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Boundedness and compactness of one class of integral operators
with a logarithmic singularity in weighted Lebesgue spaces
@ Abylayeva A.M, Alday M.
L.N. Gumilyov Eurasian National University, Nur-Sultan, Kazakhstan

Let I = (0,00) and let v, u be almost everywhere positive and locally
integrable functions on the interval I. Let 1 < p,q < co and p’ = ppj. Let us

denote by L, ., = Ly(v,I) the set of measurable functions f on I for which

1£lp.w (f |f(z)|Pw(x d:c) " < 0o, Let W be a strictly increasing and
locally absolutely continuous function on the interval I. Let %;z) = w(x),
for almost all z € I.
Consider the operator
Y (lniw(m) )ﬂ u(s) f(s)w(s)ds
afo) = [ vel, )
(Wi - w0 TEh

where a > 0, 8 > 0.
The boundedness of the operator (1) from Ly, to Ly, when 8 = 0 is
obtained in the paper [I] fora>%,1<p§q<ooand0<q<p<oo.
Further, we assume that W is non-negative on I and 11}11([)1+ W(zx) = 0.

The following theorem holds.
Theorem. Let 0 < a < 1, é <p<g<ooand f > 0. Let the function
u be non-increasing on I. Then the operator T, g, defined by formula (1),
is bounded from Ly, ,, to Lg,, if and only if A, g = sup As g(2) < oo,
z>0

1
7

Aup(z) = / v(2)WIO=F=) () dx: / WO ($)u (s)w(s)ds |
0

z

Q=

oo

and operator T, g is compact from Ly, ., to Lg,, if and only if A, g < oo and
lim A, p(2) = lim A, g(2) = 0. Moreover || T, g|| = Aqa,g, where || Ty g is
z—0+ zZ—00

the norm of the operator (1) from Ly, to Lg,.

[1] Abylayeva A.M., Oinarov R. and Persson L.-E., Boundedness and com-
pactness of a class of Hardy type operators. // Journal, of Inequal. and
Appl. (JIA), No. 324, 2016.



HepaBencTBa Tuna Xapau B cjabo BBIMYKJIBIX 00JacTsIX

@ Asxanues @.T.
Kazanckuit ¢penepanbubiii yausepcurer, r.Ka3zanb, Poccus

Iycrs p(x, ) — paccrosuue ot Touku x € @ C R™ 10 rpanuipr 06acTu
Q, T e p(z, Q) := dist(z, 0Q). IHycts p(Q) := sup,eq p(z, Q). Aaa p € [2,00)

paccMoTpuUM CJIeAyIOIIre HEPABEHCTBA THIIA XaPIu

x)|Pdx

P=2(g u(x)|Pdz > ¢ 7|u( U !
|7 vl > q@ [ ZE0E e @)

Y o 1120 |
| 722 \(Vulo). Vole. )P e = @) [ BDEE e o,

r7Ie KOHCTAHTHI () € [0,00) u c5(2) € [0,00) mpenmomaraoTcss MaKcH-
MaJIbHBIMH M3 BO3MOXKHBIX, V f(z) — rpagment dbyukuun f, (Vu,Vp) —
ckassipHoe mpousBenenne. Tak kak |Vp(x,€Q)| = 1 nourn scioxy Ha €2, TO
JIETKO MOKa3aTh, 9TO ¢, (§2) > 5 (£2). Mb1 fonoNHsAeM H3BECTHBIE DE3YTBTaTDI
o koHcranTe ¢p(2) (cm. [I] — [4]) caemyronmm yTBepzKIeHEEM.

Teopewma. [Ipeanonoxum, uro p € [2,00), n > 2, Q) C R™ — HeBbImyKIIast
006J1aCTh, Takast, 4To p(£2) < 00, U, KPOME TOTO, JIJis JIO0O0H rPAHUIHON TOUKH
y € (09Q) \ 0o cymectsyer BHemHss Touka a, € R™\ (), Takas, uTo

ly —ay| > p(Q)/Ay, By={reR":|z—ay <|y—ayl} C Rn\ﬁ-

Torma ¢, (2) = ¢ (2) = ¢, (2 ¥ R*) = cp(€2 x R*) = 1/pP npu mobom k € N.
Koncranrst A,, BBesensl namu B crarbe [1], rue nokasano, uro Ay &~ 2.49,

A3 =1, Ay = 0.61, A,, yosiBaer ¢ poctom n, A, > 1/(n —2) pu n > 3.

[1] Arxannes @.I'. Teomerpudeckoe onncanue obaacTed, st KOTOPHIX KOH-
cranTta Xapay pasHa 1/4. 3. PAH. Cep. marem. 78:5, 3-26, 2014.

[2] Balinsky A.A, Evans W.D. and Lewis R.T. The Analysis and Geometry
of Hardy’s Inequality. Universitext, Springer: New York, 2015.

[3] Avkhadiev F. Selected results and open problems on Hardy-Rellich and
Poincaré-Friedrichs inequalities. Anal. Math. Phys. 11, 134, 1-20, 2021.

[4] Apxamnes ®@.I. HepapencrBa tuma Xapjau, comeprKaliie TIDaTHeHT
dyuknun paccrosaus. ¥ gum. mareMm. xypH. 13:3, 3—16, 2021.



KBanroBas TOMOI‘paCbI/IS[ Ha JIOKAJbHO KOMITaAaKTHBIX T'pYyIIIIax

@ Awmocos I'.T'.
Maremaruaeckuit uactutyT uMm. B.A. Crekmosa PAH, r. Mocksa, Poccus

3HaueHust, KOTOPbIE MMOJIYYAIOTCS B PE3YJIbTaTe W3MEPEeHUs] KBAHTOBOI'O
COCTOSTHUSI, HEe 00s3aHbI OBITH JE€HCTBUTEIbHBIMA WK EJIbIMU yuciaam. Ha-
npuMep, Ipu u3MepeHuu (Da3bl JIOTHIHO IIPEANOIOKUThH, 9TO MHOYKECTBO
3HAYEHHUN COBIIAIAET C I'PYIIION e TUHUIHON OKPYKHOCTH. MbI paccMarpuBa-
eM OOIIyI0 CHTYAITNIO, KOTJIA 3HAYEHNsT TPUHAJIeKAT HEKOTOPO JIOKAJIhHO
KOMTAKTHOH rpymnme G ¢ mepoit Xaapa . O6o3HauNM G JYaJbHYIO TPYTIIY C
Mepoit Xaapa v. OIpeseruM IpOeKTHBHOE yHHTAPHOE HpeacTasienue G X G
B ruisbepToBoM mpoctpanctee H = L2(G) = {f : f |f(9)|2du(g) < +oo}

dbopmyitoit
(m(x, 9)f)(a) = x(a)f(a+g), g,a € G, x € G.

O6o3naunm S (H) npocrpancrso oneparopos ['uibbepra-Ivusara. Boimyk-
JIOE MHOKECTBO KBAHTOBBIX COCTOAHUI (TOJIOKHATENBHBIX OMEPATOPOB CO CJIe-
nom) 6(H) C G2(H). Onpenenum orobpaxenne $ Ha omeparopax paHra

onut | f) (h| dopmy.ioit
[@(f) (hD)](x, 9) = (h,m(x. 9)f), fheH, g€ G, x€C.

Hns emuananoro Bektopa f € H mbr HaswiBaem byukunio O(|f) (f|), 3anan-
nyio Ha G X G xapakTepucruyeckoi dbynkupeii wncroro cocrosmus | f) (f].
st pukcupoBamubix x € G, g € G OIpeseny MHOKECTBO Gyg ={(X,9'):
X'(9) = x(¢’)}. Mozxno nokasarb, 410 MHOXKECTBO Gy 4 SBISAETCH IOAIPYII-
n0it G'x G. PaccMOTpHM Cy2KeHHe XapaKTepHCTHUeCKON (hyHKIMI COCTOSHUS
|f) (f| & Gy 4 u ompenemum yHKILIO

Fr(X.g) =X (¢ f) (fD(X9). (X)) € Grg-

Teopema. CyIlecTByeT Takasi BEPOSITHOCTHAS MEPA '“{c,g Ha G X G, 4ro

Fr(X',9') = / Xyg (X g"dpd (X" 9"), (X',9') € Gyg,
Gng

rae (X', 9') = Xy,g € Gy,4 ycranasnusaer nzomopduszm mexay Gy g ¥
Gyg- . A

Mps1 Ha3biBaeM HAOOD paCIpee/eHuil BepOSTHOCTEH {u{c,g, x €G, gc¢€
G} kBanToBoil Tomorpammoii cocrosiuus |f) (f|. Jna caygas G = R ona
COBHA/IAET C OIITUYECKOW KBAHTOBOII TOMOIDAMMOA.
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IToxmepskano MunncTepcTBOM HayKu 1 BhIcHTero obpazopanus PO, rpant
075-15-2020-788.

Onenku HOpM guddepeHnmaIbHbIX ONIEPATOPOB B BECOBBIX
MIPOCTPAHCTBAX MOTEHINAJIOB

@ BaiimypsaeBa A.B.
EHY uwm. JI.H. 'ymusesa, r. Hyp-Cynran, Kazaxcran

Paccvarpusasicsa auddepeHmanbHblii OIepaTop

Lof= Y aa(@)D"f. feC(Q).

laj< 1

C JIOKaJIbHO cymmupyeMmbiMu B obaacru 2 C R™ koadduuuenramu aq(x).
Pemena 3amada 0 CyLIIECTBOBAHWUH KOPPEKTHO OMPEIEIEHHOTO OTPAHUYEH-
HOrO TPOJOJIKeHust Ly Kak omneparopa, JeHCTBYIOIIEr0 W3 MPOCTPAHCTBA
HMQ;p,0m) B HY(Q5p,00), 0 <t <m—1,1 <p < oo [aas >0,
1 < p < oo mpoctpanctso H (§2; p, vs) onpesiengeTcs Kak MONOTHEHHEE KIac-
ca C§°(9) 6eckoneano auddepennupyempix 1 GuHATHBIX B ) GyHKIUiA 10
HOpME

1 Hy (2 p,0a)ll = [ D (@) [y f5 Hy P+ w2 ()5 £ L P) |- (1)

Jj=1

B (1) vs(z) = p(x)h™*(z), byuxkmuu p(x), 0 < h(z) < 1 yaoBieTBOpsioT
ycaosusm norpyxenuss Q(z) = {y € R": |y; — z;| < h(;); 1<j<n}cCcQ
(x € Q) n orpaHNYEHHOTO KOJIEOAHWS

1< ) My <, ecmmy € TQ(x)(0 < T < 1),

~ p(x)" h(z)

{%;} - pa3buenne equHUIBI, COOTHECEHHOE TBORHOMY MOKPBITHIO THIA Be3n-
kouua {72Q(27),7Q(x7)} B obnacru Q (cm. [I]).

Ceweiictro { H; (S p,vs), s > 0} WHBAPHAHTHO OTHOCHTETHHO KOMTITIEKC-
HOIT MHTEPIOJISINN, CONEPKUT BecoBbie mpocTparcTsa Cobosesa, CoboeBa-
Crnobonenxoro.

Pabora 6bu1a npogenana npu noaaep:xkke rpanra MOH PK AP08856104.

[1] Kussainova L.K., Sultanaev Ya.T., Murat G.K. Approximate Estimates
for a Differential Operator in a Weighted Hilbert Space // Differential
Equations. 2019. Vol. 55, No 12. P. 1589-1597.
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Or1ieHKY MHTErpajioB OT NPOU3BO/IHBIX PaIMOHAJIbHBIX (PYHKIIUI B
MHOTOCBSI3HBIX 00JIACTSIX Ha IJIOCKOCTH

@ Bapamos A./l., Katomos U.P.
Canxr-Ilerepbyprekuit rocymapcrBennbiit yausepcurer, Kazanckuit
denepasbHblil yHHBEPCUTET

U3 pabor C.H. Meprensua (1951), V. Pynuna (1955) u Jdx. [upanbs-
Ha (1968) XOpOIIO M3BECTHO, YTO CYIIECTBYIOT OECKOHEYHbIE IIPOU3BEICHMUSI
Busuike B B egunmuanoM kpyre D, jms xoropeix I(B) := [i |B'(2)| dzdy =
o0. Bo3Hukaer ecrecTBeHHBI Bonpoc o moBenennn BeandnHbl I (B), ecin B
— KOHEYHOE TIPOn3BeieHre Biisdmke GuKCHPOBAHHOrO mopsiaka n. Hamu mo-
JIyYeH TOYHBIA MOPSIOK POCTA TAKUX WHTErPATIOB. A UMEHHO, IMEET MEeCTO

Teopewma 1. [Iycts B —koueunoe nmpousBeaenue bisike nmopsgaka n. Torma

I(B) < 7(14 /logn).

C zipyroit CTOPOHBI, CYIeCTBYeT abCOJIOTHAS MOCTOsIHHAs ¢ > 0 Takast, 4TO
st iioboro n € N cyrecTByer KOHEYHOe TpOM3Beenne Biisiike cremnenu n,

st koroporo I(B) > ¢(1 + /logn).

JlokazaTeabCTBO TOYHOCTH TOTO HEPABEHCTBA OCHOBAHO HA TOHKWUX De-
syabrarax H.I. Maxaposa (1989) u P. Baunysnoca n Y. H. Mypa (1991) o
TPAHWYHOM TIOBeAeHnn GyHKIU u3 npocrpancrea Bioxa.

PaccmoTrpum 60stee obmmit Bormpoc 06 OIeHKaxX MPOU3BOIHBIX OrPAHNIEH-
HBIX PaIMOHAIbHBIX (PYHKIH, Brepsble uccaemoBannbiii E.II. lomxenko
(1966) auis JocrarouHo raaikux obsacreii. [losyueno ciaenyiomee nepasen-
cTBO Tuma JI0/IKEHKO, B KOTOPOM yIaJI0Ch TOYTH TOJHOCTHIO OCBOOOIUTHCS
OT YCJIOBHil PEry/isipHOCTH 00JIaCTH.

Teopema 2. Ilycts G — KoHEUHOCBsI3HAA 001aCTh Kitacca J[2KoHa €O crpsm-
gasiemoit rpanuneii, 1 < p < 2. Torma naiinerca rakas koncranta C' > 0,
gaBucdinas or obsacru G u OT P, YTO [Jisd LIPOU3BOJIBLHONW PANMOHATBHON
dbyHKIMYU R cTEmeHu He BBIIIE 7 BHITIOJHEHBI HEDABEHCTBA

//G |R'(2)|P dedy < CnP~ ' sup |R(2)[P, p e (1,2],

zeG

//G |R'(2)| dA(2) < Cln(n + 1) sup |R(w)]. (1)

z€G

[Tokazano Takke, 9TO IIPHU JAOMOJTHATETHHBIX YCIOBUAX PETrYISIPHOCTH 00-

jactu npasyio gacth B (1) mozkro 3amennTs Ha C'y/In(n + 1) sup, 4 |R(2)].
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KBasmogHopoaabie mojenbabie CR-MHOTO0Opa3us

@ BeJgomanka B.K.

MI'YV um.M.B.JIomonocosa, Mocksa

Ananurnyaeckast TeXHUKa GOPMAIBHBIX CTEIEHHBIX PSAJJI0B U TOMOJIOTHYe-
CKuX oreparopos, Bocxongamasa K A.Ilyankape, adpdpekTuBHO NpuMeHseTcs B
anasm3e u reomerpuu. Ee npumenenus B CR-reomerpuu (Meros MomnesnbHoi
[OBEPXHOCTH) IIPOJOJKAIOT COBEPIIEHCTBOBATHCS, PU ITOM BbIABJISIOTCS
CBA3M C ApyruMu objacTsaMu MaremMaTuku (Teopus TaHaku rpaydpoBaH-
HbIX asreOp Jlu, rojomopdHas JuHAMUKA, KOMMyTaTuBHas ajarebpa). Ilpu
9TOM TOJXO/Ie BHUMAaHUE (POKYCUPYETCsS HA MOJENbHBIX MTOBEPXHOCTAX — IMO-
BEPXHOCTSIX, KOTOPBIE SBJISIOTCH IPAPUKAMEI CIEMUATHHBIX BEIIECTBEHHBIX
[OJIMHOMOB U SIBJISIOTCS CAMBIMHU T'OJIOMOP(HO CUMMETPUIHBIMUA O0bEKTAMMU.
B nemaBuux paborax 6a30Bas KOHCTPYKIHs (METOI MOZIEIHHONW MOBEPXHO-
ctu) crasa 6osiee rubKOi U BKIOUMIA B cepy CBOEH IPUMEHUMOCTH IITUPO-
kuit knacc CR-muOroobpaswmii. B 2020-m romy Obljia onucaHa COOTBETCTBYIO-
masi KOHCTPYKIUS, MTPUMEHUMAast K POCTKY MPOU3BOJBHOTO TOPOKIAIOIIErO
CR-muoroobpasus kouneunoro (1o Baymy-I'pamy) tuna [I]. Beca u rpauy-
MPOBKU KAaK KOMMYTATUBHBIX KOJIEI[, TaK W ajaredp JIu ucmonn30BaInch B
srom moaxone kK CR-reomerpun odenn maBuo. OIHAKO B KJIACCUYECKON BEp-
CUU TIEPEeMEHHbBIE, MapaMeTPU3YIONne KOMIIJIEKCHYIO KaCATeJIbHYI0 POCTKA,
HUMETH OJIMHAKOBBIE Beca. [Ipu 5TOM HAKOMUIIOCh HEMAJIO MHTEPECHBIX MPH-
MEPOB UCIOJIB30BAHUS PA3AUNHBLE BECOB BHYTPH KOMILJIEKCHON KacaTeTbHOI.
B 2021-m roay Obuia onucana "B3pewennas" Bepcus METoJa MOIEIbHOM 110~
BEPXHOCTH. DTa BEPCHUs QJANTUPOBAHA I PabOTHI ¢ mpon3BoabHbIME CR-
MHOro00pa3usiMi KOHEYHOro Turma. Ilpu 3Tom ucmosb3yercs moauduKaius
tuna pocrka mo Baymy-I'pamy, omucannas B 2018-m romy M.Crenanopoit
(run no Baymy-I'pamy-Crenanosoit). B pamkax sroii Bepcuu cdopmysiu-
POBaHbL U JOKA3aHbI OCHOBHbBIE YTBEPKEHUs (MAKCUMAJIbHA CUMMETDUY-
HOCTB, CTPYKTYPa aareOpbl NHPUHATEINMATIBHBIX TOJIOMOP(MHBIX aBTOMOP-
¢usmoB u T.1.). BO3HUK/IM HOBBIE OTKPBHITHIE BOIPOCHL.

