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Ââåäåíèå

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ

Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, îïè-

ñûâàþùèõ ðàçëè÷íûå ïðîöåññû â åñòåñòâåííûõ è òåõíè÷åñêèõ íàóêàõ, óäîáíî

èññëåäîâàòü â ðàìêàõ íà÷àëüíûõ çàäà÷ äëÿ ýâîëþöèîííûõ óðàâíåíèé â áàíà-

õîâûõ ïðîñòðàíñòâàõ [7,23,42]. Íåêîòîðûå íà÷àëüíî-êðàåâûå çàäà÷è ðåäóöè-

ðóþòñÿ ê óðàâíåíèÿì ïåðâîãî ïîðÿäêà ñ âûðîæäåííûì îïåðàòîðîì ïðè ïðî-

èçâîäíîé [47,51], â äàëüíåéøåì íàçûâàåìûì âûðîæäåííûìè ýâîëþöèîííûìè

óðàâíåíèÿìè. Ïðè ýòîì íåðåäêî âîçíèêàþò ìîäåëè, îïèñûâàåìûå ýâîëþöèîí-

íûìè èíòåãðî-äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ èíòåãðàëàìè ðàçëè÷íûõ

òèïîâ èëè, äðóãèìè ñëîâàìè, ýâîëþöèîííûìè óðàâíåíèÿìè ñ èíòåãðàëüíûìè

âîçìóùåíèÿìè. Ïðè ýòîì èíòåãðàëû Âîëüòåððà, íàïðèìåð, îïèñûâàþò ïðî-

öåññû ñ ïàìÿòüþ, òàêèå, êàê òåðìîìåõàíè÷åñêîå ïîâåäåíèå ïîëèìåðîâ [46],

âÿçêîóïðóãèõ æèäêîñòåé [15], è äð. [43�45]. Èíòåãðàëû Ôðåäãîëüìà âñòðå÷à-

þòñÿ â òàê íàçûâàåìûõ íàãðóæåííûõ óðàâíåíèÿõ, ñîäåðæàùèõ ïîìèìî äèô-

ôåðåíöèàëüíîé ÷àñòè íåêîòîðûé ôóíêöèîíàë îò èñêîìîé ôóíêöèè â âèäå,

íàïðèìåð, èíòåãðàëà îò ðåøåíèÿ ïî íåêîòîðîìó ïîäìíîæåñòâó ìåíüøåé ìå-

ðû [2, 3, 12]. Òàêèå óðàâíåíèÿ âîçíèêàþò ïðè ïîèñêå ïðèáëèæåííûõ ðåøå-

íèé äèôôåðåíöèàëüíûõ óðàâíåíèé [11], ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè

íåëîêàëüíûõ [14], â òîì ÷èñëå ôðàêòàëüíûõ ïðîöåññîâ è ÿâëåíèé, íàïðèìåð,

â ìàòåìàòè÷åñêîé áèîëîãèè [13], â òåîðèè òåïëîìàññîïåðåíîñà â ñîñòàâíûõ

ñðåäàõ ñ ôðàêòàëüíîé îðãàíèçàöèåé [20], â ýêîíîìèêå.

Ñòåïåíü ðàçðàáîòàííîñòè òåìû èññëåäîâàíèÿ

Â äèññåðòàöèè èñïîëüçîâàëèñü ïîëó÷åííûå â ðàáîòàõ Â. Å. Ôåäîðî-

âà [31,51] ðåçóëüòàòû òåîðèè âûðîæäåííûõ ïîëóãðóïï îïåðàòîðîâ, â ÷àñòíî-

ñòè âèä ðåøåíèÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà
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â áàíàõîâîì ïðîñòðàíñòâå, îïåðàòîð ïðè ïðîèçâîäíîé â êîòîðîì âûðîæäåí,

ò. å. èìååò íåòðèâèàëüíîå ÿäðî (äàëåå � âûðîæäåííîå ýâîëþöèîííîå óðàâíå-

íèå). Âîïðîñû ñóùåñòâîâàíèÿ âûðîæäåííûõ ïîëóãðóïï ðàçëè÷íûõ êëàññîâ

ãëàäêîñòè, ðàçðåøàþùèõ îäíîðîäíîå ëèíåéíîå âûðîæäåííîå ýâîëþöèîííîå

óðàâíåíèå, ïðè ðàçëè÷íûõ óñëîâèÿõ íà îïåðàòîðû â óðàâíåíèè ðàññìàòðèâà-

ëèñü ðàíåå â ðàáîòàõ À. Ã. Ðóòêàñà [18], A. Favini è A. Yagi [47], Ã. À. Ñâèðè-

äþêà [51], È. Â. Ìåëüíèêîâîé [10].

Â ðàáîòàõ Â. Å. Ôåäîðîâà è Î. À. Ñòàõååâîé [38�41] èññëåäîâàíû âîïðî-

ñû îäíîçíà÷íîé ðàçðåøèìîñòè íåâûðîæäåííûõ è âûðîæäåííûõ ýâîëþöèîí-

íûõ óðàâíåíèé ñ èíòåãðàëüíûì îïåðàòîðîì ïàìÿòè â ñëó÷àå, êîãäà ñîîòâåò-

ñòâóþùåå îäíîðîäíîå óðàâíåíèå îáëàäàåò àíàëèòè÷åñêîé â ñåêòîðå ðàçðåøà-

þùåé ïîëóãðóïïîé.

Îòìåòèì òàêæå áëèçêèå ïî ïðåäìåòó èññëåäîâàíèÿ ðàáîòû Â. Å. Ôåäî-

ðîâà è Å. À. Îìåëü÷åíêî, â êîòîðûõ âûðîæäåííûå ýâîëþöèîííûå óðàâíåíèÿ

ñ çàïàçäûâàíèåì íà êîíå÷íîì ïðîìåæóòêå èññëåäóþòñÿ ìåòîäàìè òåîðèè ïî-

ëóãðóïï îïåðàòîðîâ [35] è ñ ïîìîùüþ òåîðåìû î íåïîäâèæíîé òî÷êå [36].

Ñðåäè ìíîãî÷èñëåííûõ ìåòîäîâ èññëåäîâàíèÿ âûðîæäåííûõ ýâîëþöè-

îííûõ óðàâíåíèé îòìåòèì òàêæå èñïîëüçóåìûé Í. À. Ñèäîðîâûì è ïðåä-

ñòàâèòåëÿìè åãî øêîëû ìåòîä, ïðåäïîëàãàþùèé ôðåäãîëüìîâîñòü îïåðàòî-

ðà ïðè ïðîèçâîäíîé â óðàâíåíèè (1.1) è ñóùåñòâîâàíèå åãî ïîëíîãî æîðäà-

íîâà íàáîðà. Â ðàáîòàõ Ì. Â. Ôàëàëååâà è Ñ. Ñ. Îðëîâà ýòîò ìåòîä ïîëó-

÷èë ñâîå ðàçâèòèå ïðè èññëåäîâàíèè èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ ïàìÿòüþ. Ì. Â. Ôàëàëååâûì èññëåäîâàíà ðàçðåøèìîñòü â ñìûñëå îáîá-

ùåííûõ è êëàññè÷åñêèõ ðåøåíèé âûðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé ñ

ïàìÿòüþ ïåðâîãî ïîðÿäêà â áàíàõîâûõ ïðîñòðàíñòâàõ ìåòîäàìè òåîðèè ôóí-

äàìåíòàëüíûõ îïåðàòîð-ôóíêöèé âûðîæäåííûõ èíòåãðî-äèôôåðåíöèàëüíûõ

îïåðàòîðîâ. Â ðàáîòàõ [26�29] Ì. Â. Ôàëàëååâ è Ñ. Ñ. Îðëîâ èññëåäîâàëè

èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ âûñîêîãî ïîðÿäêà ñ ýôôåêòàìè ïà-

ìÿòè è âûðîæäåííûì îïåðàòîðîì ïðè ñòàðøåé ïðîèçâîäíîé â ñëó÷àÿõ èíòå-
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ãðàëüíûõ ÿäåð ñïåöèàëüíîãî âèäà. Ïðè ýòîì ïðåäïîëàãàåòñÿ âûïîëíåííûì

óñëîâèå ôðåäãîëüìîâîñòè îïåðàòîðà ïðè ñòàðøåé ïðîèçâîäíîé, ëèáî ñïåê-

òðàëüíîé îãðàíè÷åííîñòè ïó÷êà îïåðàòîðîâ èç óðàâíåíèÿ.

Öåëè è çàäà÷è

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ óñòàíîâëåíèå óñëîâèé îäíîçíà÷íîé ðàç-

ðåøèìîñòè íà÷àëüíûõ çàäà÷ äëÿ âûðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé â

áàíàõîâûõ ïðîñòðàíñòâàõ ñ èíòåãðàëüíûìè âîçìóùåíèÿìè äâóõ âèäîâ � äëÿ

óðàâíåíèé ñ ïàìÿòüþ è äëÿ íàãðóæåííûõ óðàâíåíèé. Ïîëó÷åííûå îáùèå ðå-

çóëüòàòû èñïîëüçóþòñÿ äëÿ óñòàíîâëåíèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðå-

øåíèÿ ðàçëè÷íûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ íå ðàçðåøèìûõ îòíîñèòåëüíî

ïðîèçâîäíîé ïî âðåìåíè óðàâíåíèé è ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèç-

âîäíûõ ñ èíòåãðàëüíûì îïåðàòîðîì ïàìÿòè è ñ îïåðàòîðîì Ôðåäãîëüìà ïî

âðåìåíí�îé ïåðåìåííîé � íàãðóæåííûõ óðàâíåíèé.

Íàó÷íàÿ íîâèçíà

Íàãðóæåííûå óðàâíåíèÿ äëÿ âûðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé,

ïî-âèäèìîìó, ðàíåå íå èññëåäîâàëèñü. Óðàâíåíèÿ ñ ïàìÿòüþ äëÿ âûðîæäåí-

íûõ ýâîëþöèîííûõ óðàâíåíèé â îòëè÷èå îò ðàáîò Ì. Â. Ôàëàëååâà ñ Ñ. Ñ. Îð-

ëîâûì è Â. Å. Ôåäîðîâà ñ Î. À. Ñòàõååâîé èññëåäóþòñÿ ïðè áîëåå îáùèõ óñëî-

âèÿõ íà îïåðàòîðû â óðàâíåíèè � â äèññåðòàöèîííîé ðàáîòå íå ïðåäïîëàãà-

åòñÿ ôðåäãîëüìîâîñòü îïåðàòîðà ïðè ïðîèçâîäíîé. Ïðè ýòîì, âîîáùå ãîâîðÿ,

íàêëàäûâàåòñÿ ëèøü óñëîâèå ñóùåñòâîâàíèÿ ñèëüíî íåïðåðûâíîé ðàçðåøà-

þùåé ïîëóãðóïïû ñîîòâåòñòâóþùåãî âûðîæäåííîãî îäíîðîäíîãî óðàâíåíèÿ,

à íå àíàëèòè÷åñêîé ïîëóãðóïïû, êàê â ðàáîòàõ äðóãèõ àâòîðîâ. Êðîìå òîãî,

äëÿ óðàâíåíèé ñ ïàìÿòüþ èññëåäîâàëñÿ, ïî-âèäèìîìó, íå èñïîëüçîâàâøèéñÿ

ðàíåå â îáùåé ïîñòàíîâêå ìåòîä èññëåäîâàíèÿ íåâûðîæäåííîãî óðàâíåíèÿ ïó-

òåì åãî ñâåäåíèÿ ê ñèñòåìå äâóõ íåâîçìóùåííûõ óðàâíåíèé â áîëåå øèðîêîì
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ïðîñòðàíñòâå ñ ïîñëåäóþùèì ïðèìåíåíèåì ðåçóëüòàòîâ êëàññè÷åñêîé òåîðèè

ïîëóãðóïï.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü ðàáîòû

Ïåðâè÷íûì òåîðåòè÷åñêè çíà÷èìûì ðåçóëüòàòîì ïðè èññëåäîâàíèè íîâûõ çà-

äà÷ ÿâëÿåòñÿ óñòàíîâëåíèå óñëîâèé èõ îäíîçíà÷íîé ðàçðåøèìîñòè, èìåííî

ýòîìó ïîñâÿùåíà äàííàÿ ðàáîòà. Êðîìå òîãî, èññëåäóåìûå â äèññåðòàöèîí-

íîé ðàáîòå íà÷àëüíûå çàäà÷è äëÿ âûðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé â

áàíàõîâûõ ïðîñòðàíñòâàõ ñ èíòåãðàëüíûìè âîçìóùåíèÿìè èìåþò èíòåðïðå-

òàöèè, âàæíûå ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ. Ïîëó÷åííûå â äèññåðòàöèîííîé

ðàáîòå ðåçóëüòàòû ìîãóò áûòü ïðàêòè÷åñêè èñïîëüçîâàíû ïðè èññëåäîâàíèè

ïðèêëàäíûõ çàäà÷, îïèñûâàþùèõ êîíêðåòíûå ôèçè÷åñêèå ïðîöåññû è ÿâëå-

íèÿ.

Ìåòîäîëîãèÿ è ìåòîäû èññëåäîâàíèÿ

Ìåòîäàìè òåîðèè âûðîæäåííûõ ïîëóãðóïï îïåðàòîðîâ âûðîæäåííîå ëèíåé-

íîå ýâîëþöèîííîå óðàâíåíèå ñ ïàìÿòüþ â áàíàõîâîì ïðîñòðàíñòâå ñâåäåíî

ê ñèñòåìå äâóõ óðàâíåíèé, îäíî èç êîòîðûõ ðàçðåøåíî îòíîñèòåëüíî ïðîèç-

âîäíîé, à äðóãîå èìååò ïðè ïðîèçâîäíîé íèëüïîòåíòíûé îïåðàòîð. Çàäà÷à ñ

çàäàííîé èñòîðèåé äëÿ ðàçðåøåííîãî îòíîñèòåëüíî ïðîèçâîäíîé óðàâíåíèÿ ñ

ïàìÿòüþ ðåäóöèðîâàíà ê çàäà÷å Êîøè äëÿ ñòàöèîíàðíîé ñèñòåìû óðàâíåíèé

â áîëåå øèðîêîì ïðîñòðàíñòâå. Ýòî ïîçâîëèëî ïîëó÷èòü ìåòîäàìè êëàñè-

÷åñêîé òåîðèè ïîëóãðóïï îïåðàòîðîâ óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî

ðåøåíèÿ çàäà÷è, â òîì ÷èñëå ðåøåíèÿ ïîâûøåííîé ãëàäêîñòè. Â èòîãå áû-

ëà èññëåäîâàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è c çàäàííîé èñòîðèåé äëÿ

âûðîæäåííîãî ëèíåéíîãî ýâîëþöèîííîãî óðàâíåíèÿ ñ ïàìÿòüþ ïðè íåêîòî-

ðûõ îãðàíè÷åíèÿõ íà ÿäðî èíòåãðàëüíîãî îïåðàòîðà ïàìÿòè. Êðîìå òîãî,

áûëà èññëåäîâàíà àíàëîãè÷íàÿ çàäà÷à ñ óñëîâèåì òèïà îáîáùåííîãî óñëîâèÿ
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Øîóîëòåðà�Ñèäîðîâà íà èñòîðèþ ñèñòåìû ïðè óñëîâèè íåçàâèñèìîñòè èíòå-

ãðàëüíîãî ÿäðà îò ýëåìåíòîâ ïîäïðîñòðàíñòâà âûðîæäåíèÿ äëÿ ðàññìàòðè-

âàåìîãî óðàâíåíèÿ.

Ïðè èññëåäîâàíèè íàãðóæåííûõ âûðîæäåííûõ ýâîëöþèîííûõ óðàâíå-

íèé èñïîëüçîâàëàñü òåîðåìà î ñæèìàþùåì îòîáðàæåíèè. Äëÿ ïîñòðîåíèÿ

ñæèìàþùåãî îïåðàòîðà èñïîëüçîâàëñÿ âèä ðåøåíèÿ íåîäíîðîäíîãî ëèíåéíîãî

âûðîæäåííîãî ýâîëþöèîííîãî óðàâíåíèÿ. Ýòî ïîçâîëèëî ïîëó÷èòü òåîðåìû

îá îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷ Êîøè è Øîóîëòåðà�Ñèäîðîâà áåç ïðè-

âëå÷åíèÿ äîïîëíèòåëüíûõ îãðàíè÷åíèé íà ÿäðî èíòåãðàëüíîãî îïåðàòîðà.

Àáñòðàêòíûå ðåçóëüòàòû èñïîëüçîâàíû ïðè èññëåäîâàíèè íà÷àëüíî-êðà-

åâûõ çàäà÷ äëÿ ëèíåàðèçîâàííûõ èíòåãðî-äèôôåðåíöèàëüíûõ ñèñòåìû óðàâ-

íåíèé Îñêîëêîâà, îïèñûâàþùèõ äèíàìèêó æèäêîñòè Êåëüâèíà�Ôîéãòà íó-

ëåâîãî, à òàêæå âûñîêîãî (âòîðîãî è âûøå) ïîðÿäêà â ñìûñëå ðåîëîãè÷åñêî-

ãî ñîîòíîøåíèÿ, äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ ñèñòåì óðàâíåíèé âíóòðåí-

íèõ è ãðàâèòàöèîííî-ãèðîñêîïè÷åñêèõ âîëí â ïðèáëèæåíèè Áóññèíåñêà, äëÿ

àëãåáðî-èíòåãðî-äèôôåðåíöèàëüíîé ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè ïðîèç-

âîäíûìè, äëÿ âûðîæäåííîé ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

ôóíêöèé îäíîé ïåðåìåííîé, äëÿ íàãðóæåííûõ ïñåâäîïàðàáîëè÷åñêèõ óðàâ-

íåíèé, âîçíèêàþùèõ â òåîðèè ôèëüòðàöèè.

Ïîëîæåíèÿ âûíîñèìûå íà çàùèòó

1. Ïîëó÷åíû òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷

ñ çàäàííîé èñòîðèåé äëÿ âûðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé ñ ïà-

ìÿòüþ, â ñëó÷àå, êîãäà îäíîðîäíàÿ ÷àñòü óðàâíåíèÿ îáëàäàåò ñèëüíî

íåïðåðûâíîé ðàçðåøàþùåé ïîëóãðóïïîé èëè àíàëèòè÷åñêîé ðàçðåøàþ-

ùåé ãðóïïîé îïåðàòîðîâ.

2. Íàéäåíû óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè íà÷àëüíî-êðàåâûõ çàäà÷

äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ ñèñòåì óðàâíåíèé Îñêîëêîâà, ìîäåëè-
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ðóþùèõ äèíàìèêó âÿêîóïðóãîé æèäêîñòè Êåëüâèíà�Ôîéãòà íóëåâîãî è

âûñîêîãî ïîðÿäêà, äëÿ ñèñòåì âíóòðåííèõ è ãðàâèòàöèîííî-ãèðîñêîïè-

÷åñêèõ âîëí â ïðèáëèæåíèè Áóññèíåñêà, äëÿ àëãåáðî-èíòåãðî-äèôôåðåí-

öèàëüíîé ñèñòåìû óðàâíåíèé.

3. Ñôîðìóëèðîâàíû è äîêàçàíû òåîðåìû î ñóùåñòâîâàíèè åäèíñòâåííîãî

ðåøåíèÿ âûðîæäåííîãî ýâîëþöèîííîãî óðàâíåíèÿ, íàãðóæåííîãî èíòå-

ãðàëüíûì (â ñìûñëå Ëåáåãà�Ñòèëòüåñà) îïåðàòîðîì òèïà Ôðåäãîëüìà.

4. Èññëåäîâàíû âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè íà÷àëüíî-êðàåâûõ çà-

äà÷ äëÿ êëàññà íàãðóæåííûõ ïñåâäîïàðàáîëè÷åñêèõ óðàâíåíèé, âêëþ-

÷àþùåãî íåêîòîðûå óðàâíåíèÿ òåîðèè ôèëüòðàöèè, äëÿ íàãðóæåííûõ

àëãåáðî-äèôôåðåíöèàëüíûõ ñèñòåì óðàâíåíèé äëÿ ôóíêöèé îäíîé ïå-

ðåìåííîé è äëÿ ôóíêöèé íåñêîëüêèõ ïåðåìåííûõ.

Ñòåïåíü äîñòîâåðíîñòè è àïðîáàöèÿ ðåçóëüòàòîâ

Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü è îáñóæäàëèñü íà ñåìèíàðàõ êàôåä-

ðû ìàòåìàòè÷åñêîãî àíàëèçà ×åëÿáèíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà

(ðóê. ä.ô.-ì.í., ïðîô. Â. Å. Ôåäîðîâ), íà êîíôåðåíöèÿõ: Ìåæäóíàðîäíàÿ

êîíôåðåíöèÿ ¾Ôèçèêî-ìàòåìàòè÷åñêèå íàóêè è îáðàçîâàíèå¿, Ìàãíèòîãîð-

ñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ìàãíèòîãîðñê, 2012 ã.; Ìåæäóíàðîä-

íàÿ êîíôåðåíöèÿ ¾Íåëèíåéíûå óðàâíåíèÿ è êîìïëåêñíûé àíàëèç¿, Èíñòèòóò

ìàòåìàòèêè ñ âû÷èñëèòåëüíûì öåíòðîì Óôèìñêîãî öåíòðà ÐÀÍ, îç. Áàí-

íîå, Áàøêîðòîñòàí, 2013 ã., 2014 ã.; Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Âîðî-

íåæñêàÿ çèìíÿÿ ìàòåìàòè÷åñêàÿ øêîëà Ñ. Ã. Êðåéíà¿, Âîðîíåæñêèé ãîñó-

äàðñòâåííûé óíèâåðñèòåò, ã. Âîðîíåæ, 2014 ã.; Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ

¾Mathematical and Computational Modelling in Science and Technology¿, Izmir

University, Èçìèð, Òóðöèÿ, 2015 ã.; Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ¾Àêòóàëü-

íûå ïðîáëåìû òåîðèè óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ¿, ïîñâÿùåííàÿ ïà-

ìÿòè À. Â. Áèöàäçå, Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì. Â.
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Ëîìîíîñîâà, ã. Ìîñêâà, 2016 ã.

Âñå ðåçóëüòàòû äèññåðòàöèè ïîëó÷åíû ëè÷íî àâòîðîì è îïóáëèêîâà-

íû â ðàáîòàõ [52]� [65]. Â ñîâìåñòíûõ ðàáîòàõ ñ Â. Å. Ô¼äîðîâûì íàó÷íîìó

ðóêîâîäèòåëþ ïðèíàäëåæàò ïîñòàíîâêà çàäà÷è è îáùåå ðóêîâîäñòâî.

Ðàáîòà ïîääåðæàíà ãðàíòîì Ôîíäà ïîääåðæêè ìîëîäûõ ó÷åíûõ ×åëÿ-

áèíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà (2015 ã.), ãðàíòîì � 14.Z50.31.0020

Ïðàâèòåëüñòâà Ðîññèéñêîé Ôåäåðàöèè.

Êðàòêîå ñîäåðæàíèå äèññåðòàöèè

Äèññåðòàöèîííàÿ ðàáîòà ñîäåðæèò ââåäåíèå, òðè ãëàâû, ñïèñîê îáîçíà÷åíèé è

ñïèñîê ëèòåðàòóðû. Ñïèñîê ëèòåðàòóðû íå ïðåòåíäóåò íà ïîëíîòó è îòðàæàåò

ëèøü ëè÷íûå âêóñû àâòîðà.

Ââåäåíèå ñîäåðæèò ïîñòàíîâêó çàäà÷è, èñòîðèîãðàôèþ âîïðîñà, àê-

òóàëüíîñòü òåìû èññëåäîâàíèÿ, íîâèçíó ïîëó÷åííûõ ðåçóëüòàòîâ, ìåòîäû èñ-

ñëåäîâàíèÿ, êðàòêîå ñîäåðæàíèå, àïðîáàöèè.

Â ïåðâîé ãëàâå ñîáðàíû ïîíÿòèÿ è ôàêòû, êîòîðûå òàê èëè èíà÷å

èñïîëüçóþòñÿ ïðè äîêàçàòåëüñòâå îñíîâíûõ ðåçóëüòàòîâ äèññåðòàöèè. Â ïåð-

âîì ïàðàãðàôå ïåðâîé ãëàâû ñîáðàíû ñâåäåíèÿ îá îòíîñèòåëüíûõ ðåçîëüâåí-

òàõ. Âòîðîé è òðåòèé ïàðàãðàôû ñîäåðæàò îïðåäåëåíèÿ è îñíîâíûå ôàêòû

îá (L, p)-ðàäèàëüíûõ è (L, p)-îãðàíè÷åííûõ îïåðàòîðàõ è ñîîòâåòñòâóþùèõ

èì ñèëüíî íåïðåðûâíûõ ïîëóãðóïïàõ è àíàëèòè÷åñêèõ ãðóïïàõ îïåðàòîðîâ ñ

ÿäðàìè, äîêàçàííûå ðàíåå â ðàáîòàõ Ã.À. Ñâèðèäþêà è Â.Å. Ôåäîðîâà (ñì.,

íàïðèìåð, [51]).

Ïóñòü U è V � áàíàõîâû ïðîñòðàíñòâà, L ∈ L(U;V) (ò. å. ëèíåéíûé

è íåïðåðûâíûé îïåðàòîð èç áàíàõîâà ïðîñòðàíñòâà U â áàíàõîâî ïðîñòðàí-

ñòâî V),M ∈ Cl(U;V) (ò. å. ëèíåéíûé, çàìêíóòûé, ïëîòíî â U îïðåäåëåííûé

îïåðàòîð, äåéñòâóþùèé â V). Îáîçíà÷èì ρL(M) = {µ ∈ C : (µL −M)−1 ∈
L(V;U)} (L-ðåçîëüâåíòíîå ìíîæåñòâî) è σL(M) = C\ρL(M) (L-ñïåêòîð îïå-
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ðàòîðà M).

Ïóñòü p ∈ N0. Îïåðàòîð M íàçûâàåòñÿ (L, p)-ðàäèàëüíûì, åñëè

(i) ∃a ∈ R (a,+∞) ⊂ ρL(M);

(ii) ∃K ∈ R+ ∀µ ∈ (a,+∞) ∀n ∈ N

max{‖(RL
µ(M))n(p+1)‖L(U), ‖(LLµ(M))n(p+1)‖L(V)} ≤

K

(µ− a)n(p+1)
.

(L, p)-ðàäèàëüíûé îïåðàòîð M íàçûâàåòñÿ ñèëüíî (L, p)-ðàäèàëüíûì,

åñëè âûïîëíÿåòñÿ óñëîâèå

(iii) ñóùåñòâóåò ïëîòíûé â V ëèíåàë
◦
V òàêîé, ÷òî

‖M(µL−M)−1(LLµ(M))p+1v‖V ≤
const(v)

(µ− a)p+2
∀v ∈

◦
V;

‖(RL
µ(M))p+1(µL−M)−1‖L(V;U) ≤

K

(µ− a)p+2

ïðè ëþáîì µ ∈ (a,+∞).

Òåîðåìà 0.0.1. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí. Òîãäà

(i) U = U0 ⊕ U1, V = V0 ⊕V1;

(ii) Lk ∈ L(Uk;Vk), Mk ∈ Cl(Uk;Vk), k = 0, 1;

(iii) ñóùåñòâóþò îïåðàòîðû M−1
0 ∈ L(V0;U0) è L−1

1 ∈ L(V1;U1);

(iv) îïåðàòîð H = M−1
0 L0 íèëüïîòåíòåí ñòåïåíè íå áîëüøå p.

Çàìå÷àíèå 0.0.1. Ïðîåêòîð âäîëü ïîäïðîñòðàíñòâà U0 íà U1 (âäîëü V0 íà

ïîäïðîñòðàíñòâî V1) ìîæåò áûòü âû÷èñëåí ïî ôîðìóëå

P = s- lim
µ→+∞

(µRL
µ(M))p+1, (Q = s- lim

µ→+∞
(µLLµ(M))p+1).

Òåîðåìà 0.0.2. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, ôóíêöèÿ g ∈
C1([0, T ];V) òàêîâà, ÷òî (I −Q)g ∈ Cp+1([0, T ];V0). Òîãäà

(i) åñëè u0 ∈ DM è âûïîëíÿåòñÿ óñëîâèå

(I − P )u0 = −
p∑

k=0

HkM−1
0 ((I −Q)g)(k)(0),
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òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C1([0, T ];U) ∩ C([0, T ];DM) çà-

äà÷è Êîøè u(0) = u0 äëÿ óðàâíåíèÿ

Lu̇(t) = Mu(t) + g(t), t ∈ [0, T ], (0.0.1)

ïðè ýòîì

u(t) = U(t)u0 +

t∫
0

U(s)L−1
1 Qg(t− s)ds−

p∑
k=0

HkM−1
0 ((I −Q)g)(k)(t); (0.0.2)

(ii) åñëè íà÷àëüíîå çíà÷åíèå u0 ∈ DM1
, òî ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå u ∈ C1([0, T ];U) ∩ C([0, T ];DM) îáîáùåííîé çàäà÷è Øîóîëòåðà�

Ñèäîðîâà Pu(0) = u0 äëÿ óðàâíåíèÿ (0.0.1), ïðè ýòîì ðåøåíèå èìååò âèä

(0.0.2).

Îïåðàòîð M íàçûâàåòñÿ (L, σ)-îãðàíè÷åííûì, åñëè

∃a > 0 ∀µ ∈ C (|µ| > a)⇒ (µ ∈ ρL(M)),

ò. å. L-ñïåêòð îïåðàòîðà M σL(M) ÿâëÿåòñÿ îãðàíè÷åííûì ìíîæåñòâîì.

Òåîðåìà 0.0.3. Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí. Òîãäà

(i) Lk ∈ L(Uk;Vk), k = 0, 1;

(ii) M0 ∈ Cl(U0;V0), M1 ∈ L(U1;V1);

(iii) ñóùåñòâóþò îïåðàòîðû L−1
1 ∈ L(V1;U1), M−1

0 ∈ L(V0;U0).

(L, σ)-îãðàíè÷åííûé îïåðàòîð M íàçîâåì (L, p)-îãðàíè÷åííûì ïðè p ∈
N0, åñëè H

p 6= O, à Hp+1 = O (H = M−1
0 L0 ∈ L(U0)). Åñëè òàêîãî p ∈ N0 íå

ñóùåñòâóåò, íàçîâåì åãî (L,∞)-îãðàíè÷åííûì.

Âî âòîðîé ãëàâå äèññåðòàöèè ðàññìîòðåíû óñëîâèÿ ðàçðåøèìîñòè íà-

÷àëüíûõ çàäà÷ äëÿ ýâîëþöèîííûõ óðàâíåíèé ñ âûðîæäåííûì îïåðàòîðîì

ïðè ïðîèçâîäíîé (÷àñòî íàçûâàåìûõ óðàâíåíèÿìè ñîáîëåâñêîãî òèïà [1,9,31,

51]), èìåþùèõ âèä

Lu̇(t) = Mu(t) +

T∫
0

K(t, s)u(s)dµ(s), t ∈ [0, T ], (0.0.3)
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ãäå L ∈ L(U;V), kerL 6= {0}, M ∈ Cl(U;V), T > 0, K : [0, T ] × [0, T ] →
L(U;V), µ : [0, T ]→ R � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè.

Ïðè èññëåäîâàíèè ðàçðåøèìîñòè íàãðóæåííûõ óðàâíåíèé, íå ðàçðåøè-

ìûõ îòíîñèòåëüíî ïðîèçâîäíîé, èñïîëüçîâàëèñü ðåçóëüòàòû òåîðèè âûðîæ-

äåííûõ ïîëóãðóïï îïåðàòîðîâ, â ÷àñòíîñòè âèä ðåøåíèÿ óðàâíåíèÿ Lu̇(t) =

Mu(t) + g(t), ãäå g : [0, T ]→ V, ïîëó÷åííûå â ðàáîòàõ [31], è òåîðåìà î ñæè-

ìàþùåì îòîáðàæåíèè. Òàêîé ïîäõîä ïîçâîëèë îáîéòèñü áåç äîïîëíèòåëüíûõ

îãðàíè÷åíèé íà ÿäðî èëè îáðàç èíòåãðàëüíîãî îïåðàòîðà.

