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SOME RELATIONS FOR UNIVERSAL
BERNOULLI POLYNOMIALS

M.C. DAGLI

Abstract. In this paper, we consider a generalization of the Bernoulli polynomials,
which we call universal Bernoulli polynomials. They are related to the Lazard
universal formal group. The corresponding numbers by construction coincide with the
universal Bernoulli numbers. They turn out to have an important role in complex
cobordism theory. They also obey generalizations of the celebrated Kummer and
Clausen—von Staudt congruences.

We derive a formula on the integral of products of higher-order universal Bernoulli
polynomials. As an application of this formula, the Laplace transform of periodic
universal Bernoulli polynomials is presented. Moreover, we obtain the Fourier series
expansion of higher-order universal Bernoulli function.

Keywords: Bernoulli polynomials and numbers, formal group, integrals, Fourier
series.
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1. INTRODUCTION

The higher-order Bernoulli polynomials B (x) are usually defined by means of the following

generating function:
t : xt - (a) "
(et—1> e _ZB” (x)ﬁ

n=0

For a = 1, they are reduced to classical Bernoulli polynomials B, (x). The rational numbers
B,, = B,(0) are called classical Bernoulli numbers.

As it is well known, the Bernoulli polynomials play important roles in different areas of
mathematics such as number theory, combinatorics, special functions and analysis.

This paper is primarily concerned with a very large class of Bernoulli polynomials. Let us
consider the formal logarithm group defined over the polynomial ring Q [cq,co,...] and the

formal power series
s? s3
F(s)=s4+c—+co=+....
(#) 2 T3
Let G(t) be its compositional inverse (the formal exponential group):

t? t3
G(t):t—cla—F(BC%—QCQ)E—F
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The universal higher-order Bernoulli polynomials BY () introduced in [13] and later discussed
in [11] and [14] are defined as

t\° — tn
(m) emt = ;Bga(x)ﬁ T,o € R, (0] # 0. (11)
Asa=1and ¢; = (—1)%, we have F(s) = log (1 +s), G(t) = e' — 1 and the universal higher-
order Bernoulli polynomials and numbers reduce to the classical ones. The numbers B,(i 1(0)
coincide with the universal Bernoulli numbers defined by Clarke in [4]. For brevity, we denote
BSI( ) BS('T) and Bga(o) Bga

Because of the generality of definition of universal Bernoulli polynomials, they do not provide
many fundamental properties unlike classical case. For example, the higher-order Bernoulli
polynomial By (x) is skew symmetric about z = %, but there is no symmetry in the universal
case, and no obvious root as n > 1 and n is odd.

By construction, for any choice of the sequences {c,}, . they represent a class of Appell
polynomials. It means that these polynomials possess the following differential property

@B (0) =nBS ) as neN\{0) (12)

The universal Bernoulli numbers provide extensions of the celebrated Kummer and Clausen—
von Staudt congruences [I] and general Almkvist—-Meurman—type congruences [14]. In [12], it
was shown that interesting realizations of polynomials can be constructed by means of
finite operator theory introduced by G.C. Rota [10]. Relations between the universal formal
group and the theory of L-series were established in |11} 13].

In this paper, we deduce an explicit formula for the following type integral

[ Bz ) BE bz )
0

Since this formula is also valid for the Appell polynomials, the earlier results obtained by Liu,
Pan and Zhang [9], Hu, Kim and Kim [7], Agoh and Dilcher [3] are direct consequences of
the derived formula. As an application of our formula, we present the Laplace transform of
periodic universal Bernoulli polynomials. Furthermore, we obtain the Fourier series of higher-

. . =G
order universal Bernoulli function B, .(z).

2. REsuULTS

2.1. Integral of products of r universal Bernoulli polynomials. In this subsection we
describe the integral of products of several universal Bernoulli polynomials.