DTOT MOAXOJ, MO3BOJIUJI C €IUHBIX MO3UIHH OCMBICJUTD UMEIOIITUECS TTPU-
Mepbl. B gacTtHOCTH, HOBasi TEOpHs BKJIIOYAET B ce0si MHIEPIOBEPXHOCTH
N.Bunkenbmana, A.JIo6onbr, A.Jlabosckoro, B.Kpyriukosa, I1.3enenko u
X 00ODIIeHUsT. DT TUIIEPITOBEPXHOCTH paHee OBLIM OMUCAHBI KAK CaMbIE
CUMMETPUIHBIE B T€X MJIA MHBIX KJIACCAX.

[1] V.K.Beloshapka, CR-Manifolds of Finite Bloom—Graham Type: the
Method of Model Surface // RIMP vol. 27, no.2, pp.155-174 (2020).
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Traps in quantum control landscapes

@ Volkov B.0."2, Pechen A.N.!:2:3
! Department of Mathematical Methods for Quantum Technologies,
Steklov Mathematical Institute of RAS, Moscow, Russia;
2 Moscow Institute of Physics and Technology (National Research
University, Dolgoprudnyi, Russia;
3 National University of Science and Technology MISIS, Moscow, Russia

Quantum control is an important tool for the development of modern
quantum technologies [I]. Control can been realized by applying to the
system a time-depended external control action. For example, this control
action can been generated by a laser field. A quantum control problem
can be formulated as a problem of maximization of some control objective
functional. A control is called a trap if it is a point of a local but not global
extremum of this functional. The analysis of quantum control landscapes,
particularly analysis of traps, is important for numerical and laboratory
optimization [2, 3, 4, [5]. In the talk, we will discuss several results on the
presence and absence of traps in quantum landscapes for various problems
of quantum control.

This talk presents the work partially funded by Russian Federation
represented by the Ministry of Science and Higher Education (grant number
075-15-2020-788).

[1] S.J. Glaser, U. Boscain, T. Calarco, C.P. Koch, W. Kockenberger,
R. Kosloff, I. Kuprov, B. Luy, S. Schirmer, T. Schulte-Herbriiggen,
D. Sugny, F.K. Wilhelm, Training Schrédinger’s cat: quantum optimal
control, Eur. Phys. J. D. 69, 279 (2015).

[2] H.A. Rabitz, M.M. Hsieh and C.M. Rosenthal, Quantum Optimally
Controlled Transition Landscapes, Science 303, 1998-2001 (2004).

[3] A.N. Pechen, D.J. Tannor, Are there Traps in Quantum Control Land-
scapes?, Phys. Rev. Lett. 106, 120402 (2011).

[4] P. de Fouquieres, S.G. Schirmer, A closer look at quantum control land-
scapes and their implication for control optimization, Infin. Dimens.
Anal. Quantum Probab. Relat. Top. 16, 1350021 (2013).

[5] B.O. Volkov, O.V. Morzhin, A.N. Pechen, Quantum control landscape
for ultrafast generation of single-qubit phase shift quantum gates, J.
Phys. A: Math. Theor. 54, 215303 (2021).
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OueHKa pacCcTodHMUA OT MHUMBIX 3KCIIOHEHT 0 aﬂreﬁpanquKnx
IIOJIMHOMOB B BECOBOM IIPDOCTPpAaHCTBe

@ Taitcua A.M.
Nucruryr maremaruku ¢ BIL YOUIL PAH, r. Yda, Poccus

Crnemys pabote [1], gepes C 0603HaIMM BECOBOe MPOCTPAHCTBO HeTpe-

poiBHbix Ha R dyukumii f, rakux, aro f(t) = o(T(|t])), t — oo, rue T(1) —
dyuxua cnena nuis 3amanuoit nocaenosarensunocru M = {M,} (M, > 0).

IIpennonaraem, 9To
oo
InT
/ nTr) g o (1)
1

r2

Hopwma B C? onpenensiercs kax

flles = sup LOL
T r T(t)
Yepes L 0603HAMNM 3aMBbIKAHNE JIUHEIHON 000I09KN MHOXKeCTBa P anredpa-
waecknx nommuaoMos B CY. B cuny yenosus (1) P ue mwiorso B CY. Ozxnako
U3BeCTHO, uTo Bee dynkmun u3 CU, MomycKaromme AnmpOKCHMAIHIO TIOTH-
HOMAMU B JAHHOM IPOCTPAHCTBE, SIBJISAIOTCS CyKEHUSIMU HEKOTOPBIX IEJIBIX
yHKIMH MUHIMATIBHOTO SKCIOHEHIMATIBHOTO THTa (cM. [2], JomoaHennst u
3a/1a4n).
OGosnaunm dp(s) = distco (L, e5), es(t) = €.
Bepma
Teopema. Ecsiu Bbinonusiercs ycsosue (1), To

eIy (s) <dp(s) < Ju(s), selI=][0,1],
rae
Taa(s) = supflg(s)|: max|g™) ()] < M, £(0) = F(1) = 0.m > 0},

T M!
M ={M, 5} (M_o=M_1= M, == —2 ) M =minM,.
{n2}( 2 1 0)70 \/;(M0+M6)7 0 15121101 n

B [1] cooTBeTcTBYyIONHE OIEHKH MOy Y€HbI B IPYTUX TEPMUHAX, HO BEPHA
TOJILKO OlleHKa i dp(s) cau3y (oHa He TOYHA).

[1] Matsaev V., Sodin M. Asymptotics of Fourier and Laplace transforms
in weighted spaces of analytic functions // Aure6pa u ananus. 2002. T.
14, Ne4. C. 107-140.
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[2] Axmezep H.U. Jlekunu mo teopun anmporcnmarmn. M.: Hayka, 1965. —
408 c.

VYcuiieHHass HEMOJJHOTA CHCTEM 3KCIIOHEHT B I0OJIOCEe

@ Taiicun P.A.
Nucruryr maremaruku ¢ BIT YOUIL PAH, r.Yda, Poccus

IIycte W — kjacc Bcex MOMOKHUTETbHBIX, BO3PACTAIONINX W HEIPEPhIB-
woix Ha Ry dyukuumit w, Takux, 910

7w<x>

o0 2
e =T (1-%). 0<rtoe W=r

dr < o0,

n=1

Omnpegenenne. Cucremy sxcnonent {et*?} Gynem HaspBaTh ycuseno

He NoAHOT (OMHOCUMEADHO NPAMOY20ALHUKOS), ecau 171 Beex a, b (0 < a <
00, 0<b<oo)u BB, B# LA, (n>1),

inf inf||e”* — Z cpetn® =¢eg(a,b) >0
v(=a.a) on nez\{0}
v(—a,a)

3zecs ||g]|y = max |g(2)|, BHyTpennuit uHbUMyM OGepeTcs IO BceM KBa-

3UNOMUHOMAM Y, Cp€hn? p, = Ay, pi_p = =X, (n € N), a Brem-
nez\{0}

HUI — TI0 BCEM CIIPSIMIISIEMBIM KPUBBIM ¥ = y(—a, a) W3 MpsiMOyTOJIbHUKA
P(a,b) = {z = x+iy : |z| < a,|y| < b}, coequHAONMM BEPTHKATIHHBIE
cropons! (115 cuctemsr {e*n*} amamormaroe ompesesnenne qano B [1]).

CupaseyinBa cienyomas

Teopema. Ilycmv 8viNOAHAIOMCA YCAOBUSA

An

f;% ) [HE g <win) 0, wew
n=1 0

2de u(t; An) — wucao mouwex A\, # N, us ompesxa {h : |h — \,| < t}. To-
20a cucmema sxcnonenm {e N} yeunenno ne noarna ommocumensro nosoc
P(a,0).
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OTmeTM, ¥To ycuenHas HernomHoTa ciuctemsr {e’? } B C(v) 6pita panee
nmokaszana B padore [I]. IIpuBenem sror pesynbrar.

Iycemo ILm 3= =0, h(0) = h—(0)h+ (), 2de

hy(6) = /Q(ir)e—&"dr, h_(6) = / Q(re®)| " emdr (5> 0).
0 0
Ecau pynryusa h ydosaemesopsem ycaosuro Jlesuncona
d
/ Inlnh(8)d6 < oo, h(d) > e, @)
0

Mo cucCmema {e’\"z} YCUAEHHO HE MOAHG OMHOCUMEALHO TPAMOY20ADHUKOE
(30ect v — A100a4 CNPAMAAEMAA KPUBAS,).

OrmeTuM, 9TO yCJIOBUS u He3aBuCUMBI. B nokiane OyayT mpuse-
JEHBbI COOTBETCTBYIONINE NIPUMEPDI, NITIOCTPUPYIOIIAE HE3aBUCUMOCTD 3THUX
YCJIOBUM.

[1] Taitcur A.M. YcuneHHas HEMOJTHOTA CHCTEMbI IKCIOHEHT U Ipobiema

MakwunTaiipa // Marem. ¢6. 1991. T. 182. Ne 7. C. 931-945.

NuTerpupyemocth 1 MepoMopdHOE MPOI0JIXKEHUE

@ dompuH A.B.
MTV, r.Mocksa, Poccus; UM ¢ BII YHII PAH, r.¥Yda, Poccus

Hns byukimn u(z, t) Oymem 0603HaUATE Uepe3 u; ee j-yio JaCTHYIO IPo-
U3BOJHYIO 110 Z. DBoJonuoHHOe ypashenue u; = F(u,ui,... u,), n > 2,
OF/Ou, # 0, Ha3BIBAETCST WHTEPUPYEMBIM, €CJIH BEKTOPHOE TIPOCTPAHCTBO
ero BhICIIUX cuMMeTpuii (T.e. Tarkux G(u, Uy, ..., Um), m > 2, O0G/0uy, # 0,
gro cucreMa uy = F, us = G na dynxuuo u(x,t, s) bopMaabHO COBMECTHA)
6eckorneunomepHo. 3BecTHa KnaccuduKaInsa BCeX HHTETPUPYEMBIX ypaBHe-
HHI CO B3BEIIEHHO OIHOPOIHOI mpaBoit dacThio. B mokmame OymayT yKa3aHbl
BCE BXOISIINE B 3TY KAIACCU(DUKAINIO YPABHEHWS, IJIsT KOTOPBIX JIF000E JIO-
KaJIbHOE TOJIOMOP(]HOE peIeHne JOMyCKAET aHATUTHIECKOE TTPOIOIZKEHUE JT0
r7100a71bHO MepOMOP(HOI (DYHKIINK OT T MPU KaXKIOM (DUKCHPOBAHHOM {.
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HenokanbHasi pa3penimMOCTh CUCTEMbI KBa3UJINHENHBIX
ypaBHeHuuii, rae f1, fo, S, So — usBecTHble pyHKINN

@ /Tonumona M.B.
HHI'Y wm. H.U. Jlobauesckoro, r. Huxuuit Hosroposx, Poccus

Paccmorpena 3amaga Kot 11 cructeMbl BUIA:

{ opu (t,x) + S1(u,v)0,u (t,x) = f1(t, ), (1)
Opv(t, ) + Sa(u, v)0,v(t,x) = fa(t, x),

rae u(t,x), v(t,x) — neussecrunie Gyukuuu, fi(t,x), fo(t,z), S1, So2 —
usBecruble QYHKIUY, C HAYAIBHBIMU yCIOBUAMMU:
u(0, ) = @1(x), v(0,2) = pa(x) (2)
B obmactn Qp = {(¢,2) |0 <t < T,z € (—o0, +00),T > 0}.
B [1] monyuena cucrema MHTErpasbHLIX yPABHEHMIL:
t s t
wy (s, t,x) = ¢1(xz — gSl(wl,wg)du) + gfl(u,x — [ S1(wy,w3)dT)dr, (3)

t s

wa(s,t,x) = pa(x — [ Sa(wg, we)dv) + [ falv,z — ng(w4, wo)dT)dy, (4)

0 0
t

ws(s,t,x) = wa(s,s,x — [ S1(wy,ws)dv), (5)
t

wy(s,t,x) = wi(s,s,x — [ Sa(ws, wa)dv). (6)

S

O60o3Ha4uM

Ik = {(’LL,'U) |U,U € [_Ka K]},

l
o

i=1,2, 1:0,2},

C, = max { sup
R

Cr= max{sup|fi| ,sup |0z fil ,i = 1,2}7
Qr Qrp

rme K — MoJIoXKUTEIbHOE YUCJIO.

Teopema. [Iycts @1, 02 € C*(R), f1, f2 € C*2(Qr), S1,52 € C**(Zk),
K = C, + TCy u BblONHAIOTCA yCI0BUs

1) O0uS1 >0, 0,51 >0, 90,5 >0, 0,5 >0 mna Zg,

2)pi(z) >0, ph(x) >0na R, 3)0,f1 >0, O,f2 > 0 Ha Q.

Torga aua mo6oro T > 0 3azada Koum (1),(2) mmeer exmmcreennoe
pemenne u(t,z),v(t,x) € CH22(Qr), KoTOpoe ompenenaeTcsa U3 CHCTeMbI
unrerpaibibix ypastenuit (3)—(6).
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[1] Jonmosa M.B.YcioBusi HEJOKAIBHON DPA3PENTUMOCTH OTHON CHCTEMBI
JIBYX KBa3WJIMHEHHBIX YPABHEHU MEPBOrO MOPSIKA CO CBOOOIHBIMHE
anenamu // ZKypuan CpenHeBOMIKCKOIO MATEMATHIECKOTO OOIIECTBA.
Ne 3. T. 21. 2019. C. 317-328.

Singular integrals and regular BMO space

@ Dubtsov E.S.! and Vasin A.V.?
1St.Petersburg Department of Steklov Mathematical Institute,
St.Petersburg, Russia
2 Admiral Makarov State University of Maritime and Inland Shipping,
St.Petersburg, Russia

For a positive Radon measure p on R™, Tolsa [I] introduced RBMO (1),
the regular BMO space with respect to pu. This space is suitable for the
non-doubling measures p and it has genuine properties of the classical space
BMO. Moreover, it is proved in [I] that a bounded on L*(u) Calderén—
Zygmund operator maps L (u) into RBMO(1). Motivated by this result, we
obtain a T1 condition sufficient for the boundedness of Calderén—Zygmund
operators on RBMO(p).

By definition, a cube is a closed cube in R™ with sides parallel to the
axes. For a cube @, let ¢ = ¢(Q) denote its side-length. The notation Q(z, ¢)
is used to indicate explicitly the center x and the side-length ¢. Given a finite
positive measure p on R™ and two cubes Q C R in R™, put

NQR
23Q

where Ng g is the minimal integer k such that £(2*Q) > ¢(R). Also, for
a cube Q C R™, put K(Q) = K(Q,2*Q), where k is the smallest positive
integer such that 2u(28Q) > u(R™).

Theorem. Let p be a finite positive n-dimensional measure on R™,
0 <n < m. Let T be a Calderon—Zygmund operator with kernel X and
bounded on L?(u). Assume that

/ K(z,y) du(y)
Q(w’R)\Q(w>T)

and for each doubling cube Q C R™, there exists a constant bg such that

<C, zeR™ 0<r<R,

% /Q IT1 — boldu < KfQ) for all doubling cubes Q,
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K
|bg — br| < CM for all doubling cubes Q, R, Q C R,

K(Q)
where C' > 0 does not depend on @ and R. Then T is bounded on RBMO(p).

[1] Tolsa X. BMO, H!, and Calderén—Zygmund operators for non doubling
measures. Math. Ann. 319 (2001), no.1, 89-149.

Ilpocreiiniuii o JHOMEPHBIN HEXAOTHUECKHUI aTTPAKTOpP U
TJIaJIKOCTh KOCOT'O MPOU3BeIeHUs

@ Edpemosa JI.C.
HHI'Y wm. H.U. Jlo6auesckoro, Huxunit Hosropos,
M®TU, Honaroupyausrii, Poccus

Paccmorpusaercs orobpaxenue F' : M — M (M = Mj x My, rue kaxaoe
u3 MmHOKeCTB M7 mnu Moy - OTpe30K BEIeCTBEHHON IPAMOM WTH € IMHIIHAS
OKPY?KHOCTH B KOMILIEKCHOM TIJIOCKOCTH) BHIA,

F(z,y) = (f(2), 9:(v)), rae g2(y) = g(z, y), (x,y) € M. (1)

Ipeanonaraercs, yro mHOXKecTBO Per(F') nepuoauyueckux Touek F He mycTo,
a MuoxkectBo 7(F') ux (HaMMeHbIINX) IIEPUOJOB OIPAHUYEHO.

Caenys [1], 3amxnyroe unapuantHoe muoxkecrso A C M nazoBem neza-
OMUMECKUM AMMPAKMOPom omobpascenus, F', ecim A obsagaer norsoia-
IOTIel OKPeCTHOCTHIO, W Tomosornydeckas suTponus h(Fj ) cyxemna F na
MHOXKecTBO A pasHa, 0.

Onucana CTPYKTypa MPUTITHBAIONIMX MHOYKECTB U TIOKA3aHO, YTO OECKO-
HEYHBIH HEXAOTHYECKHI ATTPAKTODP HENPEPLIBHOIO OTOOpaXKeHUs BUJIA
ecrb opbura (orHOCUTENbHO F') roMeoMOp(HOIro HEBBIPOXKIEHHOMY OTPE3KY
muoxectBa {2°} x J, J C My, TpoeKTHpYIOmasacsa Ha OPOMTY HEKOTOpOii
nepuogmdeckoii Toukn ¥ dpaxroporobpaykenusa f : My — M.

Hoxkazano, ato ecim Mo - OTpE30K, TO OECKOHEIHBIE HEXAOTHIECKHE AT-
TPAKTOPBI B PACCMATPUBAEMBIX OTOOPAsKEHUSIX HE CYIIECTBYIOT B IIPEJIITO-
noxennn CP-rmagkocru npu k > 1; ecu xke My - OKPy?KHOCTB, TO 6ECKO-
HEYHBIE HEXAOTUYECKUE ATTPAKTOPHI CYIIECTBYIOT NAaYKE B TPEIMOJIOKEHUN
C°°-r1aIKOCTH.