Ïåðâûé ïàðàãðàô ñîäåðæèò îñíîâíûå ðåçóëüòàòû ãëàâû. Çäåñü ñôîð-

ìóëèðîâàíû çàäà÷à Êîøè è îáîáùåííàÿ çàäà÷àØîóîëòåðà�Ñèäîðîâà äëÿ íà-

ãðóæåííîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà è äîêàçàíû òåîðåìû îá îäíîçíà÷-

íîé ðàçðåøèìîñòè ýòèõ çàäà÷ â ñëó÷àå ïàðû îïåðàòîðîâ â îñíîâíîé ÷àñòè

óðàâíåíèÿ, ïîðîæäàþùåé âûðîæäåííóþ ñèëüíî íåïðåðûâíóþ ïîëóãðóïïó.

Òåîðåìà 0.0.4. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, u0 ∈ DM ∩ U1,

K ∈ Cp+1,0([0, T ]× [0, T ];L(U;V)),

K(n)
t (0, s) ≡ 0, n = 0, 1, . . . , p,

µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè, F (T ) < 1. Òîãäà ñó-

ùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C1([0, T ];U) ∩ C([0, T ];DM) çàäà÷è

u(0) = u0 äëÿ óðàâíåíèÿ (0.0.3).

Òåîðåìà 0.0.5. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, u0 ∈ DM ∩ U1,

K ∈ Cp+1,0([0, T ] × [0, T ];L(U;V)), µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åí-

íîé âàðèàöèè, F (T ) < 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈
C1([0, T );U) ∩ C([0, T ];DM) çàäà÷è Pu(0) = u0 äëÿ óðàâíåíèÿ (0.0.3).

Âî âòîðîì ïàðàãðàôå ðàññìîòðåíî íàãðóæåííîå ïñåâäîïàðàáîëè÷åñêîå

óðàâíåíèå, âîçíèêàþùåå â òåîðèè ôèëüòðàöèè, ñ êðàåâûìè è ðàçëè÷íûìè íà-

÷àëüíûìè óñëîâèÿìè, ñ ðàçëè÷íûìè èíòåãðàëüíûìè îïåðàòîðàìè. Äëÿ âñåõ
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ðàññìîòðåííûõ çàäà÷ óñòàíîâëåíû óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ñ ïî-

ìîùüþ àáñòðàêòíûõ ðåçóëüòàòîâ ïðåäûäóùåãî ïàðàãðàôà.

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

z(x, 0) = z0(x), x ∈ Ω, (0.0.4)

z(x, t) = ∆z(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ], (0.0.5)

äëÿ ìîäèôèöèðîâàííîãî óðàâíåíèÿ Äçåêöåðà, âîçíèêàþùåãî â òåîðèè ôèëü-

òðàöèè [4],

(λ−∆)zt(x, t) = 4z(x, t)− β∆2z(x, t)+

+

T∫
0

∫
Ω

k(x, y, t, s)z(y, s)dydµ(s), (x, t) ∈ Ω× [0, T ], (0.0.6)

ãäå îãðàíè÷åííàÿ îáëàñòü Ω ⊂ Rd èìååò ãëàäêóþ ãðàíèöó, λ ∈ R, β ∈ R+.

Îáîçíà÷èì

H2
0(Ω) = {u ∈ H2(Ω) : u(x) = 0, x ∈ ∂Ω},

H4
∂(Ω) = {u ∈ H4(Ω) : u(x) = ∆u(x) = 0, x ∈ ∂Ω}.

[K(t, s)u](·) =

∫
Ω

k(·, y, t, s)u(y)dy,

λm, m ∈ N, � ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Ëàïëàñà, îïðåäåëåííîãî íà

H2
0(Ω) è äåéñòâóþùåãî â L2(Ω), çàíóìåðîâàííûå ïî íåâîçðàñòàíèþ ñ ó÷åòîì

èõ êðàòíîñòè, {ϕm : m ∈ N} � îðòîíîðìèðîâàííàÿ ñèñòåìà ñîîòâåòñòâóþùèõ

ñîáñòâåííûõ ôóíêöèé ýòîãî îïåðàòîðà.

Îáîçíà÷èì

F̃ (T ) = V T
0 (µ)

(
sup
λ6=λm

√
1 + λ2

m

|λ− λm|
max

{
1, sup

λ 6=λm

√
1 + λ2

m

|λ− λm|

}
×

×max

{
1, exp

(
T sup
λm 6=λ

λm − βλ2
m

λ− λm

)}
×

×
(

max
t,s∈[0,T ]

s‖k(·, ·, t, s)‖L2(Ω×Ω) + max
t,s∈[0,T ]

s‖kt(·, ·, t, s)‖L2(Ω×Ω)

)
+
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+

√
1 + λ2

|λ− βλ2|

(
max
t,s∈[0,T ]

‖k(·, ·, t, s)‖L2(Ω×Ω) + max
t,s∈[0,T ]

‖kt(·, ·, t, s)‖L2(Ω×Ω)

))
.

Òåîðåìà 0.0.6. Ïóñòü β > 0, λ − βλ2 6= 0, z0 ∈ H4
∂(Ω), 〈z0, ϕm〉 = 0 ïðè

m ∈ N, äëÿ êîòîðûõ λm = λ, k(x, y, t, s) ∈ C([0, T ] × [0, T ];L2(Ω × Ω)),

kt(x, y, t, s) ∈ C([0, T ] × [0, T ];L2(Ω × Ω)), k(x, y, 0, s) ≡ 0, µ : [0, T ] → R �

ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè, âûïîëíÿåòñÿ óñëîâèå F̃ (T ) < 1. Òîãäà ñó-

ùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C1([0, T ];H2
0(Ω))∩C([0, T ];H4

∂(Ω)) çà-

äà÷è (0.0.4)�(0.0.6).

Äëÿ òàêîãî æå óðàâíåíèÿ ñ áîëåå ïðîñòûì èíòåãðàëüíûì îïåðàòîðîì

(λ−∆)zt(x, t) = 4z(x, t)−β∆2z(x, t)+

T∫
0

k(t, s)z(x, s)dµ(s), (x, t) ∈ Ω×[0, T ],

(0.0.7)

â òîé æå îáëàñòè Ω ⊂ Rn ðàññìîòðèì êðàåâûå óñëîâèÿ (0.0.5) è íà÷àëüíîå

óñëîâèå

(λ−∆)(z(x, 0)− z0(x)) = 0, x ∈ Ω. (0.0.8)

Ðàññìàòðèâàåìàÿ çàäà÷à (0.0.5), (0.0.7), (0.0.8) ïðåäñòàâëÿåò ñîáîé ÷àñòíûé

ñëó÷àé îáîáùåííîé çàäà÷è Øîóîëòåðà�Ñèäîðîâà.

Òåîðåìà 0.0.7. Ïóñòü β > 0, λ − βλ2 6= 0, z0 ∈ H4
∂(Ω), k ∈ C([0, T ] ×

[0, T ];R), kt ∈ C([0, T ] × [0, T ];R), µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åí-

íîé âàðèàöèè, F̃ (T ) < 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈
C1([0, T ];H2

0(Ω)) ∩ C([0, T ];H4
∂(Ω)) çàäà÷è (0.0.5), (0.0.7), (0.0.8).

Çäåñü

F̃ (T ) = V T
0 (µ)

(
sup
λ6=λm

√
1 + λ2

m

|λ− λm|
max

{
1, sup

λ 6=λm

√
1 + λ2

m

|λ− λm|

}
×

×max

{
1, exp

(
T sup
λm 6=λ

λm − βλ2
m

λ− λm

)}(
max
t,s∈[0,T ]

s|k(t, s)|+ max
t,s∈[0,T ]

s|kt(t, s)|
)

+
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+

√
1 + λ2

|λ− βλ2|

(
max
t,s∈[0,T ]

|k(t, s)|+ max
t,s∈[0,T ]

|kt(t, s)|
))

.

Â òðåòüåì ïàðàãðàôå ïðîäåìîíñòðèðîâàíû íåêîòîðûå âîçìîæíûå óëó÷-

øåíèÿ îáùèõ ðåçóëüòàòîâ â ÷àñòíûõ ñëó÷àÿõ.

×åòâåðòûé ïàðàãðàô ïîñâÿùåí àëãåáðî-èíòåãðî-äèôôåðåíöèàëüíîé ñè-

ñòåìå óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè è óñëîâèÿì ðàçðåøèìîñòè äàííîé

ñèñòåìû ñ ïðèìåíåíèåì àáñòðàêòíûõ ðåçóëüòàòîâ âòîðîé ãëàâû.

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

z1(x, 0) = z10(x), x ∈ Ω, (0.0.9)

zi(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ], i = 1, 2, 3. (0.0.10)

äëÿ ìîäåëüíîé èíòåãðî-äèôôåðåíöèàëüíîé ñèñòåìû óðàâíåíèé

z1t(x, t) = 4z1(x, t) +
3∑
i=1

T∫
0

k1i(t, s)zi(x, s)dµ(s), (x, t) ∈ Ω× [0, T ],

z3t(x, t) = 4z2(x, t) +
3∑
i=1

T∫
0

k2i(t, s)zi(x, s)dµ(s), (x, t) ∈ Ω× [0, T ],

0 = 4z3(x, t) +
3∑
i=1

T∫
0

k3i(t, s)zi(x, s)dµ(s), (x, t) ∈ Ω× [0, T ].

(0.0.11)

Çäåñü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, çàäàíû ôóíê-

öèè z10 : Ω→ R, kji : [0, T ]× [0, T ]→ R, i, j = 1, 2, 3.

Òåîðåìà 0.0.8. Ïóñòü z10 ∈ H2
0(Ω), µ : [0, T ]→ R � ôóíêöèÿ îãðàíè÷åííîé

âàðèàöèè, kij ∈ C2,0(R+ × R+;L2(Ω)), i, j = 1, 2, 3,

V T
0 (µ) max

{
2∑

n=0

Kn,1(T ) +
1

|λ1|

2∑
n=0

Kn(T ),
1

|λ1|2
2∑

n=0

Kn(T )

}
< 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå z1, z2, z3 ∈ C1(R+;L2(Ω)) çàäà÷è

(0.0.9)�(0.0.11).

Àíàëîãè÷íûì îáðàçîì ïîëó÷åí ðåçóëüòàò î ðàçðåøèìîñòè çàäà÷è (0.0.10),

(0.0.11) ñ íà÷àëüíûìè óñëîâèÿìè Êîøè

zi(x, 0) = zi0(x), x ∈ Ω, i = 1, 2, 3. (0.0.12)
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Òåîðåìà 0.0.9. Ïóñòü zi0 ∈ H2
0(Ω), i = 1, 2, 3, µ : [0, T ] → R � ôóíêöèÿ

îãðàíè÷åííîé âàðèàöèè, kij ∈ C2,0([0, T ] × [0, T ];R), i, j = 1, 2, 3, k(0, s) ≡ 0,

∂k
∂t (0, s) ≡ 0 äëÿ s ∈ [0, T ],

V T
0 (µ) max

{
2∑

n=0

Kn,1(T ) +
1

|λ1|

2∑
n=0

Kn(T ),
1

|λ1|2
2∑

n=0

Kn(T )

}
< 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå z1, z2, z3 ∈ C1([0, T ];L2(Ω)) çàäà÷è

(0.0.10)�(0.0.12).

Â ïÿòîì ïàðàãðàôå àáñòðàêòíûå ðåçóëüòàòû ïðèìåíåíû ê âûðîæäåí-

íîé ñèñòåìå èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ôóíêöèé îäíîé ïåðåìåí-

íîé.

Òðåòüÿ ãëàâà ïîñâÿùåíà âûðîæäåííûì ýâîëþöèîííûì óðàâíåíèÿì ñ

ïàìÿòüþ. Ðàññìîòðèì çàäà÷ó ñ çàäàííîé èñòîðèåé äëÿ âûðîæäåííîãî ëèíåé-

íîãî ýâîëþöèîííîãî óðàâíåíèÿ ñ ïàìÿòüþ

u(t) = u−(t), t ≤ 0, (0.0.13)

d

dt
Lu(t) = Mu(t) +

t∫
−∞

K(s)u(t− s)ds+ f(t), t ∈ [0, T ), (0.0.14)

ñ ëèíåéíûìè îïåðàòîðàìè L, M , K(s), s ≥ 0, äåéñòâóþùèìè èç áàíàõîâà

ïðîñòðàíñòâà U â áàíàõîâî ïðîñòðàíñòâî V. Ïðåäïîëàãàåòñÿ, ÷òî kerL 6= {0}
è âûïîëíÿåòñÿ óñëîâèå ñèëüíîé (L, p)-ðàäèàëüíîñòè îïåðàòîðà M . Ê òàêèì

çàäà÷àì ìîãóò áûòü ðåäóöèðîâàíû íà÷àëüíî-êðàåâûå çàäà÷è äëÿ èíòåãðî-

äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, îïèñûâàþùèõ äèíà-

ìèêó ïðîöåññîâ ñ ýôôåêòàìè ïàìÿòè, íàïðèìåð, òåðìîìåõàíè÷åñêîå ïîâåäå-

íèå ïîëèìåðîâ [46], âÿçêîóïðóãèõ æèäêîñòåé [15], è äðóãèõ ïðîöåññîâ [43,44].

Â ïåðâîì ïàðàãðàôå èññëåäóåòñÿ çàäà÷à ñ çàäàííîé èñòîðèåé äëÿ íåâû-

ðîæäåííîãî óðàâíåíèÿ ñ ïàìÿòüþ.

Ïóñòü U � áàíàõîâî ïðîñòðàíñòâî, çàäàí îïåðàòîð A : DA → U, ãäå

DA ⊂ U. Ðàññìîòðèì çàäà÷ó

u(t) = u−(t), t ∈ R−, (0.0.15)
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d

dt
u(t) = Au(t) +

t∫
−∞

K(t− s)u(s)ds+ f(t), t ∈ [0, T ), (0.0.16)

ñ çàäàííûìè ôóíêöèÿìè u− ∈ C(R−;U) ∩ R(R−;U), K : R+ → L(U), f :

[0, T )→ U, T ∈ (0,+∞]. Îáîçíà÷èì

v(t, s) =

s∫
0

u(t− τ)dτ =

t∫
t−s

u(τ)dτ.

Ñâåäåì èñõîäíóþ çàäà÷ó ê çàäà÷å Êîøè äëÿ ñòàöèîíàðíîãî íåîäíîðîäíîãî

óðàâíåíèÿ

w′(t) = Bw(t) + g(t)

â ïðîñòðàíñòâå W = U× C0(R+;U). Çäåñü

w =

(
u

v

)
, g =

(
f

0

)
, B =

(
A A1

J A2

)
, (0.0.17)

ïðè ýòîì A1 : C0(R+;U)→ U, A2 : C0(R+;U)→ C0(R+;U), J : U→ C0(R+;U)

äåéñòâóþò ïî ïðàâèëàì

A1z = −
+∞∫
0

K′(s)z(s)ds, (A2z)(s) = −z′(s), (Jz)(s) ≡ z, s ≥ 0.

Ëåììà 0.0.1. J ∈ L(U;C0(R+;U)), ‖J‖L(U;C0(R+;U)) = 1.

Ëåììà 0.0.2. Ïóñòü K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)). Òîãäà A1 ∈
L(C0(R+;U);U).

Ëåììà 0.0.3. Îïåðàòîð A2 ∈ Cl(C0(R+;U)) ñ îáëàñòüþ îïðåäåëåíèÿ DA2
=

C1
0(R+;U) ïîðîæäàåò ñæèìàþùóþ (C0)-íåïðåðûâíóþ ïîëóãðóïïó îïåðàòî-

ðîâ.

Òåîðåìà 0.0.10. Ïóñòü îïåðàòîð A ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëó-

ãðóïïó îïåðàòîðîâ â U, K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)). Òîãäà îïðåäå-

ëåííûé â (0.0.17) îïåðàòîð B ñ îáëàñòüþ îïðåäåëåíèÿ DB = DA×C1
0(R+;U)

ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëóãðóïïó îïåðàòîðîâ â U× C0(R+;U).
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Òåîðåìà 0.0.11. Ïóñòü îïåðàòîð A ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëó-

ãðóïïó îïåðàòîðîâ â U, u− ∈ C0(R−;U)∩R(R−;U), K ∈ C(R+;L(U)), K,K′ ∈
R(R+;L(U)), è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé:

(i) f ∈ C1([0, T );U);

(ii) f ∈ C([0, T );DA).

Òîãäà çàäà÷à (0.0.15), (0.0.16) èìååò åäèíñòâåííîå ðåøåíèå

u ∈ C1([0, T );U) ∩ C([0, T );DA) ∩ C((−∞, T );U).

Òåîðåìà 0.0.12. Ïóñòü îïåðàòîð A ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëó-

ãðóïïó îïåðàòîðîâ â ïðîñòðàíñòâå U, u− ∈ C1
0(R−;U) ∩R(R−;U), âûïîëíÿ-

þòñÿ óñëîâèÿ K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)),
+∞∫
0

AK(s)u−(−s)ds <

∞, âûïîëíÿåòñÿ îäío èç óñëîâèé:

(i) f ∈ C2([0, T );U), f(0) ∈ DA;

(ii) f ∈ C1([0, T );DA);

(iii) f ∈ C([0, T );DA2) ∩ C([0, T );DA) ∩ C1([0, T );U).

Òîãäà çàäà÷à (0.0.15), (0.0.16) èìååò åäèíñòâåííîå ðåøåíèå íà [0, T ), ïðè

ýòîì îíî ëåæèò â C2([0, T );U) ∩ C([0, T );DA) ∩ C((−∞, T );U).

Âî âòîðîì ïàðàãðàôå äàííîé ãëàâû ïîëó÷åíû óñëîâèÿ îäíîçíà÷íîé ðàç-

ðåøèìîñòè çàäà÷è (0.0.13), (0.0.14) ïðè íåêîòîðîì îãðàíè÷åíèè íà îáðàçû

imK(s) èëè ïðè óñëîâèè kerP ⊂ kerK(s) äëÿ s ≥ 0, ãäå P � åäèíèöà ðàçðå-

øàþùåé ïîëóãðóïïû óðàâíåíèÿ d
dtLu(t) = Mu(t).

Òåîðåìà 0.0.13. Ïóñòü p ∈ N0, îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, ôóíê-

öèÿ Pu− ∈ C0(R−;U) ∩ R(R−;U), (I − P )u− ∈ C(R−;U) îãðàíè÷åíà, K ∈
C(R+;L(U;V)), K,K′ ∈ R(R+;L(U;V)), imK(s) ⊂ V1 ïðè s ≥ 0, (I −Q)f ∈
Cp([0, T );V),

(I − P )u−(0) = −
p∑

k=0

HkM−1
0 ((I −Q)f)(k)(0)
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è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé:

(i) Qf ∈ C1([0, T );V);K ∈ C1(R+;L(U;V));

(ii) L−1
1 Qf ∈C([0, T );DM), L−1

1 K∈C(R+;L(U;DM))∩R(R+;L(U;DM)).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (0.0.13), (0.0.14) íà ïðîìå-

æóòêå [0, T ).

Âî âòîðîì ñëó÷àå, êîãäà U0 ⊂ kerK(s), ðàññìîòðåíà íå òîëüêî çàäà-

÷à ñ çàäàííîé èñòîðèåé, íî è çàäà÷à ñ óñëîâèåì òèïà îáîáùåííîãî óñëîâèÿ

Øîóîëòåðà�Ñèäîðîâà [21,48]

P (u(t)− u−(t)) = 0, t ≤ 0. (0.0.18)

Òåîðåìà 0.0.14. Ïóñòü îïåðàòîð M ñèëüíî (L, 0)-ðàäèàëåí, (I − P )u− ∈
C(R−;U), Pu− ∈ C0(R−;U) ∩ R(R−;U), K ∈ C(R+;L(U;V)), U0 ⊂ kerK(s),

s ≥ 0, K,K′ ∈ R(R+;L(U;V)), (I −Q)f ∈ C([0, T );V),

(I − P )u−(0) = −
0∫

−∞

M−1
0 (I −Q)K(−s)Pu−(s)ds−M−1

0 (I −Q)f(0)

è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé

(i) Qf ∈ C1([0, T );V);

(ii) L−1
1 Qf ∈ C([0, T );DM).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (0.0.13), (0.0.14) íà ïðîìå-

æóòêå [0, T ).

Òåîðåìà 0.0.15. Ïóñòü îïåðàòîð M ñèëüíî (L, 0)-ðàäèàëåí, ôóíêöèÿ u− ∈
C0(R−;U1) ∩ R(R−;U1), K ∈ C(R+;L(U;V)), K,K′ ∈ R(R+;L(U;V)), U0 ⊂
kerK(s), s ≥ 0, (I −Q)f ∈ C([0, T );V) è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé

(i) Qf ∈ C1([0, T );V);

(ii) L−1
1 Qf ∈ C([0, T );DM).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (0.0.14), (0.0.18) íà ïðîìå-

æóòêå [0, T ).



21

Òåîðåìà 0.0.16. Ïóñòü îïåðàòîð M ñèëüíî (L, 1)-ðàäèàëåí, ôóíêöèÿ u− ∈
C0(R−;U1) ∩ R(R−;U1), K ∈ C1(R+;L(U;V)), K,K′ ∈ R(R+;L(U;V)), U0 ⊂
kerK(s), s ≥ 0, (I−Q)f ∈ C1([0, T );V) è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé

(i) Qf ∈ C1([0, T );V);

(ii) L−1
1 Qf ∈ C([0, T );DM).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (0.0.14), (0.0.18) íà ïðîìå-

æóòêå [0, T ).

Â òðåòüåì ïàðàãðàôå òà æå çàäà÷à ðàññìîòðåíà ïðè áîëåå ñèëüíîì óñëî-

âèè (L, p)-îãðàíè÷åííîñòè îïåðàòîðà M , ïîëó÷åíû óñëîâèÿ åå îäíîçíà÷íîé

ðàçðåøèìîñòè.

Ëåììà 0.0.4. Ïóñòü A ∈ L(U), K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)), n ∈
N. Òîãäà äëÿ îïðåäåëåííîãî â (0.0.17) îïåðàòîðà B èìååò ìåñòî ðàâåíñòâî

DBn = U×DAn2 .

Òåîðåìà 0.0.17. Ïóñòü A ∈ L(U), K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)),

n ∈ N, u− ∈ Cn−1
0 (R−;U) ∩ R(R−;U), f ∈ Cn−1([0, T );U). Òîãäà ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå çàäà÷è (0.0.15), (0.0.16) íà ïðîìåæóòêå [0, T ), ïðè

ýòîì îíî ïðèíàäëåæèò êëàññó Cn([0, T );U)∩C([0, T );DA)∩C((−∞, T );U).

Òåîðåìà 0.0.18. Ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí, u− ∈ C(R−;U) îãðà-

íè÷åííàÿ ôóíêöèÿ, Pu− ∈ C0(R−;U1)∩R(R−;U), K ∈ C(R+;L(U;V)), K,K′ ∈
R(R+;L(U;V)), imK(s) ⊂ V1 ïðè s ≥ 0, f ∈ C([0, T );V), HkM−1

0 (I −Q)f ∈
Ck([0, T );U), k = 0, 1, . . . , p,

(I − P )u−(0) = −
p∑

k=0

dk

dtk
HkM−1

0 (I −Q)f(t)

∣∣∣∣
t=0

.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (0.0.13), (0.0.14) íà ïðîìå-

æóòêå [0, T ).
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Òåîðåìà 0.0.19. Ïóñòü p ∈ N0, îïåðàòîðM (L, p)-îãðàíè÷åí, u− ∈ C(R−;U),

Pu− ∈ C0(R−;U) ∩ R(R−;U), K ∈ C(R+;L(U;V)) ∩ R(R+;L(U;V)), QK′ ∈
R(R+;L(U;V)), U0 ⊂ kerK(s) ïðè s ≥ 0, HkM−1

0 (I − Q)K ∈ Ck(R+;L(U)),

HkM−1
0 (I−Q)K(l)(0) = 0, l = 0, 1, . . . , k−1, HkM−1

0 (I−Q)K(n) ∈ R(R+;L(U)),

n = 0, 1, . . . , k, k = 0, 1, . . . , p, f ∈ C([0, T );V), HkM−1
0 (I−Q)f ∈ Ck([0, T );U),

k = 0, 1, . . . , p,

(I − P )u−(0) = −
p∑

k=0

0∫
−∞

(HkM−1
0 (I −Q)K)(k)(−s)Pu−(s)ds−

−
p∑

k=0

dk

dtk
HkM−1

0 (I −Q)f

∣∣∣∣
t=0

.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (0.0.13), (0.0.14) íà ïðîìå-

æóòêå [0, T ).

Pu(t) = u−(t), t ∈ R−. (0.0.19)

Òåîðåìà 0.0.20. Ïóñòü p ∈ N0, îïåðàòîðM (L, p)-îãðàíè÷åí, u− ∈ C(R−;U),

Pu− ∈ Cp−2
0 (R−;U)∩R(R−;U), K ∈ C(R+;L(U;V))∩R(R+;L(U;V)), QK′ ∈

R(R+;L(U;V)), U0 ⊂ kerK(s), s ≥ 0, HkM−1
0 (I − Q)K ∈ Ck(R+;L(U)),

HkM−1
0 (I − Q)K(n) ∈ R(R+;L(U)), n = 0, 1, . . . , k, k = 0, 1, . . . , p, Qf ∈

Cp−2([0, T );V), HkM−1
0 (I − Q)f ∈ Ck([0, T );U), k = 0, 1, . . . , p. Òîãäà ñó-

ùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (0.0.14), (0.0.19) íà ïðîìåæóòêå

[0, T ).

Â ÷åòâåðòîì ïàðàãðàôå àáñòðàêòíûå ðåçóëüòàòû ïðèìåíåíû ê ñèñòåìå

ãðàâèòàöèîííî-ãèðîñêîïè÷åñêèõ âîëí

â ïðèáëèæåíèè Áóññèíåñêà

Ðàññìîòðèì íà÷àëüíî êðàåâóþ çàäà÷ó

vn(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ), (0.0.20)
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v(x, 0) = v0(x), x ∈ Ω, (0.0.21)

äëÿ ñèñòåìû óðàâíåíèé

vt(x, t) = [v(x, t), ω]−r(x, t)+N 2

t∫
0

v3(x, s)e3ds, (x, t) ∈ Ω× [0, T ), (0.0.22)

∇ · v(x, t) = 0, (x, t) ∈ Ω× [0, T ), (0.0.23)

îïèñûâàþùåé â ïðèáëèæåíèè Áóññèíåñêà ìàëûå êîëåáàíèÿ ðàâíîìåðíî âðà-

ùàþùåéñÿ îòíîñèòåëüíî âåðòèêàëüíîé îñè Ox3 â ïîëå ñèëû òÿæåñòè èäå-

àëüíîé íåñæèìàåìîé æèäêîñòè. Çäåñü Ω ⊂ R3 � îãðàíè÷åííàÿ îáëàñòü ñ

ãðàíèöåé ∂Ω êëàññà C∞, âåêòîð v = (v1, v2, v3) � ñêîðîñòü ÷àñòèö æèäêîñòè,

r � ãðàäèåíò äèíàìè÷åñêîãî äàâëåíèÿ P , ò. å. r = (r1, r2.r3) = (Px1, Px2, Px3),

e3 = (0, 0, 1), ω � óäâîåííàÿ óãëîâàÿ ñêîðîñòü, [·, ω] � âåêòîðíîå ïðîèçâåäåíèå

íà âåêòîð ω = ωe3 = (0, 0, ω) ∈ R3, v3e3 = (0, 0, v3), n = (n1, n2, n3) � âåêòîð

âíåøíåé íîðìàëè ê ãðàíèöå îáëàñòè ∂Ω, 〈·, ·〉R3 � ñêàëÿðíîå ïðîèçâåäåíèå

â R3, vn = 〈v, n〉R3, N 2 � ÷àñòîòà Âÿéñåëÿ � Áðåíòà, ∇ · v � äèâåðãåíöèÿ

âåêòîð-ôóíêöèè v. Íåèçâåñòíûìè ÿâëÿþòñÿ âåêòîð-ôóíêöèè v è r. Çàìåíèì

óðàâíåíèå íåñæèìàåìîñòè (0.0.23) è ãðàíè÷íîå óñëîâèå (0.0.20) íà óðàâíåíèå

Πv(·, t) = 0, t ∈ [0, T ). (0.0.24)

Òåîðåìà 0.0.21. Ïóñòü v0 ∈ Hσ, T > 0 êîíå÷íî. Òîãäà ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå çàäà÷è (0.0.21), (0.0.22), (0.0.24).

Â ïÿòîì è øåñòîì ïàðàãðàôàõ àáñòðàêòíûå ðåçóëüòàòû ïðåìåíåíû ê

èíòåãðî-äèôôåðåíöèàëüíîé ñèñòåìå óðàâíåíèé Îñêîëêîâà è ëèíåàðèçîâàí-

íîé ñèñòåìå óðàâíåíèé äâèæåíèÿ æèäêîñòåé Êåëüâèíà�Ôîéãòà âûñîêîãî ïî-

ðÿäêà ñîîòâåòñòâåííî.

Ðàññìîòðèì çàäà÷ó

v(x, t) = v−(x, t), (x, t) ∈ Ω× R−, (0.0.25)
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v(x, t) = 0, (x, t) ∈ ∂Ω× R+, (0.0.26)

äëÿ èíòåãðî-äèôôåðåíöèàëüíîé ñèñòåìû óðàâíåíèé, ìîäåëèðóþùåé äèíàìè-

êó æèäêîñòè Êåëüâèíà�Ôîéãòà íóëåâîãî ïîðÿäêà (ñì. [15], ñèñòåìà (0.30)),

ëèíåàðèçîâàííîé â îêðåñòíîñòè ñòàöèîíàðíîãî ðåøåíèÿ ṽ = (ṽ1, ṽ2, . . . , ṽd),

(1− χ∆)vt(x, t) = ν∆v(x, t)− (ṽ · ∇)v(x, t)− (v · ∇)ṽ(x, t)− r(x, t)+

+

t∫
−∞

K(t− s)∆v(x, s)ds, (x, t) ∈ Ω× R+, (0.0.27)

∇ · v = 0, (x, t) ∈ Ω× R+. (0.0.28)

Çäåñü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, χ, ν ∈ R, ïîìè-
ìî ṽ çàäàíà ôóíêöèÿ K : R+ → R. Èñêîìûìè ÿâëÿþòñÿ âåêòîð-ôóíêöèè ñêî-
ðîñòè v = (v1, v2, . . . , vd) æèäêîñòè è ãðàäèåíòà äàâëåíèÿ r = (r1, r2, . . . , rd).

Óðàâíåíèå íåñæèìàåìîñòè (0.0.28) çàìåíèì áîëåå îáùèì óðàâíåíèåì

Πv(·, t) = 0, t ∈ R+. (0.0.29)

Òåîðåìà 0.0.22. Ïóñòü χ 6= 0, χ−1 /∈ σ(A), v− ∈ C0(R−;H2
σ) ∩ R(R−;H2

σ),

K ∈ C(R+;R), K,K ′ ∈ R(R+;R). Òîãäà çàäà÷à (0.0.25)�(0.0.27), (0.0.29) èìå-

åò åäèíñòâåííîå ðåøåíèå v ∈ C1(R+;H2
σ) ∩ C(R;H2

σ), r ∈ C(R+;Hπ).