Theorem 2.1. Let by, ..., b, y1,...,y, be arbitrary real numbers obeying by # 0, 1 < s <,
and

Inl ..... nr(va;y) :fnh.. (17 b17'-' br;yla"'»yT)

/H o (052 +Ys) dz,

Osl

~

Cnl,...,nr(aj;b; y) = Cn1, (37 b17-~ brayla--'ay’r)

<H an Qs b T+ yS) - B?i,as (y8>> :

s=1
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nw
T a a j r—11—a—
CRSNCTATES ICIND DU (R U ST

ji+etir1=a

Q
y L

N1—=J1,0 1 —Jr—1, nr+a+1($§ b; y)

(—1) ] et
+——————/<IU3 bmﬂ@) BE v (o + ) 2,

(n 4 p+1)!

------

I !
= ny+---+n, =p andny,...,n,. = 0.
Ny, ..., Ny ni!--n,!

In particular, if p =ny + -+ -+ n,_1, we have

o
T a a . i1
Im ..... nr(x;b;y):Z(—l) Z ( ) )b{lbil
a=0 14t gr_1=a Jis-e s Jr=1
b ey et (T3 05Y). (2.1)
Proof. Let
f(z) = Bf{; o (D12 +91) - B,(i oy (Or—12 + Y1)
We have
i/ﬂgﬂz)BG (b2 9) dz = | f()BE 1, (b2 4 91) z
n, | rar I b, (e + 1 Pt BrE I
0
1 x

_—;/f( VB o (bez + 1) da.

Integrating u times by parts, we get:

_/f b2+yr Z—ly)[f(a() nr+a+1,0 (bTZ+yT)]§

(n, +a+1)!
2.2
(= 1)\ RG >
m/f(wr (2 VBt pita, (brz +yp) dz.
0
By virtue of the property of a derivative
o a . .
i) = 5 (0 YA ) 0
frttdm=a ML Jm
and ((1.2), we arrive at the statement of the theorem. The proof is complete. H

As a consequence of this theorem, we have the following reciprocity relation for Bernoulli
polynomials, which generalizes [3, Prop. 2].
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Corollary 1. For alln,m > 0, we have

~ afmt+n+1Y\ . .
> v V0B (0 1) B B + )

g n-—a
“ afm+n+1\ . _._

_Z<_1) ( m— a )bel "Bl (b2 +42) BY o1 5 (01 + 1) (2.3)
a=0

A m+n+1

m+1—a apm-—+n a

:bin“bg“ Z (=)™ ( a )b b B 1 an (1) Bilg (v2)
a=0

where by (b # 0) and y, (1 <1< 1) are real numbers.

Proof. In view of the definition of the integral fnl ..... (23 0; ), we see that the left hand side of
(2.1)) is invariant under interchanging the order of the integrands. We begin by writing the left
hand side of (2.1)) for r = 2:

" m+n+1
_1 a babfafl
S ("
(Bf aw (biz + y1) Bm+a+1 B (ba + o) — Bgfa,'y (1) Bg+a+1,5 (92))
i 1
=3 (T e

( m— a'y ng + y2> Bn+a+1 B (b1$ + yl) - Brcrifa,'y (yQ) B§+a+1,ﬁ (y1)> :

Now we can get the reciprocity relation for sums of products of universal Bernoulli polynomials
as follows. Let

- o fmtn+1\ .
T:Z<_1) ( )b b 1Brcj a'y(yl)Bm+a+16(y2)

n—a

. m+n+1\, ., _a
Z ( —a )bb lBrcr;z aw( )Br?—i-a—l-l,ﬂ(yl)'

(2.4)

This can be rewritten as

. nea (MAN+TN 0
T:Z(_l) ( )bl b5 1BG (yl)Bm+n+1 o (42)

a

(2.5)

“ m—a m + n + 1 m—alpa—m—
=X (I g B ) B ()
a=0

Without loss of generality we assume that n > m; in this case we split the first sum in ([2.5)
sum into two sums, one is from 0 to m and the other is from m + 1 to n:

@ n—a m + n + 1 n—alpa—n—
e (M B 00) B )
0

m+n—+1
m+l—a m+n+1 a—m—1lrm—a
= (T et () B )
a=n—+1

and

- nea (MATHT 0w
S () ( )bl B BE. (31) B 01 (32)

a
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g m —a m+n+1 a—m— m—a
-y (e ( )b WpeBE o () BY, ().