ITocTpoenbl puMephbl OTOOPAYKEHMIH , YIOBJIETBOPSIONIAX YKA3AHHBIM
BBIIIE YCJIOBUSAM, C OECKOHEYHBIM HEXAOTHYECKUM ATTPAKTOPOM M MAKCH-
MaJbHbIME 1 HEepPeHITnaIbHBIMA CBONCTBAMM.

IIpuBenenubie pe3yabraTbl 0600ITAIOT COOTBETCTBYIOITNE PE3YIbTATEI Pa-
6or [I], [2].
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[1] Edpemosa JI.C. Iuddepenimanbable CBOHCTBA M MPUTATHBAIOIINE
MHOKECTBa, MPOCTEHINEero KOCOTO MpPOM3BEIeHUs OTOOparKeHUil WHTEep-
Basia. Marewm. ¢6. 201:6 2010, 93-130.

[2] Edpemosa JI.C. JInraMuka KOCHIX TTPOM3BEIEHNI 0TOOpAYKEHNI HHTED-
Basa. YMH. 72:1 2017, 107-192.

IIponsBenenne /Iroamesigs B mpocTpaHCTBAX TOJOMOPMHBIX
dbyHKIIMI
@ HBamoBa O.A.
FOxmunrit dpenepanpusbiit yausepcurer, r. Pocros-na-/lomy, Poccus

B nacrosiiiiee BpeMst T0BOJILHO HHTEHCUBHO U3y 4aeTcs mponsseaenne Jlro-
aMesisi B Pa3IMYHBIX (DYyHKIMOHAJIHHBIX MPOCTPAHCTBAX. B mpocTpancTBe
Dpeme H(Q) Beex dyHKuuii, rotoMOpdHBIX B 3BE3HONH OTHOCUTEILHO TOY-
ku 0 obnactu @ C C, mpomssegenne Tioamens (f x h)(z) = f(0)h(z) +

[ f'(T)h(z — 7)dr 6bL10 BBeeHO M M3yyeno H. Yurmu [1]. B aokmnaze uaer
0

pedb 0 OMHAPHBIX ONEpalUsIX B MPOCTPAHCTBAX TOJIOMOPQHBIX (DYHKIHI,
YACTHBIM CJIy9aeM KOTOPBIX siBiisieTcst oneparnust x. CxeMa BBEIEHHS TAKOrO
yMHOXKeHUs * caeayomasi. [lycrs E — JOKaJIbHO BBIMYKJIOE TPOCTPAHCTBO
ronomopdubix Gyukumii, £ — ero ronojorudeckoe conpszkennoe. C momo-
II[BIO CIBUTOB, ACCOIMUPOBAHHBIX C OJHOMEPHBIM BO3MYIIEHUEM OTEPATOPa
ITommbe, meiicteyromero 8 E, B E' 3amaerca ymHOMXeHUE ®, ¢ KOTOpbIM E’
sapasgerca anareopoit. [Ipeobpasosanme @ypoe-Jlaniaca wim compsizKeHHOE K
HEMY yCTaHABIMBAET anreOpamyeckuii m3omopdusm E’ Ha npocrpanctso G.
IIpousBeienne * siyisiercsi peanusaiueit ® B G pu TakoM uzoMopdusMe.
PaccvarpuBarorest caeayionme CUTyaIm:

1) E — uekoropoe npocrpancTBo nejbix (B C) dyHKIMil 9KCIOHEHITUATBHO-
ro tuna, G — upocrpancreo H(Q) dbyukumii, rogoMopdHbIX B BBIILYKJIOH
obsactu @, conepxarueit Touky 0 [2], [3];

2) E — npocrpancrso @peme H () dbyuxuuii, rosoMopdHbIX B OJHOCBA3HO
obsiacru €, cogepxkaiein Touky 0; G — coorBercrByioliee IpocTpadcrso Po
nesbix GyHKIHNH SKCIOHeHIHANIBHOTO Tua. [4].

[1] Wigley N. The Duhamel product of analytic functions // Duke Math.
J. 1974. V. 41. P. 211-217.

[2] Ivanova O. A., MelikhovS.N. On invariant subspaces of the Pommiez
operator in the spaces of entire functions of exponential type // J. Math.
Sci. 2019. V. 241. Ne 6. P. 760-769.
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[3] Ivanova O. A., MelikhovS.N. On the Commutant of the Generalized
Backward Shift Operator in Weighted Spaces of Entire Functions
// Trends in Mathematics: Operator Theory and Differential Equations.
Editors: A.G. Kusraev, Z.D. Totieva. Birkhduser. 2021. P. 3748.

[4] BanoBa O. A., Mesuxos C. H. Anrebpbr ananuruveckux (GpyHKIUOHA-

JgoB u 0606wenunoe upoussexenue doamens // Buagukask. marewm.
xypH. 2020. V. 22. Ne 3. C. 72-84.

Hynun nzera-dpynkiuun Pumana n oneparopsl IIItypma—JInyBusiiis

@ Kanycrun B.B.
Caukr-IleTepOyprckoe oTe/IeHrE MATEMATHIECKOTO HHCTUTYTA,
uM.B.A.CreknoBa PAH, r.Cankr-IlerepOypr, Poccus

OcCHOBHBIM Pe3ysIbTaTOM JIOKJIada ABJIACTCA CJAEAYIOIasd TeopeMa.

Teopema. ITycts A — oneparop IlIpémuarepa Au = —u’” +qu ma momyocn
(xo7 —|—oo), riae
1 1
zo = log(4r), q(x) = 162”3 + §€m;

B TOYKE T HAJOXKEHO CAMOCONPSKEHHOE TPAHUTHOE YCJIOBHE, TPUUEM CIIEKTD
omeparopa A He comepxkut Touky 0. Torma cymecTByer oqHOMEPHOE BO3MY-
menne omepaTopa A~!, cHeKTp KOTOPOro CoBmAmaeT ¢ MHOXKECTBOM

4 1 1 4
{ZQ: |Imz\<§, (<2+zz> 0}\{1/2}a

TIe ¥V — BEIEeCTBEHHOE YHCI0 TaKoe, 9To m3era-pyHKius Puvana ( mmeer
IIPOCTOI HOJIb B TOYKE % + iv.

st nokasaTesnbCTBA SIBHO CTPOUTCST TPOCTPAHCTBO e Bpamka, comep-
xaree ken-pyHakmo Puvana, ne1éHHYI0 HA MHOTOWIEH TPEThedl CTemeHH,
M COOTBETCTBYIOMIAs €My KaHOHHUYecKas cucrema suma Jf(t) = zH(t)f(t)
¢ IMAarOHAJIBHBIM TAMUJIBTOHUAHOM H, TPeICTaBAAIoONM CODOM JIOKATHHO
CYMMUDYEMYI0 HEOTPULATEJbHYI0 MAaTPUIHO3HAYHYIO (2 X 2) dyHKUMIO HA
mosyocu. C KayKIOM KAHOHUYIECKOIN CHCTEMON €CTEeCTBEHHO CBS3aHBI THJIhb-
6epTOBO TIPOCTPAHCTBO U omeparop B HEM. KBajspar omeparopa Takoii KaHo-
HUYECKON CHUCTEMBI TIPEJCTABSIIET COOON MPAMYIO CYMMY [IBYX OMEPATOPOB
M rypma—JIuyBusis.
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O paz3IeIMMOoCTN HEJWHEHOTO SJITUNTUIECKOTO
nuddepeHIIIAIIBHOTO omepaTopa B BECOBOM ITPOCTPAaHCTBE

@ KapumoB 0.X., Xakumona 3./Ik.
NMucruryr maremaruku uMm.A.Txxypaesa HAHT, r.Iyman6e, Tazxukucran

OyHIaMeHTAIbHbIE PE3YILTATHI [0 TEOPHUH Pa3/IeTuMOCTH Auddepenin-
anpHBIX oneparopos npuHagnexkar B.H.9sepurry u M.Tupiyy. Cymecrsen-
HBII BKJIAJ B JaJibHeiinee pa3surue 3Toit Teopun BrHecan K.X.Boiimaros,
M.Orenbaes u ux yaenuku (cM.[I]-[4] u nmeromuecs ram cepliku).

PaccMoTpum B BecoBoM TpocTpancTie Lo ,(R™) nemuneiinniit anddepen-
IUAJILHBIN OTlepaTop BUIA

" 0%u
L) = = 3 ale) g, 5+ Vi) = f(0) 1)
rae a;j(x) € C?(R"™)- BerecTBeHHBIH MOJIOKATEIbHBI KO3 duupment, a
V(x, z) -nonoxurenbuas dyuxiusa. [pescrasum byuxmuio V(x, z) B Buge
V(x,z) = F(x,€,n), &= Rez, n = Imz. Haiinensl ycioBus Ha QyHKIUIO
F(z,£,n), IpM BBHINOJHEHWH KOTOPHIX yPABHEHHE pasiiensercsa B IIpo-
crpancrse Ly ,(R™), u pis seex pewennii u(z) € Lo ,(R") N W3, (R"),
YIOBJIETBOPSIONIAX YPABHEHUIO ¢ mpagoii acteio f(x) € Ly ,(R"™), BbHI-

TIO/THAETCA CJIeAYIoIee KOIPIUTUBHOE HEPABEHCTBO!:

n
0%u

2 00 i LB+ IV (s L R+
- 3 1 Ju N .
2 @@V @) g Lo (B[ < MiIF(@): Lo p(RY)]

i,5=1

rie nosouresbuoe yuciao M ue 3asucur or u(z), f(z).

[1] Boiimaros K.X. Teopembl pa3uesnuMocTu, BECOBbIE [IPOCPAHCTBA U UX
npunoxenus.-Tpynst MTAH CCCP, 1984, 1.170, ¢.37-76.

[2] Orenbaes M. KospuuTupHbIE OLEHKH U TEOPEMbI PA3AEIMMOCTH JIJIis
snmunTudeckux ypasuenuit 8 R™.-Tpyast MUAH CCCP, 1983, 1.161,
c.195-217.

[3] A.S.Mohamed, H.A.Atia. Separation of the general second order elliptic
differential operator with an operator potential in the weighted Hilbert
spaces. - Appl. Math. Comput. 162 (2005), pp.155-163.

[4] Kapumor O.X. O KOIPINUTHBHOM PAa3PENIMMOCTH HEJMHEHHOTO ypaBHe-
uus Jlannaca — Besnprpamu B ruibbeproBom mpocTpascTse - Uebbiies-

ckuit coopuuk, 2021, .22, Nol(77), c¢.163-176.
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Omnenku [,-HopM K03 DUITMEeHTOB TOJYNHEHHBIX aHAJIUTUIECKUX
B Kpyre pyHKIIHUi
@ Karomos I.P.

Kazanckuit dpenepanbHbIii yHUBEPCHTET

Hycrs dbyrxkmun f =Y 27 frzk u g = > 72 giz" ronomopdusr B kpy-
re D = {|z| < 1}. Hanomuu™, 410 )yHKIMSA ¢ HA3BIBAETCS MOAIMHEHHON
dbyukuun f, ecnu cymectByer romomopduas B kpyre D dynkuus ¢ ¢ Hemo-
JIBIDKHOM TOYKO( B Hadase KOOPAMHAT Takasd, 910 |¢| < 1B D u g = f(p).

[Ipeamnonoxum, uro ¢pyskuusa g noguuneda f. Torma, Kak yrBepKaaer
KJIaccuyeckas reopema JINTTIByIa, UMEeT MECTO HEPABEHCTBO

(oo} o0
D lgelPr* <> IRlPrt, r <t
k=0 k=0

B caydae p = 2. XOpOIIo U3BECTHO, YTO TaKOW Pe3yJIbTaT HEBepeH i p #£ 2.
Opmnako, o cupasezus B caydae p € [1,2] qaa r < r, > 0.
B xome noknaa mIaHIpyeTcs JaTh ONUCAHUE Pe3yIbTATOB 00 ONEHKE I'p.

ITocrcesiekTuBHBIE KBAaHTOBbIE U3MepeHus u 3P deKT HapyHIeHAs
rpaHunbl XoJeBo

@ Ken6aes H.P.!?, Kpoubepr Jd.A.3
1 Terra Quantum AG, St. Gallerstrasse 16A, CH-9400 Rorschach,
Switzerland,
2 Mockosckuii (bu3MKO-TeXHUYECKUH HHCTUTYT (HAIMOHAIbHBIN
ucciaenoBarenbekuil yuusepeurer), Joaroupyausiit, Poccus,
3 Maremarugeckuit uacruryr um. B.A.Creknosa PAH, Mocksa, Poccus

3aa4ua pa3Indennss MeXKy KBAHTOBBIMU COCTOSHUSIMHU UTPAET BAXKHYIO
POJIb B KBAHTOBOH T€OPHHU MHMOPMAINN ¥ B KBAHTOBOH KpunrTorpaduu. Xo-
POIII0 W3BECTHO, YTO B3amMHAsA HHQPOPMAIMSA MEXKIY BXOIOM W BBIXOIOM
orpanuuena csepxy rpanuueit Xoseso [I]. B To ke Bpemsi 31a rpanuna ume-
€T MECTO JIWIIbh MPU OTCYCTBUU TOCTCEIEKINH. [IpOCThIM MpuMepoM, MOKa-
3BIBAIOIIMM HAPYIIEHNE TPAHUIIHI XOJIEBO TPU BO3MOXKHOCTH MMOCTCEJIEKIINH,
SABJIAETCH DE30IMMO0IHOE PA3INIEHUE ABYX YUCTHIX HEOPTOTOHAJIBHBIX KBAH-
roBbix cocrosiauit [2]. [Ipu Takom u3MepeHun Ha BBIXOJE MOJydaercs Jiubo
6e3omnbo9Hast WHPOPMAIAA O CHUTHAJE, JUOO HEOolpeaeeHHbIN pe3yabrar,
CBUJIETEJILCTBY O 0 Heymade. Ecim orbpocuTsh HeompeaeIeHHbIe UCXOIBI,
B3anMHas WHAOPMAIUS MEXKIy BXOIOM WM BBIXOIOM OyIeT COOTBETCTBOBATH
HI€AJTPHOMY KAHAJIY, UTO BBIIE BEJIMIUHBI XOJIEBO JJIs ABYX HEOPTOTOHAJIh-
HbIX cocrosinuii. QHAKO MOIOOHOE U3MEPEHHE BOZMOKHO He BCEr/a, a TOJb-
KO B CUTYyallud HECOBIIAIOIIUX HOCUTEJEH COCTOAHUMN.
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B pabore mpetaraeTcs moaxo1, KOTOPbI TO3BOJISIET MPEB30MTH TPAHMN-
11y XOJIeBO ITPH MCTIOIB30BAHNN U3MEPEHNi ¢ TocTceseKInel B 6oyee obIeM
cIydae, BKJIIOYAIOMEM B ceds U 1B MPOU3BOIBLHBIX HEKOMMY TUPYIOIMIAX CO-
CTOSIHUSI. DTO HETPUBUAIBHOE YTBEPKIEHUE, TAK KAK OHO TTOKA3BIBAET, 4TO
Jake WHANBHUAYATbHbIE H3MEPEHHs C IOCTCEIeKIneil MOryT ObITh Oostee 3(h-
GdeKTUBHBI, YeM KOJUIEKTUBHbBIE U3MepeHust 6€3 MOCTCEIeKIUH.

Takxke B paboTe pacCMaTPUBAETCS TEOMETPUYECKAsT WHTEPIIPETAIWS TTO-
CTPOEHHBIX M3MEPEHWii, KOTOpasi JeMOHCTPUPYET POJIb OTHOCUTEIBHON MaK-
CUMAJIBHOM SHTPOIUY [IPU WX MPUMEHEHUH.

[1] XomeBo A. C. IIpob6aemsbr mepenaun nadopmammu. — 1973. — T. 9. — Ne,
3. - C. 3-11.

[2] Ivanovic, I. D. Phys. Lett. A, 123(6), 257-259. (1987)

[3] Kenbaev, N. R., Kronberg D. A. AIP Conference Proceedings. Vol. 2362.
No. 1. (2021)

T'eomeTrpuyecKuii KpuTepuii THTEPHOJIAINN TeJIbIMI PYyHKITUIMA
Ipu yTOYHEHHOM Topsake ByTpy

@ Kocrenko .B.!, Mamorun B.A.?
I'Kypckuit rocymaperBeHnsiii yausepeurer, r. Kypek, Poccus
2CyMCKH1‘x’1 rocyaapcrBennbiii yauepcurer, Cymbl, Ykpauna, Riverstone
International School, Boise, USA

IIycre p(r) — yrourénnsrii nopsaaok B cmbicae Byrpy. Ionoxum V(1) =
rP(")r > 0 OB6osmaumm uepes [p(r),00)p TPOCTPAHCTBO TEMBIX (DYHKIIHIT
f(2), rakux, uro ans Bcex z € C BwimosnHsteTcs HepaBeHCTBO In|f(z)| <
KV (|#]), coe Ky > 0 — mocrosiHHAas, 3aBUCAIIAs OT f, He 3aBUCAINAS OT Z.

Onpeaenenune. Iocnenosarensaocts A = {a,}52, C C maswBaercs
MHTEPHOSITUOHHOM TTOCIEIOBATENLHOCTBIO B IPOCTPAHCTBE [p(1), 00) 5, ecam
JUTsT 10008 MOCIIeIOBATEThbHOCTH KOMIIEKCHBIX dncen {b, }°° | ymoBiIeTBo-
DSIIOIINX YCIIOBHIO:

) In™ |b,|
nek V{jaa]) =%

cymecrsyer dbyukuusa F € [p(r), 00) g, pematomas mpobieMy HHTEPIOIAIN
F(ap)="b,, n=12....

