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EXISTENCE OF SOLUTIONS FOR NONLINEAR SINGULAR
¢-STURM-LIOUVILLE PROBLEMS

B.P. ALLAHVERDIEV, H. TUNA

Abstract. In this paper, we study a nonlinear ¢- Sturm-Liouville problem on the semi-
infinite interval, in which the limit-circle case holds at infinity for the ¢-Sturm-Liouville
expression. This problem is considered in the Hilbert space Lg (0, 00). We study this problem
by using a special way of imposing boundary conditions at infinity. In the work, we recall
some necessary fundamental concepts of quantum calculus such as g-derivative, the Jackson
g-integration, the ¢-Wronskian, the maximal operator, etc. We construct the Green function
associated with the problem and reduce it to a fixed point problem. Applying the classical
Banach fixed point theorem, we prove the existence and uniqueness of the solutions for this
problem. We obtain an existence theorem without the uniqueness of the solution. In order
to get this result, we use the well-known Schauder fixed point theorem.

Keywords: Nonlinear ¢-Sturm-Liouville problem, singular point, Weyl limit-circle case,
completely continuous operator, fixed point. theorems.

Mathematics Subject Classification: 39A13, 34B15, 34B16, 34B40

1. INTRODUCTION

Nowadays, quantum calculus, or g-calculus, attracts a lot of attention because it differs
from the classical calculus in the sense that it does not require the concept of limit. It plays an
important role in different mathematical areas, such as number theory, orthogonal polynomials,
fractal geometry, combinatorics, calculus of variations, mechanics, orthogonal polynomials, as
well as in statistic physics, nuclear and high energy physics, conformal quantum mechanics, and
theory of relativity. For a general introduction to the quantum calculus, we refer the reader to
the references [I]-[3].

So-called g-difference equations are important in quantum calculus. Recently, much efforts
were made in to study the existence of solutions to ¢-difference equations, see [4]-[18]. However,
there is no results on the existence of solutions to a singular impulsive nonlinear ¢-Sturm-
Liouville problems as the limit-circle case holds at infinity. In this paper, we fill the gap in this
area by using a special way of imposing boundary conditions at infinity. While proving our
results, we use the machinery and methods of [19], [20].

In the following section, we recall some necessary fundamental concepts of the quantum
calculus.

2. PRELIMINARIES

Following the standard notations in [I]-[3], let ¢ be a positive number obeying the inequality
0<qg<1l, AC Randae€ A. A g-difference equation is an equation that contains ¢-derivatives
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of a function defined on A. Let y be a complex-valued function on A. The g¢-difference operator
D,, the Jackson g-derivative is defined by

y (qr) —y(z)
qr —

D,y(z) = forall ze€ A

Note that there is a connection between ¢-deformed Heisenberg uncertainty relation and the
Jackson derivative on g-basic numbers, see [21]. As ¢ — 1, the g-derivative is reduced to the
classical derivative. The g-derivative at zero is defined by

n—00 q”x’

x € A),

if this limit exists and is independent of x. The formulation of the extension problems requires
the definition of D, -1, which reads as follows:

f@) - flaa)
D, f(x) = r—qlz € AN {0}

D,f(0), x =0,

provided D,f(0) exists. Associated with this operator, there is a non-symmetric formula for
the g-differentiation of a product

Dy[f(x)g(x)] = g(x) Dy f(x) + f(gz) Dyg(x)-

A right-inverse to D,, the Jackson g-integration is defined as

/ F(tdgt =2 (1—0) S " f (q"2) (x € A),

provided the series converges, and

a

/b F(t)dyt = /b F(t)dyt — / F(®)d,t (a,be A).

The g-integration for a function over [0, c0) was defined in [22] by the formula

o0

/ Fdt = 3 aF (@)

n=—oo

A function f defined on A, 0 € A, is said to be ¢-regular at zero if
lim f(zq") = f(0),
n—oo

for each x € A. In the rest of the paper, we deal only with functions ¢-regular at zero.
If f and g are g-regular at zero, then we have

/ (0D, f()dyt — / F(a)Dag()dyt = f(a)g(a) — £(0)g(0).

Let L2(0,00) be the space of all complex-valued functions defined on (0, 00) such that

2

1] = / F@)Pda| < oo
0
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The space Lg(O, o0) is a separable Hilbert space with the inner product

ungffwﬁﬁww, f.9 € L2(0,00),

see [3], [23].
The ¢-Wronskian of y(z), z(z) is defined as
W,(9,2)(x) = y(@)Dy2(x) — 2(2)Dyy(a), = € [0,a]. @2.1)
We consider the following nonlinear ¢g-Sturm-Liouville equation
1
I(y) = — P (p(x)Dgy(x)) + r(z)y(x) = f(z,y(x)), (2.2)
where p, r are real-valued functions defined on [0, 00) and continuous at zero, %, r e Lclj,loc (0, 00)

and y = y(z) is a sought solution.