Òåïåðü ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

y(x, t) = y−(x, t), z(x, t) = z−(x, t), (x, t) ∈ Ω× R−, (0.0.30)

y(x, t) = 0, z(x, t) = 0, (x, t) ∈ ∂Ω× R+, (0.0.31)

äëÿ ëèíåàðèçîâàííîé ñèñòåìû óðàâíåíèé äâèæåíèÿ æèäêîñòåé Êåëüâèíà�

Ôîéãòà ïîðÿäêà 2, 3, . . . (ñèñòåìà (0.55) â [15])

(1− χ∆)yt(x, t) = ν∆y(x, t)− (ỹ · ∇)y(x, t)− (y · ∇)ỹ(x, t)+

+∆z(x, t)− r(x, t) + g(x, t), (x, t) ∈ Ω× R+, (0.0.32)



25

zt(x, t) = αy(x, t) +βz(x, t) +

t∫
−∞

K(t− s)z(x, s)ds, (x, t) ∈ Ω×R+, (0.0.33)

∇ · y = 0, ∇ · z = 0, (x, t) ∈ Ω× R+. (0.0.34)

Çäåñü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, ïîñòîÿííûå

χ, ν, α, β ∈ R, çàäàíû ôóíêöèè y−, z−, ỹ, K. Ôóíêöèÿ ỹ = (ỹ1, ỹ2, . . . , ỹd)

ñîîòâåòñòâóåò ñòàöèîíàðíîìó ðåøåíèþ ñèñòåìû, ïàðàìåòð χ õàðàêòåðèçóåò

óïðóãèå ñâîéñòâà æèäêîñòè, ν � åå âÿçêèå ñâîéñòâà. Âåêòîð-ôóíêöèè y =

(y1, y2, . . . , yd) (âåêòîð ñêîðîñòè æèäêîñòè), z = (z1, z2, . . . , zd) (ñâåðòêà ïî

âðåìåíí�îé ïåðåìåííîé ñêîðîñòè è íåêîòîðîé âåñîâîé ôóíêöèè), à òàêæå r =

(r1, r2, . . . , rd) (ãðàäèåíò äàâëåíèÿ) íåèçâåñòíû.

Ïîëîæèì

U = H2
σ ×Hπ ×H2

σ, V = L2 ×H2
σ = Hσ ×Hπ ×H2

σ. (0.0.35)

L =


I − χA 0 0

−χΠ∆ 0 0

0 0 I

, M =


ΣD 0 A

ΠD −I Π∆

αI 0 βI

, K(s) =


0 0 0

0 0 0

0 0 K(s)


(0.0.36)

è ëåæàò â L(U;V).

Òåîðåìà 0.0.23. Ïóñòü ïpîñòpàíñòâà U è V îïpåäåëåíû â (0.0.35), à îïå-

pàòîpû L è M çàäàíû ôîðìóëàìè (0.0.36), ν, χ 6= 0, χ−1 6∈ σ(A). Òîãäà

îïåðàòîð M (L, 0)-îãðàíè÷åí, ïðè ýòîì

P =


I 0 0

χΠ∆(I − χA)−1ΣD + ΠD 0 Π∆(I − χA)−1

0 0 I

 .

Òåîðåìà 0.0.24. Ïóñòü ν, χ 6= 0, χ−1 /∈ σ(A), y−, z− ∈ C0(R−;H2
σ)∩R(R−;H2

σ),

K ∈ C(R+;R), K,K ′ ∈ R(R+;R), g ∈ C(R+;R). Òîãäà ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå y, z ∈ C1(R+;H2
σ)∩C(R;H2

σ), r ∈ C(R+;Hπ) çàäà÷è (0.0.30)�

(0.0.34).
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Ñåäüìîé ïàðàãðàô ïîñâÿùåí àëãåáðî-äèôôåðåíöèàëüíîé ñèñòåìå óðàâ-

íåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè è óñëîâèÿì ðàçðåøèìîñòè äàííîé ñèñòåìû

ñ ïðèìåíåíèåì àáñòðàêòíûõ ðåçóëüòàòîâ òðåòüåé ãëàâû.

Ðàññìîòðèì çàäà÷ó

zi(x, t) = zi−(x, t), (x, t) ∈ Ω× R−, i = 1, 2, 3, (0.0.37)

(1− θ)zi(x, t) + θ
∂zi
∂n

(x, t) = 0, (x, t) ∈ ∂Ω× R+, i = 1, 2, 3. (0.0.38)

äëÿ èíòåãðî-äèôôåðåíöèàëüíîé ñèñòåìû óðàâíåíèé

z1t(x, t) = 4z1(x, t) +
3∑
i=1

t∫
−∞

k1i(t− s)zi(x, s)ds, (x, t) ∈ Ω× R+,

z3t(x, t) = 4z2(x, t) +
3∑
i=1

t∫
−∞

k2i(t− s)zi(x, s)ds, (x, t) ∈ Ω× R+,

0 = 4z3(x, t) +
3∑
i=1

t∫
−∞

k3i(t− s)zi(x, s)ds, (x, t) ∈ Ω× R+.

(0.0.39)

Çäåñü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, θ ∈ R, çàäàíû
ôóíêöèè zi− : R− → R, kji : R+ → R, i, j = 1, 2, 3.

Òåîðåìà 0.0.25. Ïóñòü ôóíêöèÿ z1− ∈ C0(R−;L2(Ω))∩R(R−;L2(Ω)), ôóíê-

öèè z2−, z3− ∈ C(R−;L2(Ω)) îãðàíè÷åíû, z2−(·, 0) ≡ z3−(·, 0) ≡ 0, k2i ≡ k3i ≡
0, k1i ∈ C1(R+;R), k1i, k

′
1i ∈ R(R+;R), i = 1, 2, 3. Òîãäà çàäà÷à (0.0.37)�

(0.0.39) èìååò åäèíñòâåííîå ðåøåíèå

z1, z3 ∈ C1(R+;L2(Ω)) ∩ C(R+;H2
θ (Ω)) ∩ C(R;L2(Ω)),

z2 ∈ C(R+;H2
θ (Ω)) ∩ C(R;L2(Ω)).

Â ñëó÷àå îáîáùåííîé çàäà÷è Øîóîëòåðà�Ñèäîðîâà

z1(x, t) = z1−(x, t), (x, t) ∈ Ω× R−, (0.0.40)

èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 0.0.26. Ïóñòü z1− ∈ C0(R−;L2(Ω)) ∩ R(R−;L2(Ω)), kj2 ≡ kj3 ≡ 0,

kj1 ∈ C1(R+;R), kj1, k
′
j1 ∈ R(R+;R), j = 1, 2, 3. Òîãäà çàäà÷à (0.0.38)�(0.0.40)

èìååò åäèíñòâåííîå ðåøåíèå

z1 ∈ C1(R+;L2(Ω)) ∩ C(R+;H2
θ (Ω)) ∩ C(R;L2(Ω)),

z2 ∈ C(R+;H2
θ (Ω)), z3 ∈ C1(R+;L2(Ω)) ∩ C(R+;H2

θ (Ω)).
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1. Âûðîæäåííûå ëèíåéíûå äèôôåðåíöèàëüíûå

óðàâíåíèÿ â áàíàõîâûõ ïðîñòðàíñòâàõ

1.1. Îòíîñèòåëüíûå ðåçîëüâåíòû

Ïóñòü U, V � áàíàõîâû ïðîñòðàíñòâà. ×åðåç L(U;V) îáîçíà÷èì áàíà-

õîâî ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ îïåðàòîðîâ, äåéñòâóþùèõ èç U â

V, Cl(U;V) � ìíîæåñòâî ëèíåéíûõ çàìêíóòûõ ïëîòíî îïðåäåëåííûõ â ïðî-

ñòðàíñòâå U îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâî V. Ââåäåì òàêæå îáî-

çíà÷åíèÿ L(U;U) ≡ L(U), Cl(U;U) ≡ Cl(U).

Ïóñòü L ∈ L(U;V), M ∈ Cl(U;V). Ìíîæåñòâà ρL(M) = {µ ∈ C :

(µL−M)−1 ∈ L(V;U)} è σL(M) = C\ρL(M) áóäåì íàçûâàòü ñîîòâåòñòâåííî

L-ðåçîëüâåíòíûì ìíîæåñòâîì è L-ñïåêòðîì îïåðàòîðà M .

Î÷åâèäíî, ÷òî åñëè kerL ∩ kerM 6= {0}, òî ρL(M) = ∅.
Â äàëüíåéøèõ ðàññìîòðåíèÿõ íàì ïîíàäîáÿòñÿ òîæäåñòâà, ñïðàâåäëè-

âûå ïðè ëþáûõ µ, λ ∈ ρL(M):

(µL−M)−1(λL−M) = I + (λ− µ)(µL−M)−1L,

(λL−M)(µL−M)−1 = I + (λ− µ)L(µL−M)−1,

(µ− λ)(µL−M)−1L(λL−M)−1 = (λL−M)−1 − (µL−M)−1.

Îòìåòèì, ÷òî â ëåâîé ÷àñòè ïåðâîãî èç ýòèõ òîæäåñòâ îïåðàòîð íåïðåðûâåí,

ïîñêîëüêó íà DM ñîâïàäàåò ñ íåïðåðûâíûì îïåðàòîðîì â ïðàâîé ÷àñòè ýòîãî

òîæäåñòâà. Èç ýòèõ òîæäåñòâ âûòåêàåò, ÷òî ïðàâûå è ëåâûå L-ðåçîëüâåíòû

êîììóòèðóþò, è ñëåäóþò ëåììà 1.1.1. è òåîðåìà 1.1.1.

Ëåììà 1.1.1. Ïóñòü L ∈ L(U;V), M ∈ Cl(U;V). Òîãäà L-ðåçîëüâåíòíîå

ìíîæåñòâî îïåðàòîðàM ρL(M) îòêðûòî, à L-ñïåêòð îïåðàòîðàM σL(M)

çàìêíóò.

Îïåðàòîð-ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî (µL −M)−1, RL
µ(M) = (µL −

M)−1L, LLµ(M) = L(µL −M)−1 ñ îáëàñòüþ îïðåäåëåíèÿ ρL(M) áóäåì íàçû-
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âàòü ñîîòâåòñòâåííî L-ðåçîëüâåíòîé, ïðàâîé è ëåâîé L-ðåçîëüâåíòàìè îïåðà-

òîðà M .

Òåîðåìà 1.1.1. Ïóñòü L ∈ L(U;V), M ∈ Cl(U;V). Òîãäà L-ðåçîëüâåíòà,

ïðàâàÿ è ëåâàÿ L-ðåçîëüâåíòû îïåðàòîðà M àíàëèòè÷íû â ρL(M).

Îòìåòèì åùå ïîëåçíûå òîæäåñòâà:

L(µL−M)−1M = M(µL−M)−1L,

(µL−M)−1L(λL−M)−1 = (λL−M)−1L(µL−M)−1,

(µ− λ)RL
λ(M)RL

µ(M) = RL
λ(M)−RL

µ(M),

(µ− λ)LLλ(M)LLµ(M) = LLλ(M)− LLµ(M),

ñëåäóþùèå èç ïðåäûäóùèõ. Îíè òàêæå ñïðàâåäëèâû ïðè ëþáûõ λ, µ ∈ ρL(M).

Ïóñòü kerL 6= {0}, ϕ0 ∈ kerL \ {0}. Óïîðÿäî÷åííîå ìíîæåñòâî âåêòîðîâ
{ϕ1, ϕ2, . . .} íàçûâàåòñÿ öåïî÷êîé M -ïðèñîåäèíåííûõ âåêòîðîâ îïåðàòîðà L,

ñîîòâåòñòâóþùåé âåêòîðó ϕ0, åñëè

Lϕq = Mϕq−1, ϕq 6∈ kerL, q = 1, 2, . . .

Èíäåêñ âåêòîðà íàçûâàåòñÿ åãî âûñîòîé â öåïî÷êåM -ïðèñîåäèíåííûõ âåêòî-

ðîâ. Öåïî÷êà êîíå÷íà, åñëè ñóùåñòâóåò òàêîé M -ïðèñîåäèíåííûé âåêòîð ϕp,

÷òî ëèáî ϕp 6∈ DM , ëèáî Mϕp 6∈ imL. Âûñîòà ïîñëåäíåãî âåêòîðà â öåïî÷êå

íàçûâàåòñÿ äëèíîé öåïî÷êè. Öåïî÷êà ìîæåò èìåòü áåñêîíå÷íóþ äëèíó.

Ëèíåéíóþ îáîëî÷êó âñåõ ñîáñòâåííûõ è M -ïðèñîåäèíåííûõ âåêòîðîâ

îïåðàòîðà L íàçîâåì M -êîðíåâûì ëèíåàëîì îïåðàòîðà L.

Ëåììà 1.1.2. M -êîðíåâîé ëèíåàë îïåðàòîðà L ñîñòîèò òîëüêî èçM -ïðèñîå-

äèíåííûõ âåêòîðîâ îïåðàòîðà L è íóëÿ.

Ëåììà 1.1.3. Ïóñòü λ, µ ∈ ρL(M), p ∈ N ∪ {0}. Òîãäà
(i) ker(RL

λ(M))p+1 ñîñòîèò èçM -ïðèñîåäèíåííûõ, âûñîòû, íå áîëüøåé

p, âåêòîðîâ îïåðàòîðà L, im(RL
λ(M))p+1 = im(RL

µ(M))p+1;

(ii) ker(LLλ(M))p+1 = {Mϕ : ϕ ∈ ker(RL
λ(M))p+1 ∩ DM}, im(RL

µ(M))p+1

= (LLµ(M))p+1.
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1.2. Îòíîñèòåëüíî p-ðàäèàëüíûå îïåðàòîðû

Äîêàçàòåëüñòâà áîëüøèíñòâà óòâåðæäåíèé äàííîãî ïàðàãðàôà, êðîìå

íåêîòîðûõ, äîêàçàííûõ çäåñü æå, ìîãóò áûòü íàéäåíû â ðàáîòàõ [31,51].

Ïóñòü U è V � áàíàõîâû ïðîñòðàíñòâà, L ∈ L(U;V), M ∈ Cl(U;V).

Îáîçíà÷èì N0 = {0} ∪ N, R+ = {0} ∪ R+.

Îïðåäåëåíèå 1.2.1. Ïóñòü p ∈ N0. Îïåðàòîð M íàçûâàåòñÿ (L, p)-ðàäèàëü-

íûì, åñëè

(i) ∃a ∈ R (a,+∞) ⊂ ρL(M);

(ii) ∃K ∈ R+ ∀µ ∈ (a,+∞) ∀n ∈ N

max{‖(RL
µ(M))n(p+1)‖L(U), ‖(LLµ(M))n(p+1)‖L(V)} ≤

K

(µ− a)n(p+1)
.

(L, p)-ðàäèàëüíûé îïåðàòîð M íà çûâàåòñÿ ñèëüíî (L, p)-ðàäèàëüíûì,

åñëè âûïîëíÿåòñÿ óñëîâèå

(iii) ñóùåñòâóåò ïëîòíûé â V ëèíåàë
◦
V òàêîé, ÷òî

‖M(µL−M)−1(LLµ(M))p+1v‖V ≤
const(v)

(µ− a)p+2
∀v ∈

◦
V;

‖(RL
µ(M))p+1(µL−M)−1‖L(V;U) ≤

K

(µ− a)p+2

ïðè ëþáîì µ ∈ (a,+∞).

Çàìå÷àíèå 1.2.1. Ýêâèâàëåíòíîñòü óñëîâèé äàííîãî îïðåäåëåíèÿ àíàëîãè÷-

íûì áîëåå ñëîæíûì óñëîâèÿì, èñïîëüçîâàííûì â ðàáîòàõ [31], [37], äîêàçàíà

â [33].

Ëåììà 1.2.1. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí. Òîãäà

(i) äëèíû âñåõ öåïî÷åê M -ïðèñîåäèíåííûõ âåêòîðîâ îïåðàòîðà L îãðà-

íè÷åíû ÷èñëîì p ;

(ii) ìíîæåñòâî ker(RL
µ(M))p+1 ñîâïàäàåò ñ M -êîðíåâûì ïðîñòðàíñ-

òâîì îïåðàòîðà L;



31

(iii) ker(RL
µ(M))p+1∩im(RL

µ(M))p+1 ={0},
ker(LLµ(M))p+1∩im(LLµ(M))p+1 ={0}.

Ïîëîæèì U0 = ker(RL
µ(M))p+1, V0 = ker(LLµ(M))p+1; U1 � çàìûêàíèå

îáðàçà îïåðàòîðà im(RL
µ(M))p+1 â ïðîñòðàíñòâå U, V1 � çàìûêàíèå îáðàçà

im(LLµ(M))p+1 â ïðîñòðàíñòâå V. Îáîçíà÷èì ÷åðåç Lk (Mk) ñóæåíèå îïåðàòî-

ðà L (M) íà Uk (DMk
= DM ∩ Uk), k = 0, 1.

Òåîðåìà 1.2.1. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí. Òîãäà

(i) U = U0 ⊕ U1, V = V0 ⊕V1;

(ii) Lk ∈ L(Uk;Vk), Mk ∈ Cl(Uk;Vk), k = 0, 1;

(iii) ñóùåñòâóþò îïåðàòîðû M−1
0 ∈ L(V0;U0) è L−1

1 ∈ L(V1;U1);

(iv) îïåðàòîð H = M−1
0 L0 íèëüïîòåíòåí ñòåïåíè íå áîëüøå p.

Çàìå÷àíèå 1.2.2. Ïðîåêòîð âäîëü ïîäïðîñòðàíñòâà U0 íà U1 (âäîëü V0 íà

ïîäïðîñòðàíñòâî V1) ìîæåò áûòü âû÷èñëåí ïî ôîðìóëå

P = s- lim
µ→+∞

(µRL
µ(M))p+1, (Q = s- lim

µ→+∞
(µLLµ(M))p+1).

Ðàññìîòðèì óðàâíåíèå

Lu̇(t) = Mu(t), t ∈ R+. (1.2.1)

Ðåøåíèåì óðàâíåíèÿ (1.2.1) áóäåì íàçûâàòü óäîâëåòâîðÿþùóþ ýòîìó óðàâ-

íåíèþ íà R+ ôóíêöèþ u ∈ C1(R+;U) ∩ C(R+;DM).

Ðåøåíèåì óðàâíåíèÿ

d

dt
Lu(t) = Mu(t), t ∈ R+, (1.2.2)

áóäåì íàçûâàòü ôóíêöèþ u ∈ C(R+;DM), äëÿ êîòîðîé Lu ∈ C1(R+;V) è

âûïîëíÿåòñÿ ðàâåíñòâî (1.2.2).

Èç îïðåäåëåíèé âèäíî, ÷òî âñÿêîå ðåøåíèå óðàâíåíèÿ (1.2.1) ÿâëÿåòñÿ

ðåøåíèåì óðàâíåíèÿ (1.2.2). Ïîêàæåì, ÷òî â ñëó÷àå îäíîðîäíûõ óðàâíåíèé

îáðàòíîå òîæå âåðíî.
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Ëåììà 1.2.2. Ïóñòü îïåðàòîð ñèëüíî (L, p)-ðàäèàëåí. Òîãäà ìíîæåñòâà

ðåøåíèé óðàâíåíèé (1.2.1) è (1.2.2) ñîâïàäàþò.

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ òåîðåìû 1.2.1 óðàâíåíèå (1.2.1) ðåäóöèðóåò-

ñÿ ê ñèñòåìå óðàâíåíèé v̇(t) = L−1
1 M1v(t) è Hẇ(t) = w(t), à óðàâíåíèå

(1.2.2) � ê ñèñòåìå v̇(t) = L−1
1 M1v(t) è DHw(t) = w(t), ãäå v(t) = Pu(t),

w(t) = (I − P )u(t), D = d/dt. Óòâåðæäåíèå ëåììû ñëåäóåò èç òîãî, ÷òî

âòîðîå óðàâíåíèå â êàæäîé èç ñèñòåì èìååò òîëüêî íóëåâîå ðåøåíèå w ≡ 0.

Ïîêàæåì ýòî äëÿ ïîñëåäíåãî èç óðàâíåíèé. Ïîäåéñòâóåì íà îáå åãî ÷àñòè îïå-

ðàòîðîì DH è ïîëó÷èì ðàâåíñòâà (DH)2w(t) = DHw(t) = w(t). Ïðîäîëæàÿ

ïðîöåññ, ïîëó÷èì

w(t) = (DH)p+1w(t) = Dp+1Hp+1w(t) ≡ 0. �

Ââåäåì â ðàññìîòðåíèå òàêæå óðàâíåíèå

LLα(M)v̇(t) = M(αL−M)−1v(t), α ∈ ρL(M), t ∈ R+, (1.2.3)

íà ïðîñòðàíñòâå V. Î÷åâèäíî, ÷òî âñÿêîìó åãî ðåøåíèþ v ñîîòâåòñòâóåò ðå-

øåíèå u = (αL−M)−1v óðàâíåíèÿ (1.2.1). Îáðàòíîå òîæå âåðíî ïðè óñëîâèè

äèôôåðåíöèðóåìîñòè ôóíêöèè v = (αL−M)u.

Çàìêíóòîå ìíîæåñòâî P ⊂ U íàçûâàåòñÿ ôàçîâûì ïðîñòðàíñòâîì óðàâ-

íåíèÿ (1.2.1), åñëè

(i) ëþáîå ðåøåíèå u(t) óðàâíåíèÿ (1.2.1) ëåæèò â P ïîòî÷å÷íî;

(ii) äëÿ ëþáîãî u0 èç íåêîòîðîãî ëèíåàëà, ïëîòíîãî â P , ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå çàäà÷è u(0) = u0 äëÿ óðàâíåíèÿ (1.2.1).

Òåîðåìà 1.2.2. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí. Òîãäà ôàçîâûì

ïðîñòðàíñòâîì óðàâíåíèÿ (1.2.1) (óðàâíåíèÿ (1.2.3)) ÿâëÿåòñÿ ìíîæåñòâî

U1 (V1).

Îòîáðàæåíèå U(·) : R+ → L(U) íàçûâàåòñÿ ïîëóãðóïïîé ðàçðåøàþùèõ

îïåðàòîðîâ (èëè ïðîñòî ðàçðåøàþùåé ïîëóãðóïïîé) óðàâíåíèÿ (1.2.1), åñëè
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(i) U(s)U(t) = U(s+ t) ∀s, t ≥ 0;

(ii) u(t) = U(t)u0 åñòü ðåøåíèå ýòîãî óðàâíåíèÿ äëÿ ëþáîãî u0 èç ïëîò-

íîãî â U ëèíåàëà;

(iii) imU(0) = P , ãäå P � ôàçîâîå ïðîñòðàíñòâî óðàâíåíèÿ (1.2.1).

Òåîðåìà 1.2.3. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí ñ êîíñòàíòàìè

K ∈ R+, a ∈ R. Òîãäà ñóùåñòâóåò ñèëüíî íåïðåðûâíàÿ ðàçðåøàþùàÿ ïî-

ëóãðóïïà {U(t) ∈ L(U) : t ≥ 0} ({V (t) ∈ L(V) : t ≥ 0}) óðàâíåíèÿ (1.2.1)

(óðàâíåíèÿ (1.2.3)). Ïðè ýòîì U(0) = P (V (0) = Q), äëÿ t > 0

U(t) = s- lim
k→∞

(
k(p+ 1)

t
RL

k(p+1)
t

(M)

)k(p+1)

(
V (t) = s- lim

k→∞

(
k(p+ 1)

t
LLk(p+1)

t

(M)

)k(p+1)
)
,

âûïîëíÿåòñÿ íåðàâåíñòâî

∀t ≥ 0 ‖U(t)‖L(U) ≤ Keat (‖V (t)‖L(V) ≤ Keat).

Çàìå÷àíèå 1.2.3. Îïðåäåëÿåìûå àíàëîãè÷íûì îáðàçîì ôàçîâîå ïðîñòðàí-

ñòâî è ðàçðåøàþùàÿ ïîëóãðóïïà óðàâíåíèÿ (1.2.2) â ñèëó ëåììû 1.2.2 ñîâïà-

äàþò ñ ôàçîâûì ïðîñòðàíñòâîì è ðàçðåøàþùåé ïîëóãðóïïîé äëÿ óðàâíåíèÿ

(1.2.1).

Çàìå÷àíèå 1.2.4. Åñëè U è V � ðåôëåêñèâíûå áàíàõîâû ïðîñòðàíñòâà, òî

âñå ïðåäûäóùèå óòâåðæäåíèÿ ïàðàãðàôà, èñïîëüçóþùèå óñëîâèå ñèëüíîé

(L, p)-ðàäèàëüíîñòè îïåðàòîðà M , ïðè çàìåíå åãî íà óñëîâèå (L, p)-ðàäèàëü-

íîñòè îïåðàòîðà M îñòàþòñÿ â ñèëå, êðîìå óòâåðæäåíèÿ (iii) òåîðåìû 1.2.1

îá îïåðàòîðå L−1
1 . Â ýòîì ñëó÷àå ìîæíî óòâåðæäàòü ëèøü, ÷òî ñóùåñòâóåò

îïåðàòîð L−1
1 ∈ Cl(V1;U1) [32].

Ëåììà 1.2.3. Ïóñòü îïåðàòîð H ∈ L(U) íèëüïîòåíòåí ñòåïåíè íå áîëü-

øå p, ôóíêöèÿ g ∈ Cp+1([0, T ];U). Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
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u ∈ C1([0, T ];U) óðàâíåíèÿ

Hu̇(t) = u(t) + g(t), t ∈ [0, T ], (1.2.4)

ïðè÷åì u(t) = −
p∑
l=0

H lg(l)(t).

Òåîðåìà 1.2.4. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, ôóíêöèÿ g ∈
C1([0, T ];V) òàêîâà, ÷òî (I −Q)g ∈ Cp+1([0, T ];V0). Òîãäà

(i) åñëè u0 ∈ DM è âûïîëíÿåòñÿ óñëîâèå

(I − P )u0 = −
p∑

k=0

HkM−1
0 ((I −Q)g)(k)(0), (1.2.5)

òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C1([0, T ];U) ∩ C([0, T ];DM) çà-

äà÷è Êîøè u(0) = u0 äëÿ óðàâíåíèÿ

Lu̇(t) = Mu(t) + g(t), t ∈ [0, T ], (1.2.6)

ïðè ýòîì

u(t) = U(t)u0 +

t∫
0

U(s)L−1
1 Qg(t− s)ds−

p∑
k=0

HkM−1
0 ((I −Q)g)(k)(t); (1.2.7)

(ii) åñëè íà÷àëüíîå çíà÷åíèå u0 ∈ DM1
, òî ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå u ∈ C1([0, T ];U) ∩ C([0, T ];DM) îáîáùåííîé çàäà÷è Øîóîëòåðà�

Ñèäîðîâà Pu(0) = u0 äëÿ óðàâíåíèÿ (1.2.6), ïðè ýòîì ðåøåíèå èìååò âèä

(1.2.7).

Çàìå÷àíèå 1.2.5. Èñïîëüçóÿ èçëîæåííûå âûøå ðåçóëüòàòû, óðàâíåíèå

(1.2.6) ìû ìîæåì ïðåäñòàâèòü â âèäå ñèñòåìû äâóõ óðàâíåíèé

v̇(t) = L−1
1 M1v(t) + L−1

1 Qg(t), (1.2.8)

Hẇ(t) = w(t) +M−1
0 (I −Q)g(t) (1.2.9)

íà ïîäïðîñòðàíñòâàõ U1 è U0 ñîîòâåòñòâåííî. Çäåñü v(t) = Pu(t), w(t) =

(I − P )u(t). Â ïðåäñòàâëåííîì â òåîðåìå 1.2.4 ðåøåíèè óðàâíåíèÿ (1.2.6)

ïåðâûå äâà ñëàãàåìûõ ðàçðåøàþò óðàâíåíèå (1.2.8), à îñòàâøàÿñÿ ñóììà �

óðàâíåíèå (1.2.9) (â ñèëó ëåììû 1.2.3).
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Ëåììà 1.2.4. Ïóñòü îïåðàòîð H ∈ L(U) íèëüïîòåíòåí ñòåïåíè íå áîëü-

øå p, ôóíêöèÿ g ∈ Cp([0, T ];U). Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

(u ∈ C([0, T ];U), äëÿ êîòîðîãî Hu ∈ C1([0, T ];U)) óðàâíåíèÿ

d

dt
Hu(t) = u(t) + g(t), t ∈ [0, T ], (1.2.10)

ïðè÷åì u(t) = −
p∑
l=0

H lg(l)(t).

Äîêàçàòåëüñòâî. Êàê è ïðè äîêàçàòåëüñòâå ëåììû 1.2.2, äåéñòâóÿ íà îáå

÷àñòè ðàññìàòðèâàåìîãî óðàâíåíèÿ îïåðàòîðîì DH, ïîëó÷èì ðàâåíñòâà

(DH)2u(t) = DHu(t) +DHg(t) = u(t) + g(t) +DHg(t).

Ïðè ýòîì ëåâàÿ ÷àñòü ðàâåíñòâà îïðåäåëåíà â ñèëó òîãî, ÷òî îïðåäåëåíà åãî

ïðàâàÿ ÷àñòü. Ïðîäîëæàÿ ïðîöåññ, ïîëó÷èì

(DH)p+1u(t) = Dp+1Hp+1u(t) = u(t)+g(t)+DHg(t)+· · ·+(DH)pg(t) ≡ 0. �

Çàìå÷àíèå 1.2.6. Êàê âèäíî èç ëåìì 1.2.3, 1.2.4, äëÿ ðàçðåøèìîñòè óðàâ-

íåíèÿ (1.2.10) ìîæíî òðåáîâàòü ìåíüøåé ãëàäêîñòè îò ïðàâîé ÷àñòè g, ÷åì â

ñëó÷àå óðàâíåíèÿ (1.2.4).

Çàìå÷àíèå 1.2.7. Íåòðóäíî çàìåòèòü, ÷òî òðåáîâàíèÿ íà ãëàäêîñòü ôóíê-

öèè g ìîæíî îñëàáèòü åùå ñèëüíåå, ïîòðåáîâàâ âìåñòî óñëîâèÿ g ∈ Cp([0, T ];U)

ëèøü âûïîëíåíèÿ óñëîâèé Hkg ∈ Ck([0, T ];U) ïðè k = 0, 1, . . . , p.

Òåîðåìà 1.2.5. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, ôóíêöèÿ g :

[0, T ] → V òàêîâà, ÷òî Qg ∈ C1([0, T ];V), (I − Q)g ∈ Cp([0, T ];V0). Òî-

ãäà

(i) åñëè u0 ∈ DM è âûïîëíÿåòñÿ óñëîâèå (1.2.5), òî ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå çàäà÷è Êîøè u(0) = u0 äëÿ óðàâíåíèÿ

d

dt
Lu(t) = Mu(t) + g(t), t ∈ [0, T ], (1.2.11)
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ïðè ýòîì îíî èìååò âèä (1.2.7);

(ii) åñëè u0 ∈ DM1
, òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáîáùåííîé

çàäà÷è Øîóîëòåðà�Ñèäîðîâà Pu(0) = u0 äëÿ óðàâíåíèÿ (1.2.11), ïðè ýòîì

ðåøåíèå èìååò âèä (1.2.7).

Çàìå÷àíèå 1.2.8. Îòëè÷èå ýòîé òåîðåìû îò òåîðåìû 1.2.4 ëèøü â ìåíüøèõ

òðåáîâàíèÿõ íà ãëàäêîñòü ôóíêöèè (I − Q)g, ñëåäóåò îíî èç òîãî, ÷òî óðàâ-

íåíèå (1.2.11) íà ïîäïðîñòðàíñòâå U0 ðåäóöèðóåòñÿ íå ê óðàâíåíèþ (1.2.9), à

ê óðàâíåíèþ
d

dt
Hw(t) = w(t) +M−1

0 (I −Q)g(t) (1.2.12)

(ñì. çàìå÷àíèå 1.2.6). Íà ïîäïðîñòðàíñòâå æå U1 äèôôåðåíöèðóåìîñòü ôóíê-

öèé Pu è L1Pu ðàâíîñèëüíû â ñèëó ãîìåîìîðôíîñòè îïåðàòîðà L1 : U1 → V1.

1.3. Îòíîñèòåëüíî σ-îãðàíè÷åííûå îïåðàòîðû

Äîêàçàòåëüñòâà ðåçóëüòàòîâ äàííîãî ïàðàãðàôà ìîæíî íàéòè â [19,51].

Îïåðàòîð M íàçûâàåòñÿ (L, σ)-îãðàíè÷åííûì, åñëè

∃a > 0 ∀µ ∈ C (|µ| > a)⇒ (µ ∈ ρL(M)),

ò. å. L-ñïåêòð îïåðàòîðà M σL(M) ÿâëÿåòñÿ îãðàíè÷åííûì ìíîæåñòâîì.