B Takoii mocTaHOBKE 3a/1a9a WHTEPIIOIANNYA OTHOCATCS K 337a49aM 68000010
unmepnoasyuu [1], Korna Ha 3HAYEHUS B y3/1aX HAKJIABIBAIOTCH MUHUMAIIb-
HbIE Or'DaHUYEHUs, 0OYCIIOBJIEHHbIE MPUHAJIE?KHOCTHIO MHTEPIOJUPYIOIIed
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dbyHKIMN 3a1aHHOMY TIPOCTPAHCTBY. MBI MOJIyuaeM KPUTEPUH ee pasperi-
MOCTH B TEDMHUHAX MEPbI, COOTBETCTBYIOIIEH y3aaM nHTepnossuui. [To MHO-
xectBy A onpenensiores bynkmuu @ (a) (em., manpuwmep, [2]).

Teopema. Crenyomue yTBEePKICHASA SKBUBATCHTHDL:

1) Nocnenosarensuocrs A = {ay, }52; C C saBisiercs HHTEPHOIAIAOHHOM
HOCJIE0BATEIBHOCTBIO B mpocTpancTse [p(r), 00) p.

2) Brimonmsiercst cOOTHOIIIEHNE:

. O (a) da
sup sin 6 ——— = < 00.
2€C, ala + sin )
0

[1] JleonTheB A.®. O6 MHTEPIOIMPOBAHUE B KJIACCE HEJIBIX QYHKIHMHA KO-
Heuroro nopsaka // Jokn. AH CCCP, 5 (1948), 785-787.

[2] Mamorun K.I'. 3azaya KparHOil UHTEPHOJALUM B IOJYIJIOCKOCTH B
KJIACCE AHAJIUTUYECKUX (DYHKIHMI KOHEYHOrO MOPSJIKA U HOPMAJIBLHOIO
tuna // Marem. 6., 184:2 (1993), 129-144.

Pacmmpenne mojsyrpynn ¢ HOMOIIBIO JU3APATIBHON IPYIIILI U
moJstyrpynmnoBbie C*-ajiarebpsol

@ JIumauyeBa E.B.
Kazanckuii TocyTapCTBEHHBIHN 3HEpTreTUYUeCKnil yHuBepcuTeT, I.Kazann,
Poccus

B crarbsax [Il, 2] 6put0 HavaTo m3ydeHune B3amMOCBs3eil MEXK/Iy PacCIId-
PEHHUSAMHU TOJIYTPYIIN U CTPYKTYPO# COOTBETCTBYIOMIUX MONYyTPYyHHOBBIX C*-
anrebp. B mokmasme o0CyKIaI0TCI HEKOTOPDIE MAJTbHEHIINE Pe3yIbTaThl, MO~
JIyUYEHHBIE B 9TOM HAMPABJIEHWN. B 9aCTHOCTH, TaH OTBET Ha BOMPOC TPodec-
copa I'T. AmocoBa 0 CIOPBEKTUBHOM TOMOMOP(MU3ME TOIYTPYIINBI Ha, TU]I-
PAJIbHYIO TPYIIILY, KOTOPbIH ObLT 3a1aH aBTopy Ha KoHdepenun MPDSIDA-
2021 (M®TU, Honronpyausiii, 30 utonst — 9 uross, 2021).

Iycrs Z — agpurusaas rpyuna uenbix yuced, Z= := Z \ {0} — mysnbru-
[JIMKATUBHAS MOJIyTPYIIA HEJbIX duces 6e3 uysisi, N — MyJIbTUILITUKATUBHAS
MOIYTPYTINa HATYPAJBHBIX uncel n D, — nnsapanbHas Ipynna nopaaka p.
IMocTpoeno mosmynpsamoe mpousseneHne Z X, Z*, KOTOpOe ABJIAETCA HOP-
MaTBHBIM PaCIIIpeRneM HOJXyTpymnsl Z x N ¢ nomomieio rpymmsl D,,. Ilo-
Ka3aHO, 9TO TOCTPOCHHOE PACHIMPEHUE MOJTYTPYIII SABJISIETCs MIPAREPOBBIM.

Nsyuena crpykrypa nomyrpynmosoit C*-anredper C)(Z %, Z*). doka-
3aHO, UTO OHA SIBJISIETCS TOTOJOTHYECKU TPAIYUPOBAHHON MO AUIIPATHHOM
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rpymne Dy, 1 9TO CyIIeCTBYeT M30METPUIECKHit *-roMoMopduU3M MoIyrpym-
noBbrx C*-ajredp
CHZxN)— Cr(Zxy,Z%).

Uccnenosana crpykrypa C(Z x N)-Momysis Ha MOJIEXKAIIEM IPOCTPAHCTBE
C*-anrebpsr C)(Z 1, Z*). IlokazaHo, 9TO HMeeT MeCTO TOMOTOIHIeCKuil
uzomopdusm CF(Z x N)-momymneii:

Ci(Z %, 2°) = @ CHZ X N),
1

T7Ie KOJIMYECTBO CJIAraeéMbIX B MPAMOi [1-CyMMe PaBHO 2p.

[1] E.B. JIunauepa. Pacumpennst monyrpynt 0 MOpGU3MbI MOy TPY IITOBBIX
C*-anredp. Cubupckuii Mmaremarndeckuii xKypuaJ, 2021, 1. 62, Nol, cTp.
82-96.

[2] E.B. Jlunauesa. O rpajyupoBaHHbIX HOIyrpynnoBbix C*-asrebpax u
rusbbeproBoix Moiyisx. Tpyast MUAH wum. B.A.Crekinosa, 2021, .
313, ctp. 131-142.

Mathematical model of longitudinal-transverse vibrations of a
beam with a moving boundary

@ Litvinov V.L., Litvinova K.V.
Lomonosov Moscow State University, Moscow, Russia

Until now, the problems of longitudinal - transverse vibrations of objects
with moving boundaries were solved mainly in a linear setting, the energy
exchange through the moving boundary and the interaction between longi-
tudinal and transverse vibrations were not taken into account [I]. In rare
cases, the action of the forces of resistance of the external environment was
taken into account [6]. Real technical objects are much more complicated,
for example, with an increase in the intensity of oscillations, the geometric
nonlinearities of the object have a great influence on the oscillatory process.
In connection with the intensive development of numerical methods, it be-
came possible to more accurately describe complex mathematical models of
longitudinal-transverse oscillations of objects with moving boundaries, tak-
ing into account a large number of factors influencing the oscillatory process.
The paper presents a new nonlinear mathematical model of longitudinal-
transverse vibrations of a beam with a moving boundary, which takes into
account geometric nonlinearity, viscoelasticity, energy exchange across the
boundary. The boundary conditions are obtained in the case of interaction
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between the parts of the object to the left and to the right of the moving
boundary. The resulting model is linearized. In this case, the principle of
homogeneity is observed: in the particular case of small fluctuations, the
obtained linear models coincided with the classical ones, which indicates the
correctness of the results obtained. The obtained mathematical model allows
one to describe high-intensity vibrations of a beam with a moving boundary.

[1] 1. Litvinov V.L., Anisimov V.N. Application of the Kantorovich -
Galerkin method for solving boundary value problems with conditions

on moving boundaries // Bulletin of the Russian Academy of Sciences.
Rigid Body Mechanics. 2018. No. 2. P. 70-77.

TeomeTpuyecknii KpuTepuii MHTEPIOJIATINN OJI8 IPOCTPAHCTB
MepoMop@dHBIX (PYHKIUNH B MOJSYILIOCKOCTHA

@ Maumrorua K.I'., Kabauko M.B.
Kypckuit rocynapcrsennbiit yuupepcuret, I. Kypck, Poccus

B pa6ore [I] paccmarpuBasuch HHTEPIIONAIMOHHbIE TI0CIE0BATEIbHOCTH
JUUIsL IPOCTPAHCTB MEPOMOP(MHBIX (PYHKIMH B KOMILIEKCHOH MOJIYILJIOCKOCTH
Cy ={z: 3z > 0}. O6oznaunm vepe3s M (¢) (A (¢)) mpocTparcTBo MepO-
Mopdubix (anamurndeckux) dyHKImiA B nosaymiockocTn Ci, pocT KOTOPBIX
T(r, f) < A+ B¢(z) onpenenserca 3a1aHHoil cyOrapMOHUIecKoil byHKImeit
@(2) ¢ vekoropbimu KoucTantamu A, B > 0. @yukuus ¢(z) ymosiersopser
yeaosu: 1) 6(2) > 0, 2) In(1 + [212) = 0(8(2)), 3) 6(¢) < Co(2) + D,
|¢ — 2| < 1. IIpocrpancrBo M4 (¢) mpu HeKOTOpOi GyHKIME ¢(z) MOXKET
conepxkarb dyHKIMN GeckonewHoro mopsiaka. Ilycrs A = {a,}52, mocme-
JIOBATEJILHOCTh PA3JIMYHBIX KOMIUIEKCHBIX ducel, {a,}o2; C C,, Bce mpe-
JeTbHbIE TOYKH KOTOPOIl Ha BEIECTBEHHON ocu m OeckoHedHOCTh. Haiitu
yCIOBUS, IPA KOTOPBIX Il JIIOOBIX 33IaHHBIX MOCJIEJOBATENLHOCTEH KOM-
mrekcHbIX quces {b, 152 u {¢, }°2 1, y[0BIETBOPAIONIUX HEPABEHCTBY

|bn] + |en| < Aexp(Bé(a,)), neN,
cywecrsyer byukuusa F € My (@), rakas, uro
F(a,) =by, F_1(an) =¢n, neN,

rae F_q(a,) — xoaddunuent ¢ ungexcom (-1) pasnoxenus dyuxiuu F(z)
B psj JlopaHa B OKPECTHOCTH TOYKH dy,.
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B pabore [1] 6611 chopmymnposan Kpurepnit pa3pemntnMoCTH HHTEPIOJIS-
[IMOHHOHN TPOOIEMbI B TepMUHAX (DYHKIMH, TUBU30P HYJIEH KOTOPOIi BKIIIOYa-
eT B cebs JAHHYIO TIOCIEA0BATEIBHOCTh. Mbl (hOPMYyIUpYyEM ITOT KPUTEpUit
B TEPMHUHAX MEPbI, OMPEAEIsIeMOi y3IaMi WHTEPIOJISIIHN:

w(G) = Z sin arg a,,.

an€G

[1] Magtorun K.I., Kabarnko M.B. VHTepnoIsAIMOHHbIE OCIEI0BATEIBHO-
CTH /IS IPOCTPAHCTB MePOMOPGbHBIX (DYHKIMA B MOIYIIIOCKOCTH //
C6opuuk te3ucoB Mexmynapounoil Hayunoii koudepenuuu (03. Ban-
Hoe, 15 — 19 mapra 2021 r.) (2021), c. 50.

Mepomopdubie PYyHKIIMM KOHEYHOTO raMMa-pocTa B € IUHUIHOM
Kpyre
@ Maumrotur K.I'., HaymoBa A.A.

Kypcxkuit rocynapcrsennsiit yuupepcuret, I. Kypck, Poccus

JI. Py6en u B. Teitnop [1] ycranoBunu cBs3b Mex 1y pocToM MepoMopdh-
HOI B KOMILJIEKCHOH ILTOCKOCTH (DYHKITUKA U POCTOM ee Koaddunuentos Dy-
pve. AHajoruvHbIl Pe3ysabrar /s HOJIYILJIOCKOCTU ObLI II0JIy4eH B pabore
[2]. Mbr nonyuaem Kpurepwuii mprHaAIesKHOCTH MepoMopdbHOiT GyHKINK KO-
HEYHOTO raMMa-poCTa B €MHUIHOM KpPYyTe, KOTOPBIi (hOPMYIUPYETCS B Tep-
MuHAX ee Koaddunuertos Oypbe.

Teopema. Ilycrs v(r) (r € [0,1)) — byukuus pocra, f —mepomopdHas
dynxmua B kpyre D = {z : 2] < 1},

1 2m ] )
lrf) = 5= [l o, ke,

— k03bdunmentsr Pypre byHKIHH f.

Crenyiomme yTBepIK/I€HNsT SKBUBAICHTHDI:

1) ®yukuusi f uMeer KOHEUHBIA Y-POCT, T.€. CYLIECTBYIOT IIOJIOXKUTEIIb-
uple nocroguubie A u B takue, 410

T(r, f) < Ay(Br)

st Beex 1 € [0,1).
2) (a) Koaddurmenrsr @ypre GbyHKINN f yIOBIETBOPSIOT HEPABEHCTBY

ek (r, f)| < Ay(Br), keZ,

[PU HEKOTOPBIX MOJOKHUTENbHBIX A, B  Bcex 1 € [0,1);
(b) mocnenoBarenbHOCTD Hys€l (uau no10coB) dyHKIMU f MMeeT KOHed-
HYIO Y-ILJIOTHOCTb.
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[1] Rubel L.A., Taylor B.A. A Fourier series method for meromorphic and
entire functions // Bull. Soc. Math. France, 96 (1968), 53-96.

[2] Mamorun K.I. Paast @ypbe u J-cybrapmonunyeckue pyHKIUE KOHEY-
HOro y-Tuia B nosymiockocrs // Marem. ¢6., 192:6 (2001), 51-70.

Meromorphic solutions of higher order algebraic differential
equations

@ Makhmutov S.A
Sultan Qaboos University, Muscat, Oman

First part concerns pointwise growth estimates for the spherical derivative
of solutions of the N-th order algebraic differential equation

(199" 43 P (1) (£#99) ™" = (1)
k=1

where
Mik,0 Mk, 1 Mk, N—1 N-—1 e
¢
Pk’N(f) = Z Z o Z akvj()v“ij—l H (f( )) ’ k = 13 BN
Jo=051=0  jn-_1=0 £=0
with ag j,,... jy_, are analytic functions in the unit disk D and my, ; € NU{0}

forall j =0,...,N—1land k=1,...,n. The case N = 1 reduces to the first
order equation

)"+ D Pl ()" F =0,
k=1

Methods of estimate the spherical derivative of meromorphic solutions of
were based on the Lohwater-Pommerenke re-scaling method. In that case
we assume that a solution is not a normal function. Qur approach allows to
obtain a pointwise estimate for the spherical derivative of m-th power of a
solution for some integer m. The question arises when for a given class X of
meromorphic functions in the unit disk D and m € N\ {1}, f™ € X implies
f € X. In some cases, the answer may be affirmative. We will consider some
classes of meromorphic functions that already include normal functions, and
the Lovater-Pommerenke method is inapplicable in these cases. This is the
second part of the talk.

The talk was prepared in collaboration with Prof. Jouni Rattyd and Mr.
Tony Vesikko.
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Or[epaTopr IIo4YT!u aJaMapOBCKOTO TUIIA B ITPOCTPAHCTBE ITeJIbIX
(l)yHKI_[I/Iﬁ MHOTHUX KOMIIJNIEKCHBIX IIepeMeHHbIX

@ Meanxos C.H.
FOxwubriit denepanbubiii yauepcurer, r. Pocros-ua-/lony; FOxHbIi
maremarudeckuii uncruryr BHIT PAH, r. Bnaaukaskas, Poccus

BBomurcst m mcciemyercsa Kiracc OmepaTopoB MOYTH a1aMapOBCKOTO TH-
1a, JUig KOTOPbIX BCE IIPOCTPAHCTBA OJHOPOJHBIX MHOI'OYJIEHOB II€PEMEH-
HBIX 21, ..., 2x HaJ nojeM C pukcupoBaHHO CTENeHn SBIISIOTCS WX WHBAPHU-
AHTHBIMHA IIOAIIPOCTPaHCTBAMM. HOTpe6HOCTb B 3TOM BO3HHKJIa, B 9aCTHO-
CTU, TIPU M3YYEHWH KOMMYTaHTa MHOTOMEPHON BEpPCHU OIeparopa Xapiau-
JlurtiByna. BBenenmbrii Kyiacc COMEPKHUT BCE aJAMAPOBCKHUE OIEPATOPHI,
A1 KOTOPBIX Ka}K,D;I)IfI MOHOM ABJISETCA UX COOCTBEHHBIM BEKTOPOM. ITourn
aJaMapOBCKUE OTMEePaTOphl M3yUEHbI B MpOCTpancTre H ((CN ) BCEX IEJIBIX B
CN dbynxmmit.

Hycts Lap(H(CN)) — mmoxecTso (anrebpa) onepaTopos MOYTH ajiaMa-

N
porckoro tuma & H(CN), x.(f)(t,u) = f Sujzi | t], u,z,t € CN,
j=1

f € H(CY). Ias noxamsro BRIMyKI0TO TIPOCcTpancTBa G cumBon G 0603Ha-
9aeT TOMOJIOTHYECKOe CONpsiKenHoe K G.

Teopema. Creyronme yTBep:K/IeHAsI PABHOCUIIBHBI:
(i) A € Lon(H(CNY).
(ii) Cymecrsyer L € H(C2?N) rakoe, uto A(f)(z) = L(x.(f)), 2 € CV,
f e H(CN).

BblsicHeHa, CBsI3b ONMCAHWST TIOYTH AJaMapPOBCKHX OMEPATOPOB C MpeJ-
CTaBJIEHHEM OIEPATOPOB aAMAPOBCKOTO THIA B (y7Ke) CTAHJAPTHOM BHUJIE
MyJIbTHILIMKATUBHON CBEPTKH, COXPaHsAOMEeH aucno nepemennbix. C momo-
IO 0TOOPAZKEHHsT KOMIIO3UIMU X ; B TOLOJOIMYECKOM CONPSZKEHHOM K 33~
vKkHyTOMYy Tommpoctpanctey ®(C2Y) mpocrpancrsa H(C2V), ecrecrrenno
OTIPEJIEJIEHHOMY yCJIOBUEM TIOYUTH 8/IJAMAPOBOCTH, BBEIEHO YMHOMKEHHUE *. AJI-
rebpa (®(C*V)', x) uzomopdua anredpe L., (H(CN)). YiomsmyTsie pesyn-
TATBI IPUMEHEHBI K OMMCAHUIO KOMMYTAHTA MHOTOMEPHOTO AHAJIOrA Olepa-

1
ropa Xapuu-Jlurrasyna H(f)(z) = [ f(rz)dr 8 H(CY). ror oneparop
0

ABJIACTCA AAMAPOBCKHM, & €T0 KOMMYTaHT comamaet ¢ L, (H(CN)). Ipu-
BeJIEHHbIE Pe3yJbrarhl onyoaukoBanbt B [1].

