Xz-r|oo}

nm sup || X; HOO}

1<i<n

estimate given in 1-
Next, we extend the Rosenthal inequalities to the random variables {X;}! , C E,.

Theorem 3.2. Let n € N and o > 0. For each m € N, there exits a constant C' > 0 such
that for all nonnegative independent random variables {X;}_, with

sup || Xil|g, < oo,
1<i<n

we have

) n
=1

) Z,n% Sup \|Xi||Ea} (3.3)

1<i<n

n
i < C'max ‘
EL o 4 -
T+a- =1

for some C' > 0.

Proof. Since

sup ||Xi||g, < oo,
1<i<n

embedding (2 guarantees that for all 1 < p < oo we have sup, ¢;, || Xi||, < co. The Rosenthal

inequalities, 1 ) and ( . yield
n 1
1 () }

\
o (Z IX, ||pa)’1’}

<

max ‘
1og P {

max H
log P {

where C' is independent of p. As pE 1, we have

|3, < {3

1<i<n

1
;P sup ||Xi||Ea}-
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< Cmax { ‘
i=1
for some C' > 0.

: 1 1 . :
Since SUpyep gs>m MF = nm, we take supremum over k£ > m in both sides of the above

inequality and by (2.5) we arrive at (3.3). O

The last main result of this section gives an extension of the Rosenthal inequalities to the
exponential Orlicz spaces &,.

Therefore, for each k£ € IN we have

e—f—logk’

1+«

1
i 2’71% sup “XlHEa}

1<i<n

Theorem 3.3. Let n € N and a > 0. For any m € N, there exits a constant C' > 0 such
that for any nonnegative independent random variables {X;}1, with

sup [|X;|

1<i<n

Ea < 00,

as o # 1, we have

H n
i=1

As a =1, we have

1<i<n

n
i < Cmax H i ,n% sup | Xile. ¢ -
EL) o 1 2

< Cmax {
Eq
for some C' > 0.

Proof. As o # 1, similar to the proofs of (3.2)) and (3.3, we find that

>, < mwmm“\ (iﬁ&ﬁf}
ngmax{H (e +1ogp) é(z,wupa)é}

<C——M— P 7 max ‘ n% sup || X;|le.,
(e +logp) =

1<i<n
where C' is independent of p. Hence, for each k € ]N, we have

n
< C'max { H
i=1
Moreover, as o« = 1, we see that

n
<cmM{H
k
i=1

Now the desired results follow (2.3) and ({2.5)). O

1
| sup HXiugl}

1<i<n

(e+logk: H

1<i<n

i, ¥ sup ||Xiy|ga}.

1<i<n

1
| i nt sup Hxiugl}.
k — 2

In [16], there is a number of estimates for the best constants of some generalizations of the
Rosenthal inequalities. For instance, we have
n 1
(X ||Xi||,€)P}
i=1

H < max{H
log p
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for some C > 0 independent of p. As a result, the corresponding exponential type inequalities
hold as well. We note that further exponential Rosenthal inequalities can be found in [3] and
[4, Chapter II, Theorem 9]. We also note that the results in [3, 4] do not use the extrapola-
tion properties of exponential Orlicz spaces and the best constants in the classical Rosenthal
inequalities.

4. MARTINGALE INEQUALITIES

The main result of this section is the martingale version of exponential Rosenthal inequalities.

We begin with the definition of some notations used in the martingale theory.

Let F = (Fn)n=0 be a filtration on (Q, %, P). That is, (F,)n>0 is a nondecreasing sequence
of sub-c-algebras of ¥ with ¥ = o(U,>0F,). Let F_; = Fy. For each sequence of random
variables X = (X;) we denote

X = sup |Xil, X" =sup|X;l|.
0<i<n =0

The conditional expectation operator related to F,, is denoted by IE,. For each martingale
f = (fa)nso on Q, write d;f = f; — fi_1, i > 0 and dof = 0. The conditional square function
(conditional quadratic variation) of f is defined as

sn(f) = (Z Ei—l|dif|2> ) s(f) = (Z Ei—1|dif|2>

For each 1 < p < 0o, the p-variation of f is defined by

sp(f) = (ZEiflfdif\p) :

1
2

3 =

The following theorem is a variant of Rosenthal inequalities. Roughly speaking, it gives an
estimate of f* in terms of the p-variation s,(f).

Theorem 4.1. Let 1 < p < 2 and p < r < oo. There ewists a constant C,, such that for
each martingale f and for each predictable sequence of random variables w = {wy, }n>1 which
dominates {|d,|}n>1 the estimate

r
* g T r * T 41
171 < Copr D+ 7l (1.1)

holds true.

The proof of the above result was given in |10, Thm. 3.2|.
We observe that as r — oo, the constant in (4.1) is the same as (2.2]). Hence, we also have
the following exponential Rosenthal inequalities for martingale.

Theorem 4.2. Let 1 <p <2 and o > 0. There exists a constant C, such that for any mar-
tingale [ and for any predictable sequence of random variables w = {wy, }n>1 which dominates
{|dn|}n=1, we have the following estimates.

1. As sp(f),w* € L, the estimate

17 210 < Colllsp(lloo + llw o)

holds.
2. As s,(f),w* € E,, the estimate

[ VET
+

1 S Golllsp(Dll e + oo™l )
holds.
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3. Asa# 1 and s,(f),w* € &,, the estimate
1 2L, o < Cplllsp(Hllea + llw*lle.)

holds.
4. Asa =1 and s,(f),w* € &, the estimate

[/ N E < Cplllsp(Hller + llw*[ler)
holds.

The proof of the above theorem follows from the proofs of Theorems [3.1] [3.2] and
As p = 2, that is, s,(f) = s(f), we have a sharper estimate on the constants appeared in

&Y.