Âîçüìåì (L, σ)-îãðàíè÷åííûé îïåðàòîðM , âûáåðåì â êîìïëåêñíîé ïëîñ-

êîñòè C çàìêíóòûé êîíòóð

γ = {µ ∈ C : |µ| = R > a}. (1.3.1)

Òîãäà èìåþò ñìûñë ñëåäóþùèå èíòåãðàëû, êàê èíòåãðàëû îò àíàëèòè÷åñêèõ

ôóíêöèé ïî çàìêíóòîìó êîíòóðó:

P =
1

2πi

∫
γ

RL
µ(M)dµ, Q =

1

2πi

∫
γ

LLµ(M)dµ. (1.3.2)

Íåòðóäíî ïðîâåðèòü, ÷òî îïåðàòîðû P ∈ L(U), Q ∈ L(V) ÿâëÿþòñÿ ïðîåê-

òîðàìè. Ïîëîæèì U0 = kerP , U1 = imP , V0 = kerQ, V1 = imQ. Òîãäà
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U = U0 ⊕ U1, V = V0 ⊕V1. ×åðåç Lk (Mk) îáîçíà÷èì ñóæåíèå îïåðàòîðà L

(M) íà Uk (DMk
= DM ∩ Uk), k = 0, 1.

Òåîðåìà 1.3.1. Ïóñòü îïåðàòîð M (L, σ)-îãðàíè÷åí. Òîãäà

(i) Lk ∈ L(Uk;Vk), k = 0, 1;

(ii) M0 ∈ Cl(U0;V0), M1 ∈ L(U1;V1);

(iii) ñóùåñòâóþò îïåðàòîðû L−1
1 ∈ L(V1;U1), M−1

0 ∈ L(V0;U0).

Ïðè óñëîâèè (L, σ)-îãðàíè÷åííîñòè îïåðàòîðàM ñîãëàñíî òåîðåìå 1.3.1

ñóùåñòâóåò îïåðàòîð H = M−1
0 L0 ∈ L(U0). (L, σ)-îãðàíè÷åííûé îïåðàòîð M

íàçîâåì (L, p)-îãðàíè÷åííûì ïðè p ∈ N0, åñëè H
p 6= O, à Hp+1 = O. Åñëè

òàêîãî p ∈ N0 íå ñóùåñòâóåò, íàçîâåì åãî (L,∞)-îãðàíè÷åííûì.

Òåîðåìà 1.3.2. (i) Ïóñòü îïåðàòîð M (L, 0)-îãðàíè÷åí. Òîãäà îïåðàòîð L

íå èìååò M -ïðèñîåäèíåííûõ âåêòîðîâ, kerL = U0, imL = V1;

(ii) ïóñòü îïåðàòîð M (L, p)-îãðàíè÷åí, p ∈ N. Òîãäà äëèíà ëþáîé

öåïî÷êè M -ïðèñîåäèíåííûõ âåêòîðîâ îïåðàòîðà L îãðàíè÷åíà ÷èñëîì p, öå-

ïî÷êà äëèíû p ïðè ýòîì ñóùåñòâóåò, è M -êîðíåâîé ëèíåàë îïåðàòîðà L

ñîâïàäàåò ñ ïîäïðîñòðàíñòâîì U0;

(iii) ïóñòü îïåðàòîð M (L,∞)-îãðàíè÷åí. Òîãäà M -êîðíåâîé ëèíåàë

îïåðàòîðà L ñîäåðæèòñÿ â U0.

Îòîáðàæåíèå U(·) : R → L(U) íàçûâàåòñÿ ãðóïïîé ðàçðåøàþùèõ îïå-

ðàòîðîâ (èëè ïðîñòî ðàçðåøàþùåé ãðóïïîé) óðàâíåíèÿ (1.2.1), åñëè

(i) U(s)U(t) = U(s+ t) äëÿ ëþáûõ s, t ∈ R;
(ii) ïðè ëþáîì u0 ∈ U âåêòîð-ôóíêöèÿ u(t) = U(t)u0 åñòü ðåøåíèå

óðàâíåíèÿ (1.2.1);

(iii) imU(0) = P , ãäå P � ôàçîâîå ïðîñòðàíñòâî óðàâíåíèÿ (1.2.1).

Ðàçðåøàþùàÿ ãðóïïà íàçûâàåòñÿ àíàëèòè÷åñêîé, åñëè îíà äîïóñêàåò

àíàëèòè÷åñêîå ïðîäîëæåíèå âî âñþ êîìïëåêñíóþ ïëîñêîñòü C ñ ñîõðàíåíèåì

ñâîéñòâà (i).



38

Òåîðåìà 1.3.3. Ïóñòü îïåðàòîðM (L, p)-îãðàíè÷åí. Òîãäà ñóùåñòâóåò àíà-

ëèòè÷åñêàÿ ðàçðåøàþùàÿ ãðóïïà {U(t) ∈ L(U) : t ∈ R} óðàâíåíèÿ (1.2.1),

ïðè÷åì

U(t) =
1

2πi

∫
γ

RL
µ(M)eµtdµ,

ãäå çàìêíóòûé êîíòóð γ óäîâëåòâîðÿåò óñëîâèþ (1.3.1).

Çàìå÷àíèå 1.3.1. Ìîæíî ïîêàçàòü, ÷òî (L, p)-îãpàíè÷åííûé îïåðàòîð ÿâ-

ëÿåòñÿ ñèëüíî (L, p)-ðàäèàëüíûì. Ïîýòîìó, â ÷àñòíîñòè, ïðè óñëîâèè (L, p)-

îãðàíè÷åííîñòè îïåðàòîðàM ìíîæåñòâà ðåøåíèé óðàâíåíèé (1.2.1) è (1.2.2),

à òàêæå èõ ôàçîâûå ïðîñòðàíñòâà è ðàçðåøàþùèå ãðóïïû ñîâïàäàþò (ñì.

ïðåäûäóùèé ïàðàãðàô). Îòñþäà æå, èç òåîðåì 1.2.4, 1.2.5, à òàêæå èç îãðà-

íè÷åííîñòè îïåðàòîðà M1 ñîãëàñíî òåîðåìå 1.3.1 (ii) âûòåêàþò ñëåäóþùèå

óòâåðæäåíèÿ.

Òåîðåìà 1.3.4. Ïóñòü îïåðàòîðM (L, p)-îãðàíè÷åí, Qg ∈ C([0, T ];V), g0 ≡
(I −Q)g ∈ Cp+1([0, T ];V). Òîãäà

(i) äëÿ ëþáîãî íà÷àëüíîãî çíà÷åíèÿ u0 ∈ U, óäîâëåòâîðÿþùåãî óñëîâèþ

(1.2.5), ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C1([0, T ];U) ∩ C([0, T ];DM)

çàäà÷è u(0) = u0 äëÿ óðàâíåíèÿ (1.2.6), ïðè ýòîì ðåøåíèå èìååò âèä (1.2.7);

(ii) åñëè u0 ∈ U1, òî îáîáùåííàÿ çàäà÷à Øîóîëòåðà�Ñèäîðîâà Pu(0) =

u0 äëÿ óðàâíåíèÿ (1.2.6) èìååò åäèíñòâåííîå ðåøåíèå

u ∈ C1([0, T ];U) ∩ C([0, T ];DM),

ïðè ýòîì îíî èìååò âèä (1.2.7).

Òåîðåìà 1.3.5. Ïóñòü îïåðàòîðM (L, p)-îãðàíè÷åí, Qg ∈ C([0, T ];V), g0 ≡
(I −Q)g ∈ Cp([0, T ];V). Òîãäà

(i) äëÿ ëþáîãî íà÷àëüíîãî çíà÷åíèÿ u0 ∈ U, óäîâëåòâîðÿþùåãî óñëî-

âèþ (1.2.5), ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è Êîøè u(0) = u0 äëÿ

óðàâíåíèÿ (1.2.11), ïðè ýòîì îíî èìååò âèä (1.2.7);
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(ii) åñëè u0 ∈ U1, òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáîáùåííîé

çàäà÷è Øîóîëòåðà�Ñèäîðîâà Pu(0) = u0 äëÿ óðàâíåíèÿ (1.2.11), ïðè ýòîì

îíî èìååò âèä (1.2.7).

Çàìå÷àíèå 1.3.2. Ñ ïîìîùüþ òåîðåìû 1.3.1 ïðè óñëîâèè (L, p)-îãðàíè÷åí-

íîñòè îïåðàòîðàM óðàâíåíèå (1.2.6) èëè (1.2.11) òàêæå ìîæíî ïðåäñòàâèòü â

âèäå ñèñòåìû óðàâíåíèé (1.2.8), (1.2.9) èëè ñèñòåìû óðàâíåíèé (1.2.8), (1.2.12)

ñîîòâåòñòâåííî, çàäàííûõ íà ïîäïðîñòðàíñòâàõ U1 è U0.

Çàìå÷àíèå 1.3.3. Ïî ñðàâíåíèþ ñ àíàëîãè÷íûìè óòâåðæäåíèÿìè â ñëó÷àå

ñèëüíî (L, p)-îãðàíè÷åííîãî îïåðàòîðà M â òåîðåìàõ 1.3.4, 1.3.5 îñëàáëåíû

òðåáîâàíèÿ íà u0 è Qg â ñèëó îãðàíè÷åííîñòè îïåðàòîðà M1.
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2. Íàãðóæåííûå ëèíåéíûå ýâîëþöèîííûå óðàâíåíèÿ

ñ âûðîæäåííûì îïåðàòîðîì ïðè ïðîèçâîäíîé

2.1. Íàãðóæåííûå óðàâíåíèÿ â áàíàõîâîì ïðîñòðàíñòâå

Ïóñòü U, V � áàíàõîâû ïðîñòðàíñòâà, L ∈ L(U;V), M ∈ Cl(U;V).

Ðàññìîòðèì çàäà÷ó Êîøè

u(0) = u0, (2.1.1)

Lu̇(t) = Mu(t) +

T∫
0

K(t, s)u(s)dµ(s), t ∈ [0, T ], (2.1.2)

ãäå T > 0, K : [0, T ] × [0, T ] → L(U;V), µ : [0, T ] → R � ôóíêöèÿ îãðà-

íè÷åííîé âàðèàöèè. Ðåøåíèåì çàäà÷è (2.1.1), (2.1.2) íàçûâàåòñÿ ôóíêöèÿ

u ∈ C1([0, T ];U) ∩ C([0, T ];DM), óäîâëåòâîðÿþùàÿ óðàâíåíèþ (2.1.2) íà îò-

ðåçêå [0, T ] è óñëîâèþ (2.1.1).

×àñòíûì ñëó÷àåì óðàâíåíèÿ (2.1.2) ÿâëÿåòñÿ íàãðóæåííîå óðàâíåíèå

Lu̇(t) = Mu(t) +

l0∑
l=1

cl(t)u(tl), t ∈ [0, T ],

ãäå l0 ∈ N, cl(t) ∈ L(U;V) ïðè t ∈ [0, T ], l = 1, . . . , l0, 0 ≤ t1 < t2 < · · · < tl0 ≤
T .

Äëÿ ñèëüíî (L, p)-ðàäèàëüíîãî îïåðàòîðà M , îïåðàòîð-ôóíêöèè K èç

êëàññà Cp+1,0([0, T ]× [0, T ];L(U;V)) (íåïðåðûâíîé è èìåþùåé íåïðåðûâíûå

ïî ñîâîêóïíîñòè ïåðåìåííûõ ÷àñòíûå ïðîèçâîäíûå ïî ïåðâîìó àðãóìåíòó äî

ïîðÿäêà p + 1) è ôóíêöèè îãðàíè÷åííîé âàðèàöèè µ : [0, T ] → R îáîçíà÷èì

ïðè T > 0, n = 0, 1, . . . , p+ 1

∂nK
∂tn
≡ K(n)

t , V T
0 (µ) max

t,s∈[0,T ]

∥∥∥K(n)
t (t, s)

∥∥∥
L(U;V)

≡ Kn(T ),

V T
0 (µ) max

t,s∈[0,T ]
s
∥∥∥K(n)

t (t, s)
∥∥∥
L(U:V)

≡ Kn,1(T ),

‖L−1
1 Q‖L(V;U) ≡ C1, ‖HkM−1

0 (I −Q)‖L(V;U) ≡ hk, k = 0, 1, . . . , p,



41

F (T ) = max

{
C1K(T )

p+1∑
n=0

Kn,1(T ) + h0

p+1∑
n=0

Kn(T ),

h1

p+1∑
n=0

Kn(T ), . . . , hp

p+1∑
n=0

Kn(T )

}
.

Çäåñü V T
0 (µ) � âàðèàöèÿ ôóíêöèè µ íà îòðåçêå [0, T ],

K(T ) = max{K,KeaT} =

{
K, a ≤ 0;

KeaT , a > 0,

K, a � êîíñòàíòû èç îïðåäåëåíèÿ 1.2.1. Â ñèëó òåîðåìû 1.2.4 (i) ‖U(t)‖L(U) ≤
K(T ) ïðè âñåõ t ∈ [0, T ].

Òåîðåìà 2.1.1. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, u0 ∈ DM ∩ U1,

K ∈ Cp+1,0([0, T ]× [0, T ];L(U;V)),

K(n)
t (0, s) ≡ 0, n = 0, 1, . . . , p, (2.1.3)

µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè, F (T ) < 1. Òîãäà ñóùå-

ñòâóåò åäèíñòâåííîå ðåøåíèå u ∈ C1([0, T ];U)∩C([0, T ];DM) çàäà÷è (2.1.1),

(2.1.2).

Äîêàçàòåëüñòâî. Ñîãëàñíî òåîðåìå 1.2.4 (i) äëÿ g ∈ Cp+1([0, T ];V), óäî-

âëåòâîðÿþùåãî óñëîâèþ (1.2.5) ïðè çàäàííîì â óñëîâèè (2.1.1) u0, ðåøåíèå

u ∈ C1([0, T ];U)∩C([0, T ];DM) çàäà÷è (1.2.6), (2.1.1) ñóùåñòâóåò, åäèíñòâåííî

è èìååò âèä (1.2.7) ïðè t ∈ [0, T ]. Èñïîëüçóÿ ýòîò âèä ðåøåíèÿ ïðè çàäàííîé

ôóíêöèè g, îïðåäåëèì îïåðàòîð

[Φg](t) =

T∫
0

K(t, s)u(s)dµ(s) =

=

T∫
0

K(t, s)U(s)u0dµ(s) +

T∫
0

K(t, s)

s∫
0

U(τ)L−1
1 Qg(s− τ)dτdµ(s)−
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−
T∫

0

K(t, s)

p∑
k=0

HkM−1
0 (I −Q)g(k)(s)dµ(s).

Ïîêàæåì, ÷òî ïðè n = 0, 1, . . . , p, s ∈ [0, T ]

∂

∂t

T∫
0

K(n)
t (t, s)f(s)dµ(s) =

T∫
0

K(n+1)
t (t, s)f(s)dµ(s),

ãäå f ∈ C([0, T ];U). Ïî òåîðåìå Ëàãðàíæà ïðè íåêîòîðîì θ, ëåæàùåì ìåæäó

t è t+ δ, ∥∥∥∥∥K(n)
t (t+ δ, s)−K(n)

t (t, s)

δ
f(s)−K(n+1)

t (t, s)f(s)

∥∥∥∥∥
V

≤

≤
∥∥∥K(n+1)

t (θ, s)−K(n+1)
t (t, s)

∥∥∥
L(U;V)

max
τ∈[0,T ]

‖f(τ)‖U → 0

ïðè δ → 0 ðàâíîìåðíî ïî s ∈ [0, T ], ïîñêîëüêó îïåðàòîð-ôóíêöèÿK(n+1)
t (θ, s)−

K(n+1)
t (t, s) íåïðåðûâíà íà [0, T ] × [0, T ], à ïîòîìó è ðàâíîìåðíî íåïðåðûâ-

íà íà ýòîì êîìïàêòå â ñìûñëå íîðìû â L(U;V). Òàêèì îáðàçîì, ïðè n =

1, 2, . . . , p+ 1

∂n

∂tn

T∫
0

K(t, s)f(s)dµ(s) =

T∫
0

K(n)
t (t, s)f(s)dµ(s).

Îòñþäà ñëåäóåò, ÷òî â óñëîâèÿõ òåîðåìû ïðè t ∈ [0, T ], n = 0, 1, . . . , p+1

[Φg](n)(t) =

T∫
0

K(n)
t (t, s)U(s)u0dµ(s)+

T∫
0

K(n)
t (t, s)

s∫
0

U(τ)L−1
1 Qg(s−τ)dτdµ(s)−

−
T∫

0

K(n)
t (t, s)

p∑
k=0

HkM−1
0 (I −Q)g(k)(s)dµ(s).

Ïîýòîìó â ñèëó óñëîâèé (2.1.3) èìååì [Φg](n)(0) = 0 ïðè n = 0, 1, . . . , p. Òàê

êàê â ñèëó óñëîâèé äàííîé òåîðåìû (I−P )u0 = 0, ôóíêöèÿ Φg óäîâëåòâîðÿåò

óñëîâèþ (1.2.5) ñ çàäàííûì u0 ∈ U1.
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Ðàññìîòðèì áàíàõîâî ïðîñòðàíñòâî Cp+1([0, T ];V) ñ íîðìîé

‖g‖p+1 =

p+1∑
k=0

sup
t∈[0,T ]

‖g(k)(t)‖V

è ìåòðè÷åñêîå ïðîñòðàíñòâî

E =

{
g ∈ Cp+1([0, T ];V) :

p∑
k=0

HkM−1
0 (I −Q)g(k)(0)=0

}
ñ ìåòðèêîé d(g, h) = ‖g − h‖p+1. Îíî íå ïóñòî, ïîñêîëüêó ñîäåðæèò ïîñòî-

ÿííóþ ôóíêöèþ g ≡ 0. Ïîêàæåì, ÷òî E ÿâëÿåòñÿ ïîëíûì ìåòðè÷åñêèì ïðî-

ñòðàíñòâîì. Ïóñòü {gn} ⊂ E, lim
n,m→∞

‖gn − gm‖p+1 = 0. Òîãäà â ñèëó ïîëíîòû

Cp+1([0, T ];V) ñóùåñòâóåò g ∈ Cp+1([0, T ];V), äëÿ êîòîðîãî lim
n→∞
‖gn−g‖p+1 =

0. Èìååì ∥∥∥∥∥
p∑

k=0

HkM−1
0 (I −Q)g(k)(0)

∥∥∥∥∥
V

≤∥∥∥∥∥
p∑

k=0

HkM−1
0 (I −Q)

(
g(k)(0)− g(k)

n (0)
)∥∥∥∥∥

V

≤ max
k=0,...,p

hk‖g − gn‖p+1 → 0

ïðè n→∞. Ïîýòîìó g ∈ E. Òàêèì îáðàçîì, èìååò ìåñòî äåéñòâèå îïåðàòîðà

Φ : E → E.

Äàëåå,

[Φg1](t)− [Φg2](t) =

T∫
0

K(t, s)

s∫
0

U(s− τ)L−1
1 Q(g1(τ)− g2(τ))dτdµ(s)−

−
T∫

0

K(t, s)

p∑
k=0

HkM−1
0 (I −Q)(g

(k)
1 (s)− g(k)

2 (s))dµ(s),

‖Φg1−Φg2‖p+1 ≤
p+1∑
n=0

(
C1K(T )Kn,1(T )‖g1 − g2‖0 +Kn(T )

p∑
k=0

hk‖g1 − g2‖k

)
≤

≤ F (T )‖g1 − g2‖p+1.

Ïîñêîëüêó ïî óñëîâèþ òåîðåìû F (T ) < 1, òî Φ ÿâëÿåòñÿ ñæèìàþùèì îòîáðà-

æåíèåì íà ïîëíîì ìåòðè÷åñêîì ïðîñòðàíñòâå E. Ñëåäîâàòåëüíî, ïî òåîðåìå
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î íåïîäâèæíîé òî÷êå íàéäåòñÿ åäèíñòâåííûé ýëåìåíò g∗ ∈ E, òàêîé, ÷òî

g∗ = Φg∗. Â ýòîì ñëó÷àå ôóíêöèÿ

u(t) = U(t)u0 +

t∫
0

U(t− s)L−1
1 Qg∗(s)ds−

p∑
k=0

HkM−1
0 (I −Q)g∗(k)(t)

ÿâëÿåòñÿ îäíîâðåìåííî ðåøåíèåì çàäà÷ (1.2.6), (2.1.1) è (2.1.1), (2.1.2), òàê

êàê Lu̇(t)−Mu(t) = g∗(t) = [Φg∗](t).

Ïóñòü u1, u2 ∈ C1([0, T ];U) � äâà ðåøåíèÿ çàäà÷è (2.1.1), (2.1.2). Ïðè

i = 1, 2 îáîçíà÷èì

gi(t) =

T∫
0

K(t, s)ui(s)dµ(s),

òîãäà

g
(n)
i (t) =

T∫
0

K(n)
t (t, s)ui(s)dµ(s), n = 1, . . . , p+ 1,

g
(n)
i (0) = 0 ïðè n = 0, 1, . . . , p. Èìååì Lu̇i − Mui = gi ∈ Cp+1([0, T ];V) è

Φgi = gi, ïîñêîëüêó gi óäîâëåòâîðÿþò óñëîâèþ (1.2.5) ñ u0 ∈ U1 è ïîýòîìó

ui(t) = U(t)u0 +

t∫
0

U(t− s)L−1
1 Qgi(s)ds−

p∑
k=0

HkM−1
0 (I −Q)g

(k)
i (t), i = 1, 2.

Â ñèëó åäèíñòâåííîñòè íåïîäâèæíîé òî÷êè ñæèìàþùåãî îòîáðàæåíèÿ Φ :

E → E ïîëó÷àåì ðàâåíñòâî g1 ≡ g2. Îáîçíà÷èì w(t) = u1(t)−u2(t), t ∈ [0, T ],

òîãäà Lẇ(t)−Mw(t) ≡ 0, w(0) = 0. Â ñèëó òåîðåìû 1.2.4 (i) w ≡ 0, ïîýòîìó

ðåøåíèå çàäà÷è (2.1.1), (2.1.2) åäèíñòâåííî. �

Ðàññìîòðèì òåïåðü îáîáùåííóþ çàäà÷ó Øîóîëòåðà�Ñèäîðîâà [21,49]

Pu(0) = u0, (2.1.4)

êîòîðàÿ äëÿ âûðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé âîçíèêàåò åñòåñòâåííûì

îáðàçîì (ñì. [37] è ïðèìåðû äàëåå).
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Òåîðåìà 2.1.2. Ïóñòü îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, u0 ∈ DM ∩ U1,

K ∈ Cp+1,0([0, T ] × [0, T ];L(U;V)), µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åí-

íîé âàðèàöèè, F (T ) < 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u ∈
C1([0, T ];U) ∩ C([0, T ];DM) çàäà÷è (2.1.2), (2.1.4).

Îòëè÷èå îò äîêàçàòåëüñòâà ïðåäûäóùåé òåîðåìû çàêëþ÷àåòñÿ â òîì,

÷òî èñïîëüçóåòñÿ ññûëêà íà òåîðåìó 1.2.4 (ii) î ðàçðåøèìîñòè çàäà÷è (1.2.6),

(2.1.4), ïîýòîìó óñëîâèå ñîãëàñîâàíèÿ(1.2.5) â çàäà÷å íå ÿâëÿåòñÿ íåîáõîäè-

ìûì è â êà÷åñòâå ìåòðè÷åñêîãî ïðîñòðàíñòâà, â êîòîðîì äåéñòâóåò ñæèìàþ-

ùèé îïåðàòîð ïðåæíåãî âèäà, èñïîëüçóåòñÿ âñå E = Cp+1([0, T ];V).

Çàìå÷àíèå 2.1.1. Óñëîâèå F (T ) < 1 â òåîðåìàõ 2.1.1 è 2.1.2 îïðåäåëÿåòñÿ

òîëüêî îïåðàòîðàìè L, M , îïåðàòîð-ôóíêöèåé K è âàðèàöèåé ôóíêöèè µ è

íå çàâèñèò îò u0.

Çàìå÷àíèå 2.1.2. Ïóñòü µ : [0, T̂ ] → R. Ìîæíî çàìåòèòü, ÷òî ïðè íåêî-

òîðûõ äîïîëíèòåëüíûõ óñëîâèÿõ ìîæíî äîáèòüñÿ âûïîëíåíèÿ íåðàâåíñòâà

F (T ) < 1 â ïðåäïîëîæåíèè ñïðàâåäëèâîñòè îñòàëüíûõ óñëîâèé òåîðåìû 2.1.1

(èëè 2.1.2) çà ñ÷åò óìåíüøåíèÿ T â ïðåäåëàõ ïîëóèíòåðâàëà (0, T̂ ]. Äåé-

ñòâèòåëüíî, lim
T→0+

Kn,1(T ) = 0, n = 0, 1, . . . , p + 1, â ñèëó óñëîâèé (2.1.3)

lim
T→0+

Kn(T ) = 0, n = 0, . . . , p, ïîýòîìó

F (0+) ≡ lim
T→0+

F (T ) = max
k=0,...,p

hk

∣∣∣∣ lim
t→0+

µ(t)− µ(0)

∣∣∣∣ ∥∥∥K(p+1)
t (0, 0)

∥∥∥
L(U;V)

.

Ïîýòîìó óïîìÿíóòûì äîïîëíèòåëüíûì óñëîâèåì ÿâëÿåòñÿ âûïîëíåíèå íåðà-

âåíñòâà F (0+) < 1, êîòîðîå ñ î÷åâèäíîñòüþ âûïîëíÿåòñÿ, íàïðèìåð, åñëè

ôóíêöèÿ µ íåïðåðûâíà â íóëå ñïðàâà èëè K(p+1)
t (0, 0) = 0. Òîãäà ïðè íåêîòî-

ðîì ìàëîì T ðåøåíèå çàäà÷è (2.1.1), (2.1.2) (èëè (2.1.2), (2.1.4)) áóäåò ñóùå-

ñòâîâàòü íà îòðåçêå [0, T ].

Çàìå÷àíèå 2.1.3. Â ñëó÷àå, êîãäà ôóíêöèÿ µ : [0, T ]→ R ìîíîòîííà, ìîæ-

íî óñëîâèå F (T ) < 1 òåîðåìû 2.1.1 (2.1.2) çàìåíèòü íà ìåíåå æåñòêîå óñëîâèå
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F̂ (T ) < 1, ãäå

F̂ (T ) = max

{
C1K(T )

p+1∑
n=0

K̂n,1(T ) + h0

p+1∑
n=0

K̂n(T ),

h1

p+1∑
n=0

K̂n(T ), . . . , hp

p+1∑
n=0

K̂n(T )

}
,

K̂n(T ) ≡ max
t∈[0,T ]

T∫
0

∥∥∥K(n)
t (t, s)

∥∥∥
L(U;V)

d|µ(s)|,

K̂n,1(T ) ≡ max
t∈[0,T ]

T∫
0

s
∥∥∥K(n)

t (t, s)
∥∥∥
L(U:V)

d|µ(s)|

ïðè T > 0, n = 0, 1, . . . , p+ 1.

Çàìå÷àíèå 2.1.4. Ðåøåíèåì óðàâíåíèÿ

d

dt
Lu(t) = Mu(t) +

T∫
0

K(t, s)u(s)dµ(s), t ∈ [0, T ], (2.1.5)

â êîòîðîì îïåðàòîð L ñòîèò ïîä çíàêîì ïðîèçâîäíîé, íàçîâåì ôóíêöèþ u ∈
C([0, T ];DM), äëÿ êîòîðîé Lu ∈ C1([0, T ];U) è âûïîëíÿåòñÿ ðàâåíñòâî (2.1.5)

íà îòðåçêå [0, T ]. Ñîîáðàæåíèÿ, èçëîæåííûå â çàìå÷àíèè 1.2.8 ïîçâîëÿþò

ñðàçó óòâåðæäàòü, ÷òî â óñëîâèÿõ òåîðåìû 2.1.1 çàäà÷à Êîøè (2.1.1), à â

óñëîâèÿõ òåîðåìû 2.1.2 îáîáùåííàÿ çàäà÷à Øîóîëòåðà�Ñèäîðîâà (2.1.4) äëÿ

óðàâíåíèÿ (2.1.5) îäíîçíà÷íî ðàçðåøèìû. Áîëåå òîãî, â ýòèõ òåîðåìàõ óñëî-

âèå K ∈ Cp+1,0([0, T ] × [0, T ];L(U;V)) ìîæíî îñëàáèòü, ïîòðåáîâàâ, ÷òîáû

K ∈ Cmax{1,p},0([0, T ]× [0, T ];L(U;V)). Åñëè æå îïåðàòîð M (L, p)-îãðàíè÷åí,

òî äëÿ ðàçðåøèìîñòè ýòèõ çàäà÷ äîñòàòî÷íî âçÿòü îïåðàòîð-ôóíêöèþ K ∈
Cp,0([0, T ] × [0, T ];L(U;V)) è íà÷àëüíîå çíà÷åíèå u0 ∈ U1 ïðè ñîõðàíåíèè

îñòàëüíûõ óñëîâèé òåîðåì (ñì. çàìå÷àíèå 1.3.3).
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2.2. Íàãðóæåííîå ïñåâäîïàðàáîëè÷åñêîå óðàâíåíèå

Â êà÷åñòâå ïðèìåðà ïðèìåíåíèÿ òåîðåìû 2.1.1 ðàññìîòðèì íà÷àëüíî-

êðàåâóþ çàäà÷ó

z(x, 0) = z0(x), x ∈ Ω, (2.2.1)

z(x, t) = ∆z(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ], (2.2.2)

äëÿ ìîäèôèöèðîâàííîãî óðàâíåíèÿ Äçåêöåðà, âîçíèêàþùåãî â òåîðèè ôèëü-

òðàöèè [4],

(λ−∆)zt(x, t) = 4z(x, t)− β∆2z(x, t)+

+

T∫
0

∫
Ω

k(x, y, t, s)z(y, s)dydµ(s), (x, t) ∈ Ω× [0, T ], (2.2.3)

ãäå îãðàíè÷åííàÿ îáëàñòü Ω ⊂ Rd èìååò ãëàäêóþ ãðàíèöó, λ ∈ R, β ∈ R+.

Ïóñòü

H2
0(Ω) = {u ∈ H2(Ω) : u(x) = 0, x ∈ ∂Ω},

H4
∂(Ω) = {u ∈ H4(Ω) : u(x) = ∆u(x) = 0, x ∈ ∂Ω}.

×òîáû ðåäóöèðîâàòü çàäà÷ó (2.2.1)�(2.2.3) ê çàäà÷å (2.1.1), (2.1.2), ââåäåì â

ðàññìîòðåíèå ñåìåéñòâî èíòåãðàëüíûõ îïåðàòîðîâ K(t, s) : H2
0(Ω) → L2(Ω),

t, s ∈ [0, T ], âèäà

[K(t, s)u](·) =

∫
Ω

k(·, y, t, s)u(y)dy.

Â ñèëó íåðàâåíñòâà Ã¼ëüäåðà

‖K(t, s)u‖2
L2(Ω) =

∫
Ω

∣∣∣∣∣∣
∫
Ω

k(x, y, t, s)u(y)dy

∣∣∣∣∣∣
2

dx ≤

≤
∫
Ω

∫
Ω

|k(x, y, t, s)|2dydx
∫
Ω

|u(y)|2dy ≤
∫
Ω

∫
Ω

|k(x, y, t, s)|2dydx‖u‖2
H2

0 (Ω),

‖K(t, s)‖L(H2
0 (Ω);L2(Ω)) ≤ ‖k(·, ·, t, s)‖L2(Ω×Ω), t, s ∈ [0, T ]. (2.2.4)
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Îáîçíà÷èì ÷åðåç λm,m ∈ N, ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà Ëàïëàñà,
îïðåäåëåííîãî íà H2

0(Ω) è äåéñòâóþùåãî â L2(Ω), çàíóìåðîâàííûå ïî íåâîç-

ðàñòàíèþ ñ ó÷åòîì èõ êðàòíîñòè. Êðîìå òîãî, ïóñòü {ϕm : m ∈ N} � îðòîíî-

ðîìèðîâàííàÿ ñèñòåìà ñîîòâåòñòâóþùèõ ñîáñòâåííûõ ôóíêöèé ýòîãî îïåðà-

òîðà. Ïðåäïîëàãàåòñÿ, ÷òî λm = λ ïðè íåêîòîðûõ m, ò. å. óðàâíåíèå (2.2.3)

íå ðàçðåøèìî îòíîñèòåëüíî zt.