[1] WBanora O.A., Menuxor C.H. Oneparops! mouTH ajgaMapoBCKOrO THIIA
u omneparop Xapan—J/IuTTiaBya B MPOCTPAHCTBE TENbIX QYHKITHI MHO-
IUX KOMILTEKCHBIX mepeMeHHbIX // Marem. 3amerku. 2021. T. 110. B. 1.

C. 52—64.
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Multiple power series continuability into a sectorial domaine

@ Mkrtchyan A. J.
Institute of Mathematics of NAS of RA, Armenia,
Siberian Federal University, Krasnoyarsk, Russia

One way to explore on analytic function is to expand it to a power series.
The coefficients of a power series expansion contain the information of its
analytic continuation. One possible approach to treat analytic continuation
problem is to interpolate the coefficients by values ¢(k) of an entire function
©(z) at the natural numbers k € N.

In case of a one variable power series, Arakelian gave a criterion for a
given arc of a unit circle to be an arc of regularity in terms of the indicator
function of the interpolating entire function. Podlya found conditions for
analytic continuability of a series to the whole complex plane except for
some boundary arc.

We give sufficient conditions for analytic continuability of a multiple
power series to a sectorial domain. Consider the multiple power series

f2) =Y fuz". (1)
keNn
Following V. Ivanov we introduce the set which implicitly contains the
notion of the growth indicator of an entire function ¢(z) € O(C™):
T,(0) = {v € R" : In|p(re®)| < viry + oo + vty + Cupl,

where the inequality is satisfied for any r € R} with some constant C), .

Denote

T, := ﬂ Tp(01, .., 0,).
0;=+%

My={vel0o,n)": v+eeT,, v—ec¢T, forany € R}}.
Let G be a sectorial set
G = U {zeC": v <argz; <2m—v;, j=1,..,n,}. (2)
veM,

Theorem The sum of the series (1) extends analytically to a sectorial do-
main G of the form (2) if there is an entire function »(¢) of exponen-

tial type interpolating the coefficients fi and a vector-function v(0) on

(=5, 5" with values in M (0) satisfying the inequalities

vi(0) < alsinbj| +bcosb;, j=1,..,n,

with some constants a € [0,7), b€ [0,00).

32



Optimization of Coherent and Incoherent Controls
for Open One- and Two-Qubit Systems

@ Morzhin O.V.! and Pechen A.N.!:2
I Department of Mathematical Methods for Quantum Technologies,
Steklov Mathematical Institute of Russian Academy of Sciences;
2 National University of Science and Technology “MISiS”
morzhin.oleg@yandex.ru; apechen@gmail.com

Developing methods for controlling individual quantum systems is im-
portant for modern quantum technologies [1]. In [2], a general method of in-
coherent control of quantum systems was proposed. In [3], it was shown that
using a special combination of coherent and incoherent controls one can ap-
proximately generate arbitrary density matrices of generic N-level quantum
systems. Based on [2, 3], various aspects of coherent and incoherent control
of one-qubit [4-8, 10] and two-qubit [9] quantum systems were studied us-
ing the Pontryagin maximum principle and optimization methods including
(1) steering an initial density matrix py to a target density matrix prarget
in the minimal time 7' [4-6], with machine learning (kNN and neural net-
works) [5], or in a fixed time [9]; (2) solving the problem (p(T'), prarget) — SUp
with minimizing or fixed T [7]; (3) analysis of reachable and controllability
sets [6, 8]. An analytical analysis of reachable and controllability sets for a
qubit driven by variable in time coherent and incoherent controls was per-
formed using geometric control theory [10]. The talk represents the results
partially supported by the Ministry of Science and Higher Education of the
Russian Federation (projects 0718-2020-0025 and 075-15-2020-788) and the
RSF (project 17-11-01388).

1] Glaser S., Boscain U., Calarco T., et al. Eur. Phys. J. D. 69, 279 (2015).
2] Pechen A., Rabitz H. Phys. Rev. A. 73, 062102 (2006).

3] Pechen A. Phys. Rev. A. 84, 042106 (2011).

] Morzhin O.V., Pechen A.N. Int. J. Theor. Phys. 60, 576 (2021).

] Morzhin O.V., Pechen A.N. Lobachevskii J. Math. 41, 2353 (2020).

] Morzhin O.V., Pechen A.N. Proc. Steklov Inst. Math. 313, 149 (2021).
]
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Morzhin O.V., Pechen A.N. Lobachevskii J. Math. 40, 1532 (2019).
Morzhin O.V., Pechen A.N. ATP Conf. Proc. 2362, 060003 (2021).
Morzhin O.V., Pechen A.N. Lobachevskii J. Math. 40, 2401 (2021).
Lokutsievsky L., Pechen A. J. Phys. A: Math. Theor. 54, 395304 (2021).
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OHGHKI/I B KJIaCccaX MOIIepeYHUKOBBbIX HUJeaJioB JJid OJHOTO
CEKTOpHMaJIbHOTO oIllepaTopa

@ Mypart I'., KomkapoBa B.C., Kycannona JI.K.
EHY uwm. JI.H. T'ymunesa, r.Hyp-Cynran, Kazaxcran

B pabore uccremxyercs omeparop L, acconmunpoBaHHbBIH ¢ 3aMKHYTO# GhOop-

MOIt
2 0%u 62f
qlu, /1= [ p3(x) dz + [ w(z)ufdz,
j—l/ J 3 25. 2 /

raoe p; > 0, p; 7 i S Loo,loc (1 ]
wp > 0. Ilpeamonaraercs, 1ro |p;(z) —
napol j # k.

[Tosy4ensr ycaoBust, npu KOTOPBIX L ABISAETCS CEKTOPHATBHBIM OIIEPATO-
pom ¢ obuacrbio onpejenenus D(L) C W u komnakrubivm obparabiv. Yepes
W o6o3zHaueno monosnHenue kKiaacca C5°(R™) duHuTHBIX byHKIHI M0 HOpMe

< n), wo = Rew, w; = Imw € L.,
pr(z)| > 0 B R™ x0oTa GBI qy1a1 OHOI

1/2
n

9 2
I = | S ) |24

92 +wo(2)|f? | dx
=1 i

HOJIy‘IeHbI OII€EHKN JIMHEHHBIX TIOIIEPEYHUKOB JIJId KJIaCCOB

Fo={u: ||u; (W, Lg)e,

(L) : ILullz < 1},

0< 6 <1, (W, Ly)po — unrepnonsanuonuoe npocrpancrso Ilerpe-Jluonca.
Pab6ora 6bu1a npogenana npu noaaep:kke rpanra MOH PK AP08856104.

[1] Kycaunosa JI.K. Teopembl BJIOKE€HHsI U WHTEPIOJISLIUN BECOBBIX IPO-
crpancrs CoGosieBa // Hucc. na couckanue JOKT. pu3.-MareMm. HayK. —
Anmarst: Ua-r marem. MOH PK, 1999.

[2] KaTto T. Teopusi Bo3MyIleHwil JnHEHHBIX oneparopos. M.: Mup, 1972.
— 740 c.
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On Gelfand-Shilov type spaces

@ Musin I.Kh., Gi’'mutdinov R.Z.
Institute of Mathematics with Computing Centre of RAS, Ufa State
Petroleum Technological University, Ufa, Russia

Let X = {h,}52, be a family of convex separately radial functions
h,: R™ — R such that for each v € N:
1) the restriction of h, to [0,00)™ is nondecreasing in each variable;
. hu(x)
2) lim
a—oo ||
3) for each M > 0 there exists a constant A, ps > 0 such that

= +00;

hy(z) < Z lenM—&—A,,M, x=(x1,...,2,) € [0,00)";
1<j<n:x;#0
4) hy(x) — hyt1(z) >In2- Z Tj— Y, = (T1,...,%n) €[0,00)™;
5) huyi(z +y) < ho(x )+h ( )+ 1, 2,y €10,00)".

For each v € N and m € Z, define the normed space

B (D«
Gl =47 € C @)l = w0 DN < oy

laj<m

Let G(h,) = ﬂ G (hy). Endow G(h,) with the topology defined by the

family of norms || - |5, (m € Z4). Considering G(H) = |J G(h,) supply
=1

it with the topology of the inductive limit of spaces G(h,).
For each v € N define a function ¢, on R™ by

pu(a) = hy(In(l 4 [z1]), ..., In(L + |2 ), @ = (21,...,20) € R,

where h} is the Young-Fenchel conjugate of a function h,,.
For each v € N and m € Z, consider the normed space

sup N 2™

@‘Pu(lmz) }

Em(‘PU) = {f S H(Cn) 3pu,m(f) = i

Let & = {p,}52, and E(®) = | E(p,). With the usual operations of
v=1

addition and multiplication by cor_nplex numbers E(P) is a linear space.
Supply E(®) with a topology of the inductive limit of spaces E(p, ).
Theorem. The spaces G(H) and E(P) are isomorphic.
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A Paley-Wiener-Schwartz type theorem for ultradistributions on
an unbounded closed convex set

@ Musin I.Kh., Rakhimova A.I.
Institute of Mathematics with Computer Centre of Ufa Scientific Centre of
RAS; Bashkir State Pedagogical University, Ufa, Russia

Let C be a proper open convex cone in R™ with vertex at the origin.
Let b be a convex continuous positively homogeneous function of degree 1
on C. Let U(b,C) = {£ € R" : —(£,y) < by), Vy € C}. The closed convex
unbounded set U (b, C') does not contain a straight line, the set V(b,C) =
{€eR": —(&y) <b(y), Yy € C} is its interior, V (b,C) = U(b,C).

Let X = {hn}3_; be a family of convex separately radial functions
B : R™ — [0, 00) with h,,,(0) = 0 such that for each m € N:

1. Ja,, > 0 such that h,,(z) > ||acHln(1 +|z]]) — aml|z|| — am, © € R™;

2. lingo(hm(x) - m+1( ))

x

3. sup (hmyi(a+ B) — hp(a )) < oo for B € Z7 with |3 =1;

Q€LY

max ho, 41 (a+8)—hm ()
4. VpeN Il =I(m,p) € Nsuch that ) elflsr e < 00.

Q€L
Denoting for brevity U(b, C') by U and V (b, C) by V define a space E4¢(U)
of infinitely differentiable functions f on U as follows. For each m € N let
En(U) be a space of C*°(U)-functions f with a finite norm

D) (2)|(1 + ||z])™
iy = sup DD+ Lol
z€V,a€L e
Put E4(U ﬂ Em(U). Endow a linear space €4¢(U) with a projective

limit topology of spaces Em(U). For each m € N define the function ¢, in
C™ by the rule: ¢,,(2) = b, (InT |z1],...,In" |2,]), 2 = (21,...,2,) € C,
where h, is the Young-Fenchel conjugate of h,.

For each m € N introduce the normed spaces

) . )
Ab,m(TC> = {f € A TC) ||f|| SU'TP 6b(1mz)+tpm(z)(1 + 7= ))m < OO} :

Let Ap5c(Tc) = U Ap m(Tc). Endow the linear space Ay 5¢(T¢) with a

topology of 1nduct1ve limit of spaces Ap m(Tc). For each linear continuous
functional @ on Eg¢(U) the function $(z) = H(e&2)) is in A(T¢).
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Theorem. The mapping L : & € &;5.(U) — & establishes an isomor-
phism between the spaces €5 (U) and Ay 5¢(T¢).

DyHKIMOHAJIBHBIE THIIBOEPTOBBI MPOCTPAHCTBA B KBAa3UKpPyTre

@ Hanasuxos B.B., Hanaakos B.B. (mu1.)
Nucruryr maremaruku ¢ BI[ YHIL PAH, r.Yda, Poccusa

IlycTb HEKOTOpast MPOU3BOIbHAS OTPAHWYEHHAS KBA3UOKPYKHOCTH OG pas-
GuBaer pacimperHyio komiuiekcHylo miockocts C = C|J{oo} Ha nge obia-
cu G u Go; G1|JOG |J G2 = C. Pacemorpum npocrpascTsa Beprmana:

def def

By(G) Y L 1 € HOl(G): 113,00, < / FEPdo(z) <o, k=12,
G

rae dv(z) — wiockas mepa Jlebera. Ilycrs y(z), z € C - KBa3UKOH(MOPMHOE
orpaxenne Asnbdopca, n yz — dyuxmus n3 padorsr ([I], crp. 24-25, Jlem-
ma 3.1). Takke MBI pacCMaTpUBaEM MPOCTPAHCTBA

BYGy) {h: 39 € Ba(Gsp), h(2) = 9(y(2)), = € G,

g [ QPO o) < oo} k=12

JokasbiBaercs, aro npocrpancrsa By (Gy), k = 1,2 takxKe ABIAIOTCH THIIb-

def
6epTOBBIMY IIPOCTPAHCTBAMHE € BOCHPOU3BOAdnM siapoM. O6ozuauum m(() =

y=(¢), ¢ € C\OG, rume 4epra Ham Yz O3HAYAET KOMILIEKCHOE COIPSZKEHUE.
Ilycte My, k = 1,2 — omeparopsr, aeiicryionme u3 npocrpancts BY (Gy), k =
1,2, COOTBETCTBEHHO, TIO CJIeAyIomemMy npasuiy: ecim h € BY(Gy), k= 1,2,
TO

Mh(©) € h(¢) - m(Q), Ce Gy, k=1,2.

Teopema. Oneparopbl ymHOXKeHUs My, k = 1,2 9BadioTcs JTUHEAHBIME
HENPEPBIBHLIMA B3aUMHO-OJHO3HAYHBIMYU ONEPATOPAMH, JEHCTBYIONIMMHA 13
npocrpanctsa By (G), k = 1,2 ma npocrpancrso By (Gy), k = 1,2, coor-
BETCTBEHHO.

B mokazaTenbCcTBe TEOPEMBI CYIMIECTBEHHYIO POJIb WIPAET WHTErPaIbHOE
npeacrasiaenne (PyHKIHH TOIOMOP(MHBIX B KBA3WKPYTE W HENPEPHIBHBIX Ha,
rpanune KBasukpyra (cum. [I], crp. 25) u, Takske, CBOACTBO 9KCTPEMATIHHOCTH
K03 unuenToB paszsoxkenus 110 opronoaobHoii cucreme (cum. [2], crp. 190).

[1] B. 1. Bensriii, CoBpeMeHHBIE METOIBI T€OMETPUYECKON Teopnu (yHK-
[IUU KOMILJIEKCHOTO TIEPEMEHHOr0 B 33J/iladax amnmpokcumarmu, Anrebpa

u ananus, 9:3 (1997), 3-40.
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[2] T. II. JIykamenko, O CBOWCTBAX CHCTEM PA3JIOXKEHUSI, MOJOOHBIX OPTO-
rouasnbubiM, 38. PAH. Cep. marem., 62:5 (1998), 187-206.

ABTomnpesicTaBjieHe orpaHUYeHHbIX (pYyHKIUi Ha R™

@ Paccagua A.D.
Bricmas mikosa skonomuku, r. Huxkunit Hosroposa, Poccust

ITycrs UC,(R™) — npocTpaHCTBO BCEX PABHOMEPHO HENPEPHIBHBIX OTPa-
nuaeHHbix Gyakmmit [ : R™ — R™ | cHaOxkEHHOE YeOBIIEBCKON HOPMOIT:

Ifll = sup [f(@)],
I eRm

TOTJA CIPABEJIMBBI CJIEIYIOIINE YTBEPIK ICHUS:
Teopema. Eciiu f € UC,(R™), a R u 7y — NpOU3BOJIbHBIE MOJIOXKUTE b
HBIE YHCJIA, TO

—

lim —sup || f —S/(E)f || =

T EI<R

rae |€] = V/E+E+... +2,,a8)(f) — mumeitnbiit oneparop, aeAcTByIO-
it Ha Gyakuun u3 UC,(R™) mo mpasuiy:

ug -\ k
(@ a) = SPOIED S~ (4 200€] L 2k—n
(5@ 5@ = 2T kZ_Ocn<1 : >f<+ =¢)

(CF — GunomuabHbie KO3GhOUIUEHTDI).
Caencrsue. Ilycrs f € UC,(R™) u ¥ — NPOU3BOIBHOE MOJIOKUTETHHOE
YUCJI0, TOTIA:

lim || f -0, f[| =0,
n— o0

rIe o) — JuHeRHBIH oneparop, feficreytonmit Ha dyukuun 3 UC,(R™) mo
TIPABUJIY:

1@ = XA S (1 23y (207

k=0

Joka3aTesbCTBO TEOPEMBI OCHOBAHO Ha TPUMEHEHHUH PE3YJIbTATOB CTATHH
[1] x pemenwnto 3amaam Komm nis muHEHAHOrO BOMIOIMOHHOTO YDABHEHHS C
nocrossHEbIME KO3 dunuenramu Buja (|U] # 0, o > 0):

ou ou ou ou .
8t+ ' 9 +026$2+...+Um%+0u—0, u(Z,0) = f(&).
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[1] Remizov ID. Solution-giving formula to Cauchy problem for
multidimensional parabolic equation with variable coefficients //
Journal of Mathematical Physics. 2019. Vol. 6. No. 7. P. 071505-1-8.

Bripoxx/1eHne KBaAaHTOBOTO MONCKA MPW aMILIUTY/IHBIX MIIyMaX B
KaHaJie o0pamieHns K OpaKyJry

@ Pacrérun A.9., ITlemer A.M.