We denote by D the linear set of all functions y € Lg(O, oo) such that y and pD,y are ¢-
regular at zero and [ (y) € L2 (0, 00). The operator L defined by Ly = [(y) is called the maximal
operator on LZ(0,00).

For each y, z € D we have ¢-Green formula (or ¢-Lagrange identity)

t

[ - [T e =l - ln e te @00, (23
where

Y, 2le := p(2){y(2) Dg-12(x) — Dg-ry(x)2(2)},
see [3], [23].
In view of (2.3)), it is clear that the limit

[y, 2]oe = nh_{lolc[yv z] (qin)

exists and is finite for all y,z € D.
For each function y € D, the values y(0) and (pD,-1y)(0) can be defined as
y(0) == lim y(q")

and
(pPDy-1y)(0) = lim (pDy-1y)(q")-

These limits exist and are finite since y and (pD,-1)y are g-regular at zero.
We assume that the following conditions are satisfied.
(A1) The functions p and r are such that all solutions of the equation

l(y) =0 (2.4)
belong to Lg (0,00), i.e., the Weyl limit-circle case holds for the g-Sturm-Liouville expression [
[23].

(A2) The function f(z,y) is real-valued and continuous in (z,() € (0,00) x R, and, for all
(z,¢) in (0,00) X R,
|f (2, Ol < g(z) +71¢], (2.5)
where g(x) >0, g € L2(0,00), and 1 is a positive constant.
Denote by u(x) and v(x) the solution of equation ({2.4) satisfying the initial conditions

u(0) =0, (pDy~1u) (0) =1, v(0) = —1, (pD,~1v)) (0) = 0. (2.6)
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Since the Wronskian of any two solutions of equation are constant, we have W, (u,v) = 1.
Then, v and v are linearly independent and they form a fundamental system of solutions of
equation ([2.4]). By the condition (A1), we get u, v € Lg (0, 00) and moreover, u, v € D. So, the
values [y, u|o and [y, v] exist and are finite for each y € D. By using Green formula and
conditions (2.€)), we obtain:

0
We complete problem ({2.2)) by the boundary conditions

y(0) cosa + (pDy-1y)(0) sina = dy,

[, 1) oo €OS B + [y, V] oo 80 § = d, (2.8)

where «, § € R. Our next assumption is as follows.
(A3) The inequality holds:

p = cosasin ff — cos fsina # 0,

and dy, dy are arbitrary given real numbers.
Since the function y in (2.8) satisfies equation (2.2)), we have

[e.9]

.l = y(0) + / u () £ y())dye.

0
o)

Y, Voo = (pDy1)(0) + / o(@) e, y(@))dy.

0

3. GREEN FUNCTION

In this section, we construct a Green function for boundary value problem (2.2)), (2.8), and
then, we reduce this problem to a fixed point problem.
We consider a linear boundary value problem

2Dy (@) Dyl) 4 1) =h(x), w000, heLoc) (D

y(0) cosa + (pD,-1y)(0) sina = 0,

[y, oo cOS B + [y, V]os sin B =0, a, B € R, (3.2)

where y is a sought solution, u and v are solutions of equation (2.4)) satisfying conditions ({2.6)).
We let

o(x) = cosau(x) + sinaw (z) (x) = cos fu(x) + sin fv(x), (3.3)
where

W, (p, ) = cosasinf — cos fsina = W.
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It is clear that these functions are solutions of equation 1) and are in Lg(O, o0). Further, we
have

[90’ u]x = (0) = —sina, [%U]x = (qu*NP) (0) = cos &,
[¢7u]$ = (a) = —sin fj, [¢7 U]x = (Pquﬂﬁ) (0) = cos f3,
(1, )]s = — sin f3, [, v]oo = cos 3.
We introduce a function
@) o,
Gla,t) = w 7 3.7
EO=N e &0
W )

The function G (z,t) is the Green function of boundary value problem (3.1)—(3.2).

Since ¢, 1) € L7 (0,00), we have
// Gz, 1) dyxd,t < oo, (3.8)
00

that is, G(z,t) is a ¢-Hilbert-Schmidt kernel.
Theorem 3.1. The function

o0

y(z) = /G(:v,t)h(t)dqt, z € (0,00), (3.9)

0
15 the solution to boundary value problem 7.

Proof. By a variation of constants formula, the general solution of equation (3.1) has the form

(o) = ko) + ot (2) + L) / (at) h(1)dt — Lol /wqt L (310

0

where ki and ko are arbitrary constants.