Theorem 4.3. Let 2 < r < oo. There exists a constant independent of v such that for each
martingale f = (fu)nso with d;f = f; — fi_1, the estimate

10 < BWrls(Hll- + i) (4.2)
holds.

For the proof of the above result, the reader is referred to [12, Theorem 2|.
Theorem yields a sharpened exponential martingale inequality for the conditional square
function s(f).

Theorem 4.4. Let [ = (fu)ns0 be a martingale with d;f = f; — fi_1.
1. If d* € Ly and s(f) € Es, then f € Ey and
1/l e, < B(ls(N)ll e, + [1d"[|so) (4.3)

for some constant B > 0.
2. If d* € E, and s(f) € E;Ta, then f € E__ and

1 e o, < BUls(lle g, +1d%]e,) (4.4)

a-+1

for some constant B > 0.

3. Ifd* €&, and s(f) € ELy _q, then f € ELy _, and
1 N er o < B(ls(Hllprs o + 1d°]e.) (4.5)

for some constant B > 0.

Proof. In view of Proposition 2.1} as d* € Ly, and s(f) € E,, we have d*, s(f) € L, for any
2 < r < co. Therefore, Theorem yields that for each & € IN, k > 2, the estimate

1 1
P07l < B (s + el
is valid. By Proposition 2.T] we get that for each k € IN, k > 2, we have
1, . ,
I e < Clis(h e, + 1d7 o)

for some C > 0. By taking supremum over k£ € IN, k > 2, we find that f* € F; and

15[ < Cls(Nles + lld"[loo)

for some constant C' > 0. This proves (4.3).
Similarly, as d* € E, and s(f) € E;Ta, we have

P07 < B (s + e )
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Hence,

1 N 1
/CQTH Hf ||k = kH'%

1 1
< B (sl + el

Now by Proposition we arrive at (4.4]).
Finally, as d* € &, and s(f) € ELy _,, for each k > kg, we have

171 < B (e Il + el

1 1 1
— |\l < B 5 + ———|d" .
e AL @%+mmﬂﬁm;@+mmﬂHQ

In view of Proposition [2.1 we obtain (4.5)). O

We note that in [14], some other exponential inequalities for martingales can be found. Some
exponential probabilistic inequalities such as exponential inequalities for martingale transform,
for decoupling inequalities, for differential subordination and for Stein inequalities, were estab-
lished in [13].

Moreover, our method also applies to the Rosenthal-Burkholder type inequalities for martin-
gales in Banach spaces [I8] and [I9, Thms. 4.1, 5.1]. In particular, it also yields the exponential
Hoffmann-Jgrgensen inequalities [I5] and the exponential Talagrand inequalities [22].

5. MARCINKIEWICZ-ZYGMUND INEQUALITIES

We obtain the exponential Marcinkiewicz-Zygmund inequalities in this section.
In [5], Burkholder obtained the following best constant Marcinkiewicz-Zygmund inequalities.

Theorem 5.1. Let 1 < p < 0o and {X;}52, be a sequence of independent random variables
with E(X;) = 0. Then
|2
i=1

for some C' > 0 independent of p.

péC(p—l)]E<ZZ:X3>é

In view of the above result and Proposition we obtain the following exponential
Marcinkiewicz-Zygmund inequalities.

Theorem 5.2. Let {X;}2, be a sequence of independent random variables with IE(X;) = 0.

We have
n n l
Xl < O]E( Xf) g
|2, < (X

In [6, 20], the Marcinkiewicz-Zygmund inequalities was generalized with E(Z?zl Xf) * re-

-

1

placed by (Z?ﬂ HX1H5> n.

Theorem 5.3. Let {X;}2, be a sequence of independent random variables with E(X;) = 0.
We have a constant C' > 0 such that for any 2 < p < oo and n € N, we have

IS x| <copbnis (D 1Xi0)" (5.1)
i=1 P i=1

This theorem was proved in [20], see Theorem 2 in this work. For the best constants in the
above Marcinkiewicz-Zygmund inequalities, two were estimates given in [20, Thm. 2]. We use
the estimate given in |20, Ineq. (10)| since it gives a better estimate as p — oo.

Now we extend the Marcinkiewicz-Zygmund inequalities to exponential Orlicz spaces.
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Theorem 5.4. Let o > 0 and {X;}$2, be a sequence of independent random variables with

1. There exists a constant C' > 0 such that for each n € IN, the inequality

< Cn? sup || Xi|oo-

1<i<n
holds true.
2. There exists a constant C > 0 such that for each n € IN, the inequality
n
1
H < Ont sup ||Xil|s, (5.2)
P 20, 1<i<n
holds true.
3. There exists a constant C' > 0 such that for each n € N, the inequality
n
‘ < COn? sup || X, (5.3)
i—1 1<isn

holds true.

Proof. In view of (5.1)), for all k € IN obeying k >> 2, we have

<C Cn>"nk sup || X || — Cn> sup || X ]| oo-
k

1<i<n 1<i<n

Therefore, by using (2.3) with ky = 2, we obtain

H n
i=1

Similarly, (2.3)) assures that for each k € IN obeying k& >> 2, we have

<Cn2 sup [|1Xi]|oc.

1<i<n

< Cnrvnkke sup || Xil|lg, = Cn2k= sup || Xi||g,.
k

1<in 1<isn

Hence,

< Cn? sup || Xi .-

1<in

Now ({5.2)) follows (2.3).

Finally, (2.4) assures that for each k € IN obeying k >> 2, we have

<cC Cn2 (e +logk)s sup || X;]|z.-

1<i<n

Hence, (5.3)) is implied by (2.5)). O

1

2
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