Wpkyrckuit rocymapcrBennbiii yuusepcurert, . Upkyrck, Poccns

IMouck I'poBepa u poACTBEHHBIE €My METOJbI UCIOIL3YIOTCS BO MHOTHX
anropuTMax oopaboTku HHGOPMAINE HA KBAHTOBBIX HOcHTENaX. VIHTEpdeiic
C TaK Ha3bIBAEMbBIM OPAKYJIOM ABJIACTCA O,D;HOI‘/’I nus3 yHBBHMOCTeﬁ KBAaHTOBOI'O
TIONCKA, KOTOPast OCTaETCd HEJIOCTATOYHO M3YUeHHOU. BimsgHne KOIIeKTUB-
HBIX OIMMOOK aMILTUTY/THOTO TUIIA B KaHAJIE O0PAIEeHNs K OPAKYJIy Ha paboTy
KBAHTOBOT'O aJropuTMa ['poBepa pacCMOTPEHO B paMKax MOJAXOA, MPEJIIo-
skennoro B crarbe [I]. Jpyrum MeronoM KBaHTOBbIH HOMCK [P HAJIMYUU
YACTUYHO JIOKAJIM30BAHHOIO LiyMa ucciegyercsa B pabore [2]. Ou nossous-
er chOopMyIMPOBATH CIEHAPHUI MOUCKA, TPU HAJUYUU MMOMEX PA3HOrO THUIIA,
OJTHAKO DEIeHNe Oy YeHHBIX YPpaBHEHUN “10 KOHIA  Tpedyer mabHEeNHnX
yupomenuii. Pazpadorana 3¢deKkTuBHO nByMepHas MOJEIb aMILIUTY/THBIX
IIIyMOB, KOTOPAasi IIPUBOJUT K 3aMKHYTHIM aHAJUTUICCKUM BbIPAYKEHUIM JIJTsT
6a30BbIX XAPAKTEPUCTHK, B TOM YHCJIE JJis BEPOSTHOCTU MOJYy9E€HUS KOP-
PEKTHOTO OTBeTa KakK (hYHKIIUU JHUCJIa uTepalumii. BeposTHOCTH ycmexa u3-
MEHSIeTCS C POCTOM YHCJIA IIaroB TaKWM 00pa30M, YTO HE OUYEHb BBHICOKWIA
YPOBEHB OIMUOOK CIOCOOEH TTPUBECTH K OBICTPOMY BBIPDOXKIEHUIO KBAHTOBO-
ro moucka. Anxropurm I'poBepa OKa3bIBAETCs JTOBOJIBLHO 9yBCTBUTEILHBIM K
AMILTATYIHBIM OIIUOKAM, JIaXKe €CJIi OHH BO3HUKAIOT TOJBKO B KaHAJE 00-
patienusi K opakyJy. JJaHHOe 3aKJII0YEHHUE COMIACYeTCs C BbIBOAAMU, IIOJIY-
YEeHHBIMHU TIPH M3YYeHWN MOWCKa Mpu Hajwduu (a3oBbix omubok [I]. Drn
PEe3YIbTATHI CJIEIYEeT YIUTHIBATH TPU AHAJIN3E PAZHOOOPA3ZHBIX MTPUMEHEHMH
KBAHTOBOT'O MOMCKA JIJIsl PEIIEHUs TPAKTHIEKUX 33,/1a4.

[1] Rastegin A.E. Degradation of Grover’s search under collective phase
flips in queries to the oracle // Front. Phys. 13, 130318 (2018)

[2] Reitzner D., Hillery M. Grover search under localized dephasing //
Phys. Rev. A 99, 012339 (2019)
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IIpenenbHbIE TEOPEMBI JIJisi KOMIIO3UIIUIN CJIyYalfHBIX ONEpaToOpoOB

@ Cakbaen B.2K.
WNucruryr npuknaauoii maremaruku uMm. M.B. Kengpina PAH, r.Mocksa,
Poccus

[Tomy4uenne aHAMIOroB MPEJENBLHBIX TEOPEM JJIsi KOMIIO3HIUI ONepaTrop-
HO3HAYHBIX CJTy9aifiHbIX BEJTMYUH SBJISETCS BAXKHON 3a7a4€ii HEKOMMYTATHB-
Horo anasm3sa. s ee pewenus B pabore [I] sBBosurcs 0606imenas ciaabas
CXOJIMMOCTDb M€p, MO3BOJIAIONAsA BLIOMPATH B KAYECTBE MPOCTPAHCTBA 33,1
IOIIUX TOIOJIOTUI0 (DYHKIMOHAJIOB IOAXO/SAINEE JIOKAJIBHO BBIILYKJIOE IIPO-
cTpancTBO (DYHKIMA BMECTO MPOCTPAHCTBA HENPEPBIBHBIX OTPAHUIEHHBIX
byuknumii. O600MmeHHas ciabast CXOAUMOCTb Mep 3a1aeT OOOOIIEHHYI CXO-
JIUMOCTDb 10 PACIPEJIEIEHUIO CIIy YAiHbIX BEJIMIUH.

Iycrs E — ruasbepToBo npocrpancTio, B(E) — 6anaxosa anreGpa orpa-
HWYEHHBIX JIMHEHHBIX 0lepaTopoB B mpocTpancTse E, Ly (E) — npocTpaHcTBO
dyHKIHUi, KBAIPATUIHO WHTETPUPYEMBIX 110 MHBAPUAHTHON OTHOCHTEIHHO
n30MOpP(dU3MOB Mepe Ha MpocTpaHcTee F.

Teopema 1. ITycmos £(t), t > 0, — cayuatinnd npoyecc co 3HAYEHUAMU 8
npocmpancmee B(E); {&,} — nocaedosamenvrocms nezasucumur caywati-
HOLT MPOULCCO8, 00UHAK060 pacnpedeseHHus ¢ npoyeccom &. ITycmv X — 6a-
HAL060 npocmparncmeo gynkuut u: E — C maxoe, wmo dasa arwbozo t > 0
aunetinot onepamop u — F(t)u = M(u(&(t)-)) onpedesen na npocmpancmee
X. Ecau pynxyus F(t), t > 0, cuavno nenpepusna, F(0) =1, |[F(t)||lx <1
u onepamop F'(0) aeanemcs zenepamopom cusbho HenpepueHoti nosyzpyn-
now 6 npocmparcmee X, Mo NocaedosamesbHOCG CAYUATUHOLL NPOYUELCCO8
{nn(t), t > 0}, 2de nu(t) = &(L) o ... 0 &(L), cxodumes no pacnpedene-
HUNO K MAPKOBCKOMY CAYUATHOMY NPOUECCY, NOPONHCOBIOULEMY NOAY2PYNNY
exp(F/(0)t), t > 0. 3decv ob6obwennas caaban crodumocms mep onpedese-
HA KAK CTOOUMOCTID ONEPAMOPOE CEEPMKU ¢ MEPOT 8 CUAbHOT ONEPAMOPHOT
monoaozuu npocmpancmea B(X).

VYcranosiien romeoMopdu3M MeK Ly JIOKAIHHO BBITYKJIBIM IIPOCTPAHCTBOM
orepaTopHO3HaYHbIX oToOpaxkeHuit Ry — B(Ly(F)) 1 JT0KaIbHO BBITYKJIBIM
OPOCTPAHCTBOM CJIyYaiiHbIX IPOLECCOB €O 3Havenusmu B B(E). Beeaenubiit
romeoMopdu3mM u Teopema 1 NO3BOIAIT yCTAHOBUTH YCJAOBUS CXOJUMOCTH
UTEpAIWii CJIyYaifHBIX TPOIECCOB CO 3HAUCHUSIMU B MPYTIIE OPTOTOHATIBHBIX
npeobpa30oBaHuil €BK/IMI0BA MPOCTPAHCTBA F K MAPKOBCKOMY TIPOIIECCY, OIH-
ceiBafornemy auddysuio Ha cdepe B mpocTpancTse F.

[1] Tod dx., Opnoe FO.H., Cax6aes B.2K., Cmonsnos O.I. Pangomnsu-
POBAaHHOE KBAHTOBAHUE raMUILTOHOBBIX cucteMm. JJoknaner PAH, 2021,

T. 498, C. 31-36.
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Boundedness of generalized Riemann-Liouville fractional integral
operator in weighted Morrey spaces
@ Senouci M.A.
S.M. Nikolskii Mathematical Institute, RUDN University, Moscow, Russia

The aim of this work is to establish the boundedness of the generalized
Riemann-Liouville fractional integral operator in weighted Morrey spaces.

Definition 1. [1, 3] A function f(¢) is said to be in the L, x[0, c0) space
if

1

b P
%$Maﬁ{fWWm%m“n</ﬂmwwg <o0,1<p<ook0}.

For k =0,

b P
1,00,00) = { £+ |1/l 2, 10.50) = (/ If(t)l”dt> <oo1<p<och.

Definition 2. [1, 3] Let f € Lp4[0,00). The Generalized Riemann-
Liouville fractional integral I®* f(z) of order a > 0 and k > 0 is defined
by

(k+1)te " LR et lya—1k
e N s R IOL2

1%Ff(x) = f(x),

where I' is the gamma function.
Definition 3. [2] Let 2 C R™ be a Lebesgue measurable set, 1 < p <

00,0 < A < E The weighted Morrey space M)‘ +(£2), is the space of all

190 f(a) =

functions f Lebesgue measurable on {2 for which

||fHM;‘1k(Q) = ESUP T_A”f”Lp‘k(B(x,r)ﬂQ) < 00. (1)
TEN,r
It A = 0, then
My 1 (£2) = Ly (). (2)
IfA=", then
p n
M, (82) = Loo k(£2)- (3)

Theorem 1. Letn = 1,1 < p,q < oo,% <a<l and0 < Ap <
1,0< A< %,O <p< %,0 < T < oo. Then I** is bounded from sz"k(O,T)
to M}, (0,T).
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[1] U.N. Katugampola. Approach to a generalized fractional integral. Ap-
plied Mathematics and Computation. V. 218(3), 860-865, 2011.

[2] C.B. Morrey. On the solutions of quasi-linear elliptic partial differential
equations. Amer. Math. Soc. V. 43, 126-166, 1938

[3] H. Yildirim, Z. Kirtay. Ostrowski inequality for generalized fractional
integral and related inequalities. Malaya Journal of Matematik. V. 2
(3). 322-329, 2014.

DddekTuBHOE PAaBHOBECHOE COCTOSHUE JJI PE30HAHCHBIX
HabJII0JaeMbIX

@ Ceprees A.T.

Maremaruaeckuit uactutyT uMm. B.A. Creknmosa PAH, r. Mocksa, Poccus

OnHoit u3 neseit HEKOMMYTATUBHON M€OMETPUN SBJISETCS TEPEBOJT, OCHOB-
HBIX TIOHATUH aHATN3a HA S3bIK DAHAXOBBIX AJIeOp. DTOT MEPEBO OCYIIIECTB-
JISIETCST ¢ TMOMOIIBIO MPOIEAYPbl KBAHTOBAHUS, YCTAHABIUBAIONIEH COOTBET-
crBre Mexy (DYHKIMOHAJIbHBIMU IIPOCTPAHCTBAME W ajredpaMu OrpaHu-
YEHHBIX OMEPATOPOB B TMILOEPTOBOM MPOCTPAHCTBE H. YKa3aHHOE COOTBET-
CTBHUE, HA3BIBAEMOE KBAHTOBBIM, comocTaBjsier auddepenmumany df ¢yHK-
nuu f KOMMYTaATOP €e OMEPATOPHOTO 00pa3a ¢ HEKOTOPHIM OMEPATOPOM CHM-
MeTpun S, ABISIONUMCS CAMOCOIIPSI?KEHHBIM OrepaTopoMm B H ¢ KBaaparom
S? = I. O6pas df upu 3roM HasblBaeTca KBaHTOBBLIM auddepentuanom d? f
dbyurnuu f u sror guddepentmar, B oranune ot nuddepenimana df , Kop-
PEKTHO OmpeiesieH Jake [uis Hermaakux (yukiuii f. Bo3nukaromee omepa-
TOPHOE MCYHUCJIEHNE HA3BIBAETCS KBAHTOBBIM.

B noknane Gymer npuBeeH Meiblil psal yTBEPKIAEHUN U3 9TOTO UCUUCTIE-
HUsl, KAacANMXcd uHTepuperanuy uiaeanoB [IsrreHa KOMIAKTHBIX Olepa-
TOPOB B I'mJIbOEPTOBOM HPOCTPAHCTBE B TEPMHUHAX (DYHKIIMOHAJIBHBIX [1PO-
CTPAHCTB HA OKPY’KHOCTHU U BEIECTBEHHOI psaMoii. [J1aBHOE BHUMAaHUE yIe-
Jasiercs caydaio oneparopos ['miasbepra—IImuara. Posab omeparopa cummer-
puu S BhIOTHSAET IpH 3TOM npeodpazosanne ['manbepra. B ciyvae dynkim-
OHAJIBHBIX MPOCTPAHCTB HECKOJbKUX BEIECTBEHHBIX MEPEMEHHBIX OIEPATOD
CUMMETPHUH YAAETCsl OLPEEJIUTh B TePMUHAX onepaTropoB Pucca u marpuir

Jwnpaxka.
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«Kontpnpumepsi» B CR-reomerpun

@ CremanoBa M.A.
MI'V um. M.B.JIomonocosa, r. Mocksa, Poccus

Henmasuue npomsuxkenus B Teopun Moaeabubix CR-muOrO00pa3uii ces-
3aHBI CO B3BEIIIEHHO OTHOPOIHBIMY TOBEPXHOCTIMU U TIOBEPXHOCTIAMEU HECKO-
Heqroro tuna mo baymy-I'pamy. Mbr o6cyamm HEKOTOPBIE TPUMEPBI, KOTOPBIE
WLTIOCTPUPYIOT MHTEPECHbIE Y(PDEKThI, BOSHUKIIME B ITOM HOBOM KOHTEK-
cre.

B gacTHOCTH, MBI PACCMOTPHM:

— MHOr006pa3ue paBHOMEPHO HECKOHEYHOrO THIIA (T.6. GECKOHEUHOIO BCIO-
1ly), Pa3MEpHOCTH aJrebpbl MH(MUHUTE3UMAJIBHBIX IOJOMOPGhHBIX ABTOMOP-
Gbu3MOB KOTOPOro KOHEYHA HA COOCTBEHHOM AHAJUTHYECKOM HOJMHOXKECTBE
MHOT000pa3ust 1 GECKOHETHA BCIOAY BHE 3TOr0 COOCTBEHHOTO aHAINTHIECKO-
O MHOXKECTBA,

— MHOroo0Opasue paBHOMEPHO DECKOHEYHOTO THIIA, YPABHEHUS KOTOPOTO
HEJIb3s 3alMCATh B MPUBEIEHHONW (DOpPME CIENUaJTbHOrO BHUA HA COOCTBEH-
HOM aHAJIMTHYECKOM IIOJMHOXKECTBe (BHE HEKOTOPOIO COOCTBEHHOIO AHAJIM-
THYECKOTO TOIMHOXKECTBa MpuBeaeHHass (hOpMa, TAKOTO BUIA BCETIA CYIIE-
CTBYET Jijisl JIF00OT0 MHOrOO0pas3us pABHOMEPHO GECKOHEYHOIO THUIIA).

Structura of essential spectra and discrete spectrum of the
energy operator of four-electron systems in the impurity
Hubbard model. Third triplet state

@ Tashpulatov S.M. and Parmanova R.T.
Institute of Nuclear Physics of Academy of Science of Republic of
Uzbekistan, Tashkent, Uzbekistan

We consider of the energy operator of four-electron systems in the impu-
rity Hubbard model, and investigated the structure of essential spectra and
discrete spectrum of the system in the third triplet state. The system Hamil-
tonian has the form [I] H = A} af am~+ B>, ak amiry +

U X oy 4G 1y @,y + (Ao — A) 32 ag ja0,, +(Bo = B) X, (ag s +
at aoy)+ (Uo — U)GS:TQO»TG‘(J)FQG’OJ' Here A (Ay) is the electron energy at a
regular (impurity) lattice site; B > 0 (By > 0) is the transfer integral be-
tween (between electron and impurities) neighboring sites, the summation
over T ranges the nearest neighbors, U (Up) is the parameter of the on-
site Coulomb interaction of two electrons in the regular (impurity) sites,
7 is the spin index, and @}, and a,,. are the respective electron cre-

m,y
ation and annihilation operators at a site m € Z¥. The Hamiltonian H
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acts in the antisymmetric Fo’ck space H,s. Let ¢g be the vacuum vec-
tor in the space H,s;. The third triplet state corresponds basic functions
t3 ppaczy = Gy rai jat al oo We denote via Hj the subspace, correspond-
ing to the third triplet state, via HY denote the restriction of operator H to
the subspace Hj.

Theorem 1. Let v = 1, and e2 = —B, and ¢; < —2B (respectively,
gg = —B, and €1 > 2B). Then the essential spectrum of the operator
H§ is consists of the union of no more than eight segments: O’ess(Hé) =
[4A—8B,4A+8BJU[BA—6B+2,3A—6B+2]U[2A—4B+22,2A+ 4B+
22]U[A—2B+3z, A+2B+32]U[2A—4B+23,2A+4B+23]U[2A—4B+ 24, 2A+
4B+ z4|U[A—2B+2+23, A+2B+2+23|U[A—2B+2z+ 24, A+ 2B+ 2+ 24],
and discrete spectrum of the operator HY is consists of a no more than three
eigenvalues: ogsc(HS) = {42,22 + 23,22 + 24}, where z = A+ ¢, and z3,
and z4 are the additional eigenvalues of the operator HY.

2
Theorem 2. Let v =1, and g5 > 0, and _@ <er <

(respectively, €2 < —2B, and —@ <e < %). Then the
essential spectrum of the operator H{ is consists of the union of ten or of
thirteen, or of sixteen segments, and discrete spectrum of the operator H?
is consists of a four, or seven, or ten eigenvalues.

Theorem 3. Let v = 1, and —2B < g5 < 0. Then the essential spectrum
of the operator HY is consists of a union of no more than three segments,
and discrete spectrum of the operator HY is empty set.

2(e2+42Bes)
B

[1] Tashpulatov S. M. The structure of essential spectra and discrete spec-
trum of four-electron systems in the Hubbard model in a singlet state.
Lobachevskii Journal of Mathematics.2017. V. 38 (3). P. 530-541.