Ëåììà 2.2.1. Ïóñòü β > 0, λ − βλ2 6= 0, µ : [0, T ] → R � ôóíêöèÿ îãðà-

íè÷åííîé âàðèàöèè, k(x, y, t, s) ∈ C([0, T ] × [0, T ];L2(Ω × Ω)), kt(x, y, t, s) ∈
C([0, T ]× [0, T ];L2(Ω× Ω)). Òîãäà

F (T ) ≤ V T
0 (µ)

(
sup
λ 6=λm

√
1 + λ2

m

|λ− λm|
max

{
1, sup

λ 6=λm

√
1 + λ2

m

|λ− λm|

}
×

×max

{
1, exp

(
T sup
λm 6=λ

λm − βλ2
m

λ− λm

)}
×

×
(

max
t,s∈[0,T ]

s‖k(·, ·, t, s)‖L2(Ω×Ω) + max
t,s∈[0,T ]

s‖kt(·, ·, t, s)‖L2(Ω×Ω)

)
+

+

√
1 + λ2

|λ− βλ2|

(
max
t,s∈[0,T ]

‖k(·, ·, t, s)‖L2(Ω×Ω) + max
t,s∈[0,T ]

‖kt(·, ·, t, s)‖L2(Ω×Ω)

))
.

(2.2.5)

Äîêàçàòåëüñòâî. Âîçüìåì ïðîñòðàíñòâà U = H2
0(Ω), V = L2(Ω), îïåðàòîðû

L = λ−4,M = ∆−β∆2 ñ îáëàñòüþ îïðåäåëåíèÿDM = H4
∂(Ω). Èçâåñòíî [37],

÷òî â ñëó÷àå β > 0, λ − βλ2 6= 0, òàêîé îïåðàòîð M ÿâëÿåòñÿ ñèëüíî (L, 0)-

ðàäèàëüíûì.

Îöåíèì âåëè÷èíó F (T ) äëÿ çàäà÷è (2.2.1)�(2.2.3) ñîãëàñíî òåîðåìå 2.1.1,

èñïîëüçóÿ ðåçóëüòàòû ðàáîòû [37]. Èìååì

L−1
1 Q =

∞∑
λm 6=λ

〈·, ϕm〉ϕm
λ− λm

,
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ïîýòîìó äëÿ v ∈ L2(Ω)

‖L−1
1 Qv‖2

H2(Ω) =
∑
λm 6=λ

(1 + λ2
m)|〈v, ϕm〉|2

|λ− λm|2
,

C1 = ‖L−1
1 Q‖L(L2(Ω);H2(Ω)) = sup

λm 6=λ

√
1 + λ2

m

|λ− λm|
.

Àíàëîãè÷íî,

M−1
0 (I −Q) =

∑
λm=λ

〈·, ϕm〉ϕm
λ− βλ2

, h0 = ‖M−1
0 (I −Q)‖L(L2(Ω);H2

0 (Ω)) =

√
1 + λ2

|λ− βλ2|
,

a = sup
λm 6=λ

λm − βλ2
m

λ− λm
, K = max

{
1, sup

λm 6=λ

√
1 + λ2

m

|λ− λm|

}
,

K(T ) = max

{
1, sup

λm 6=λ

√
1 + λ2

m

|λ− λm|
, exp

(
T sup
λm 6=λ

λm − βλ2
m

λ− λm

)
,

sup
λm 6=λ

√
1 + λ2

m

|λ− λm|
exp

(
T sup
λm 6=λ

λm − βλ2
m

λ− λm

)}
,

K0(T ) ≤ V T
0 (µ) max

t,s∈[0,T ]
‖k(·, ·, t, s)‖L2(Ω×Ω),

K1(T ) ≤ V T
0 (µ) max

t,s∈[0,T ]
‖kt(·, ·, t, s)‖L2(Ω×Ω),

K0,1(T ) ≤ V T
0 (µ) max

t,s∈[0,T ]
s‖k(·, ·, t, s)‖L2(Ω×Ω),

K1,1(T ) ≤ V T
0 (µ) max

t,s∈[0,T ]
s‖kt(·, ·, t, s)‖L2(Ω×Ω).

Ïðè ýòîì èñïîëüçóåòñÿ ðàâåíñòâî (2.2.4). Ëåììà äîêàçàíà. �

Îáîçíà÷èì ïðàâóþ ÷àñòü íåðàâåíñòâà (2.2.5) ÷åðåç F̃ (T ).

Òåîðåìà 2.2.1. Ïóñòü β > 0, λ − βλ2 6= 0, z0 ∈ H4
∂(Ω), 〈z0, ϕm〉 = 0 ïðè

m ∈ N, äëÿ êîòîðûõ λm = λ, k(x, y, t, s) ∈ C([0, T ] × [0, T ];L2(Ω × Ω)),

kt(x, y, t, s) ∈ C([0, T ] × [0, T ];L2(Ω × Ω)), k(x, y, 0, s) ≡ 0, µ : [0, T ] → R �

ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè, âûïîëíÿåòñÿ óñëîâèå F̃ (T ) < 1. Òîãäà ñó-

ùåñòâóåò åäèíñòâåííîå ðåøåíèå z ∈ C1([0, T ];H2
0(Ω))∩C([0, T ];H4

∂(Ω)) çà-

äà÷è (2.2.1)�(2.2.3).
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Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ôóíêöèÿ z0 óäîâëåòâîðÿåò óñëîâèÿì òåîðå-

ìû 2.1.1 íà ôóíêöèþ u0 èç óñëîâèÿ (2.1.1) â òåðìèíàõ çàäà÷è (2.2.1)�(2.2.3).

Â ñèëó íåðàâåíñòâà (2.2.4) ôóíêöèè k(·, ·, t, s), kt(·, ·, t, s) ∈ L2(Ω × Ω)

îïðåäåëÿþò îïåðàòîðû K(t, s),K(1)
t (t, s) ∈ L(H2

0(Ω);L2(Ω)) ïðè t, s ∈ [0, T ].

Âûïîëíåíèå îñòàëüíûõ óñëîâèé íà îïåðàòîð-ôóíêöèþ K èç òåîðåìû 2.1.1

ñëåäóåò èç ñâîéñòâ ôóíêöèè k. Îñòàëîñü ïðèìåíèòü òåîðåìó 2.1.1, ó÷èòûâàÿ,

÷òî â ñèëó ëåììû 2.2.1 F (T ) ≤ F̃ (T ) < 1. �

Äëÿ òàêîãî æå óðàâíåíèÿ ñ áîëåå ïðîñòûì èíòåãðàëüíûì îïåðàòîðîì

(λ−∆)zt(x, t) = 4z(x, t)−β∆2z(x, t)+

T∫
0

k(t, s)z(x, s)dµ(s), (x, t) ∈ Ω×[0, T ],

(2.2.6)

â òîé æå îáëàñòè Ω ⊂ Rn ðàññìîòðèì êðàåâûå óñëîâèÿ (2.2.2) è íà÷àëüíîå

óñëîâèå

(λ−∆)(z(x, 0)− z0(x)) = 0, x ∈ Ω. (2.2.7)

Òîãäà ðàññìàòðèâàåìàÿ çàäà÷à (2.2.2), (2.2.6), (2.2.7) ïðåäñòàâëÿåò ñîáîé ÷àñò-

íûé ñëó÷àé îáîáùåííîé çàäà÷èØîóîëòåðà�Ñèäîðîâà (2.1.2), (2.1.4), ïîñêîëü-

êó ïðîåêòîð P èìååò âèä P =
∑
λm 6=λ
〈·, ϕm〉ϕm [37] è ïîýòîìó ker(λ−∆) = kerP .

Îïåðàòîðû K(t, s) : H2
0(Ω)→ L2(Ω), t, s ∈ [0, T ], â äàííîì ñëó÷àå èìåþò âèä

[K(t, s)u](·) = k(t, s)u(·), ‖K(s)‖L(H2
0 (Ω);L2(Ω)) ≤ |k(t, s)|.

Äëÿ óðàâíåíèÿ (2.2.6) ïîñòðîèì ôóíêöèþ

F̃ (T ) = V T
0 (µ)

(
sup
λ6=λm

√
1 + λ2

m

|λ− λm|
max

{
1, sup

λ 6=λm

√
1 + λ2

m

|λ− λm|

}
×

×max

{
1, exp

(
T sup
λm 6=λ

λm − βλ2
m

λ− λm

)}(
max
t,s∈[0,T ]

s|k(t, s)|+ max
t,s∈[0,T ]

s|kt(t, s)|
)

+

+

√
1 + λ2

|λ− βλ2|

(
max
t,s∈[0,T ]

|k(t, s)|+ max
t,s∈[0,T ]

|kt(t, s)|
))

.

Ðàññóæäàÿ, êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2.2.1, ñ ïîìîùüþ òåîðåìû

2.1.2 íåòðóäíî ïîëó÷èòü ñëåäóþùèé ðåçóëüòàò.
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Òåîðåìà 2.2.2. Ïóñòü β > 0, λ − βλ2 6= 0, z0 ∈ H4
∂(Ω), k ∈ C([0, T ] ×

[0, T ];R), kt ∈ C([0, T ] × [0, T ];R), µ : [0, T ] → R � ôóíêöèÿ îãðàíè÷åí-

íîé âàðèàöèè, F̃ (T ) < 1. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå z ∈
C1([0, T ];H2

0(Ω)) ∩ C([0, T ];H4
∂(Ω)) çàäà÷è (2.2.2), (2.2.6), (2.2.7).

Îòìåòèì ëèøü, ÷òî (λ − ∆)z0 ∈ U1, òàê êàê (I − P )(λ − ∆)z0 = 0.

Ïîýòîìó è ïðåäïîëîæåíèÿ òåîðåìû 2.1.2 íà u0 = (λ−∆)z0 èç óñëîâèÿ (2.1.4)

âûïîëíÿþòñÿ.

2.3. Íåêîòîðûå ÷àñòíûå ñëó÷àè è îáîáùåíèÿ

Çàìåòèì, ÷òî â êîíêðåòíûõ çàäà÷àõ îáùåå äëÿ óðàâíåíèé ðàññìîòðåííîãî

òèïà äîñòàòî÷íîå óñëîâèå îäíîçíà÷íîé ðàçðåøèìîñòè F (T ) < 1, è òåì áîëåå

óñëîâèå F̃ (T ) < 1, íå ÿâëÿåòñÿ íåîáõîäèìûì è ìîæåò áûòü îñëàáëåíî. ×òîáû

óáåäèòüñÿ â ýòîì, ðàññìîòðèì ñëåäóþùèé ïðèìåð.

Ïóñòü d = 1, Ω = (0, π), λ = −1, β = 2, ðàññìîòðèì ÷àñòíûé ñëó÷àé

çàäà÷è (2.2.2), (2.2.6), (2.2.7)

z(x, 0) + zxx(x, 0)− z0(x)− z0xx(x, 0) = 0, x ∈ (0, π), (2.3.8)

z(0, t) = zxx(0, t) = z(π, t) = zxx(π, t) = 0, t ∈ [0, T ], (2.3.9)

−zt(x, t)− ztxx(x, t) = zxx(x, t)− 2zxxxx(x, t)+

+

l0∑
l=1

cl(t)z(x, tl), (x, t) ∈ (0, π)× [0, T ], (2.3.10)

cl(0) = 0 ïðè l = 1, . . . , l0. Òîãäà (ñì. [37]) λm = −m2, ϕm = sinmx ïðèm ∈ N,

C1 = ‖L−1
1 Q‖L(L2(0,π);H2

0 (0,π)) = sup
m=2,3,...

√
1 +m4

m2 − 1
=

√
17

3
,

h0 = ‖M−1
0 (I −Q)‖L(L2(0,π);H2

0 (0,π)) =

√
2

3
,

a = sup
m=2,3,...

−m2 − 2m4

m2 − 1
= −12, K(T ) = K = sup

{
1,

√
17

3

}
=

√
17

3
.
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Äîêàçàòü ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (2.3.8)�(2.3.10) ïî àíàëîãèè ñ òåî-

ðåìîé 2.1.2 ìîæíî ñ ïîìîùüþ îïåðàòîðà

[Φ1g](t) =

l0∑
l=1

cl(t)u(tl) =

l0∑
l=1

cl(t)U(tl)u0 +

l0∑
l=1

cl(t)

tl∫
0

U(τ)L−1
1 Qg(tl − τ)dτ−

−
l0∑
l=1

cl(t)M
−1
0 (I −Q)g(tl).

Çäåñü ó÷èòûâàåòñÿ, ÷òî p = 0. Óñëîâèå òîãî, ÷òî Φ1 ÿâëÿåòñÿ ñæèìàþùèì â

C1([0, T ];L2(Ω)), áóäåò èìåòü âèä

F̂ (T ) =

l0∑
l=1

(C1K(T )tl + h0)

(
max
t∈[0,T ]

|cl(t)|+ max
t∈[0,T ]

|c′l(t)|
)

=

=

l0∑
l=1

(
17

9
tl +

√
2

3

)(
max
t∈[0,T ]

|cl(t)|+ max
t∈[0,T ]

|c′l(t)|
)
< 1.

Ìîæíî çàìåòèòü, ÷òî â äàííîé ñèòóàöèè óäîáíî ñ÷èòàòü, ÷òî ôóíêöèÿ µ ïî-

ñòîÿííà, çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà l0 åäèíè÷íûõ ñêà÷êîâ è âåëè÷èíà

F̂ (T ) îïðåäåëåíà â çàìå÷àíèè 2.1.2 äëÿ ñëó÷àÿ ìîíîòîííîé ôóíêöèè µ. Ïðè

ýòîì k(t, tl) = cl(t) ïðè l = 1, . . . , l0. Â òî æå âðåìÿ

F̃ (T ) =
17l0

9

(
max

t∈[0,T ], l=1,...,l0
tl|cl(t)|+ max

t∈[0,T ], l=1,...,l0
tl|c′l(t)|

)
+

+

√
2l0
3

(
max

t∈[0,T ], l=1,...,l0
|cl(t)|+ max

t∈[0,T ], l=1,...,l0
|c′l(t)|

)
> F̂ (T ),

åñëè, íàïðèìåð, l0 ≥ 2 è íå âñå |cl| îäèíàêîâû.
Â ñëó÷àå çàäà÷è (2.3.8), (2.3.9) äëÿ ïðîñòåéøåãî óðàâíåíèÿ âèäà (2.3.10) �

óðàâíåíèÿ

−zt(x, t)− ztxx(x, t) = zxx(x, t)− 2zxxxx(x, t) + cz(x, 1), (x, t) ∈ (0, π)× [0, 1],

(2.3.11)

èìååì F̂ (T ) = |c|
(

17
9 +

√
2

3

)
. Ïîýòîìó ïðè |c| < 9

17+3
√

2
ïî òåîðåìå 2.1.2 ãàðàí-

òèðîâàííî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (2.3.8), (2.3.9), (2.3.11)

íà îòðåçêå [0, 1].
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Çàìå÷àíèå 2.3.1. Òàêèì æå îáðàçîì, êàê èññëåäîâàíà íà÷àëüíî-êðàåâàÿ çà-

äà÷à äëÿ óðàâíåíèÿ Äçåêöåðà, ìîãóò áûòü èññëåäîâàíû íà÷àëüíî-êðàåâûå

çàäà÷è âèäà

Pn(A)zt(x, t) = Qm(A)z(x, t) +

T∫
0

(K(t, s)z)(x)dµ(s), (x, t) ∈ Ω× [0, T ],

(2.3.12)

BlA
kz(x, t) = 0, l = 1, 2, . . . , r, k = 1, 2, . . . ,max{n,m}, (x, t) ∈ ∂Ω× [0, T ],

(2.3.13)

R(z(x, 0)− z0(x)) = 0, x ∈ Ω, (2.3.14)

ãäå Pn(λ) =
n∑
i=0

ciλ
i, Qm(λ) =

m∑
j=0

djλ
j � ìíîãî÷ëåíû, äëÿ êîòîðûõ ci, dj ∈ C,

i = 0, 1, . . . , n, j = 0, 1, . . . ,m, cndm 6= 0, íàáîð îïåðàòîðîâ A, B1, . . . Br �

ðåãóëÿðíî ýëëèïòè÷åñêèé [25], ãäå

(Au)(x) =
∑
|α|≤2r

aα(x)Dαu(x), aα ∈ C∞(Ω),

(Blu)(x) =
∑
|α|≤rl

blα(x)Dαu(x), blα(x) ∈ C∞(∂Ω), l = 1, . . . , r,

α = (α1, α2, . . . , αd), αi ∈ N0, i = 1, 2, . . . , d, |α| = α1 + α2 + · · ·+ αd,

Dα =
∂|α|

∂xα1
1 ∂x

α2
2 . . . ∂xαdd

.

Îïåðàòîð A1 ∈ Cl(L2(Ω)) c îáëàñòüþ îïðåäåëåíèÿ DA1
= H2r

{Bl}(Ω) [25], äåé-

ñòâóþùèé êàê A1u = Au äëÿ u ∈ DA1
, ïóñòü ÿâëÿåòñÿ ñàìîñîïðÿæåííûì è

èìååò îãðàíè÷åííûé ñïðàâà ñïåêòð σ(A1). ×åðåç R â (2.3.14) îáîçíà÷åí òîæ-

äåñòâåííûé îïåðàòîð â ñëó÷àå óñëîâèÿ Êîøè è Pn(A) äëÿ çàäàíèÿ óñëîâèÿ

Øîóîëòåðà�Ñèäîðîâà, K(t, s) � îäíî èç ñåìåéñòâ èíòåãðàëüíûõ îïåðàòîðîâ,

ðàññìîòðåííûõ â ýòîì ïàðàãðàôå. Ïîëîæèâ

U = {u ∈ H2rn(Ω) : BlA
ku(x) =0, k = 0, . . . , n− 1, l = 1, . . . , r, x ∈ ∂Ω},

V = L2(Ω), L = Pn(A), M = Qm(A),
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DM = {u ∈ H2rm(Ω) : BlA
ku(x) =0, k = 0, . . . ,m− 1, l = 1, . . . , r, x ∈ ∂Ω}

è ïîòðåáîâàâ óñëîâèÿ îòñóòñòâèÿ îáùèõ êîðíåé ó ìíîãî÷ëåíîâ Pn è Qm ñðåäè

ñîáñòâåííûõ çíà÷åíèé îïåðàòîðà A1, à òàêæå âûïîëíåíèÿ îäíîãî èç óñëîâèé

n ≥ m, ëèáî (−1)m−nRe(dm/cn), ïîëó÷èì ñîãëàñíî ðåçóëüòàòàì [37] ñèëüíóþ

(L, 0)-ðàäèàëüíîñòü îïåðàòîðàM . Òîãäà íåòðóäíî ïîëó÷èòü ðåçóëüòàòû, àíà-

ëîãè÷íûå òåîðåìàì 2.2.1, 2.2.2.

2.4. Àëãåáðî-èíòåãðî-äèôôåðåíöèàëüíàÿ ñèñòåìà

óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

z1(x, 0) = z10(x), x ∈ Ω, (2.4.1)

zi(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ], i = 1, 2, 3, (2.4.2)

äëÿ ìîäåëüíîé èíòåãðî-äèôôåðåíöèàëüíîé ñèñòåìû óðàâíåíèé

z1t(x, t) = 4z1(x, t) +
3∑
i=1

T∫
0

k1i(t, s)zi(x, s)dµ(s), (x, t) ∈ Ω× [0, T ],

z3t(x, t) = 4z2(x, t) +
3∑
i=1

T∫
0

k2i(t, s)zi(x, s)dµ(s), (x, t) ∈ Ω× [0, T ],

0 = 4z3(x, t) +
3∑
i=1

T∫
0

k3i(t, s)zi(x, s)dµ(s), (x, t) ∈ Ω× [0, T ].

(2.4.3)

Çäåñü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, çàäàíû ôóíê-

öèè z10 : Ω→ R, kji : [0, T ]× [0, T ]→ R, i, j = 1, 2, 3.

Ïîëîæèì H2
0(Ω) = {v ∈ H2(Ω) : v(x) = 0, x ∈ ∂Ω}, U = V = (L2(Ω))3,

DM =
(
H2

0(Ω)
)3
,

L =


I 0 0

0 0 I

0 0 0

 , M =


4 0 0

0 4 0

0 0 4

 ,
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K(t, s) =


k11(t, s) k12(t, s) k13(t, s)

k21(t, s) k22(t, s) k23(t, s)

k31(t, s) k32(t, s) k33(t, s)


ïðè t, s ∈ [0, T ]. Òîãäà u(t) = col(z1(·, t), z2(·, t), z3(·, t)). Â ðàáîòå [17] ïîêàçà-

íà ñèëüíàÿ (L, 1)-ðàäèàëüíîñòü îïåðàòîðà M â äàííîé ñèòóàöèè è íàéäåíû

ïîäïðîñòðàíñòâà

U0 = V0 = {0} × L2(Ω)× L2(Ω), U1 = V1 = L2(Ω)× {0} × {0}.

Ïðè ýòîì èìååì a = 0, K = 1, ïîýòîìó K(T ) ≡ 1, L−1
1 = I, C1 = 1,

M−1
0 =

(
4−1 0

0 4−1

)
, H =

(
0 4−1

0 0

)
,

M−1
0 (I −Q) =


0 0 0

0 4−1 0

0 0 4−1

 , HM−1
0 (I −Q) =


0 0 0

0 0 4−2

0 0 0


hk = ‖HkM−1

0 (I −Q)‖ =
1

|λ1|k+1
, k = 0, 1,

ãäå λ1 � ïåðâîå, à çíà÷èò è íàèìåíüøåå ïî ìîäóëþ ñîáñòâåííîå çíà÷åíèå

îïåðàòîðà Ëàïëàñà ñ óñëîâèåì Äèðèõëå íà ãðàíèöå,

Kn(T ) = V T
0 (µ) max

t,s∈[0,T ]
max
i,j=1,2,3

∣∣∣∣∂nkij∂tn
(t, s)

∣∣∣∣ , n = 0, 1, 2,

Kn,1(T ) = V T
0 (µ) max

t,s∈[0,T ]

{
s max
i,j=1,2,3

∣∣∣∣∂nkij∂tn
(t, s)

∣∣∣∣} , n = 0, 1, 2.

Îòñþäà ñ ïîìîùüþ òåîðåìû 2.1.2 ñðàçó ïîëó÷èì ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2.4.1. Ïóñòü z10 ∈ H2
0(Ω), µ : [0, T ]→ R � ôóíêöèÿ îãðàíè÷åííîé

âàðèàöèè, kij ∈ C2,0([0, T ]× [0, T ];R), i, j = 1, 2, 3,

V T
0 (µ) max

{
2∑

n=0

Kn,1(T ) +
1

|λ1|

2∑
n=0

Kn(T ),
1

|λ1|2
2∑

n=0

Kn(T )

}
< 1.
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Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

z1, z2, z3 ∈ C1([0, T ];L2(Ω)) ∩ C([0, T ];H2
0(Ω))

çàäà÷è (2.4.1)�(2.4.3).

Â ÷àñòíîì ñëó÷àå ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.

Ñëåäñòâèå 2.4.1. Ïóñòü z10 ∈ H2
0(0, π), lij ∈ C2,0([0, 1] × [0, 1];R), i, j =

1, 2, 3,
2∑

n=0

max
t∈[0,1]

max
i,j=1,2,3

∣∣∣∣∂nlij∂tn
(t)

∣∣∣∣ < 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

z1, z2, z3 ∈ C1([0, 1];L2(0, π)) ∩ C([0, T ];H2
0(0, π))

çàäà÷è

z1(x, 0) = z10(x), x ∈ (0, π),

zi(0, t) = zi(π, t) = 0, t ∈ [0, 1], i = 1, 2, 3,

z1t(x, t) = 4z1(x, t) +
3∑
i=1

l1i(t)zi(x, 1), (x, t) ∈ (0, π)× [0, 1],

z3t(x, t) = 4z2(x, t) +
3∑
i=1

l2i(t)zi(x, 1), (x, t) ∈ (0, π)× [0, 1],

0 = 4z3(x, t) +
3∑
i=1

l3i(t)zi(x, 1), (x, t) ∈ (0, π)× [0, 1].

Äîêàçàòåëüñòâî. Çäåñü H2
0(0, π) = {v ∈ L2(0, π) : v(0) = v(π) = 0}.

Âîçüìåì â ïðåäûäóùåé òåîðåìå d = 1, Ω = (0, π), T = 1, µ ≡ 0 íà [0, 1),

µ(1) = 1, kij(t, s) = li(t) ïðè (t, s) ∈ [0, 1]× [0, 1]. Òîãäà V 1
0 (µ) = 1, λ1 = −1 è

ïî òåîðåìå 2.4.1 ïîëó÷èì òðåáóåìîå. �

Àíàëîãè÷íûì îáðàçîì íåòðóäíî ïîëó÷èòü ðåçóëüòàò î ðàçðåøèìîñòè

çàäà÷è (2.4.2), (2.4.3) ñ íà÷àëüíûìè óñëîâèÿìè Êîøè

zi(x, 0) = zi0(x), x ∈ Ω, i = 1, 2, 3. (2.4.4)
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Òåîðåìà 2.4.2. Ïóñòü zi0 ∈ H2
0(Ω), i = 1, 2, 3, µ : [0, T ] → R � ôóíêöèÿ

îãðàíè÷åííîé âàðèàöèè, kij ∈ C2,0([0, T ]× [0, T ];R), i, j = 1, 2, 3, kij(0, s) ≡ 0,
∂kij
∂t (0, s) ≡ 0 äëÿ s ∈ [0, T ],

V T
0 (µ) max

{
2∑

n=0

Kn,1(T ) +
1

|λ1|

2∑
n=0

Kn(T ),
1

|λ1|2
2∑

n=0

Kn(T )

}
< 1.

Òîãäà çàäà÷à (2.4.2)�(2.4.4) èìååò åäèíñòâåííîå ðåøåíèå

z1, z2, z3 ∈ C1([0, T ];L2(Ω)) ∩ C([0, T ];H2
0(Ω)).

2.5. Âûpîæäåííàÿ ñèñòåìà èíòåãðî-äèôôåpåíöèàëüíûõ

ópàâíåíèé ôóíêöèé îäíîé ïåðåìåííîé

Ïóñòü B è C � êâàäpàòíûå ìàòpèöû ïîpÿäêà d ∈ N, rangB = k, k ∈
{0, 1, . . . , d − 1}, K(t, s) � êâàäpàòíàÿ ìàòpèöà ïîpÿäêà d ∈ N, çàâèñÿùàÿ
îò äâóõ ïàðàìåòðîâ t, s ∈ [0, T ]. Ðàññìîòpèì çàäà÷ó Êîøè

u(0) = u0 (2.5.1)

äëÿ àëãåáðî-äèôôåðåíöèàëüíîé ñèñòåìû ópàâíåíèé äëÿ ôóíêöèé îäíîé ïå-

ðåìåííîé

Bu̇(t) = Cu(t) +

T∫
0

K(t, s)u(s)dµ(s), t ∈ [0, T ], (2.5.2)

ãäå u(t) = col(u1(t), u2(t), . . . , ud(t)), u0 = col(u10, u20, . . . ud0), µ : [0, T ]→ R �

ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè. Çàäà÷à (2.5.1), (2.5.2) ñîâïàäàåò ñ çàäà÷åé

(2.1.1), (2.1.2), åñëè ïîëîæèòü U = V = Rd, à äåéñòâèå îïåpàòîpîâ L, M è

K(t, s) îòîæäåñòâèòü ñ äåéñòâèåì ìàòpèö B, C è K(t, s) ñîîòâåòñòâåííî.

Ëåììà 2.5.1. [51, ñ. 122]. Ïóñòü ñóùåñòâóåò òàêîå α ∈ C, ÷òî det(αB−C) 6=
0. Òîãäà îïåpàòîpM ñèëüíî (L, p)-ðàäèàëåí ïðè íåêîòîðîì p ∈ {0, . . . , d−1}.

Äëÿ äàííîãî ñëó÷àÿ (ñì. [51, c. 89�90]) ïðîåêòîð P ìîæåò áûòü âû÷èñ-

ëåí ïî ôîðìóëå

P =
1

2πi

∫
γ

(λB − C)−1Bdλ
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ñ ïîìîùüþ òåîðèè âû÷åòîâ. Â óñëîâèÿõ ëåììû 2.5.1 èç òåîpåìû 2.1.1 ñëåäó-

åò, ÷òî åñëè íà÷àëüíîå çíà÷åíèå u0 ∈ imP , K ∈ Cp+1,0([0, T ] × [0, T ];Rd×d),

F (T ) < 1, òî ñóùåñòâóåò åäèíñòâåííîå påøåíèå çàäà÷è (2.5.1), (2.5.2).

Ðàññìîòðèì äëÿ îïðåäåëåííîñòè ïðè d = 3 çàäà÷ó

ui(0) = ui, i = 1, 2, 3, (2.5.3)

u̇1(t) = u1(t) +
3∑
i=1

T∫
0

k1i(t, s)ui(s)dµ(s), t ∈ [0, T ],

u̇3(t) = u2(t) +
3∑
i=1

T∫
0

k2i(t, s)ui(s)dµ(s), t ∈ [0, T ],

0 = u3(t) +
3∑
i=1

T∫
0

k3i(t, s)ui(s)dµ(s), t ∈ [0, T ],

(2.5.4)

áëèçêóþ ïî ôîðìå ê çàäà÷å (2.4.1)�(2.4.3). Ðàññóæäàÿ, êàê â ïðåäûäóùåì

ïàðàãðàôå, ïîëó÷èì

L =


1 0 0

0 0 1

0 0 0

 , M = I, (µL−M)−1 =


1

µ−1 0 0

0 −1 −µ
0 0 −1

 ,

RL
µ(M) =


1

µ−1 0 0

0 0 −1

0 0 0

 , (RL
µ(M))2 = (LLµ(M))2 =


1

(µ−1)2 0 0

0 0 0

0 0 0

 ,

(RL
µ(M))2(µL−M)−1 = M(µL−M)−1(LLµ(M))2 =


1

(µ−1)3 0 0

0 0 0

0 0 0

 .

Ïîýòîìó îïåðàòîð I ñèëüíî (L, 1)-ðàäèàëåí ñ êîíñòàíòàìè a = 1, K = 1,

K(T ) = eT , U0 = V0 = {0} × R × R, U1 = V1 = R × {0} × {0}, L−1
1 = I,

C1 = h0 = h1 = 1.

Óòâåðæäåíèå 2.5.1. Ïóñòü ui0 ∈ R, i = 1, 2, 3, µ : [0, T ] → R � ôóíêöèÿ

îãðàíè÷åííîé âàðèàöèè, kij ∈ C2,0([0, T ]× [0, T ];R), i, j = 1, 2, 3,

kij(0, s) ≡ 0,
∂kij
∂t

(0, s) ≡ 0, s ∈ [0, T ], (2.5.5)
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V T
0 (µ)

2∑
n=0

max
t,s∈[0,T ]

max
i,j=1,2,3

∣∣∣∣∂nkij∂tn
(t, s)

∣∣∣∣ < 1.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u1, u2, u3 ∈ C1([0, T ];R) çàäà÷è (2.5.3),

(2.5.4).

Äëÿ çàäà÷è ñ óñëîâèåì Øîóîëòåðà�Ñèäîðîâà Pu(0) = u0 àíàëîãè÷íîå

óòâåðæäåíèå ñïðàâåäëèâî è áåç óñëîâèé (2.5.5).
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3. Èññëåäîâàíèå âûðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé

ñ ïàìÿòüþ ìåòîäàìè òåîðèè ïîëóãðóïï îïåðàòîðîâ

×åðåç DM , êàê è ðàíåå, îáîçíà÷àåòñÿ îáëàñòü îïðåäåëåíèÿ îïåðàòîðà M ∈
Cl(U;V). Ñíàáæåííîå íîðìîé ãðàôèêà ‖·‖DM

= ‖·‖U+‖M ·‖V ýòî ìíîæåñòâî

ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì â ñèëó çàìêíóòîñòè M .