By (3.10), we get

(pDg-1y) () =k1 (pDg-1¢) () + ks (pDyg-1¢) ()

L (pD,) (@) / plat)h(r)d,

(pDg-1) /@bqt

%IQ

Hence, we have
y(0) = k1p(0) + koo (0) = —k; sina — ko sin 3,
(PDy-1y) (0) = k1 (pDg-140) (0) + k2 (pDg-140) (0) (3.11)
= kycosa + kg cos 3.
Substituting (3.11]) into (3.2)), we get
ko (cos asin B — sinaccos 5) = 0, koW =0,
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that is, ky = 0. Further, we have

v, ule =p(2) { () Dy vule) = Dyry(a)ula) |

T

=kilp.ul, + kolth, o + SL [0, e [ plat)h(O)d,t — e, ule [ lat)h
.y y
:—klsma——smﬁ/ (qt)h dt+—s1na/¢qt dgt
= —kisina + % / (—sin Sy (qt) + sinaw(qt)) h(t)d,t

—  kysina + % /u(qt)h (t) d,t.
0

Thus,

o0

[y, u]oo = —k1sina + q/u(qt)h(t)dqt.
0
Similarly, we get

[y, 0l =p(@) {y(2) Dy 0(&) = Dyry(a)ul) }

and

[y, V]0o = k1 cosa + q/v(qt)h(t)dqt.
0
By conditions (3.2)) we obtain

k1 (—sinacos f + cosasin B) + ¢ [ [cos Bu(qt) + sin v (qt)] h(t)d,t = 0.

Hence,

By , we get
) =~ [ elawlentd, - 3 [ ewuano:

that is, (3.7) and (3.9) hold true.

Our next statement is the following theorem.

97
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Theorem 3.2. The unique solution of boundary value problem subject to conditions
(@ 1s given by the formula

o0

mw=mm+/G@wuwm

0

where p J
_ _ 2
wlw) = Thole) = 2u().
Proof. By the condltlons 3.4)-(3.6), the functlon w(x) is a unique solution of the boundary
value problem (|3 satlsfymg conditions . This completes the proof. O]

From Theorem 3.2, boundary value problem (2.2)), (2.8) in L2 (0,00) is equivalent to the
nonlinear ¢-integral equation

o

i) = o)+ [ Gat)F (ty(e) dot. (3.12)
0
where the functions w(z) and G(z,t) are defined above. In what follows we study equation

BT
By (2.5) and (3.8)), we can define the operator T": L2 (0, 00) — L2 (0,00) by the formula

o

(Ty)(z) = w(z) + /G(w,t) f(ty(t)dyt, € (0,00), (3.13)

where y,w € L2 (0,00). Then equation (3.12) can be written as y = T'y.

Our next step is to find the fixed points of the operator T' because it is equivalent to solving
the equation (3.12)). In the next section we study the operator T by using a Banach fixed point
theorem.

4. FIXED POINTS OF OPERATOR T

Definition 4.1 ([24]). Let A be a mapping of a metric space R into itself. Then x is called
a fized point of A if Ax = x. Suppose there exists a number o < 1 such that

p(Az, Ay) < ap(z,y)

for each pair of points x,y € R. Then A is said to be a contraction mapping.

Theorem 4.2 ([24]). FEach contraction mapping A defined on a complete metric space R has
a unique fized point.

Theorem 4.3. Suppose that conditions (A1), (A2) and (AS3) are satisfied. Let the function
f(z,y) satisfy the following Lipschitz condition: there exist a constant K > 0 such that

/ummmw—< 2(@))Pdyz < /w )= 2(@) 2 dya (4.1)

0
for each y,z € L7 (0,00). If

1
2

//|G(x,t)|2dqxdqt <1, (4.2)
0 0

then boundary value problem , has a unique solution in Lg (0,00).
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Proof. 1t is sufficient to show that the operator 7' is a contraction operator. For y, z € Lg (0, 00),

we have
2

(Ty)() - / Gl ) [f (ty (1) — f (£, (1)) dt

< / Gl ) dyt / 1 (y(0)) — £ (6 2(0) dyt

< K2y — 2| / G (e )P dyt, @ € (0,00).

Thus, we get
[Ty —Tz[| < arlly — =],
where 1
3
a=K //|Gmt|dmdt <1,
and hence, T is a contraction mapping. O]

In the next theorem we consider the case, when the function f(z,y) satisfies a Lipschitz
condition on a subset of Lg (0, 00); this property is not assumed to hold on the entire space.