DddekTnBHOE paBHOBECHOE COCTOSHUE JJI PE30HAHCHBIX
HabJII0JaeMbIX

@ Teperéukon A.E.
Orzesl MareMarn4ecKuX METO/OB KBAHTOBbLIX TEXHOJIOIHIA,
Maremaruueckuit uactutyT uMm. B.A. Crekinosa PAH, r. Mockga, Poccus

IIycTh quHaMBKa KBAHTOBOM CHCTEMBI OIUCHLIBAETCH TAMUILTOHHAHOM BH-
na H(A) = Ho+AHj, rae Hy 6yaeM Ha3biBaTh CBOOOAHBIM IAMUIIBTOHUAHOM,
a H; — raMuJIbTOHMAHOM B3amMOIENCTBUS. BymeM pacCMaTpuBaTh 3aBUCS-
e oT Bpemenn Habmomaembre suna A(t) = e "ot AetHot g mpecTanmenim
IIpéaumnrepa, TO €CTh TakKnWe, 9TO B MPEJACTABICHAN B3AMMOICHCTBHSA OHH
SBJISIFOTCS IIOCTOAHHBIMA. ByneMm Ha3plBaTh Takue HabJII0JaeMble PE3OHAHC-
HBIMH.
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Jlns onrcaHus TIOBEIEHUS TaKUX HADIIOMAEMBIX Ha OOJIBITTNX BpeMeHaX
OKa3bLIBAETCs MONe3HBIM cocrosine Ppg(A) (addexTuBHOE paBHOBECHOE CO-
crosinue), rae P — IMpOeKTOp, CBA3aHHbBIA C yCPEAHEHUEM 110 CBOOOMHOI Ju-

HAMUKE
1T, :
Pp= lim = etHot pe—iHot gy
T—+oco T 0
a pg(A\) — ru6OCOBCKOe cOCTOAHME ¢ OOPATHON TeMIeparypoit (3, cooTBer-
crBytomee ramusibronnany H (). Eciau npencrasurh ¢dbdekTuBHOE paBHO-
BECHOE COCTOsIHFE B BHE, IMOI00HOM THOOCOBCKOMY

1 ~ ~
Ppsg(N) = Ee_ﬁHﬁ()\)’ Z =Tre PHsN)

rne H 5(A\) — HekOTODBIil 3 DEKTUBHBLI rAMUTBTOHUAH, TO BO3SHUKAET €CTe-
CTBEHHAS 33/a4a BBHIYUCICHUS ACHMITOTHYECKOTO pasioxkenus H. 3(A) mo
cremerasm A npu A — 0. Ecsim orpanmaunrbes ciygaem, korga kak Hy, Tak u
H; — orpanuveHHbIe OIIEPATOPBI, TO BEPHA CJIELYIOIIAs TEOPEMA.
Teopewma. Kosdbdummentrr paznowenns Hz(\) = Ho+Y0° | A"k, otipe-
nensitorcs hopmynaMu (Ipy yCJIOBAM KOHEYHOCTH WHTEPTaJIJIOB HUXKE)

=0 Y C e (900, (8) M (),
ko+-t+km=n,ko>1

B Br—1
My (B) = (—1)k/0 dﬁln-/o dprPH(B1) ... Hi(Br),

Hi(B) = ePHo Hpe PHo,

Byner Takxke paccMOTpeH s CAEACTBUIA W MPUJIOKEHUN JAHHOTO pe-
3yJIbTATA.

Pabora Bbinosinena npu nozuepxkke Munobpuayku P® (coraammenue No
075-15-2020-788).
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Anpo ypaBHennss Hakakuvbi-IIBannura gas oTKpbITOM
KBaHTOBOU CHCTEMbI, B3aNMOAEHCTBYOIIEN ¢ KOPPEJINPOBAHHBIM
OKPY>K€HUEM B MOJEJI CTOJKHOBEHUMN

@ ®usmnmos C.H.
1. Maremaruveckuit uncruryr um. B.A. Creksnosa PAH, r. Mocksa,
Poccus; 2. @usuko-rexuonornyeckuii mactutyT nMm. K.A. Bagnesa PAH, r.
Mockga, Poccust

B noknaze mpeicTaBiIeHo ucciaeI0BaHne KOPPEISINOHHBIX CBONCTB HeMap-
KOBCKMX KBAHTOBBIX TPOIECCOB HA MPUMEPE BBHIBOIA SApa MAMSITH B ypPaB-
nvennu Hakaxxkumbi—IIanuura [Il, 2] nupu B3aumozeiicrBuu cucremsl ¢ Koppe-
JINPOBAHHBIM OKPYXKeHHeM B Mojenu croiakHoBeHuit. [Tonydeno siBHoe BbI-
pazKeHue Jisi s/ipa HAMATH B CIydae YacTUl] OKPYXKEHUs, HAXOIAIIMXCS
B KOPPEJMPOBAHHOM COCTOSTHUW MATPUYHOTO MPOU3BEIEHUS, W YCTAHOBJIE-
Ha €ro CBsi3b C KOPPEJISITOPOM, XapaKTEPU3YIOI[MM CBONCTBA OKDPYIKEHWUS.
Ilokazano, 910 3¢pdeKTh namMaT B IUHAMUKE OTKPBITOW KBAHTOBOM CHUCTE-
MBI MTPOSIBJIAIOTCS. TEM CUJIbHEe, 9eM OOJIbIe XapaKTepHOe BpeMsi yObIBAHW ST
HOPMBI gapa namaTu. Ilomyaennbie pe3yabrarbl 0000IAIOT TACTHBIE CITyIar
HEMapPKOBCKON TMHAMWKW, PACCMOTpeHHBIe paHee B juteparype [3, 4] Ge3
ncrnonb3oBannsa ypaBuenns Haxkaykuvbi-llBanmmra.

Pabora Bohimonmena mpu (hUHAHCOBON MOMIEPIKKE TOCYJAPCTBA B JIWIIE
Munobpuayku Poccun (cornamenne Ne 075-15-2020-788).

[1] Nakajima S. On quantum theory of transport phenomena: steady
diffusion // Progress of Theoretical Physics. — 1958. — V. 20, N. 6.
— PP. 948-959.

[2] Zwanzig R. Nonlinear generalized Langevin equations // Journal of
Statistical Physics. — 1973. — V. 9, N. 3. — P. 215-220.

[3] Rybar T., Filippov S.N., Ziman M., Buzek V. Simulation of indivisible
qubit channels in collision models // Journal of Physics B: Atomic,
Molecular and Optical Physics. — 2012. — V. 45, N. 15. — P. 154006.

[4] Filippov S.N., Piilo J., Maniscalco S., Ziman M. Divisibility of quantum
dynamical maps and collision models // Physical Review A. — 2017. —
V.96, N. 3. — P. 032111.
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O paccrosane XapHaka B obJiactn

@ Xa6bubysuima B.H.
Bamxkupckuii rocymapcrBennsiit yuusepcurer, MuacturyT maremaruku ¢ BIT

YOUII PAH, r.Yda, Poccus

Hns obaracmu D C R paccmosanue Tapnaxa mexxny x € Duy € D —
9TO TOYHAs HIXKHeAA Ipadb gucesn d > 0, ang xoropbix 1/d < h(x)/h(y) <d
pu Bcex rapMonmdeckux pyuxmusx h za D 6e3 mymeit na D. s oneHOK
paccrosiaust XapHaka Ha KOMIAKTHBIX TOAMHOXKecTBax S C D ucmonab3yer-
cd KaK Pa3BUTHE OJHOIO M3 KIIOUEBBIX s Iukjaa pabor [1] monsarus ou-
MPoONUY AUHETHOT CEA3HOCTAU, TaK U, TIO-BUAMMOMY, HOBOE MOHSITHE NOKA-
sameas pazdeaénnocmu S 6 D. Ilycrs dist(-,-) — eexaudoso paccmosmnue
6 R, Pasdeaénnocmv sepp(z,y) € RT movex v € D uy € D enym-

dist(x, y)
D — 1pobn se JY) = — 2 . Pasdenén-
pu oG sepp (7, ) dist(z, R4\ D) + dist(y, R\ D) aagencn
Hocmb sepp (Xo, - .., Ty) NOCALIOBAMEALPHOCTIY L0, X1, ..., & € D enympu

D pasna max sepp(Tr—1, k). Pasdeaérnocmo sepp(S;xo,l) nodmmoorce-
=1

EEREE)

cmea S C D npu navane vo € D mno daune I € N enympu D — 310
sepp(S;xo,1) := sup inf sepp(xo, ..., xp)-
2,E€S Tl T —1€D

Teopema. Ecau S C D u sepp(S;zo,l) < g < 1, mo paccmosnue Xap-
naxa om xo do moboli mowku x € S ne npesvawaem 2% / (1 — q)4-L,

Omnenkn paccrostaust XapHaka OyayT NPUMEHSATHCA K CDABHEHUIO PA3IN-
HBIX XaPAKTEPUCTUK POCTA MEPOMOPMHBIX DYHKIHH U PA3HOCTEH CyOrapMo-
nudeckux GyHKiui Ha D BOMm3u rpanuibl 0D, Kak CJIeICTBUE, K OIEHKAM
CHU3Y JI/is1 TOJTOMOP(QHBIX ¥ CyOrapMOHUIECKUX (DYHKIWI 1 CBA3AHBI C OIpe-
pesienueM HekacaresbHo jgocruzkuMbix (NTA-)obuacreit [2].

UccnemoBanne BHITIOMHSIOCH B paMkax peanusarun [IporpamMMbr pas-
utusi HayuHo-obpazoBaresbHoro maremarnyaeckoro nenrpa IIpusoskckoro
denepanbhoro okpyra (cornamenue Ne 075-02-2021-1393).

[1] B. H. Xabubyanun, ®. B. Xaoubynaun, JI. FO. Yepenuukosa, ITod-
nocaedosamesbHOCIU HYAET 0Af KAGCCO8 20A0MOPPHOIT PYHKUUT, UT
yemotiuueocms u anmponus aunelinol cessnocmu. 1-11 // Anrebpa
u amanus, 20:1 (2008), 146-236; English transl.: B. N. Khabibullin,
F. B. Khabibullin, L. Yu. Cherednikova, Zero subsequences for
classes of holomorphic functions: stability and the entropy of arcwise
connectedness. I-11 // St. Petersburg Math. J., 20:1 (2009), 101-162.

[2] Capogna L., Kenig, C. E., Lanzani L. Harmonic Measure: Geometric
and Analytic Points of View. University Lecture Series. 35. American
Mathematical Society, Providence, Rhode Island, 2005.
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O AeJIMMbIX KBAaHTOBBIX ITpoIieccax

@ Xaxwun P.JI., 'ymepos P.H.
Kazanckuit ¢penepanbbiii yausepcurer, r.Ka3zanb, Poccus

PaccmarpuBaroTcsi onHOTapaMeTpUIECKe CeMENCTBA KBAHTOBBIX KaHa-
q0B. Takue cemeiicTBa HA3BIBAIOTC KBAHTOBBIMU IPOIECCAMU WU KBAHTO-
BBIMU JUHAMUYECKAMHU OTOOpazkeHusiMH. B mokiiame obcyKmaercs ux e-
JuMOCTh. Paziudnble BUJIbI JAEJMMOCTH KBAHTOBBIX KAHAJIOB M IIPOIECCOB
u3ydasmnch B paborax psga asropos (cm. [II 2 Bl 4] u cepuiku B HuX).

IIycts H — kOHEUYHOMEPHOE THIBOEPTOBO TPOCTPAHCTBO HAJ MOJIEM KOM-
niekcubix umcen, L(H) — C*-anrebpa Bcex JsinHeiiHbIX onepaTopos Ha KH.
Yepes O.(H) obozragaeTcs MHOXKECTBO KBAHTOBBIX KaHAIOB, COCTOMAIIEE U3
COXPAHSIOLIMX CJI6/], BIIOJIHE II0JIOKUTeNIbHBIX oneparopos Ha L(H), I — rox-
JeCTBEHHBIN KaHaJI.

Hanee, bukcupys T € R U {+00}, MBI paccMaTpuBaeM ceMeiicTBa BUIA

D= {D, € 0.(H) [0t < T, ®o =7}

Ksanrosoe qunamudeckoe orobpazkenue ¢ nazpisaercs CP-upesumbiv (cMm.
[4, Onpenenenne 5.1]), ecan J1yisi KaxK 0¥ Tapbl 9uces S W t, YIOBIETBODSI-
fomux yemosmio 0 < s < ¢t < T, cymectsyer &, € O.(H), Taxoit, aro
BLIIIOTHAETCA PaBEHCTBO

B, =D, 00,

st kBaHTOBBIX 1porieccoB @ n U B M0KIa/1€ MPUBOAATCA JOCTATOIHBIE
YCJIOBUST JEIMMOCTH MPOIECCOB BUIA

(U, 00, |0<t< T}

[1] Wolf M. M., CiracJ.I., Dividing quantum channels. Commun. Math.
Phys: 2008. —279. — P. 147-168.

[2] Breuer H.-P., LaineE.-M., PiiloJ., VacchiniB., Colloquium: Non-
Markovian dynamics in open quantum systems. Rev. Mod. Phys: 88
(2016) 021002

[3] FilippovS.N., PiiloJ., Maniscalco S., Ziman M., Divisibility of quantum
dynamical maps and collision models. Phys. Rev. A: 96 (2017) 032111.

[4] ChruscidskiD., Introduction to Non-Markovian Evolution of n-
Level Quantum Systems. Open quantum systems: A mathematical
perspective, ed. by Bahns D.; A. Pohl A., WittI, Birkhauser, Cham,
2019, 55-76.
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Hocruxxkumast naHdopmaliuss KBAHTOBOTO rayCCOBCKOTO aHcaMbJIs
COCTOSTHU

@ XoJgeso A.C.

Maremaruueckuit uacturyt um. B.A. Creksnosa PAH, r.Mocksa, Poccus

Hocmuotcumas un@opmaryus KBAHTOBOrO aHCAMOIIs COCTOAHUM, KOTOPAs
SIBJIAETC ONHOM 13 6A30BBIX BEJMYMH B KBAHTOBOI reopuu undopmanuu [1],
[2], oupenensiercs kak makcumanbhoe kosmdecrso undopmauuu lennona,
KOTOPOE MOYKET OBITH TOJYYEHO MyTeM BCEBO3MOXKHBIX KBAHTOBBIX M3MEpE-
HUH HaJ JAaHHBIM ancaMmbieM. B mHacrosmeit pabore moctmkuMas uHdopMa-
IUsI BBIYUCIIEHA [T OOIIET0 KBAHTOBOTO TayCCOBCKOTO AHCAMOJIS COCTOSHU
UpU BBIIOJIHEHUY oupezeseHHoro “noporosoro yciosus” [3]. Ilokazauno, uro
MaKCUMU3UPYIOIIEe U3MEPEHUE SBJISEeTCS I'ayCCOBCKUM W IIPEJICTABIISIET CO-
6oit masieko uayiiee 00ODIIEHNEe TPOIEYPhI ONTHIECKOTO TeTePOIHHIPOBA-
HUsL. DTO CYIIECTBEHHO PACIIUPSET NpeabLaynmii pesyasrar [4], kacawommii-
¢ KaJIMOpPOBOYHO-UHBAPUAHTHOrO Cirydas. IIpeaokeHo mpocToe mocTarod-
HOE YCJIOBHE, KOTOPOe BJIEYET MOPOrOBOE YCJIOBUE [IJIsd OOIIEro raycCoOBCKOro
ancambuis. Pe3ybrarsl IpOUIIIOCTPUPOBAHBI HA IIPUMEpPe OIHON OO30HHOM
MOJIBI.

[1] Hunbcen M. A., Yaur U., KBanrosble BbluuCIeHUs U KBAHTOBAs UH-
dopmanus, M.: Mup, 2006.

[2] XomeBo A. C. KpaHTOBBIE CHCTEMBI, KaHAJbI, HHMOpManms, M.: MITH-
MO, 2010. http://www.menmo.ru/free-books/holevo-quantum.pdf

[3] Holevo A. S. “Accessible information of a general quantum Gaussian
ensemble”. https://arxiv.org/pdf/2102.01981.pdf

[4] Holevo A. S. “Gaussian maximizers for quantum Gaussian observables
and ensembles,” IEEE Trans. Inform. Theory 66:9, 5634-5641 (2020).

Boundary uniqueness theorem for A(z)-analytic functions

@ Husenov B.E.
Bukhara state university, c.Bukhara, Uzbekistan

Let A(z) be some function in the domain D C C. We introduce the
operator: 04 = 0 — A - 0, where 0 is the differentiation operator by z, and 0
is the differentiation operator by Z.

Definition 1.[I] If for a differentiable function f(z) in the D :



then such a function f(z) is called an A(z)—analytic function and we will

denoteitisa f € O4(D), where |[A(z)| < C < 1,C =const, A(z)—antianalytic:
% = 0. Equality (1) is called the Beltrami equation. If in the domain of
D:0af = 3L —A%L =0, then the f(z) function A(z)—antianalytic function.

The set L (a;7) =} [¢(z;0) | = |z —a+ [ A(r)dr
7v(a;z)

D. For sufficiently small » > 0 it compactly belongs to D and contains the
point a. This set is called A(z)—lemniscate with center a and denoted by
L(a;r). It is simply connected domain.

Let A(z) is anti-analytic, ‘Z—‘j =0in D.

Definition 2. F'(z) a function is called belonging to the Hardy class if
the function satisfies the following inequality in the lemniscate L(a;r) :

< r p is open in

By =tm o [ 1Pl Ade] < ox, (@)
[ (z;a)|=p

where z € OL(a;p),0 < p <7,p > 0.

The Hardy class in the domain of D A(z)—analytic functions is denoted
as HY (D).

When studying the boundary properties of functions of a complex variable
the fundamental value has the property of uniqueness of its definition by
boundary values. Let us first consider this property for A(z)—analytic bounded
functions.

Proposition 1. If the f(z)—function, A(z)—analytic and bounded in
the lemniscate L(a;r), tends along the radius to the value zero on the set of
points M C dL(a;r) of a positive Lebesgue measure, then f(z) is identically
equal to zero.

If f(z) € H{(L(a;7)), then the angular limit of f(s) = ;1_)111 f(2) exists

and is finite for almost all ¢ € 9L(a;r). It particular, it is true:

Result. If the A(z)— analytic function f(z) is bounded in the lemniscate
L(a;r), then it has angular limit values almost everywhere on dL(a;).

Proposition 2. Let f(z) € H)(L(a;7)). Suppose that for some set
M C 9L(a;r) of the Lebesgue positive measure f(s) = 0 at ¢ € M. Then
fz)y=o0.

Now we show that the analog of the Lusin-Privalov theorem is A(z)—analytic
function.

Theorem(analogue of the Lusin-Privalov theorem). Let f(z) € O4(L(a;T)).
Suppose that M is the of a Lebesgue positive measure on the boundary of
OL(a;r), such that

lim f(z) =0,

zZ—G
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where ¢ € M. Then the f(z) functions identically equal to zero.