Îáîçíà÷èì òàêæå R+ = {x ∈ R : x > 0}, R+ = {0} ∪ R+, R− = {x ∈
R : x < 0}, R− = {0} ∪ R−, R(R+;U) � ìíîæåñòâî ôóíêöèé h : R+ → U,

äëÿ êîòîðûõ íåñîáñòâåííûé èíòåãðàë Ðèìàíà
∫ +∞

0 ‖h(t)‖Udt ñõîäèòñÿ. ×åðåç
Ck

0 (R+;U) îáîçíà÷èì áàíàõîâî ïðîñòðàíñòâî k ðàç íåïðåðûâíî äèôôåðåíöè-

ðóåìûõ è îãðàíè÷åííûõ íà R+ âìåñòå ñ k ïåðâûìè ïðîèçâîäíûìè ôóíêöèé,

óäîâëåòâîðÿþùèõ ðàâåíñòâàì u(l)(0) = 0, l = 0, 1, . . . , k, ñ íîðìîé

‖u‖Ck0 (R+;U) =
k∑
l=0

sup
t≥0
‖u(l)(t)‖U.

Ïðè ýòîì äëÿ êðàòêîñòè C0
0(R+;U) ≡ C0(R+;U).

3.1. Íåâûðîæäåííîå óðàâíåíèå ñ ïàìÿòüþ

Ïóñòü U � áàíàõîâî ïðîñòðàíñòâî, çàäàí îïåðàòîð A : DA → U, ãäå

DA ⊂ U. Ðàññìîòðèì çàäà÷ó

u(t) = u−(t), t ∈ R−, (3.1.1)

d

dt
u(t) = Au(t) +

t∫
−∞

K(t− s)u(s)ds+ f(t), t ∈ [0, T ), (3.1.2)

ñ çàäàííûìè ôóíêöèÿìè u− ∈ C(R−;U) ∩ R(R−;U), K : R+ → L(U), f :

[0, T )→ U, T ∈ (0,+∞]. Èìååì

t∫
−∞

K(t− s)u(s)ds =

0∫
−∞

K(t− s)u−(s)ds+

t∫
0

K(t− s)u(s)ds.
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Ðåøåíèåì çàäà÷è (3.1.1), (3.1.2) íà ïðîìåæóòêå [0, T ) áóäåì íàçûâàòü

ôóíêöèþ u ∈ C1([0, T );U)∩C([0, T );DA)∩C((−∞, T );U), äëÿ êîòîðîé ñïðà-

âåäëèâî óñëîâèå (3.1.1) è ïðè êàæäîì t ∈ [0, T ) âûïîëíÿåòñÿ ðàâåíñòâî (3.1.2).

Ñëåäóÿ ðàáîòàì [43�45], ââåäåì â ðàññìîòðåíèå ôóíêöèþ

v(t, s) =

s∫
0

u(t− τ)dτ =

t∫
t−s

u(τ)dτ,

òîãäà ïðè K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U))

t∫
−∞

K(t− s)u(s)ds =

+∞∫
0

K(τ)u(t− τ)dτ =

+∞∫
0

K(s)
∂

∂s
v(t, s)ds =

= K(s)v(t, s)

∣∣∣∣+∞
0

−
+∞∫
0

K′(s)v(t, s)ds =

=

 0∫
−∞

u−(τ)dτ +

t∫
0

u(τ)dτ

 lim
s→+∞

K(s)−
+∞∫
0

K′(s)v(t, s)ds =

= −
+∞∫
0

K′(s)v(t, s)ds.

Ïîëó÷åíî óðàâíåíèå

d

dt
u(t) = Au(t)−

+∞∫
0

K′(s)v(t, s)ds+ f(t). (3.1.3)

Âû÷èñëèì ÷àñòíóþ ïðîèçâîäíóþ

∂v

∂t
=

∂

∂t

s∫
0

u(t− τ)dτ = −
s∫

0

∂

∂τ
u(t− τ)dτ = u(t)−u(t− s) = u(t)− ∂

∂s
v(t, s).

(3.1.4)

Òàêèì îáðàçîì, çàäà÷à (3.1.1) äëÿ óðàâíåíèÿ (3.1.2) ñâåäåíà ê çàäà÷å Êîøè

u(0) = u−(0), v(0, s) =

0∫
−s

u−(τ)dτ, s ≥ 0,
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äëÿ ñèñòåìû óðàâíåíèé (3.1.3), (3.1.4), êîòîðóþ ìîæíî çàïèñàòü â âèäå íåîä-

íîðîäíîãî óðàâíåíèÿ

w′(t) = Bw(t) + g(t)

ñ ïîñòîÿííûì îïåðàòîðîì B â ïðîñòðàíñòâå W = U× C0(R+;U). Çäåñü

w =

(
u

v

)
, g =

(
f

0

)
, B =

(
A A1

J A2

)
, (3.1.5)

ïðè ýòîì A1 : C0(R+;U)→ U, A2 : C0(R+;U)→ C0(R+;U), J : U→ C0(R+;U)

äåéñòâóþò ïî ïðàâèëàì

A1z = −
+∞∫
0

K′(s)z(s)ds, (A2z)(s) = −z′(s), (Jz)(s) ≡ z, s ≥ 0.

Ëåììà 3.1.1. J ∈ L(U;C0(R+;U)), ‖J‖L(U;C0(R+;U)) = 1.

Äîêàçàòåëüñòâî. Ïðè z ∈ U èìååì

‖Jz‖C0(R+;U) = sup
s≥0
‖(Jz)(s)‖U = ‖z‖U. �

Ëåììà 3.1.2. Ïóñòü K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)). Òîãäà A1 ∈
L(C0(R+;U);U).

Äîêàçàòåëüñòâî. Äëÿ z ∈ C0(R+;U)

‖A1z‖U ≤ sup
τ≥0
‖z(τ)‖U

+∞∫
0

‖K′(s)‖L(U) ds. �

Ïîëóãðóïïó îïåðàòîðîâ {U(t) ∈ L(U) : t ≥ 0} áóäåì íàçûâàòü ñæèìà-

þùåé, åñëè ‖U(t)‖L(U) ≤ 1 äëÿ âñåõ t ≥ 0.

Ëåììà 3.1.3. Îïåðàòîð A2 ∈ Cl(C0(R+;U)) ñ îáëàñòüþ îïðåäåëåíèÿ DA2
=

C1
0(R+;U) ïîðîæäàåò ñæèìàþùóþ (C0)-íåïðåðûâíóþ ïîëóãðóïïó îïåðàòî-

ðîâ.
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Äîêàçàòåëüñòâî. Ïðè µ > 0 è z2 ∈ C0(R+;U) óðàâíåíèå (µI − A2)z1 = z2

îòíîñèòåëüíî z1 ∈ C0(R+;U) ïðåäñòàâëÿåò ñîáîé äèôôåðåíöèàëüíîå óðàâíå-

íèå µz1 + z′1 = z2. Ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå µz1 + z′1 = 0 èìååò

îáùåå ðåøåíèå z1(s) = Ce−µs, ïîýòîìó ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ

áóäåì èñêàòü â âèäå z1(s) = C(s)e−µs. Ïîäñòàâèâ åãî â èñõîäíîå óðàâíåíèå,

ïîëó÷èì ðàâåíñòâî C ′(s)e−µs = z2, ïîýòîìó

C(s) = C1 +

s∫
0

z2(τ)eµτdτ, z1(s) = C1e
−µs +

s∫
0

eµ(τ−s)z2(τ)dτ.

Ïîñêîëüêó z1 ∈ DA2
, òî z1(0) = 0 è C1 = 0.

Òàêèì îáðàçîì,

[(µI − A2)
−1z2](s) =

s∫
0

eµ(τ−s)z2(τ)dτ,

‖(µI − A2)
−1z2‖C0(R+;U) = sup

s≥0

∥∥∥∥∥∥
s∫

0

eµ(τ−s)z2(τ)dτ

∥∥∥∥∥∥
U

≤

≤ sup
s≥0

s∫
0

eµ(τ−s) ‖z2(τ)‖U dτ ≤
1

µ
‖z2‖C0(R+;U).

Ïîëó÷àåì

||(µI − A2)
−1||L(C0(R+;U)) ≤

1

µ
.

Òàêèì îáðàçîì, îïåðàòîð A2 ÿâëÿåòñÿ ãåíåðàòîðîì ñæèìàþùåé (C0)-íåïðå-

ðûâíîé ïîëóãðóïïû îïåðàòîðîâ. �

Çàìå÷àíèå 3.1.1. Èìåííî ðàäè ýòîé ëåììû âûáðàíî è â äàëüíåéøåì èñ-

ïîëüçóåòñÿ ïðîñòðàíñòâî C0(R+;U) íåïðåðûâíûõ è îãðàíè÷åííûõ ôóíêöèé,

óäîâëåòâîðÿþùèõ óñëîâèþ z2(0) = 0.

Òåîðåìà 3.1.1. Ïóñòü îïåðàòîð A ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëóãðóï-

ïó îïåðàòîðîâ â U, K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)). Òîãäà îïðåäåëåí-

íûé â (3.1.5) îïåðàòîð B ñ îáëàñòüþ îïðåäåëåíèÿ DB = DA × C1
0(R+;U)

ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëóãðóïïó îïåðàòîðîâ â U× C0(R+;U).
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Äîêàçàòåëüñòâî. Èìååì B = B0 +B1, ãäå

B0 =

(
A 0

0 A2

)
, B1 =

(
0 A1

J 0

)
.

Îïåðàòîð B0 ∈ Cl(U × C0(R+;U)) ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëóãðóï-

ïó îïåðàòîðîâ â ïðîñòðàíñòâå U × C0(R+;U), ïîñêîëüêó îïåðàòîðû A è A2

ÿâëÿþòñÿ ãåíåðàòîðàìè (C0)-íåïðåðûâíûõ ïîëóãðóïï íà ïðîñòðàíñòâàõ U

è C0(R+;U) ñîîòâåòñòâåííî. Îïåðàòîð B1 íåïðåðûâåí íà ïðîñòðàíñòâå U ×
C0(R+;U) â ñèëó ëåìì 3.1.1, 3.1.2, ïîýòîìó ïî òåîðåìå 2.1 [6] îïåðàòîð B =

B0 + B1 ∈ Cl(U × C0(R+;U)) ÿâëÿåòñÿ ãåíåðàòîðîì (C0)-íåïðåðûâíîé ïîëó-

ãðóïïû íà ïðîñòðàíñòâå U× C0(R+;U). �

Òåîðåìà 3.1.2. Ïóñòü îïåðàòîð A ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëóãðóï-

ïó îïåðàòîðîâ â U, u− ∈ C0(R−;U) ∩ R(R−;U), K ∈ C(R+;L(U)), K,K′ ∈
R(R+;L(U)), è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé:

(i) f ∈ C1([0, T );U);

(ii) f ∈ C([0, T );DA).

Òîãäà çàäà÷à (3.1.1), (3.1.2) èìååò åäèíñòâåííîå ðåøåíèå

u ∈ C1([0, T );U) ∩ C([0, T );DA) ∩ C((−∞, T );U).

Äîêàçàòåëüñòâî. Âûøå çàäà÷à (3.1.1), (3.1.2) ðåäóöèðîâàíà ê çàäà÷å Êîøè

w(0) = w0 (3.1.6)

äëÿ íåîäíîðîäíîãî óðàâíåíèÿ

w′(t) = Bw(t) + g(t) (3.1.7)

â ïðîñòðàíñòâå W = U × C0(R+;U). Óñëîâèÿ òåîðåìû íà ôóíêöèè u− è f

îçíà÷àþò, ÷òî w0 =

(
u−(0)

v(0, ·)

)
∈ DB = DA × DA2

, à ôóíêöèÿ g =

(
f

0

)
∈
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C1([0, T );W) èëè g ∈ C([0, T );DB). Â ÷àñòíîñòè,

v(0, s) =

0∫
−s

u−(τ)dτ, [A2v(0, ·)](s) = −∂v
∂s

(0, s) = −u−(−s)

ïðèíàäëåæèò êëàññó C0(R+;U).

Â ñèëó âûøåñêàçàííîãî ñîãëàñíî òåîðåìå 5.6 [7] è òåîðåìå 3.1.1 ñóùå-

ñòâóåò åäèíñòâåííîå ðåøåíèå w ∈ C1([0, T );W)∩C([0, T );DB) çàäà÷è (3.1.6),

(3.1.7) íà ïðîìåæóòêå [0, T ), ïðè ýòîì îíî èìååò âèä

w(t) = etBw0 +

t∫
0

e(t−s)Bg(s)ds, (3.1.8)

ãäå {etB ∈ L(W) : t ≥ 0} � ïîëóãðóïïà îïåðàòîðîâ, ïîðîæäàåìàÿ îïåðàòî-

ðîì B. Ðåøåíèåì èñõîäíîé çàäà÷è (3.1.1), (3.1.2) ÿâëÿåòñÿ ïåðâàÿ êîìïîíåíòà

âåêòîð-ôóíêöèè w(t) =

(
u(t)

v(t, ·)

)
. �

Äëÿ èññëåäîâàíèÿ âûðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé ñ ïàìÿòüþ

äàëåå ïîíàäîáÿòñÿ ðåøåíèÿ áîëüøåé ãëàäêîñòè. Ñôîðìóëèðóåì ñëåäóþùèé

ðåçóëüòàò.

Òåîðåìà 3.1.3. Ïóñòü îïåðàòîð A ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëóãðóï-

ïó îïåðàòîðîâ â ïðîñòðàíñòâå U, u− ∈ C1
0(R−;U)∩R(R−;U), âûïîëíÿþòñÿ

óñëîâèÿ K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)),
+∞∫
0

AK(s)u−(−s)ds < ∞,

âûïîëíÿåòñÿ îäío èç óñëîâèé:

(i) f ∈ C2([0, T );U), f(0) ∈ DA;

(ii) f ∈ C1([0, T );DA);

(iii) f ∈ C([0, T );DA2) ∩ C([0, T );DA) ∩ C1([0, T );U).

Òîãäà çàäà÷à (3.1.1), (3.1.2) èìååò åäèíñòâåííîå ðåøåíèå íà [0, T ), ïðè

ýòîì îíî ëåæèò â C2([0, T );U) ∩ C([0, T );DA) ∩ C((−∞, T );U).

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ôîðìóëîé (3.1.8) ðåøåíèÿ çàäà÷è (3.1.6),

(3.1.7). Ôóíêöèÿ etBw0 äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà, åñëè w0 ∈
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DB2. Ðàñïèñàâ îïåðàòîð B2, óâèäèì, ÷òî äëÿ ýòîãî òðåáóåòñÿ, ÷òîáû âûïîë-

íÿëîñü u−(0) ∈ DA2, v(0, ·) ∈ DA2
2
, A1v(0, ·) ∈ DA. Âòîðîå âêëþ÷åíèå ñëåäóåò

èç óñëîâèÿ u− ∈ C1
0(R−;U). Ïîêàæåì âûïîëíåíèå òðåòüåãî óñëîâèÿ. Èìååì

−
+∞∫
0

AK′(s)
0∫

−s

u−(τ)dτds = −AK(s)

0∫
−s

u−(τ)dτ

∣∣∣∣+∞
0

+

+∞∫
0

AK(s)u−(−s)ds =

=

+∞∫
0

AK(s)u−(−s)ds.

Çäåñü âûðàæåíèå â ãðàíè÷íûõ òî÷êàõ èíòåðâàëà èíòåãðèðîâàíèÿ îáíóëèëîñü

â ñèëó òîãî, ÷òî u− ∈ R(R−;U), à ïîñëåäíèé èíòåãðàë ñõîäèòñÿ ïî óñëîâèþ

òåîðåìû.

Äëÿ ôóíêöèè w1(t) =
t∫

0

e(t−s)Bg(s)ds èìååì

w′1(t) = g(t) +

t∫
0

d

dt
e(t−s)Bg(s)ds = g(t)−

t∫
0

d

ds
e(t−s)Bg(s)ds.

Åñëè ïðîäèôôåðåíöèðîâàòü ïîñëåäíåå âûðàæåíèå ïî ÷àñòÿì, òî ïîëó÷èòñÿ

etBg(0) +

t∫
0

e(t−s)Bg′(s)ds, (3.1.9)

à åñëè ïðîäèôôåðåíöèðîâàòü ñàìó ïîëóãðóïïó, òî

g(t) +

t∫
0

e(t−s)BBg(s)ds. (3.1.10)

Â ñëó÷àå (i) âûðàæåíèå (3.1.9) ïðîäèôôåðåíöèðóåì ïî ÷àñòÿì åùå ðàç,

è, ó÷èòûâàÿ, ÷òî f(0) ∈ DA, à çíà÷èò, è g(0) ∈ DB, ïîëó÷èì

w′′1(t) = etBBg(0) + etBg′(0) +

t∫
0

e(t−s)Bg′′(s)ds.
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Ïðè âûïîëíåíèè óñëîâèÿ (ii) (3.1.9) ïðîäèôôåðåíöèðóåì, èñïîëüçóÿ

äèôôåðåíöèðîâàíèå ïîëóãðóïïû, è ïîëó÷èì

w′′1(t) = etBBg(0) + g′(t) +

t∫
0

e(t−s)BBg′(s)ds.

Àíàëîãè÷íûé ðåçóëüòàò ïîëó÷èòñÿ, åñëè äèôôåðåíöèðîâàòü (3.1.10) ïî ÷à-

ñòÿì.

Â ñëó÷àå âûïîëíåíèÿ óñëîâèé (iii) èñïîëüçóåì äëÿ äàëüíåéøåãî äèô-

ôåðåíöèðîâàíèÿ (3.1.10) è, äèôôåðåíöèðóÿ ïðè ýòîì ïîëóãðóïïó, ïîëó÷èì

íåïðåðûâíóþ ôóíêöèþ

w′′1(t) = g′(t) +Bg(t) +

t∫
0

e(t−s)BB2g(s)ds.

Èç ïðåäûäóùåé òåîðåìû ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (3.1.1),

(3.1.2) â êëàññå C1([0, T );U) ∩ C([0, T );DA) ∩ C((−∞, T );U). �

3.2. Âûðîæäåííîå óðàâíåíèå ñ ïàìÿòüþ

Ðàññìîòðèì çàäà÷ó

u(t) = u−(t), t ∈ R−, (3.2.1)

äëÿ óðàâíåíèÿ ñ ïàìÿòüþ

d

dt
Lu(t) = Mu(t) +

t∫
−∞

K(t− s)u(s)ds+ f(t), t ∈ [0, T ), (3.2.2)

ãäå u− : R− → U, K : R+ → L(U;V), f : [0, T ) → V, T ∈ (0,+∞]. Ðåøåíèåì

çàäà÷è (3.2.1), (3.2.2) íà ïðîìåæóòêå [0, T ) áóäåì íàçûâàòü ôóíêöèþ u ∈
C([0, T );DM) ∩ C((−∞, T );U), äëÿ êîòîðîé Lu ∈ C1([0, T );U), âûïîëíÿåòñÿ

óñëîâèå (3.2.1) è ïðè êàæäîì t ∈ [0, T ) � ðàâåíñòâî (3.2.2).



68

Òåîðåìà 3.2.1. Ïóñòü p ∈ N0, îïåðàòîð M ñèëüíî (L, p)-ðàäèàëåí, ôóíê-

öèÿ Pu− ∈ C0(R−;U) ∩ R(R−;U), (I − P )u− ∈ C(R−;U) îãðàíè÷åíà, K ∈
C(R+;L(U;V)), K,K′ ∈ R(R+;L(U;V)), imK(s) ⊂ V1 ïðè s ≥ 0, (I −Q)f ∈
Cp([0, T );V),

(I − P )u−(0) = −
p∑

k=0

HkM−1
0 ((I −Q)f)(k)(0) (3.2.3)

è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé:

(i) Qf ∈ C1([0, T );V),K ∈ C1(R+;L(U;V));

(ii) L−1
1 Qf ∈C([0, T );DM), L−1

1 K∈C(R+;L(U;DM))∩R(R+;L(U;DM)).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà ïðî-

ìåæóòêå [0, T ).

Äîêàçàòåëüñòâî. Îáîçíà÷èì Pu(t) = u1(t), (I −P )u(t) = u0(t). Ïîäåéñòâó-

åì íà îáå ÷àñòè óðàâíåíèÿ (3.2.2) îïåðàòîðîì M−1
0 (I − Q), òîãäà ñîãëàñíî

óòâåðæäåíèÿì òåîðåìû 1.2.1 è óñëîâèþ íà îáðàç îïåðàòîðîâ K(s) ïîëó÷èì

óðàâíåíèå
d

dt
Hu0(t) = u0(t) +M−1

0 (I −Q)f(t).

Îíî â ñèëó íèëüïîòåíòíîñòè îïåðàòîðàH èìååò åäèíñòâåííîå ðåøåíèå u0(t) =

−
p∑

k=0

Hkh(k)(t) ïðè t ∈ [0, T ), ãäå h(t) = M−1
0 (I−Q)f(t). Îòñþäà ñëåäóåò, ÷òî

çàäà÷à (3.2.1), (3.2.2) ðàçðåøèìà òîëüêî â ñëó÷àå âûïîëíåíèÿ óñëîâèÿ (3.2.3)

ñîãëàñîâàíèÿ â íóëå.

Åñëè æå íà (3.2.2) ïîäåéñòâîâàòü îïåðàòîðîì L−1
1 Q, òî ïîëó÷èì óðàâ-

íåíèå

d

dt
u1(t) = L−1

1 M1u
1(t) +

t∫
−∞

L−1
1 K(t− s)u1(s)ds+ g(t), (3.2.4)

ãäå

g(t) = L−1
1 Qf(t) + k(t), k(t) =

t∫
−∞

L−1
1 K(t− s)u0(s) ds.
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Òàêèì îáðàçîì, çàäà÷à (3.2.1), (3.2.2) ðåäóöèðîâàíà ê çàäà÷å

u1(t) = Pu−(t), t ∈ R−, (3.2.5)

äëÿ óðàâíåíèÿ (3.2.4). Îïåðàòîð L−1
1 M1 ïîðîæäàåò (C0)-íåïðåðûâíóþ ïîëó-

ãðóïïó ïî òåîðåìå 1.2.1. Ïðîâåðèì, ÷òî äëÿ çàäà÷è (3.2.4), (3.2.5) âûïîëíÿ-

þòñÿ îñòàëüíûå óñëîâèÿ òåîðåìû 3.1.2.

Â ñëó÷àå íåïðåðûâíîé äèôôåðåíöèðóåìîñòè ôóíêöèè Qf (óñëîâèå (i)

äàííîé òåîðåìû) äëÿ òîãî, ÷òîáû äîêàçàòü âêëþ÷åíèå g ∈ C1([0, T );U1), íåîá-

õîäèìî äîêàçàòü, ÷òî k ∈ C1([0, T );U). Èìååì

k′(t) = L−1
1 K(0)u0(t) +

t∫
−∞

L−1
1 K′(t− s)u0(s) ds

ïðè óñëîâèè ðàâíîìåðíîé ñõîäèìîñòè ïîñëåäíåãî èíòåãðàëà ïî ïàðàìåòðó

t ∈ [0, T ). Ïîñêîëüêó L−1
1 K′ ∈ R(R+;L(U)), òî

∀ε > 0 ∃A > 0 ∀A′ > A

+∞∫
A′

∥∥L−1
1 K′(s)

∥∥
L(U)

ds <
ε

sup
t∈(−∞,0]

‖(I − P )u−(t)‖U
.

Òîãäà

∀t ∈ [0, T )

∥∥∥∥∥∥
−A′∫
−∞

L−1
1 K′(t− s)u0(s)ds

∥∥∥∥∥∥
L(U)

< ε.

Îòñþäà ñëåäóåò òðåáóåìîå, ïîýòîìó g ∈ C1([0, T );U1). Ýòî îçíà÷àåò âûïîë-

íåíèå óñëîâèÿ (i) òåîðåìû 3.1.2.

Ïðè âûïîëíåíèè óñëîâèé (ii) äàííîé òåîðåìû âûïîëíåíèå óñëîâèÿ (ii)

òåîðåìû 3.1.2 ñ îïåðàòîðîì A = L−1
1 M1 äîêàçûâàåòñÿ àíàëîãè÷íî.

Òàêèì îáðàçîì, â êàæäîì èç ñëó÷àåâ ïî òåîðåìå 3.1.2 ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå çàäà÷è (3.2.4), (3.2.5), à çíà÷èò, ñóùåñòâóåò åäèíñòâåííîå

ðåøåíèå èñõîäíîé çàäà÷è. �

Òåïåðü âìåñòî óñëîâèÿ imK(s) ⊂ V1 ðàññìîòðèì ñëó÷àé, êîãäà U0 ⊂
kerK(s).
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Òåîðåìà 3.2.2. Ïóñòü îïåðàòîð M ñèëüíî (L, 0)-ðàäèàëåí, (I − P )u− ∈
C(R−;U), Pu− ∈ C0(R−;U) ∩ R(R−;U), K ∈ C(R+;L(U;V)), U0 ⊂ kerK(s),

s ≥ 0, K,K′ ∈ R(R+;L(U;V)), (I −Q)f ∈ C([0, T );V),

(I − P )u−(0) = −
0∫

−∞

M−1
0 (I −Q)K(−s)Pu−(s)ds−M−1

0 (I −Q)f(0) (3.2.6)

è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé

(i) Qf ∈ C1([0, T );V);

(ii) L−1
1 Qf ∈ C([0, T );DM).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà ïðî-

ìåæóòêå [0, T ).

Äîêàçàòåëüñòâî. Êàê è ïðè äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû, èç óðàâ-

íåíèÿ (3.2.2) ïîëó÷èì óðàâíåíèå

d

dt
u1(t) = L−1

1 M1u
1(t) +

t∫
−∞

L−1
1 QK(t− s)u1(s)ds+ L−1

1 Qf(t) (3.2.7)

ñ ó÷åòîì ñâîéñòâ ÿäåð kerK(s). Çàäà÷à (3.2.5) äëÿ ýòîãî óðàâíåíèÿ óäîâëå-

òâîðÿåò âñåì óñëîâèÿì òåîðåìû 3.1.2, ïîýòîìó ñóùåñòâóåò åå åäèíñòâåííîå

ðåøåíèå u1 íà ïðîìåæóòêå [0, T ).

Äåéñòâèåì îïåðàòîðàM−1
0 (I−Q) íà óðàâíåíèå (3.2.2) ñ ó÷åòîì ñèëüíîé

(L, 0)-ðàäèàëüíîñòè îïåðàòîðà M ïîëó÷èì

u0(t) = −
t∫

−∞

M−1
0 (I −Q)K(t− s)u1(s)ds−M−1

0 (I −Q)f(t).

Îòñþäà ñëåäóåò ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (3.2.1), (3.2.2) ïðè âûïîëíå-

íèè óñëîâèÿ ñîãëàñîâàíèÿ (3.2.6). �

Ïðè óñëîâèè U0 ⊂ kerK(s) èíòåãðàëüíûé îïåðàòîð ïàìÿòè íå çàâèñèò

îò çíà÷åíèé ðåøåíèÿ íà ïîäïðîñòðàíñòâå U0 è ïîìèìî çàäà÷è (3.2.1) äëÿ óðàâ-



71

íåíèÿ ñ ïàìÿòüþ ìîæíî ðàññìîòðåòü òàêæå îáîáùåííóþ çàäà÷ó Øîóîëòåðà�

Ñèäîðîâà

Pu(t) = u−(t), t ∈ R−. (3.2.8)

Ðåøåíèåì çàäà÷è (3.2.2), (3.2.8) íà ïðîìåæóòêå [0, T ) áóäåì íàçûâàòü ôóíê-

öèþ u ∈ C([0, T );DM), äëÿ êîòîðîé Pu ∈ C((−∞, T );U), Lu ∈ C1([0, T );U),

âûïîëíÿåòñÿ (3.2.8) è ïðè êàæäîì t ∈ [0, T ) � ðàâåíñòâî (3.2.2). Èç äîêàçà-

òåëüñòâà òåîðåìû 3.2.2 âèäíî, ÷òî åäèíñòâåííûì îòëè÷èåì òåîðåìû î ðàçðå-

øèìîñòè çàäà÷è (3.2.2), (3.2.8) îò íåå áóäåò îòñóòñòâèå íåîáõîäèìîñòè âûïîë-

íåíèÿ óñëîâèÿ ñîãëàñîâàíèÿ (3.2.6).

Òåîðåìà 3.2.3. Ïóñòü îïåðàòîð M ñèëüíî (L, 0)-ðàäèàëåí, ôóíêöèÿ u− ∈
C0(R−;U1) ∩ R(R−;U1), K ∈ C(R+;L(U;V)), K,K′ ∈ R(R+;L(U;V)), U0 ⊂
kerK(s), s ≥ 0, (I −Q)f ∈ C([0, T );V) è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé

(i) Qf ∈ C1([0, T );V);

(ii) L−1
1 Qf ∈ C([0, T );DM).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.2), (3.2.8) íà ïðî-

ìåæóòêå [0, T ).

Äîêàæåì àíàëîãè÷íóþ òåîðåìó â ñëó÷àå óðàâíåíèÿ ñ á�îëüøèì âûðîæäåíè-

åì � êîãäà îïåðàòîð M ñèëüíî (L, 1)-ðàäèàëåí.

Òåîðåìà 3.2.4. Ïóñòü îïåðàòîð M ñèëüíî (L, 1)-ðàäèàëåí, ôóíêöèÿ u− ∈
C0(R−;U1) ∩ R(R−;U1), K ∈ C1(R+;L(U;V)), K,K′ ∈ R(R+;L(U;V)), U0 ⊂
kerK(s), s ≥ 0, (I−Q)f ∈ C1([0, T );V) è âûïîëíÿåòñÿ îäíî èç äâóõ óñëîâèé

(i) Qf ∈ C1([0, T );V);

(ii) L−1
1 Qf ∈ C([0, T );DM).

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.2), (3.2.8) íà ïðî-

ìåæóòêå [0, T ).

Äîêàçàòåëüñòâî. Çàäà÷à (3.2.5), (3.2.7) îäíîçíà÷íî ðàçðåøèìà ïî òåîðåìå

3.1.2. Äåéñòâèåì æå îïåðàòîðàM−1
0 (I−Q) íà óðàâíåíèå (3.2.2) ïîëó÷èì óðàâ-
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íåíèå

d

dt
Hu0(t) = u0(t) +

t∫
−∞

M−1
0 (I −Q)K(t− s)u1(s)ds+M−1

0 (I −Q)f(t), (3.2.9)

ãäå u1 � ðåøåíèå çàäà÷è (3.2.5), (3.2.7). Èç íèëüïîòåíòíîñòè îïåðàòîðà H

ñòåïåíè 1 ñëåäóåò ñóùåñòâîâàíèå ðåøåíèÿ u0(t) = −h(t)−Hh′(t) óðàâíåíèÿ
(3.2.9), ãäå

h(t) = l(t) +M−1
0 (I −Q)f(t), l(t) =

t∫
−∞

M−1
0 (I −Q)K(t− s)u1(s)ds.

Ïðèíàäëåæíîñòü ôóíêöèè l êëàññó C1([0, T ),U) äîêàçûâàåòñÿ òàê æå, êàê

àíàëîãè÷íûé ôàêò äëÿ ôóíêöèè k ïðè äîêàçàòåëüñòâå òåîðåìû 3.2.1 ñ ó÷åòîì

îãðàíè÷åííîñòè ôóíêöèè u−. �

Çàìå÷àíèå 3.2.1. Èç òåîðåì 3.2.1�3.2.4 âèäíî, ÷òî çàäà÷à (3.2.8) (â ñëó÷àÿõ,

êîãäà åå ïîñòàíîâêà âîçìîæíà, êàê â óñëîâèÿõ òåîðåì 3.2.2 � 3.2.4), êîãäà

èíòåãðàëüíûé îïåðàòîð ïàìÿòè íå çàâèñèò îò ôóíêöèè (I − P )u−) ÿâëÿåòñÿ

áîëåå åñòåñòâåííîé äëÿ óðàâíåíèÿ (3.2.2) â òîì ñìûñëå, ÷òî îíà îäíîçíà÷íî

ðàçðåøèìà áåç äîïîëíèòåëüíûõ óñëîâèé ñîãëàñîâàíèÿ â íóëå òèïà óñëîâèé

(3.2.3), (3.2.6).