Theorem 4.4. Suppose that conditions (A1), (A2) and (A3) are satisfied. In addition, let
the function f(x,y) satisfy the following Lipschitz condition: there exist constants M, K > 0
such that

[ 156yt = 1 @2t g < /|y ~ 2o dye (43)

for all y and z in Sy = {y € Lg (0,00) : [Jy| < M} where K may depend on M. If

1 1 1

/|w(w)]2 dexr | + //\G(az,t)]2dqxdqt sup /|f tyNdgt | <M (4.4)
YyESM
0 00

and

D=

K //]G(x,t)\2dqxdqt <1, (4.5)
0 O

then boundary value problem 7(@ has a unique solution. This solution satisfies the

estimate
JICIREES T
0
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Proof. 1t is clear that S); is a closed set of Lg (0,00). First, we are going to prove that the
operator T maps S}, into itself. For y € Sy, we have

o0

1Tyl = ||w () + / G () f (Ey(t)) dyt

Sllwlf + ]| [ GG 8) F(Ey(E) dyt

o0

< Jw|| + / |G($,t)|2dqxdqt sup /|f (t,y(t | dgt <M.
0

0

ThUS, T 2SM — SM
We now proceed analogously to the proof of Theorem 4.2 and we get

1Ty =Tzl <ally—=z[l, v,z €5u.

We apply the Banach fixed point theorem and we obtain a unique solution of boundary value

problem (2.2, (2.8)) in Sy;. The proof is complete. ]

5. EXISTENCE THEOREM WITHOUT UNIQUENESS

In this section, we obtain an existence theorem without the uniqueness of the solution. In
order to get this result, we will use the following Schauder fixed point theorem:

Definition 5.1 ([19, 20]). An operator acting in a Banach space is said to be completely
continuous if it is continuous and maps bounded sets into relatively compact sets.

Theorem 5.2 ([19, 20]). Let B be a Banach space and S be a non-empty bounded, convet,
and closed subset of B. Assume that A : B — B is a completely continuous operator. If the
operator A maps the set S into itself, that is, if A(S) C S, then A has at least one fixed point
m S.

Theorem 5.3. The operator T defined by 15 a completely continuous operator under
conditions (A1), (A2) and (A3).

Proof. Let yo € L2 (0,00). Then we obtain:

(Ty)(z) — (Tyo) (x / G, 1) [f (1 y(1)) — £ (¢ y0(1))] dyt

/|G r 1) dt/!f (1, 9(0)) — £ (£, yo(0) P d,t.
Thus,

7y = Twnll < K [ 17 (.(0) £ (E0(0) dt. 6.1)

K = //|G:ct|dmdt
00

where
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We know that the operator F defined by Fy(x) = f (z,y(x)) is continuous in L2 (0, co) under

condition (A2), see [25]. Hence, for a given € > 0, we can find a 6 > 0 such that the inequality
Iy = woll < & implies

/If (t,y(t) = f (&, yo(t))]” dyt < %

It follows from (5.1)) that

1Ty — Tyol| <e,
that is, T" is continuous.
We denote
Y ={yeL;(0,00):lyll <C}.
By we have

1
Hnm<ww+{K/’uawam%m} forall  yev.
0

Furthermore, using (2.5)), we get

/uwmmﬁm</mw+mwmwa

2/ (t) + 9 |y( )|]dt

0
=2 (|lgll* + 9* [ly]1*)
2 (|lgll* + v*C?) .
Thus, for all y € Y, we obtain
1
ITyll < llwll + [2K (llgl* +0°C*)]?

that is, T'(y) is a bounded set in L? (0, o0).
For all y € Y we have

/\Ty(w)]qu:Eg2(\]9\]24—19202)//\G(x,t)fqua:dqt.
N N 0

Hence, by (3.8)), we see that for a given € > 0 there exists a positive number N depending only

on ¢ such that
/|Ty(:17)|2 dyx < €
N

for all y € Y. Thus, T'(y) is relatively compact in L2 (0,00), and the operator T" is therefore
completely continuous. O]

Theorem 5.4. Suppose that conditions (A1), (A2) and (A3) are satisfied. In addition, let
there exists a constant M > 0 such that

1 1
2 o0 oo 2

/|w(m)]2dqx + //\Gt)|2dqxdqt sup /yf Lyt <M (52)
yeSM
0 0 0
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ere

S = {y € L2(0,00) : [yl < M}

Then boundary value problem , (@ has at least one solution with

/|y(x)|2 dyr < M?.
0

Proof. We define an operator T : L2 (0,00) — L2 (0,00) by (3.13). By Theorems 4.4 and 5.3
and inequality (5.2)) we conclude that 7" maps the set Sy, into itself. It is clear that the set Sy,

is bounded, convex and closed. Now theorem follows Theorem 5.2. O]
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