a
a=m+1

Hence, we have

1 mintl malea fMm+n+1 armtntlea
S (- ( )bb brisepG () B (). (2.6)

= m+1in+1
a
bl b2 a=0

The latter identity and (2.4]) give the desired result, i.e., the reciprocity relation for sums of
products of universal Bernoulli polynomials. The proof is complete. O

Remark 1. If we start from the left-hand side of and argue as in the proof of (@,
the right hand side of turns into

1 m—+n—+1 M 1

z : m+1—a arpm—+n a

bm+1bn+1 (_1> ’ < a >b b s BVC:LJrnJrl a,y (blx + yl) B (be + y2>
1 2 a=0

This implies that for all x,

m—+n+1
o (U meAnLabfoy Bl L (b ) BE s (b + )
a=0

m+4n+1

a m+n+1 ajpm—+n a

= Z (_1) ( a )b by s Bg+n+1 av(yl)BaG”B(gh)-
a=0

Letting v = 8 =1, y1 = yo = 0 in Corollary[1], we arrive at

= afmtn+1Y\ . .
Z (—1) ( )ble 'By, () BngaJrl (ba)

n—a

- m+n+1\, ., _.
S () B ) B (0

1 m4n+1 1
Z (_1)m+1—a (m +n+ )babm+n+1 aBrCr;LJrnJrl ch?‘

= m—+1zn+1
a
bl b2 a=0

Remark 2. A relationship between the reciprocity relation of the Bernoulli polynomials or
FEuler polynomials and the reciprocity formulae for generalized Dedekind sum T, (c,d) or Hardy—
Berndt sums ss,(c,d) and s4,.(c,d) was established in [B], [6]. Furthermore, recently, the integral
of the product of arbitrary many Euler polynomials was found and by using such formula, several
reciprocity relations between the special values of Tornheim’s multiple series were obtained by
M.S. Kim [8]. In view of this, Corollary (1| may be related to generalized Dedekind sum of the

form
za( )5 ()

where Ef(:c) = B%({z}) and Bi(x) are universal Bernoulli function and ordinary Bernoulli
function, respectively. However, this type of Dedekind sum has not been properly defined and
considered yet, so it deserves a further study.
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2.2. Laplace Transform. In this subsection, we find the Laplace transform of Ef (tu) by
means of (2.2)).

Let Res) > 0 and |s/t| < M, where M is constant. By setting f(u) = e~** and using ES (tu)
instead of BY , (u) in (2.2), we get

T
atal

1
n!

M:

—suB
a=0

0 =

e —G
(n+at 1 { Bn+a+1(tx) - Bn+a+1<0)}

(2.7)

x

s\ #tl 1
_ - —SUB .
+<t> (n+u+1)!/ ”*““( u)du
0

Since the function Ei (u) = BS (u — [u]) is bounded, the integrals in 1) converge absolutely
and e‘s”’Bn+a+1(tx) tends zero as © — oo. Then, letting x — oo, we have

R I BO,,.,(0) smrett
e B, (tu)du = — Gt CLZ:O (n+a+ 1) gntatl
0 . (2.8)

S\ #t1 1 /_SUB ) d
+<t> (n+p+1)! et (F11) dt
0

Observe that the sum in (2.8) converges absolutely for |s/t| < M as u — oo. Also the sequence
of the functions S“Efj (tu) /ult" converges uniformly in u to zero under the assumption G (t) >

e! — 1. Thus, letting ;1 — oo and using |) we obtain the Laplace transform of ES (tu):

1 t" = B¢ 0
e—suBf (tu) du = — Z ( n+a+1( )

sntl —~ (n+a+ 1)l gntatl

" "L BE(0)s* <= B&(0) s®
= (Z R D

Sn+a+1

n!
0

a=0 a=0
LG BEO) (T s/t
s e s s"HLG (s/t)

2.3. Fourier series. This section is devoted to Fourier series of higher-order universal
. . =G : -
Bernoulli function B, (x). From now on, J denotes the ideal generated by all ¢; — ¢} in