Çàìå÷àíèå 3.2.2. Ðåøåíèåì çàäà÷è (3.2.1) äëÿ óðàâíåíèÿ

L
d

dt
u(t) = Mu(t) +

t∫
−∞

K(t− s)u(s)ds+ f(t), t ∈ [0, T ), (3.2.10)

ãäå u− : R− → U, K : R+ → L(U;V), f : [0, T ) → V, T ∈ (0,+∞], íà ïðî-

ìåæóòêå [0, T ) áóäåì íàçûâàòü ôóíêöèþ u ∈ C([0, T );DM) ∩ C1([0, T );U) ∩
C((−∞, T );U), äëÿ êîòîðîé ïðè êàæäîì t ∈ [0, T ) âûïîëíÿåòñÿ ðàâåíñòâî

(3.2.10) è ïðè T ≤ 0 � óñëîâèå (3.2.1). Èññëåäîâàíèå îäíîçíà÷íîé ðàçðåøè-

ìîñòè ýòîé çàäà÷è èëè çàäà÷è (3.2.8) äëÿ óðàâíåíèÿ (3.2.10) ïðîâîäèòñÿ ñîâåð-

øåííî àíàëîãè÷íî òîìó, êàê ýòî ñäåëàíî â äàííîì ïàðàãðàôå â ñëó÷àå óðàâíå-

íèÿ (3.2.2). Ðàçíèöà çàêëþ÷àåòñÿ ëèøü â òîì, ÷òî â äàííîì ñëó÷àå ðåøåíèå u0
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ïîëó÷àþùåãîñÿ óðàâíåíèÿ íà ïîäïðîñòðàíñòâå U0 (à íå L0u
0, êàê äëÿ óðàâíå-

íèÿ (3.2.2)) äîëæíî áûòü äèôôåðåíöèðóåìî. Ýòî ïðèâîäèò ê íåçíà÷èòåëüíî-

ìó óñèëåíèþ òðåáîâàíèé íà ãëàäêîñòü íåêîòîðûõ äàííûõ â ôîðìóëèðîâêàõ

óòâåðæäåíèé. Íàïðèìåð, â óòâåðæäåíèè îá îäíîçíà÷íîé ðàçðåøèìîñòè çà-

äà÷è (3.2.1), (3.2.10), àíàëîãè÷íîì òåîðåìå 3.2.1, äîñòàòî÷íî ëèøü çàìåíèòü

óñëîâèå (I − Q)f ∈ Cp([0, T );V) íà óñëîâèå (I − Q)f ∈ Cp+1([0, T );V). Ñì.

ïî ýòîìó ïîâîäó òàêæå çàìå÷àíèå 1.2.8.

3.3. Ñëó÷àé (L, p)-îãðàíè÷åííîãî îïåðàòîðà

Â ïàðàãïàôå �3.1 áûëè ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è

Êîøè (3.1.1), (3.1.2) êëàññà C2([0, T );U) ∩ C((−∞, T );U). Ïîíÿòíî, ÷òî óñè-

ëèâ óñëîâèÿ íà ôóíêöèè K, f è u−, íåòðóäíî ïîëó÷èòü óñëîâèÿ, äîñòàòî÷-

íûå äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (3.1.1), (3.1.2) êëàññà C3([0, T );U) ∩
C((−∞, T );U). Ïðè ïîëó÷åíèè îáùåãî ðåçóëüòàòà î ñóùåñòâîâàíèè ðåøåíèÿ

êëàññà Cn([0, T );U)∩C((−∞, T );U) âîçíèêàåò ïðîáëåìà ñ îïèñàíèåì ìíîæå-

ñòâà DBn (ñì. (3.1.5)), êîòîðîå èìååò íåïðîñòóþ ñòðóêòóðó. Îäíàêî â ñëó÷àå

îãðàíè÷åííîãî îïåðàòîðà A òàêîå îïèñàíèå ïîëó÷åíî â ñëåäóþùåé ëåììå.

Ëåììà 3.3.1. Ïóñòü A ∈ L(U), K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)), n ∈
N. Òîãäà äëÿ îïðåäåëåííîãî â (3.1.5) îïåðàòîðà B èìååò ìåñòî ðàâåíñòâî

DBn = U×DAn2 .

Äîêàçàòåëüñòâî. Èñïîëüçóÿ î÷åâèäíîå ðàâåíñòâî A2J = 0, ïî èíäóêöèè

íåòðóäíî äîêàçàòü, ÷òî ïðè âñåõ k ∈ N îïåðàòîð Bk èìååò âèä

Bk =

 Dk

k−1∑
m=0

Fk,mA
m
2

JDk−1 Ak
2 + J

k−2∑
m=0

Gk,mA
m
2

 ,

ãäå D0 = I, Dk ∈ L(U), Fk,m ∈ L(C0(R+;U);U), m = 0, 1, . . . , k − 1, Gk,m ∈
L(C0(R+;U)), m = 0, 1, . . . , k− 2. Â ñëó÷àå k = 1 íèæíèé ïðåäåë ñóììèðîâà-
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íèÿ â ïîñëåäíåé ñóììå áîëüøå âåðõíåãî, ïî óìîë÷àíèþ ýòî îçíà÷àåò îòñóò-

ñòâèå ñóììû.

Èç ïîëó÷åííîãî ïðåäñòàâëåíèÿ îïåðàòîðà Bk ñëåäóåò óòâåðæäåíèå ëåì-

ìû. �.

Òåîðåìà 3.3.1. Ïóñòü A ∈ L(U), K ∈ C(R+;L(U)), K,K′ ∈ R(R+;L(U)),

n ∈ N, u− ∈ Cn−1
0 (R−;U) ∩ R(R−;U), f ∈ Cn−1([0, T );U). Òîãäà ñóùåñòâó-

åò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.1.1), (3.1.2) íà ïðîìåæóòêå [0, T ), ïðè

ýòîì îíî ïðèíàäëåæèò êëàññó Cn([0, T );U)∩C([0, T );DA)∩C((−∞, T );U).

Äîêàçàòåëüñòâî ïðîâîäèòñÿ òàê æå, êàê äëÿ òåîðåìû 3.1.3 ñ ó÷åòîì îãðàíè-

÷åííîñòè îïåðàòîðà A è ñ èñïîëüçîâàíèåì ëåììû 3.3.1. Óñëîâèÿ íà u− îçíà-

÷àþò, ÷òî u− ∈ DAn2 è w0 ∈ DB. Èç ðàâåíñòâà (3.1.8) n-êðàòíûì äèôôåðåí-

öèðîâàíèåì, èñïîëüçóÿ ïðÿìîå äèôôåðåíöèðîâàíèå ïîëóãðóïïû ïîä çíàêîì

èíòåãðàëà, ïîëó÷èì

w(n)(t) = etBBnw0 +
n−1∑
k=0

Bn−1−kg(k)(t) +

t∫
0

e(t−s)BBng(s)ds.

Îñòàëîñü ó÷åñòü, ÷òî âòîðàÿ êîìïîíåíòà ó âåêòîð-ôóíêöèè g íóëåâàÿ, à íà

ïåðâóþ îïåðàòîð B äåéñòâóåò îãðàíè÷åííûì îáðàçîì. �

Â ñëó÷àå (L, p)-îãðàíè÷åííîãî îïåðàòîðàM ïðåäïîëîæèì, ÷òî ïðè âñåõ

s ≥ 0 imK(s) ⊂ V1. Ïîäåéñòâóåì íà óðàâíåíèå (3.2.2) îïåðàòîðîìM−1
0 (I−Q)

è ïîëó÷èì â ñèëó òåîðåìû 1.3.1 óðàâíåíèå

d

dt
Hu0(t) = u0(t) + h(t), t ∈ [0, T ), (3.3.11)

ãäå u0(t) = (I−P )u(t), h(t) = M−1
0 (I−Q)f(t). Ïîä åãî ðåøåíèåì ïî îïðåäåëå-

íèþ ïîíèìàåòñÿ ôóíêöèÿ u0 ∈ C([0, T );U0), äëÿ êîòîðîé Hu0 ∈ C1([0, T );U0)

è ïðè âñåõ t ∈ [0, T ) âûïîëíÿåòñÿ ðàâåíñòâî (3.3.11). Îïåðàòîð H íèëüïîòåí-

òåí ñòåïåíè p ∈ N0 ïî îïðåäåëåíèþ (L, p)-îãðàíè÷åííîãî îïåðàòîðà M . Èç

ëåììû 1.2.4, êàê óæå áûëî çàìå÷åíî, ñëåäóåò, ÷òî ïðè ðàññìîòðåíèè çàäà÷è
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(3.2.1), (3.2.2) âîçíèêàåò íåîáõîäèìîå óñëîâèå ñîãëàñîâàíèÿ

w(0) = −
p∑

k=0

dk

dtk
HkM−1

0 (I −Q)f(t)

∣∣∣∣
t=0

= (I − P )u−(0)

ñ çàäàííîé ôóíêöèåé èñòîðèè u−.

Åñëè æå íà óðàâíåíèå (3.2.2) ïîäåéñòâîâàòü îïåðàòîðîì L−1
1 Q, òî áóäåò

ïîëó÷åíî óðàâíåíèå

d

dt
u1(t) = L−1

1 M1u
1(t) +

t∫
−∞

L−1
1 QK(t− s)(u1 + u0)(s)ds+L−1

1 Qf(t), t ∈ [0, T ),

ãäå u1(t) = Pu(t). Ïîñêîëüêó ôóíêöèÿ u0 óæå èçâåñòíà, ïîñëåäíåå óðàâíåíèå

ìîæíî ïåðåïèñàòü â âèäå

d

dt
u1(t) = L−1

1 M1u
1(t) +

t∫
−∞

L−1
1 QK(t− s)u1(s)ds+ g(t), t ∈ [0, T ), (3.3.12)

ãäå g(t) =
t∫
−∞

L−1
1 QK(t − s)u0(s)ds + L−1

1 Qf(t). Òàêèì îáðàçîì, èñõîäíàÿ

çàäà÷à (3.2.1), (3.2.2) ñâåäåíà ê çàäà÷å

u1(t) = Pu−(t), t ∈ R−, (3.3.13)

äëÿ óðàâíåíèÿ (3.3.12) ñ îãðàíè÷åííûì îïåðàòîðîì L−1
1 M1 ñîãëàñíî òåîðåìå

1.3.1.

Òåïåðü åñòü âîçìîæíîñòü çàêîí÷èòü èññëåäîâàíèå ðàçðåøèìîñòè çàäà÷è

ñ çàäàííîé èñòîðèåé äëÿ âûðîæäåííîãî ýâîëþöèîííîãî óðàâíåíèÿ ñ ýôôåê-

òàìè ïàìÿòè â ñëó÷àå (L, p)-îãðàíè÷åííîãî îïåðàòîðà M . Ïðè ýòîì âîñïîëü-

çóåìñÿ ëåììîé 1.2.4 è çàìå÷àíèåì 1.2.7.

Òåîðåìà 3.3.2. Ïóñòü îïåðàòîðM (L, p)-îãðàíè÷åí, u− ∈ C(R−;U) îãðàíè-

÷åííàÿ ôóíêöèÿ, Pu− ∈ C0(R−;U1) ∩R(R−;U), K ∈ C(R+;L(U;V)), K,K′ ∈
R(R+;L(U;V)), imK(s) ⊂ V1 ïðè s ≥ 0, f ∈ C([0, T );V), HkM−1

0 (I −Q)f ∈
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Ck([0, T );U), k = 0, 1, . . . , p,

(I − P )u−(0) = −
p∑

k=0

dk

dtk
HkM−1

0 (I −Q)f(t)

∣∣∣∣
t=0

.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà ïðîìå-

æóòêå [0, T ).

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 1.2.4 ôóíêöèÿ u0 íåïðåðûâíà. Èñïîëüçóÿ

íåïðåðûâíîñòü îïåðàòîð-ôóíêöèè K, îãðàíè÷åííîñòü ôóíêöèè (I − P )u− íà

R− è ïðèíàäëåæíîñòü K ∈ R(R+;L(U;V)), íåòðóäíî ïîêàçàòü ðàâíîìåðíóþ

ñõîäèìîñòü ïî t íà ïðîèçâîëüíîì îòðåçêå [t0, t1] ⊂ R+ èíòåãðàëà

t∫
−∞

L−1
1 QK(t− s)u0(s)ds =

+∞∫
0

L−1
1 QK(s)u0(t− s)ds,

à çíà÷èò, è íåïðåðûâíîñòü ôóíêöèè g èç óðàâíåíèÿ (3.3.12). Ïî òåîðåìå 3.3.1

çàäà÷à (3.3.12), (3.3.13) îäíîçíà÷íî ðàðåøèìà. Ó÷èòûâàÿ ïðîâåäåííûå ïåðåä

ôîðìóëèðîâêîé òåîðåìû ðàññóæäåíèÿ, ïîëó÷èì òðåáóåìîå. �

Âìåñòî óñëîâèÿ imK(s) ⊂ V1 ðàññìîòðèì òåïåðü îãðàíè÷åíèå U0 ⊂
kerK(s) ïðè s ≥ 0.

Òåîðåìà 3.3.3. Ïóñòü p ∈ N0, îïåðàòîðM (L, p)-îãðàíè÷åí, u− ∈ C(R−;U),

Pu− ∈ C0(R−;U) ∩ R(R−;U), K ∈ C(R+;L(U;V)) ∩ R(R+;L(U;V)), QK′ ∈
R(R+;L(U;V)), U0 ⊂ kerK(s) ïðè s ≥ 0, HkM−1

0 (I − Q)K ∈ Ck(R+;L(U)),

HkM−1
0 (I−Q)K(l)(0) = 0, l = 0, 1, . . . , k−1, HkM−1

0 (I−Q)K(n) ∈ R(R+;L(U)),

n = 0, 1, . . . , k, k = 0, 1, . . . , p, f ∈ C([0, T );V), HkM−1
0 (I−Q)f ∈ Ck([0, T );U),

k = 0, 1, . . . , p,

(I − P )u−(0) = −
p∑

k=0

0∫
−∞

(HkM−1
0 (I −Q)K)(k)(−s)Pu−(s)ds−

−
p∑

k=0

dk

dtk
HkM−1

0 (I −Q)f

∣∣∣∣
t=0

. (3.3.14)
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Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.1), (3.2.2) íà ïðîìå-

æóòêå [0, T ).

Äîêàçàòåëüñòâî. Ñ ïîìîùüþ òåîðåìû 1.3.1 èç óðàâíåíèÿ ñ ïàìÿòüþ ïîëó-

÷èì ñèñòåìó óðàâíåíèé

d

dt
Hu0(t) = u0(t)+

t∫
−∞

M−1
0 (I−Q)K(t−s)u1(s)ds+M−1

0 (I−Q)f(t), (3.3.15)

d

dt
u1(t) = L−1

1 M1u
1(t) +

t∫
−∞

L−1
1 QK(t− s)u1(s)ds+ L−1

1 Qf(t). (3.3.16)

Ó÷èòûâàÿ, ÷òî çàäà÷à (3.3.13) äëÿ óðàâíåíèÿ (3.3.16) ïî òåîðåìå 3.3.1 îäíî-

çíà÷íî ðàçðåøèìà, ïåðåïèøåì óðàâíåíèå (3.3.15) â âèäå

d

dt
Hu0(t) = u0(t) + g(t), (3.3.17)

ãäå g(t) =
t∫
−∞

M−1
0 (I−Q)K(t− s)u1(s)ds+M−1

0 (I−Q)f(t) � çàäàííàÿ ôóíê-

öèÿ. Òåì ñàìûì, èñõîäíàÿ çàäà÷à (3.2.1), (3.2.2) ñâåäåíà ê çàäà÷å u0(t) =

(I−P )u−(t), t ∈ R−, äëÿ óðàâíåíèÿ (3.3.17), óñëîâèÿ ðàçðåøèìîñòè êîòîðîãî
ñôîðìóëèðîâàíû â çàìå÷àíèè 1.2.7.

Ïîêàæåì ñóùåñòâîâàíèå k-é ïðîèçâîäíîé ó ôóíêöèè Hkg. Îáîçíà÷èì

ïðè k ∈ N0 Gk(t) = HkM−1
0 (I − Q)K(t), òîãäà, ïîñêîëüêó G

(l)
k (0) = 0 ïðè

l = 0, 1, . . . , k − 1, òî

dn

dtn
Hkg(t) =

t∫
−∞

G
(n)
k (t− s)u1(s)ds+

dn

dtn
HkM−1

0 (I −Q)f(t),

n = 0, 1, . . . , k, k = 0, 1, . . . , p, ïðè óñëîâèè äèôôåðåíöèðóåìîñòè ñîîòâåò-

ñòâóþùåãî íåñîáñòâåííîãî èíòåãðàëà. Äîêàæåì åå. Äåéñòâèòåëüíî, òàê êàê

G
(n)
k ∈ R(R+;U), òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò òàêîå äîñòàòî÷íî áîëüøîå

A > 0, ÷òî ïðè âñåõ A′ > A, t ≥ 0∥∥∥∥∥∥
−A′∫
−∞

G
(n)
k (t− s)u1(s)ds

∥∥∥∥∥∥
U

≤ sup
τ≤0
‖Pu−(τ)‖U

+∞∫
A′

∥∥∥G(n)
k (s)

∥∥∥
L(U)

ds < ε.
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Îòñþäà ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ïî t ∈ R+ ñîîòâåòñòâóþùèõ èíòå-

ãðàëîâ, à çíà÷èò, è èõ äèôôåðåíöèðóåìîñòü.

Íåîáõîäèìîñòü óñëîâèÿ ñîãëàñîâàíèÿ äàííûõ (3.3.14) ñëåäóåò èç âèäà

ðåøåíèÿ óðàâíåíèÿ (3.3.17), ïðèâåäåííîãî â ëåììå 1.2.4. �

Ïðè âûïîëíåíèè îãðàíè÷åíèÿ U0 ⊂ kerK(s), s ≥ 0, ìîæíî ðàññìàò-

ðèâàòü ìîäèôèöèðîâàííîå óñëîâèå çàäàííîé èñòîðèè ñèñòåìû � îáîáùåííîå

óñëîâèå Øîóîëòåðà�Ñèäîðîâà

Pu(t) = u−(t), t ∈ R−, (3.3.18)

êîãäà çàäàíà ëèøü èñòîðèÿ ïðîåêöèè ñîñòîÿíèÿ ñèñòåìû íà ïîäïðîñòðàí-

ñòâî U1. Äëÿ çàäà÷è (3.2.2), (3.3.18) áóäåò ñïðàâåäëèâ ðåçóëüòàò, àíàëîãè÷-

íûé òåîðåìå 3.3.3, ëèøü óñëîâèå ñîãëàñîâàíèÿ (3.3.14) â ýòîì ñëó÷àå ñòàíî-

âèòñÿ ëèøíèì. Ðàññìîòðèì äðóãîé âàðèàíò òåîðåìû îá îäíîçíà÷íîé ðàçðå-

øèìîñòè çàäà÷è (3.2.2), (3.3.18), â êîòîðîì îñëàáèì òðåáîâàíèÿ íà ôóíêöèè

HkM−1
0 (I −Q)K, äîáèâøèñü áîëüøåé ãëàäêîñòè ôóíêöèè v.
Ïóñòü ïî îïðåäåëåíèþ C−n([0, T );V) = C([0, T );V), C−n0 (R+;U) =

C0(R+;U) ïðè n ∈ N.

Òåîðåìà 3.3.4. Ïóñòü p ∈ N0, îïåðàòîðM (L, p)-îãðàíè÷åí, u− ∈ C(R−;U),

Pu− ∈ Cp−2
0 (R−;U)∩R(R−;U), K ∈ C(R+;L(U;V))∩R(R+;L(U;V)), QK′ ∈

R(R+;L(U;V)), U0 ⊂ kerK(s), s ≥ 0, HkM−1
0 (I − Q)K ∈ Ck(R+;L(U)),

HkM−1
0 (I − Q)K(n) ∈ R(R+;L(U)), n = 0, 1, . . . , k, k = 0, 1, . . . , p, Qf ∈

Cp−2([0, T );V), HkM−1
0 (I − Q)f ∈ Ck([0, T );U), k = 0, 1, . . . , p. Òîãäà ñóùå-

ñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (3.2.2), (3.3.18) íà ïðîìåæóòêå [0, T ).

Äîêàçàòåëüñòâî. Îòëè÷èå îò äîêàçàòåëüñòâà ïðåäûäóùåé òåîðåìû ñîñòîèò

ëèøü â òîì, ÷òî òåïåðü ðåøåíèå u1 óðàâíåíèÿ (3.3.16) ïðèíàäëåæèò êëàññó

Cp−1([0, T );V) ∩ C1([0, T );V) ïî òåîðåìå 3.3.1, ïðè ýòîì

dn

dtn
Hkg(t) =

n−1∑
l=0

G
(l)
k (0)(u1)(n−1−l)(t) +

t∫
−∞

G
(n)
k (t− s)u1(s)ds+
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+
dn

dtn
HkM−1

0 (I −Q)f(t), k = 0, 1, . . . , p, n = 0, 1, . . . , k,

è âûïîëíåíèå óñëîâèÿ ñîãëàñîâàíèÿ (3.3.14) íå òðåáóåòñÿ. �

Çàìå÷àíèå 3.3.1. Äëÿ óðàâíåíèÿ

L
d

dt
u(t) = Mu(t) +

t∫
−∞

K(t− s)u(s)ds+ f(t),

â ñëó÷àå (L, p)-îãðàíè÷åííîãî îïåðàòîðà M ñïðàâåäëèâû âñå ñîîáðàæåíèÿ,

èçëîæåííûå â çàìå÷àíèè 3.2.2.

3.4. Ñèñòåìà ãðàâèòàöèîííî-ãèðîñêîïè÷åñêèõ âîëí

â ïðèáëèæåíèè Áóññèíåñêà

Ðàññìîòðèì íà÷àëüíî êðàåâóþ çàäà÷ó

vn(x, t) = 0, (x, t) ∈ ∂Ω× [0, T ), (3.4.1)

v(x, 0) = v0(x), x ∈ Ω, (3.4.2)

äëÿ ñèñòåìû óðàâíåíèé

vt(x, t) = [v(x, t), ω]− r(x, t) +N 2

t∫
0

v3(x, s)e3ds, (x, t) ∈ Ω× [0, T ), (3.4.3)

∇ · v(x, t) = 0, (x, t) ∈ Ω× [0, T ), (3.4.4)

îïèñûâàþùåé â ïðèáëèæåíèè Áóññèíåñêà ìàëûå êîëåáàíèÿ ðàâíîìåðíî âðà-

ùàþùåéñÿ îòíîñèòåëüíî âåðòèêàëüíîé îñè Ox3 â ïîëå ñèëû òÿæåñòè èäåàëü-

íîé íåñæèìàåìîé æèäêîñòè. Îíà íàçûâàåòñÿ òàêæå ñèñòåìîé ãðàâèòàöèîííî-

ãèðîñêîïè÷åñêèõ âîëí â ïðèáëèæåíèè Áóññèíåñêà [1, c. 186] Çäåñü Ω ⊂ R3 �

îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω êëàññà C∞, âåêòîð v = (v1, v2, v3) �

ñêîðîñòü ÷àñòèö æèäêîñòè, r � ãðàäèåíò äèíàìè÷åñêîãî äàâëåíèÿ P , ò. å.

r = (r1, r2.r3) = (Px1, Px2, Px3), e3 = (0, 0, 1), ω � óäâîåííàÿ óãëîâàÿ ñêî-

ðîñòü, [·, ω] � âåêòîðíîå ïðîèçâåäåíèå íà âåêòîð ω = ωe3 = (0, 0, ω) ∈ R3,
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v3e3 = (0, 0, v3), n = (n1, n2, n3) � âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå îáëà-

ñòè ∂Ω, 〈·, ·〉R3 � ñêàëÿðíîå ïðîèçâåäåíèå â R3, vn = 〈v, n〉R3, N 2 � ÷àñòîòà

Âÿéñåëÿ � Áðåíòà, ∇ · v � äèâåðãåíöèÿ âåêòîð-ôóíêöèè v. Íåèçâåñòíûìè

ÿâëÿþòñÿ âåêòîð-ôóíêöèè v è r.

Îáîçíà÷èì L = {v ∈ (C∞0 (Ω))3 : ∇ · v = 0}. Çàìûêàíèå ëèíåàëà L ïî

íîðìå ïðîñòðàíñòâà L2 = (L2(Ω))3 îáîçíà÷èì ÷åðåç Hσ. Ïóñòü Hπ � îpòîãî-

íàëüíîå äîïîëíåíèå ê Hσ, Π : L2 → Hπ � îpòîïpîåêòîp âäîëü Hσ.

Ñëåäóÿ ïîäõîäó, ïðèìåíåííîìó â ðàáîòå [22] ê ñèñòåìå óðàâíåíèé Ñîáî-

ëåâà, êîòîðàÿ îò äàííîé ñèñòåìû îòëè÷àåòñÿ ëèøü îòñóòñòâèåì èíòåãðàëüíî-

ãî ñëàãàåìîãî, èñïîëüçóåì îáîáùåííóþ ïîñòàíîâêó íà÷àëüíî-êðàåâîé çàäà÷è

(3.4.1)�(3.4.4), çàìåíèâ óðàâíåíèå íåñæèìàåìîñòè (3.4.4) è ãðàíè÷íîå óñëîâèå

(3.4.1) íà óðàâíåíèå

Πv(·, t) = 0, t ∈ [0, T ). (3.4.5)

Ïîñëå çàìåíû w(t, x) = v(t, x) − v0(x), ñ÷èòàÿ, ÷òî v0 ∈ Hσ, ïîëó÷èì

íà÷àëüíî-êðàåâóþ çàäà÷ó

w(x, t) ≡ 0, (x, t) ∈ Ω× R−, (3.4.6)

wt(x, t) = [v(x, t), ω]− r(x, t) +N 2

t∫
0

w3(x, s)e3ds+

+[v0(x), ω] +N 2tv03(x)e3, (x, t) ∈ Ω× [0, T ), (3.4.7)

Πw(·, t) = 0, t ∈ [0, T ). (3.4.8)

Ïðè ýòîì ñ÷èòàåòñÿ, ÷òî ïðåäûñòîðèÿ, îïðåäåëÿåìàÿ óñëîâèåì (3.4.6), òîæ-

äåñòâåííî íóëåâàÿ, ïîñêîëüêó îíà íèêàê íå âëèÿåò íà ñîñòîÿíèå ñèñòåìû ïðè

t > 0.

Ôîðìóëîé Ĝ : z → [z, ω], ω = (0, 0, ω), çàäàäèì ëèíåéíûé íåïðåðûâíûé

îïåðàòîð Ĝ : L2 → L2, Ĝσ = Ĝ|Hσ . Îáîçíà÷èì Σ = I − Π, P3 ∈ L(R3) �

ïðîåêòîð âåêòîð-ôóíêöèé íà îñü Ox3, ò. å. P3z = 〈z, e3〉R3 = (0, 0, z3), åñëè
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z = (z1, z2, z3). Ïîëîæèì

U = V = Hσ ×Hπ, (3.4.9)

òîãäà âåêòîðû èìåþò âèä u = (v, r) ∈ U, f = (g, h) = (Σf,Πf) ∈ V. Ïðè

ýòîì èñïîëüçîâàíî òî, ÷òî â ñèëó (3.4.8) w(·, t) = 0 ∈ Hσ, à ãðàäèåíò äàâëåíèÿ

r(·, t) = ∇P (·, t) ∈ ∇H1(Ω) = Hπ äëÿ âñåõ t ∈ [0, T ).

Ñèñòåìó (3.4.7), (3.4.8) ìîæíî çàäàòü â âèäå (3.2.2) ñ ïîìîùüþ îïåðà-

òîðîâ

L =

(
I O
O O

)
,M =

(
ΣĜσ O
ΠĜσ −I

)
,K(t) =

(
Σk(t)P3 0

Πk(t)P3 0

)
∈ L(U),

(3.4.10)

ãäå

k(t) =


N 2, t ∈ [0, T ),

N 2(1− (t− T )), t ∈ [T, T + 1),

0, t ≥ T + 1,

è f(t) = [v0(x), ω] +N 2tv03(x)e3.

Ëåììà 3.4.1. [34]. Ïóñòü çàäàíû ïðîñòðàíñòâà (3.4.9) è îïåðàòîðû (3.4.10).

Òîãäà îïåðàòîð M ñèëüíî (L, 0)-ðàäèàëåí, ïðè ýòîì ïðîåêòîðû èìåþò âèä

P =

(
I O

ΠĜσ O

)
, Q =

(
I O
O O

)
.

Èç âèäà ïðîåêòîðà P è îïåðàòîðîâ K(t) ñëåäóåò, ÷òî (3.4.6) äëÿ äàííîé

çàäà÷è èìååò âèä óñëîâèÿ (3.2.8), è U0 ⊂ kerK(t) ïðè âñåõ t ≥ 0. Ïðè ýòîì

ïî ïîñòðîåíèþ ôóíêöèè k(t), íå âëèÿþùåìó íà çàäà÷ó (3.4.6)�(3.4.8) ïðè

êîíå÷íîì T > 0, ïîëó÷àåì èíòåãðèðóåìîñòü ïî Ðèìàíó îïåðàòîð-ôóíêöèé

K è K′ (òàì, ãäå îíà ñóùåñòâóåò � êðîìå òî÷åê t = T è t = T + 1) íà

ïîëîæèòåëüíîé ïîëóîñè R+. Èç òåîðåìû 3.3.4 ñëåäóåò ðàçðåøèìîñòü çàäà÷è

(3.4.6)�(3.4.8), à çíà÷èò, è çàäà÷è (3.4.2), (3.4.3), (3.4.5).
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Òåîðåìà 3.4.1. Ïóñòü v0 ∈ Hσ, T > 0 êîíå÷íî. Òîãäà ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå çàäà÷è (3.4.2), (3.4.3), (3.4.5).

Çàìå÷àíèå 3.4.1. Â ñëó÷àå ω = 0 ïîëó÷àåòñÿ ñèñòåìà âíóòðåííèõ âîëí â

ïðèáëèæåíèè Áóññèíåñêà [1, c. 186], äëÿ êîòîðîé òåîðåìà 3.4.1 òàêæå âåðíà.

3.5. Èíòåãðî-äèôôåðåíöèàëüíàÿ ñèñòåìà óðàâíåíèé Îñêîëêîâà

Ðàññìîòðèì çàäà÷ó

v(x, t) = v−(x, t), (x, t) ∈ Ω× R−, (3.5.1)

v(x, t) = 0, (x, t) ∈ ∂Ω× R+, (3.5.2)

äëÿ èíòåãðî-äèôôåðåíöèàëüíîé ñèñòåìû óðàâíåíèé, ìîäåëèðóþùåé äèíàìè-

êó æèäêîñòè Êåëüâèíà�Ôîéãòà íåíóëåâîãî ïîðÿäêà (ñì. [15], ñèñòåìà (0.30)),

ëèíåàðèçîâàííîé â îêðåñòíîñòè ñòàöèîíàðíîãî ðåøåíèÿ ṽ = (ṽ1, ṽ2, . . . , ṽd),

(1− χ∆)vt(x, t) = ν∆v(x, t)− (ṽ · ∇)v(x, t)− (v · ∇)ṽ(x, t)− r(x, t)+

+

t∫
−∞

K(t− s)∆v(x, s)ds, (x, t) ∈ Ω× R+, (3.5.3)

∇ · v = 0, (x, t) ∈ Ω× R+. (3.5.4)

Çäåñü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, χ, ν ∈ R,
ïîìèìî ṽ çàäàíà ôóíêöèÿ K : R+ → R. Ñèñòåìà óðàâíåíèé ìîäåëèðóåò

òå÷åíèå âÿçêîóïðóãîé íåñæèìàåìîé æèäêîñòè Êåëüâèíà�Ôîéãòà. Èñêîìûìè

ÿâëÿþòñÿ âåêòîð-ôóíêöèè ñêîðîñòè v = (v1, v2, . . . , vd) æèäêîñòè è ãðàäèåíòà

äàâëåíèÿ r = (r1, r2, . . . , rd).

Îáîçíà÷èì L2 = (L2(Ω))d, H1 = (H1(Ω))d, H2 = (H2(Ω))d. Çàìûêàíèå

ëèíåàëà áåçäèâåðãåíòíûõ ôèíèòíûõ ôóíêöèé L = {w ∈ (C∞0 (Ω))d : ∇ · w =

0} ïî íîðìå ïðîñòðàíñòâà L2 îáîçíà÷èì ÷åðåç Hσ, à ïî íîðìå H1 � ÷åðåç H1
σ.