[1] IIpuBanos U. U. T'panuunbie cpoiicrBa aHajuTHYeCKUX (QYyHKUIUI.
Mockaga.: T'ocrexuzgat, 1950.

[2] Kycuc II. Beenenue B reoputo npocrpaucrs HP. Mocksa.: Mup, 1984.

[3] Sadullayev A., Jabborov N. M. On a class of A-analytic functions//J.
Sib. Fed. Univ. Math. Phys., 2016. Volume 9, Issue 3. 374-383 p.

OanH cayyait 3agayn Pumana niisi 0600IEHHBIX aHAJIATAYECKUIX
byHKIIMI ¢ CUHTYJISPHBIM K03dduirmeHTOM

@ IMTa6anuu II.JI., ®ausos P.P.
Kazauckuit rocyIapCTBEHHBIN apXUTEKTYPHO-CTPOUTEIHHBIN YHUBEPCUTET,
r.Kazann, Poccus.

B miockoctn C KOMILTIEKCHOrO lepeMeHHoro z =  + iy = re'? pacemor-
PUM BEPXHIO MOaymiaockocts Bt = {z : I'm z > 0}, HIKHIOIO TOTyMI0C-
koctb B~ = {z : Im z < 0}, u Bemecrsenuyio ocb I' = {2z : Im z = 0}. B
obnactax ET mmm E~ pacemorpum obobmennyio cucremy Komm-Puvana

8U — A(2)U = F(z), A(z) = ;Ef)z a(z), F(z) € C(T). (1)

Caenys [1],[2] MBI Gymem mpeamonararh, uro mias A(z) cymecTByer Takas
amamuTiaeckas 8 BT (E7) dyrkmas ag (2) (ag (2)), 910

+
AE(z) = =90 C) gty py e (B, p> 2.
zZ+z
Dparmmansie 3uasenns bynxmuii af (z), Te. bynxmmm ag (), ag (t) Gymem
CYMTATL HENPEPHIBHBIME N0 LE€IbIepy Ha BemecTBeHHOH ocu I', BK/IOYas
OKPEeCTHOCTL GECKOHEYHO yJAICHHOH TOYKH.
Kpome Toro, na byHKIEE af (2) AOMOMHATETHHO HATATACM CIeIyTONTe

OrpaHUYCHUS:
lag (2) — a5 (=2)] < K(z,9)(|2+2*), a<1,
ag (x) = ag (00) + O(|z| "), £z — 400, B> 0;
Kpome Toro, mosoxkum ato ai (0) = B 4 ifi, aT(00) = BE + ifE. Mpu-
BJeKas uien pabor [1],[2] BeiBenem dopmyty obiero perrerns cucremst (1):

U=(z) = ¢ O(T(e ¥ F¥))(2) + % (2)], = € B*,

1 (2)
() = (T4 + 5 [

af(t)In|t +17|

T, dt +af(z)In|z +7|.
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Bmecy ¢t (2), ¢~ (2)— mponsBonbHBIE DYHKIN AHATUTHIECKAE B OOJACTAX
E7T, E~ cOOTBeTCTBEHHO, (TAOi)(z)— omeparop Bexya. s bynkmuit U (2),
yoBJeTBopsomux ypastenuio (1) B ET u E~ | paccmorpum 3amauy Pumana

Utt)=GHU(t) +g(t), teT, (3)

¢ menpepbiBHbIME 110 [enbaepy Bcioay Ha ocu ', BKIoUas 6€CKOHETHO y/ia-
JIEHHYIO TOUKY, Koadbduuuenrom G(t) u upasoit yacrsio g(t). Jannas 3axaqa
CBOTMTCA K Kpaesoil 3amade Puvana nus bymrknmit ¢F(z) amamnruaecknx
B ET u E~ ¢ OByMa TOYKaMH 3aBHXPEHHA JIOTapudMUIecKoro mopaika. B
KJIACCE OIPAHUYEHHBIX aHAINTHIeCKUX (DYHKINN TOTydeHa (popmysaa obire-
O pelleHusl, KOTopas ¢ UCHoJb30BanueM (hopmyii (2) IPUBOAUT K PEIICHUIO
sazaqu (3). [IpoBeeHo 110/IHOE UCCIIEJ0BAHKE KAPTUHBI PA3PEIIMMOCTH YTOM
3a,/1a%H.

[1] Pamxabos H.P. Uurerpasbhbie npejcraBjienus U IPAHUYHBIE 33241
Jst 0bobIenHoi cucrembl Komm—Pumana ¢ cuarynspHoit swnueit //
Hokn. AH CCCP, 267:2 (1982), 300-305.

[2] Conpmaros A.II., Pacysios A.B. Kpaesas 3anaua mjist 060011EHHOTO ypaB-
uenust Komu-Pumana ¢ cunrynsapuabivu koaddbunuenramu // dudde-
penuuaibible ypasaenus, 52:(5) (2016), 637-650.

OMOnInuecKasi 0COGEHHOCTH PeNIeHus CUCTEMbl ypaBHEHUMN
OJHOMEPHOIi Ta30BOi AMHAMUKHI

@ IMTaBaykoB A.M.
Bamkupckuit rocynapcTBennbiii yausepcurer, .Y da, Poccus
Wucruryr maremaruku ¢ BIT PAH, r. Yda, Poccus

PaCCManHBaeTCH TUIINYHAA (C TOYKHU 3PEHUA MaTeMaTHIEeCKOMN Teopun
karacTpod) oMOuUIMIECcKas OCOOEHHOCTb PEIIeHHs CUCTEMbI YPABHEHUH OJI-
HOMEPHOM ra30BOil JUHAMUKU

U + Uy + a(P)Pz =0, (1)
pt + (pu)z =0,
rae byakuns a(p) = %” packiaapeaeTca B psan Teilopa B OKpeCTHOCTH

rouku p, > 0. 3uech p(p) — ypaBHeHue cocrosinus rasa, p > 0.
B tepvunax nnBapuantoB Pumana

e Pe 9
r=u-+ —dp, l=u— —dp, = pp, (2)
o P o P
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TJie ¢ — CKOpOCTh 3ByKa (paccMmarpuBaercs ¢ > 0), r # [, cucrema pu-
HUMAET BH]J
r+l =0
N 3)
Zt + (T - C)ZI =0.

Bosmymienne pocTka KatacTpodbl OCOOEHHOCTH OTIAYACTCS OT OMHCAH-
Horo B [I]. YrBepxkaaercss nerouHocts npescrasiaennoil B [1] xnaccuduka-
nuu ocobeHHoCTel nHBapuanToB PuMana.

Uccnemoranne Boimosrero copmectno ¢ B.U. CymeiimamnoBbim.

[1] A.X. Paxmumos, “OcobeHHOCT PIMAHOBBIX WHBApHAHTOR”, DYyHKII. aHa-
3 U ero npui., 27:1 (1993), 46-59; Funct. Anal. Appl., 27:1 (1993),
39-50

Amnajsior treopema Buianinera i a—rapMoHUYecKUX pyHKITANH

@ IMTapunos P.A., A6aukamupos C.M.
Uncruryr maremarunku nmenn B.V.Pomanosckoro Akamemun Hayk
Pecnybiuku Y3bekucran, r. Ypreud, ¥Y30ekucraH,
Kapakasmakckuit rocyrapcrsennbiit yuusepeurer, 1. Hykyc, Y30ekucran

B nanmO# cTaThe MBI pACCMOTPHM KJIACC (‘— FapMOHUYECKHX (DYHKIIWI,
KOTOPBII MIPAET BazKHYO POJIb B TeOpuu (DyHKIUYU U JOKAXKEM AHAJIOr TEO-
pemy Baanmera [1I, Teopewmsr 3.1, 3.2 n 3.3, crp. 312-313] mist a— rapMoHu-
qecKuxX QYHKIHII.

ITycrb a—npou3sBo/ibHAs 3aMKHYyTasi, CTPOro HOJIOKUTEIbHAsA audde-
penimanbHas (opma ducrenenu (n — 1,n — 1) B obnacru D C C™:

.\n—1 n
‘- (2) S” aji(@)dz[j] Adz (K], ajs(z) € C' (D), da=0. (1)
J.k=1

Oupepgesienne. (cum. [6]). Jdsax st riagkas B obnacte D C C™ dyHKImns
u(z) € C? (D) naswBaercst a— rapmonmdeckoit, ecnu dd°u A a =08 D.

B uacrnocru, eciu koaddunmentsr o € C'TA (D), rae O —xmace
l-pa3 muddepennupyeMbrx OYHKINHA, TPUYEM [-Thle YaCTHBIE TTPOU3BOTIHBIE
npuHaAIexkaTh Kaaccy [énaepa Lipy, 0 < A < 1, To perienne ypaBHEHHUE
dd°u A a = 0 cymectsyer u npunateskut kraccy CH2T2 (D) (em.[3]).

OCHOBHBIM pPE3yIbTATOM JAHHOW PAOOTHI ABISIETCS CIEIYOMAs

Teopema. ITycrs D obaacts B C*, n > 2, u mycrb 11 rumneprnoBepxHOCTh
u3 xiacca C! xoropeiit pasgenser D ua ase momobmactu D1 u Ds. Ilycrs
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byuxmus v € C(D) N C?(Dy U Dy) aBisercs a—rapMoRUYecKkoi Ha Dy u
Ds. Ecnu uj = u\Dj € CY(D; UIl), j = 1,2 u na Il BBIMOIHAETCA PABEHCTBA

a’LLj - 8uk

317k _W7 j7k:1u27

rie vF = (0F, %, ..., v%) Bremmmit nopmans x rparmmne Dy. Torma byskmms

U SABJIIETCH (:—TrapMoOHn4Yeckoi B D.

[1] Blanchet P., On removable singularities of subharmonic and
plurisubharmonic functions, Complex Variables, 26 (1995), 311-322.

[2] Riihentaus J. Removability results for subharmonic functions, for
harmonic functions and for holomorphic functions// Matematychni
Studii, 2016. vol. 46, issue 2. pp. 152-158.

[3] Bepc JI., xxou ®., Illexrep M. YpaBHeHus ¢ 4aCTHBIMU [IPOU3BOHbI-
mu. U3n. MUP. — Mocksa, 1966.

[4] Mupanza K. YpaBuenus ¢ 4aCTHbIMU IPOM3BOAHBIMU JUIMLITHYECKOIO
Tuma. — M.: WIJI, 1957.

[5] Canynnaes A. Teopwusi mmopunorenimana. [Ipuvenenns. Palmarium
Akademic Publishing, 2012. 316 c.

[6] Bancosa M.JI. Teopusi moreHnmana B Kiacce a—CyOrapMOHHYECKHUX
dbyukumit.// Y36ekckuit Maremarndeckuii KypHas, — Tamkent, 2016,
— Ne3, — C. 46-52.

Kpurepmuii cymecrBoBanus 6e3ycjIOBHBIX Da3McoB U3
BOCIIPOM3BOASAMNINX AAep B npocrpaHcTBax Poka ¢ paauajaibHBIM
PeryJsapHbIM BECOM

@ HOuamyxameros P.C., Ucaes K.II.
Nucruryr maremaruku ¢ BI[ YOUIL PAH, r.¥da, Poccus

PaccmarpuBatorcst mpocTpaHcTBa nenbix GyHKuit tuma Poka

5, — {fGH(C): 117 = 55 [ 5GP dm(e) <oo},
2r Je

rae dm(z) — nnockas mepa Jlebera, ¢(z) — HekoTOpas CybrapMOHUYECKast
dynxuua. OueBuino, F, — runpbepTOBO IPOCTPAHCTBO, B KOTOPOM BCE TO-
vyeunble GyHKIMoHaN §y : f — f(\) HenmpepwIBHBL. B cuity caMocompsizkeH-
HOCTH THUJILOEPTOBBIX MPOCTPAHCTE KaXKIBIH Takol (DYHKIIHOHAJ TTOPOXKIA-
erca sseMeHToM ky(z) = k(z, \):

%/Cf(z)k(z, Ne 2¢Edm(z) = f(A), A e C.
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Dynkuns k(z, \) HA3BIBAETCS BOCTPOM3BOJSIINM SITIPOM MPOCTPAHCTBA Fos
OYEBUTHO,

6512 = k(X A) == K (), A €C.
Cucrema k(z,\;) HaspiBaerca Ge3ycloBHBIM 0a3mcoM B mpocrpancrse T,
€CJIM OHA SBJISTETCS 00pa30M OPTOTOHAJIHLHOTO 0A3MCA MPU HEKOTOPOM H30-
mopdusme F,. JpyrumMu cIOBaMH, 9Ta CHCTeMd IIOJHA U JIIA HEKOTOPOH
xouctauTel C' > 1

2
1
5Z\aj\2K(>\j)§ D aik(z, )| <O e PK(),
i j i

L€ aj — IPOU3BOJIbHBL HAOOP KOMILIEKCHBIX YHCEl.

Bompoc o cymecTBoBaHun 6e3yCIOBHBIX 0a3UCOB U3 BOCIPOU3BOIAIINX
sA7iep ABJISIETCS aKTUBHO OOCYKIAE€MbIM BOIPOCOM, B YaCTHOCTHU, U3-33 TO-
ro, 9TO 3TOT BOIPOC TECHO CBA3AH ¢ TAKAMH KJIACCHYECKHMH IIPOOIeMaMu
KOMILJIEKCHOTO aHAJIM3a KAK 3a7a4a 00 HHTEPIONAINT | 3374498 O IIPEJCTaB-
Jennn psnamu 3KcnoreHtT. B pa6ore [I| mokasamo, Wro B mpocrpaHcTBax
F, ¢ Becamn p(z) = (In" |2])¥, o € (1;2], cymecTyioT GesyciosHbie 6asn-
Chl U3 BOCTIPOM3BOJAIINX s7ep. B pabore [2] mokazano, uro ecin dbyHKIusS
¥(t) = p(e') ymoBmersopsier ycaosusiM:

a) dyukus ¢’ meorpanmvena, dbynkuus )" HEBO3pACTAIOMASL,

b) BemonHseTCa acumuToTHueckoe coorromenue | (1) = O(¥" () 3),
TO B IPOCTPaHCTBE JF, CYMeCTBYIOT Oe3yCTOBHBIe OA3UCHI W3 BOCIPOU3BOIA-
mEX g1ep.

Bemykayio dbyakumio u(x), @ > 0, OymeM Ha3bIBaTh PEryasipHOM, ecyin
CYIIECTBYIOT YnCIO ¢ > 1 n dyHKIws y(r) — 00 IpH & — 00, TAKHUE YTO

u// (x)
u'(y)

Hamu mokasama cjeayroimast TeopeMa.

Teopema. B pocrparctse Poka ¢ BecoM ¢ € C?, TakuM, 9TO (DYHKIIA
P(t) = p(et) perynsipra, 6esycnoBubiii 6azuc U3 BOCHPOM3BOIAIIMX s1JEP
CYIIECTBYET TOIJIA M TOJBKO TOTIA, KO/

Q| =

lim, 9" (7) < o0.

UccneioBatue BBIIOIHEHO 32 cuer rpanta Poccuiickoro naywHoro domia
(mpoekT No 21-11-00168).

[1] Borichev A., Lyubarskii Yu., "Riesz bases of reproducing kernels in
Fock type spaces", Journal of the Institute of Mathematics of Jussieu,
9 (2010), 449-461.
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[2] Baranov A., Belov Yu., Borichev A., "Fock type spaces with Riesz bases
of reproducing kernels and de Branges spaces" , Studia Mathematica,
236 (2017), Ne2, 127-142.

O cBoiicTBax rpagoB oImMb0K 6eCKOHEYHOMEPHBIX KBAaHTOBBIX
KaHaJIOB

@ Somu B.U.
MMAH, r.Mocksa, Poccus

ITo ananoruu ¢ kiaccuueckumu padoramu [llennona [2], B kBanToBOI TEO-
puu uHdopMaluy ObLIM BBEIEHBI HEKOMMYTaTUBHbIE rpadbl omuboK [3], npu
[OMOIIA KOTOPBIX MOXKHO M3y4arh OMIMOKKM B KBAHTOBOM KAaHAJIE M €ro 6e3-
ONMUOOYHYIO MPOIYCKHYIO CITOCOOHOCTD. VlccmenoBannst B JaHHOM HampaBJe-
HUW BOCIPUHUMATH KaK 000DIIEHNE KIIACCUIEeCKO Teopun rpadoB Ha HEKOM-
MYTaTUBHBII CITydaii.

HexommyTarusabie rpadbl OMIHOOK SIBIASIOTCSA OMEPATOPHBIME CHCTEMAa-
MU, TO €CTh CaMOCONPszKEHHbIMU noaupocrpancreamu B B(H), conepxaniu-
mu exnaniy. B padore [4] 6pi10 mokazano, UTO KaXKaas OnepaTopHasi CHCTe-
Ma sijisieTcs rpadoM OmmbOoK i HEKOTOPOro KaHasia. Bo3MokHOCTH 0600-
II[EHNsI ITOTO Pe3y/IbTaTa Ha OECKOHEYHOMEPHBIH CiIy4ail Oblila NCCiIeJ0BaHa
B pabore [I]. Bouio nokazano, 4ro HekoMMyTaTUBHBbIE Ipadbl OmKUOOK Gec-
KOHEYHOMEPHbBIX KBAHTOBBIX KAHAJIOB C HEOOXOJAMMOCTHIO SBJISIOTCS CJIA00
3aMKHYTBIME; B CIy4ae CenapabesibHbIX HPOCTPAHCTB JJisl KazKI0ro rpada
OBLIT MOCTPOEH COOTBETCTBYIOMINH KAHAJ.

Pabora mommepxkama rpartom PH® 19-11-00086 u Bhimosinena B Mare-
MarudeckoMm uHcTuTyTe nMenn B.A. Creknosa Poccuiickoit akajgemun HayK.

[1] Yashin, V. I. (2020). Properties of operator systems, corresponding to
channels. Quantum Information Processing, 19(7), 195.

[2] Shannon, C. (1956). The zero error capacity of a noisy channel. IRE
Transactions on Information Theory, 2(3), 8-19.

[3] Duan, R., Severini, S., Winter, A. (2012). Zero-error communication
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