Q[r][c1, ¢y -y Cml -
The higher-order universal Bernoulli polynomials satisfy the following relation [2]

Bgvr(x +1)— Bgﬂ,(as) = —mclBg_Lr_l(:E) (mod J) . (2.9)
Let us find the Fourier series expansion of Ei,r (). We write

_ io: C;(;‘,m)e%rinx.

n=—oo

The coefficients C™ can be found as
1

1
C(r,m) — /EG 727r'mz /B 727rinm
n m,r m,r
0

0
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1
1 G —2minx 2min —omine
= m+1Bm+1,r<$)e ? ] / +1T ’
0

2min
m—+1

1 r,m
Tt (Bszﬂ,r(l) B,?;HT(O)) + Cllrm+1)

2min

Clrm+1) (mod J)

where we have used (2.9) for x = 0. Replacing m by m — 1, we get

)
Clrml = —eiBG_ 1 (0) + ——C™ (mod J).

m

Suppose that n # 0. Then, we get a chain of equivalences mod J:

C«(r,m) = m O(T,m—l) mcy BG 0
n 27‘(‘2/]7/ n + 2’/TZ m— 17’ 1( )
m_ (m—1 - (m—1)c mey
= —O(TJTL 2) BG 0 BG 0
2min ( 2min " T 2mIn m—2,r— 1( ) + o2min m—l,r—l( )
G R LA Gl it LY WG S R
B (27T'm)2 " (Qm'n)? m—2,r—1 orin MLl
m(m_l) m_2 _ (m_2)cl
= C’(T’m 3) BG 0
(2min)® < 2min " + 2in m—3.r—1(0)
m(m—1)c g mer o
——= B 0 B 0
* (2min)? TP 1 )+27rm m-17-1(0)
D 2) oy, D 2er e
(2min)’ " (2min)® m=3,r-1
m(m—1)c g mer o
——— B 0) + B 0
(2min)? AT 1(0) + omin ML= 1(0).

Proceeding as above, we obtain that

By jr1(0)  (modJ), (210

(2min)™ ! 27Tm

Cg,m)zm(m—l)(m—@. TZZ

where (z), = (¢ —1)...(x —n + 1). Using the identity Bf (z) = —¢1 <a: — g) given in [2],
we can compute the coefficients Y in the last identity as follows:

1 1

O(r,l) — EG —2minz _ __ < . t) —2minz _ €1 )
n 1’7,.(:6)6 Cl x 2 € 271-2”
0 0
Substituting this identity in (2.10) gives
mle; —
clrm) = A Z 0
n 27T27’L - 27TZTL k; m k,r— 1( )
— (M)
=c ——B, .10 mod J) .
| 521 @rin)F ok 10) )
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As n =0, we readily see that

1

B (¢) = —— (BS,,,(1) - B¢, ,(0))

Cér’m) - m+1

Il S~

—cler () (mod J) .
This implies:

Z') — i CT(lr,m)e%rinz

- - (M) a 27
= _CanG’L,T—l(‘T) +a . Bm—k,r—l(o) e
nz_:oo kz:; (27in)"
m TTL) & 627rin:):
=-—BY _(z)—c ERG . (0) | —&!
Bl (w) e S B O K 3
m —
= —clBgyr,l(iU) -G Z (k>ng,r1<O>Bk(x)
k=2
By(z) ifr ¢ Z;
— B¢ 0
CMmby, g ,— 1(){0 ifr € 7,
—C1 Z( ) B 1 (0)Bi(z) ifr ¢ Z;
— — (mod J),

—C Z( ) mkr1(0)By(z) ifr € Z,
)

where we have used the Fourier series expansion of ordinary Bernoulli function B,, ()

— m e e
Bin(z) = BNEOE o m =2,
T
and the fact
5 fme e
2min ifr € Z.
e

Thus, we have proved the following theorem.

Theorem 2.2. Form,r > 2 and z € (—o0, +00), Ei,r(:c) has the Fourier series expansion

Eg’r(x) = _Cle'r () + Z (Z (@)ngg—k,ra(o)) e (mod J) .

where By(x) is the ordinary Bernoulli function.
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