Êðîìå òîãî, áóäåì èñïîëüçîâàòü îáîçíà÷åíèå H2
σ = H1

σ ∩H2. Èìååì ïðåäñòàâ-

ëåíèå L2 = Hσ ⊕ Hπ, ãäå Hπ � îpòîãîíàëüíîå äîïîëíåíèå ê Hσ. Îáîçíà÷èì
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÷åðåç Π : L2 → Hπ àññîöèèðîâàííûé ñ ýòèì ïðåäñòàâëåíèåì îpòîïpîåêòîp,

Σ = I − Π.

Óðàâíåíèå íåñæèìàåìîñòè (3.5.4) çàìåíèì áîëåå îáùèì óðàâíåíèåì

Πv(·, t) = 0, t ∈ R+. (3.5.5)

Äåéñòâèòåëüíî, åñëè v � äîñòàòî÷íî ãëàäêàÿ ôóíêöèÿ, òî èç Πv ≡ 0 ñëåäóåò

ðàâåíñòâî (3.5.4). Â îáùåì ñëó÷àå â ñèëó (3.5.5) v ÿâëÿåòñÿ ïðåäåëîì â ñìûñëå

L2 ãëàäêèõ ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ (3.5.4).

Îáîçíà÷èì ÷åðåç A = Σ diag{∆, . . . ,∆} îïåpàòîp A ∈ Cl(Hσ) ñ îáëà-

ñòüþ îïðåäåëåíèÿ H2
σ. Èçâåñòíî, ÷òî ýòîò îïåðàòîð èìååò âåùåñòâåííûé, îò-

ðèöàòåëüíûé, äèñêðåòíûé, êîíå÷íîêðàòíûé ñïåêòð σ(A), ñãóùàþùèéñÿ òîëü-

êî íà −∞ [8]. Ïóñòü ṽ ∈ H1, òîãäà ôîðìóëîé Dw = ν∆w− (ṽ ·∇)w− (w ·∇)ṽ

çàäàäèì îïåðàòîð D ∈ L(H2
σ;L2).

Ó÷èòûâàÿ óðàâíåíèå (3.5.5), ïîëîæèì U = H2
σ×Hπ, V = L2 = Hσ×Hπ,

L =

(
I − χA O
−χΠ∆ O

)
,M =

(
ΣD O
ΠD −I

)
,K(s) =

(
K(s)A O
K(s)Π∆ O

)
∈ L(U;V)

ïðè s ≥ 0. Ïîñêîëüêó ôóíêöèÿ r çàäàåò ãðàäèåíò äàâëåíèÿ, òî îíà èùåòñÿ

êàê ôóíêöèÿ îò t ñî çíà÷åíèÿìè â ïîäïðîñòðàíñòâå ãðàäèåíòíûõ ôóíêöèé

Hπ.

Òåîðåìà 3.5.1. Ïóñòü χ 6= 0, χ−1 /∈ σ(A), v− ∈ C0(R−;H2
σ) ∩ R(R−;H2

σ),

K ∈ C(R+;R), K,K ′ ∈ R(R+;R). Òîãäà çàäà÷à (3.5.1)�(3.5.3), (3.5.5) èìååò

åäèíñòâåííîå ðåøåíèå v ∈ C1(R+;H2
σ) ∩ C(R;H2

σ), r ∈ C(R+;Hπ).

Äîêàçàòåëüñòâî. Â ðàáîòå [5] ïîêàçàíî, ÷òî â óñëîâèÿõ äàííîé òåîðåìû

îïåðàòîð M ñèëüíî (L, 0)-ðàäèàëåí, ïðè ýòîì

P =

(
I O

χΠ∆(I − χA)−1ΣD + ΠD O

)
, Q =

(
I O

−χΠ∆(I − χA)−1 O

)
.

Ñëåäîâàòåëüíî, óñëîâèå (3.5.1) ïðåäñòàâëÿåò ñîáîé îáîáùåííîå óñëîâèå Øî-

óîëòåðà�Ñèäîðîâà è kerP = U0 ⊂ kerK(s) ïðè âñåõ s ≥ 0. Ïî òåîðåìå 3.2.3
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ïîëó÷èì òðåáóåìîå. Ïðè ýòîì îò ôóíêöèè r íå òðåáóåòñÿ äèôôåðåíöèðóå-

ìîñòü ïî îïðåäåëåíèþ ðåøåíèÿ, ïîñêîëüêó îíà ïîïàäàåò â ÿäðî îïåðàòîðà L.

�

Çàìå÷àíèå 3.5.1. Â ñëó÷àå æèäêîñòåé Îëäðîéòà íåíóëåâîãî ïîðÿäêà (ñè-

ñòåìà (0.25) â [15]) ïðåäëîæåííûé ïîäõîä ïðèâîäèò ê óðàâíåíèþ (3.1.2) ñ

îïåðàòîðîì M , êîòîðûé íå ÿâëÿåòñÿ (L, σ)-îãðàíè÷åííûì èëè ñèëüíî (L, p)-

ðàäèàëüíûì.

3.6. Ëèíåàðèçîâàííàÿ ñèñòåìà óðàâíåíèé

äâèæåíèÿ æèäêîñòåé Êåëüâèíà�Ôîéãòà âûñîêîãî ïîðÿäêà

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

y(x, t) = y−(x, t), z(x, t) = z−(x, t), (x, t) ∈ Ω× R−, (3.6.1)

y(x, t) = 0, z(x, t) = 0, (x, t) ∈ ∂Ω× R+, (3.6.2)

äëÿ ëèíåàðèçîâàííîé ñèñòåìû óðàâíåíèé äâèæåíèÿ æèäêîñòåé Êåëüâèíà�

Ôîéãòà ïîðÿäêà 2, 3, . . . (ñèñòåìà (0.55) â [15])

(1− χ∆)yt(x, t) = ν∆y(x, t)− (ỹ · ∇)y(x, t)− (y · ∇)ỹ(x, t)+

+∆z(x, t)− r(x, t) + g(x, t), (x, t) ∈ Ω× R+, (3.6.3)

zt(x, t) = αy(x, t) + βz(x, t) +

t∫
−∞

K(t− s)z(x, s)ds, (x, t) ∈ Ω×R+, (3.6.4)

∇ · y = 0, ∇ · z = 0, (x, t) ∈ Ω× R+. (3.6.5)

Çäåñü Ω ⊂ Rd � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, ïîñòîÿííûå

χ, ν, α, β ∈ R, çàäàíû ôóíêöèè y−, z−, ỹ, K. Ôóíêöèÿ ỹ = (ỹ1, ỹ2, . . . , ỹd)

ñîîòâåòñòâóåò ñòàöèîíàðíîìó ðåøåíèþ ñèñòåìû, ïàðàìåòð χ õàðàêòåðèçóåò

óïðóãèå ñâîéñòâà æèäêîñòè, ν � åå âÿçêèå ñâîéñòâà. Âåêòîð-ôóíêöèè y =

(y1, y2, . . . , yd) (âåêòîð ñêîðîñòè æèäêîñòè), z = (z1, z2, . . . , zd) (ñâåðòêà ïî
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âðåìåíí�îé ïåðåìåííîé ñêîðîñòè è íåêîòîðîé âåñîâîé ôóíêöèè), à òàêæå r =

(r1, r2, . . . , rd) (ãðàäèåíò äàâëåíèÿ) íåèçâåñòíû.

Êàê â ïðåæíåì ïàðàãðàôå, îïðåäåëèì çàäàííûå íà H2
σ îïåðàòîðû A ∈

Cl(Hσ), Aw = Σ∆w, è D ∈ L(H2
σ;L2), Dw = ν∆w − (ỹ · ∇)w − (w · ∇)ỹ

ïðè çàäàííîì ỹ ∈ H1. Ó÷èòûâàÿ óðàâíåíèÿ (3.6.5) è òîò ôàêò, ÷òî ãðàäè-

åíò äàâëåíèÿ r èùåòñÿ êàê ôóíêöèÿ îò t ñî çíà÷åíèÿìè â ïîäïðîñòðàíñòâå

ãðàäèåíòíûõ ôóíêöèé Hπ, ïîëîæèì

U = H2
σ ×Hπ ×H2

σ, V = L2 ×H2
σ = Hσ ×Hπ ×H2

σ. (3.6.6)

Çäåñü òàêæå èñïîëüçóåòñÿ òîò ôàêò, ÷òî ïðè ôèêñèðîâàííîì t âñå ñëàãàåìûå

â óðàâíåíèè (3.6.4) ÿâëÿþòñÿ ýëåìåíòàìè H2
σ. Òîãäà îïåðàòîðû, çàäàþùèå

ñèñòåìó (3.6.1)�(3.6.5) â âèäå óðàâíåíèÿ (3.2.2), èìåþò âèä

L =


I − χA 0 0

−χΠ∆ 0 0

0 0 I

, M =


ΣD 0 A

ΠD −I Π∆

αI 0 βI

, K(s) =


0 0 0

0 0 0

0 0 K(s)


(3.6.7)

è ëåæàò â L(U;V).

Òåîðåìà 3.6.1. Ïóñòü ïpîñòpàíñòâà U è V îïpåäåëåíû â (3.6.6), à îïåpà-

òîpû L èM çàäàíû ôîðìóëàìè (3.6.7), ν, χ 6= 0, χ−1 6∈ σ(A). Òîãäà îïåðàòîð

M (L, 0)-îãðàíè÷åí, ïðè ýòîì

P =


I 0 0

χΠ∆(I − χA)−1ΣD + ΠD 0 Π∆(I − χA)−1

0 0 I

 . (3.6.8)

Äîêàçàòåëüñòâî. Îáîçíà÷èì χµ = χ + α
µ(µ−β) . Òàê êàê, lim

|µ|→∞
χµ = χ 6= 0,

à ñïåêòð îïåðàòîðà A äèñêðåòåí, òî ïðè äîñòàòî÷íî áîëüøèõ |µ| ñóùåñòâóåò
îïåðàòîð (I−χµA)−1 = χ−1

µ (χ−1
µ I−A)−1 ∈ L(Hσ). Â ñèëó ñâîéñòâ ðåçîëüâåíòû

lim
|µ|→∞

(I − χµA)−1 = (I − χA)−1 â L(Hσ).
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Äëÿ ëþáîãî v ∈ Hσ èìååì

‖(I − χµA)−1v‖2
H2
σ

=
∞∑
k=1

(1 + λ2
k)|〈v, ϕk〉|2

|1− χµλk|2
≤ Cµ

∞∑
k=1

|〈v, ϕk〉|2 = Cµ‖v‖2
Hσ ,

ïîýòîìó (I − χµA)−1 ∈ L(Hσ;H2
σ). Îöåíèì êîíñòàíòó Cµ = sup

k∈N

1+λ2k
(1−χµλk)2 ïðè

äîñòàòî÷íî áîëüøèõ |µ|. Åñëè χ > 0, òî â ñèëó îòðèöàòåëüíîñòè ñïåêòðà σ(A)

Cµ íå ïðåâîñõîäèò ìàêñèìóìà çíà÷åíèé ôóíêöèè hµ(x) = (1 +x2)(1−χµx)−2

â òî÷êå 0 è íà −∞: Cµ ≤ max{1, χ−2
µ } ≤ C(ε) ≡ max{1, (χ − ε)−2} ïðè

íåêîòîðîì ìàëîì ε > 0. Â ñëó÷àå æå χ < 0 èìååì

Cµ ≤ C(ε) ≡ χ2 + (1 + dχ)2

d2χ4
+ ε, d = inf

k∈N
|λk − χ−1| > |χ−1

µ − χ−1|.

Â ýòîì ñëó÷àå âçÿò ìàêñèìóì çíà÷åíèé ôóíêöèè h(x) = (1 + x2)(1− χx)−2 â

òî÷êàõ χ−1 ± d ñ ïîïðàâêîé íà òî, ÷òî χµ 6= χ.

Òàêèì îáðàçîì, îáðàòíûé îïåðàòîð

Dµ ≡ (I − χµA− µ−1ΣD)−1 = (I − χµA)−1

(
I − 1

µ
ΣD(I − χµA)−1

)−1

ñóùåñòâóåò è íåïðåðûâíî äåéñòâóåò èç Hσ â H2
σ ïðè äîñòàòî÷íî áîëüøîì |µ|,

â òîì ÷èñëå ïðè óñëîâèè |µ| > C(ε)‖ΣD‖L(H2
σ;Hσ). Ïðè òàêèõ µ ∈ C

µL−M =


µ(I − χA)− ΣD 0 −A
−µχΠ∆− ΠD I −Π∆

−αI 0 (µ− β)I

 ,

(µL−M)−1 =


µ−1Dµ 0

DµA
µ(µ−β)

Π (µ−β)(µχ∆+D)+α∆
µ(µ−β) Dµ I Π

∆Dµ[µ(I−χA)−ΣD]+(µχ∆+D)DµA
µ(µ−β)

α
µ(µ−β)Dµ 0 Dµ

µ(I−χA)−ΣD
µ(µ−β)

 .

Îòñþäà âèäíî, ÷òî ïðè äîñòàòî÷íî áîëüøèõ |µ| îïåðàòîð (µL−M)−1 : V→ U

íåïðåðûâåí, ÷òî îçíà÷àåò (L, σ)-îãðàíè÷åííîñòü îïåðàòîðà M .

Ïðè v ∈ Hσ è äîñòàòî÷íî áîëüøèõ |µ|

‖(I − χµA)−1v − (I − χA)−1v‖2
H2
σ

= (χµ − χ)2
∞∑
k=1

λ2
k(1 + λ2

k)|〈v, ϕk〉|2

(1− χµλk)2(1− χλk)2
≤
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≤ ε2
∞∑
k=1

λ2
k(1 + λ2

k)|〈v, ϕk〉|2

[(1− χλk)2 − δ](1− χλk)2
≤ C(δ)ε2‖v‖2

Hσ ,

ãäå âåëè÷èíà C(δ) îãðàíè÷åíà ïðè |µ| → ∞. Ïîýòîìó lim
|µ|→∞

(I − χµA)−1 =

(I − χA)−1 â L(Hσ;H2
σ). Êðîìå òîãî,

lim
|µ|→∞

∥∥∥∥∥
(
I − 1

µ
ΣD(I − χµA)−1

)−1

− I

∥∥∥∥∥
L(Hσ)

≤

≤ lim
|µ|→∞

∞∑
k=1

(
‖ΣD(I − χA)−1‖L(Hσ) + δ

)k
|µ|k

= 0.

Ïîýòîìó lim
|µ|→∞

Dµ = (I − χA)−1 â L(Hσ;H2
σ).

Äàëåå, äëÿ v ∈ H2
σ è äîñòàòî÷íî áîëüøèõ |µ|

‖(I − χµA)−1(I − χA)v − v‖2
H2
σ
≤

≤ (χµ − χ)2
∞∑
k=1

λ2
k(1 + λ2

k)|〈v, ϕk〉|2

(1− χµλk)2
≤

C2‖v‖2
H2
σ

|µ|2|µ− β|2
,

‖µDµ(I − χA)− µI − (I − χA)−1ΣD‖L(H2
σ) ≤

≤ |µ|
∥∥(I − χµA)−1(I − χA)− I

∥∥
L(H2

σ)
+

+
∥∥(I − χµA)−1ΣD(I − χµA)−1(I − χA)− (I − χA)−1ΣD

∥∥
L(H2

σ)
+

+
∞∑
k=2

∥∥∥∥((I − χµA)−1ΣD)k

µk−1
(I − χµA)−1(I − χA)

∥∥∥∥
L(H2

σ)

≤ C

|µ− β|
+

+
∥∥(I − χµA)−1ΣD(I − χµA)−1(I − χA)− (I − χµA)−1ΣD

∥∥
L(H2

σ)
+

+
∥∥(I − χµA)−1ΣD − (I − χA)−1ΣD

∥∥
L(H2

σ)
+

+
∞∑
k=2

[‖(I − χA)−1ΣD)‖L(H2
σ) + δ]k

|µ|k−1
(1 + δ).

Ïîñëåäíåå âûðàæåíèå ñòðåìèòñÿ ê íóëþ ïðè |µ| → ∞, ñëåäîâàòåëüíî,

lim
|µ|→∞

µ(Dµ(I − χA)− I) = (I − χA)−1ΣD

â ïðîñòðàíñòâå L(H2
σ).
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Òàêèì îáðàçîì, îáîçíà÷èâ

A21(µ) = µχΠ∆(Dµ(I − χA)− I) + Π

(
D +

α∆

µ− β

)
Dµ(I − χA),

ïîëó÷èì îïåðàòîðû

RL
µ(M) =


1
µDµ(I − χA) 0

DµA
µ(µ−β)

1
µA21(µ) 0 Π

∆Dµ(µI−ΣD)+DDµA
µ(µ−β)

α
µ(µ−β)Dµ(I − χA) 0 Dµ

µ(I−χA)−ΣD
µ(µ−β)

 ∈ L(U),

LLµ(M) =


1
µ(I − χA)Dµ 0 (I − χA)

DµA
µ(µ−β)

− 1
µχΠ∆Dµ 0 −χΠ∆

DµA
µ(µ−β)

α
µ(µ−β)Dµ 0 Dµ

µ(I−χA)−ΣD
µ(µ−β)

 ∈ L(V).

Ïðè äîêàçàòåëüñòâå (L, p)-ðàäèàëüíîñòè îïåðàòîðà M ïðîáëåìà âîçíèêàåò

ëèøü ñ îäíèì âûðàæåíèåì èç µ−1A21(µ):

χΠ∆(Dµ(I − χA)− I) =

= χΠ∆((I − µ−1(I − χµA)−1ΣD)−1(I − χµA)−1(I − χA)− I) =

= χΠ∆

( ∞∑
k=0

µ−k[(I − χµA)−1ΣD]k(I − χµA)−1(I − χA)− I

)
=

= χΠ∆

(
(I − χµA)−1(I − χA)− I +

∞∑
k=1

µ−k[(I − χµA)−1ΣD]k

)
.

Îòñþäà äëÿ v ∈ H2
σ â ñèëó äîêàçàííîãî âûøå

‖χΠ∆(Dµ(I − χA)− I)v‖Hπ ≤

C1

∥∥∥∥∥
(

(I − χµA)−1(I − χA)− I +
∞∑
k=1

µ−k[(I − χµA)−1ΣD]k

)
v

∥∥∥∥∥
H2
σ

≤

≤
C1C‖v‖H2

σ

|µ||µ− β|
+
C1C2‖v‖H2

σ

|µ| − C2
,

ãäå C2 � êîíñòàíòà, îãðàíè÷èâàþùàÿ íîðìû îïåðàòîðîâ ‖(I−χµA)−1ΣD‖L(H2
σ)

ïðè äîñòàòî÷íî áîëüøèõ |µ|.
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Èç (L, p)-ðàäèàëüíîñòè îïåðàòîðà M è ðåôëåêñèâíîñòè ïðîñòðàíñòâ

U è V ñëåäóåò ñóùåñòâîâàíèå ïðîåêòîðà P âäîëü U0 íà U1 (ñì. çàìå÷àíèå

1.2.4), êîòîðûé ìîæíî âû÷èñëèòü ïî ôîðìóëå P = lim
µ→+∞

µRL
µ(M). Âû÷èñëèâ

ïðåäåë, ïîëó÷èì îïåðàòîð (3.6.8). Ïîñêîëüêó kerL = kerP , òî îïåðàòîð M

(L, 0)-îãðàíè÷åí. �

Èç âèäà ïðîåêòîðà P ñëåäóåò, ÷òî U0 = {0}×Hπ×{0}, U1 = {(y, r, z) ∈
H2
σ × Hπ × H2

σ : r = χΠ∆(I − χA)−1ΣDy + Π∆(I − χA)−1z}. Ýòî îçíà÷à-

åò, â ÷àñòíîñòè, ÷òî ðàâåíñòâà (3.6.1) îáðàçóþò àíàëîã îáîáùåííîãî óñëîâèÿ

Øîóîëòåðà�Ñèäîðîâà.

Òåîðåìà 3.6.2. Ïóñòü ν, χ 6= 0, χ−1 /∈ σ(A), y−, z− ∈ C0(R−;H2
σ)∩R(R−;H2

σ),

K ∈ C(R+;R), K,K ′ ∈ R(R+;R), g ∈ C(R+;R). Òîãäà ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå y, z ∈ C1(R+;H2
σ)∩C(R;H2

σ), r ∈ C(R+;Hπ) çàäà÷è (3.6.1)�

(3.6.5).

Äîêàçàòåëüñòâî. Ïî òåîðåìå 3.3.4 ïðè p = 0 ïîëó÷èì òðåáóåìîå. Çàìåòèì

ëèøü, ÷òî kerP = U0 ⊂ kerK(s) ïðè âñåõ s ≥ 0. �

3.7. Ñèñòåìà èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ ÷àñòíûìè ïðîèçâîäíûìè

Ðàññìîòðèì çàäà÷ó

zi(x, t) = zi−(x, t), (x, t) ∈ Ω× R−, i = 1, 2, 3, (3.7.1)

(1− θ)zi(x, t) + θ
∂zi
∂n

(x, t) = 0, (x, t) ∈ ∂Ω× R+, i = 1, 2, 3. (3.7.2)

äëÿ èíòåãðî-äèôôåðåíöèàëüíîé ñèñòåìû óðàâíåíèé

z1t(x, t) = 4z1(x, t) +
3∑
i=1

t∫
−∞

k1i(t− s)zi(x, s)ds, (x, t) ∈ Ω× R+,

z3t(x, t) = 4z2(x, t) +
3∑
i=1

t∫
−∞

k2i(t− s)zi(x, s)ds, (x, t) ∈ Ω× R+,

0 = 4z3(x, t) +
3∑
i=1

t∫
−∞

k3i(t− s)zi(x, s)ds, (x, t) ∈ Ω× R+.

(3.7.3)
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Çäåñü Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, θ ∈ R, çàäàíû
ôóíêöèè zi− : R− → R, kji : R+ → R, i, j = 1, 2, 3.

Ïîëîæèì H2
θ (Ω) = {u ∈ H2(Ω) : (1 − θ)u(x) + θ ∂u∂n(x) = 0, x ∈ ∂Ω},

U = V = (L2(Ω))3, DM =
(
H2
θ (Ω)

)3
,

L =


I 0 0

0 0 I

0 0 0

 , M =


4 0 0

0 4 0

0 0 4

 , K(s) =


k11(s) k12(s) k13(s)

k21(s) k22(s) k23(s)

k31(s) k32(s) k33(s)


ïðè s ≥ 0. Êàê óæå îòìå÷àëîñü â �2.5 îïåðàòîð M ñèëüíî (L, 1)-ðàäèàëåí è

ïîäïðîñòðâíñòâà U0, U1, V0 è V1 âûãëÿäÿò ñëåäóþùèì îáðàçîì

U0 = V0 = {0} × L2(Ω)× L2(Ω), U1 = V1 = L2(Ω)× {0} × {0}.

Ïîýòîìó óñëîâèå imK(s) ⊂ U1 â äàííîé ñèòóàöèè îçíà÷àåò, ÷òî k2i ≡ k3i ≡ 0,

i = 1, 2, 3, óñëîâèå kerK(s) ⊃ U0 � ÷òî kj2 ≡ kj3 ≡ 0, j = 1, 2, 3. Èìåííî

ýòè äâà ñëó÷àÿ ïîçâîëÿþò èññëåäîâàòü ðåçóëüòàòû, ïîëó÷åííûå â �3.2. Ïî

òåîðåìå 3.2.1 ñðàçó ïîëó÷èì ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3.7.1. Ïóñòü ôóíêöèÿ z1− ∈ C0(R−;L2(Ω)) ∩R(R−;L2(Ω)), ôóíê-

öèè z2−, z3− ∈ C(R−;L2(Ω)) îãðàíè÷åíû, z2−(·, 0) ≡ z3−(·, 0) ≡ 0, k2i ≡ k3i ≡
0, k1i ∈ C1(R+;R), k1i, k

′
1i ∈ R(R+;R), i = 1, 2, 3. Òîãäà çàäà÷à (3.7.1)�(3.7.3)

èìååò åäèíñòâåííîå ðåøåíèå

z1, z3 ∈ C1(R+;L2(Ω)) ∩ C(R+;H2
θ (Ω)) ∩ C(R;L2(Ω)),

z2 ∈ C(R+;H2
θ (Ω)) ∩ C(R;L2(Ω)).

Äëÿ âòîðîãî ñëó÷àÿ àíàëîãè÷íûì îáðàçîì ìîæíî èññëåäîâàòü íå òîëü-

êî çàäà÷ó (3.7.1), íî è, èñïîëüçóÿ òåîðåìó 3.2.4, îáîáùåííóþ çàäà÷óØîóîëòåðà�

Ñèäîðîâà

z1(x, t) = z1−(x, t), (x, t) ∈ Ω× R−. (3.7.4)
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Òåîðåìà 3.7.2. Ïóñòü z1− ∈ C0(R−;L2(Ω)) ∩ R(R−;L2(Ω)), kj2 ≡ kj3 ≡ 0,

kj1 ∈ C1(R+;R), kj1, k
′
j1 ∈ R(R+;R), j = 1, 2, 3. Òîãäà çàäà÷à (3.7.2)�(3.7.4)

èìååò åäèíñòâåííîå ðåøåíèå

z1 ∈ C1(R+;L2(Ω)) ∩ C(R+;H2
θ (Ω)) ∩ C(R;L2(Ω)),

z2 ∈ C(R+;H2
θ (Ω)), z3 ∈ C1(R+;L2(Ω)) ∩ C(R+;H2

θ (Ω)).
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Çàêëþ÷åíèå

Â äàííîé ðàáîòå ïîëó÷åíû óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè íà÷àëüíûõ çà-

äà÷ äëÿ âûðîæäåííûõ ýâîëþöèîííûõ óðàâíåíèé â áàíàõîâûõ ïðîñòðàíñòâàõ

ñ èíòåãðàëüíûìè âîçìóùåíèÿìè äâóõ âèäîâ � äëÿ íàãðóæåííûõ óðàâíå-

íèé è äëÿ óðàâíåíèé ñ ïàìÿòüþ. Àáñòðàêòíûå ðåçóëüòàòû èñïîëüçîâàíû äëÿ

óñòàíîâëåíèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ ðàçëè÷íûõ íà÷àëüíî-

êðàåâûõ çàäà÷ äëÿ íå ðàçðåøèìûõ îòíîñèòåëüíî ïðîèçâîäíîé ïî âðåìåíè

óðàâíåíèé è ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ èíòåãðàëüíûì îïåðà-

òîðîì ïàìÿòè è ñ îïåðàòîðîì Ôðåäãîëüìà ïî âðåìåíí�îé ïåðåìåííîé. Â ÷àñò-

íîñòè ýòî ëèíåàðèçîâàííûå èíòåãðî-äèôôåðåíöèàëüíûå ñèñòåìû óðàâíåíèé

Îñêîëêîâà, îïèñûâàþùèå äèíàìèêó æèäêîñòè Êåëüâèíà�Ôîéãòà íóëåâîãî,

à òàêæå âûñîêîãî (âòîðîãî è âûøå) ïîðÿäêà, àëãåáðî-èíòåãðî-äèôôåðåíöè-

àëüíàÿ ñèñòåìà óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè, âûðîæäåííàÿ ñèñòåìà

èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ôóíêöèé îäíîé ïåðåìåííîé, íàãðó-

æåííûå ïñåâäîïàðàáîëè÷åñêèå óðàâíåíèÿ, âîçíèêàþùèå â òåîðèè ôèëüòðà-

öèè.

Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû ïðè èññëåäîâàíèè

íîâûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ âûðîæäåííûõ óðàâíåíèé è ñèñòåì óðàâ-

íåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïàìÿòüþ, ïðè ðàññìîòðåíèè ñîîòâåòñòâóþ-

ùèõ ïðèêëàäíûõ çàäà÷ � äëÿ êîððåêòíîãî âûáîðà óñëîâèé è äàííûõ çàäà÷è,

ïðè ðàçðàáîòêå ÷èñëåííûõ ìåòîäîâ è èçó÷åíèè îáðàòíûõ êîýôôèöèåíòíûõ

çàäà÷ � äëÿ èññëåäîâàíèÿ âîçíèêàþùèõ ïðè ýòîì íàãðóæåííûõ ýâîëþöèîí-

íûõ óðàâíåíèé.
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Îáîçíà÷åíèÿ è ñîãëàøåíèÿ

1. Ìíîæåñòâà, êàê ïðàâèëî, îáîçíà÷àþòñÿ çàãëàâíûìè áóêâàìè ëàòèí-

ñêîãî àëôàâèòà, ïðè ýòîì

N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, N0 = {0} ∪ N;
R � ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë;

R+ = {a ∈ R : a > 0}; R+ = {0} ∪ R+;

R− = {a ∈ R : a < 0}; R− = {0} ∪ R−;
C � ìíîæåñòâî êîìïëåêñíûõ ÷èñåë.

2. Ýëåìåíòû ìíîæåñòâ îáîçíà÷àþòñÿ ñòðî÷íûìè áóêâàìè ëàòèíñêîãî è

ãðå÷åñêîãî àëôàâèòîâ, êðîìå îïåðàòîðîâ, êîòîðûå îáîçíà÷àþòñÿ çàãëàâíûìè

áóêâàìè ëàòèíñêîãî àëôàâèòà.

3. L(U;F) � áàíàõîâî ïðîñòðàíñòâî ëèíåéíûõ íåïðåðûâíûõ îïåðàòî-

ðîâ, äåéñòâóþùèõ èç áàíàõîâà ïðîñòðàíñòâà U â áàíàõîâî ïðîñòðàíñòâî F;

Cl(U;F) � ìíîæåñòâî ëèíåéíûõ çàìêíóòûõ ïëîòíî îïðåäåëåííûõ â ïðî-

ñòðàíñòâå U îïåðàòîðîâ, äåéñòâóþùèõ â ïðîñòðàíñòâî F;

L(U;U) ≡ L(U), Cl(U;U) ≡ Cl(U).

4. Îáëàñòü îïðåäåëåíèÿ îïåðàòîðà A îáîçíà÷àåòñÿ ÷åðåçDA, åãî ÿäðî �

÷åðåç kerA, îáðàç � ÷åðåç imA.

5. Cp+1,0([0, T ] × [0, T ];L(U;V)) � êëàññ íåïðåðûâíûõ ôóíêöèé, èìå-

þùèõ íåïðåðûâíûå ïî ñîâîêóïíîñòè ïåðåìåííûõ ÷àñòíûå ïðîèçâîäíûå ïî

ïåðâîìó àðãóìåíòó äî ïîðÿäêà p+ 1;

Ck
0 (R+;U) � áàíàõîâî ïðîñòðàíñòâî k ðàç íåïðåðûâíî äèôôåðåíöèðó-

åìûõ è îãðàíè÷åííûõ íà R+ âìåñòå ñ k ïåðâûìè ïðîèçâîäíûìè ôóíêöèé,

óäîâëåòâîðÿþùèõ ðàâåíñòâàì u(l)(0) = 0, l = 0, 1, . . . , k, ñ íîðìîé

‖u‖Ck0 (R+;U) =
k∑
l=0

sup
t≥0
‖u(l)(t)‖U.

Äëÿ êðàòêîñòè îáîçíà÷èì C0(R+;U) ≡ C0
0(R+;U);

R(R+;U) � ìíîæåñòâî ôóíêöèé h : R+ → U, äëÿ êîòîðûõ íåñîáñòâåí-
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íûé èíòåãðàë Ðèìàíà
∫ +∞

0 ‖h(t)‖Udt ñõîäèòñÿ.
6. Ñèìâîëîì s- lim îáîçíà÷àåòñÿ ïðåäåë ïîñëåäîâàòåëüíîñòè îïåðàòîðîâ

â ñèëüíîé òîïîëîãèè.

7. Ñèìâîëàìè I è O îáîçíà÷àþòñÿ ñîîòâåòñòâåííî òîæäåñòâåííûé è

íóëåâîé îïåðàòîðû, îáëàñòè îïðåäåëåíèÿ êîòîðûõ ÿñíû èç êîíòåêñòà.

8. Ñèìâîë � ëåæèò â êîíöå äîêàçàòåëüñòâà.
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