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We indicatethegeneralconnectionbetweenone-dimensionallatticeswith local symmetriesandnonlinearintegrablepartial
differential equationsin 1 + 1 dimensions.Thenonlinearchain providesa set of finite-dimensionalintegrablemodels of the
correspondingPDE. Theintegralsof thesefinite-dimensionalmodelsarerelatedin a directwaywith theconservedquantitiesof
thePDE.

1. We considerpartialdifferential equationsthat It is clear,that in thecase(5) any solutionq~(x, t),
canbe representedas a compatibility condition of n = 1, ..., N,of (1), (2) definesby virtueof (4) N— 1
two chains, interrelatedsolutionsof the system(3). In the lat-

— .~ tice representationapproachto the integrabilityof
‘~ .partialdifferentialequationsthechains(1), (2) play

= ~(q~+
2, ~ q~,q~_1,q~_2). (2) the role of the L—A pair. We shall show that there

Hereq~= q~(x, t) is avectorfunctionand ,~= o, ±i existsa direct correspondencebetweenthe conser-
±2 Thepartial differential equationsrelatedto vationlawsaswell assymmetries,ofthecoupledsys-
(1), (2) canbewritten (seesection2) asa coupled tern (3) andthe relatedchains(1), (2).
(u, v) system, The latticerepresentationapproachprovesto be

useful in the classificationproblem.Comparingthe
u~=A (u, v)u~~+f(u, V, Ux, vs), listsofbasicscalarchains(1) andcoupledequations

~ (3) [1]

for the vectorfunctions — ~
U1_U~~ , ~,u,v, u~,v~)

u=q~(x,t), v=q~_1(x,t) . (4) —v~=v~~+g(u,v, u~,v~) (6)

In facttheright-handsidesof eqs.(3) coincidewith
= çti(q~~~,~ ..., q~_2)and~ = ~v(q~~1,q~,..., we obtain in section3 the latticerepresentationfor

q~_3),respectively.Thedynamicvariables~ ~ thetwo systems(6), whoseintegrabilitywasanopen
q~_2,q~_3canbe expressedin termsofx-derivatives question.
of thevariables(4) by meansof (1) for non-degen-
eratedchains. 2.Wenow discussthederivationofthetwo vector

Thecorrespondencebetween(3) and(1), (2) can equations(3) from the compatibility conditionof.
beusedin a studyof the finite gaptype solutionsof the chains(1) and (2). We usethe commonnota-
(3). Forthisweshouldconsiderthe periodicchains tion h~= h(~ q~+ ,~— ~, ..., q,~~ for functionsin-
with variant underthe shift n—~n+1. The chain (1) is

— 1 called non-degeneratedif the Jacobi matrices~3Ø~/q~+N—q~ ne ôq~~1,oØ~/aq~_,havenon-zerodeterminants.
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Theorem. Let the chains(1), (2) satisfythe corn- q~~1=P(q~,q~_,,~
patibility condition q~_2=Q(q~,q~_1,q,~_1,~). (11)

ÔØ,, ÔØ,, Wesubstitutetheseexpressionsinto (10)andobtain
ôq÷1Wn+ + ~ + äq~_1 the closedpair of partial differential equations(3)

for q~,q~_1.
= ~ øn+k (7)

k + k It must be noticed that the compatibility condi-
andthe chain (1) benon-degenerated.Thenthere tion (7), i.e. the equality ô,&~q~= ô~ô1q~,implies in
exist matricesA~=A (q~,q~_1),B~=B(q~÷1,q~)such theperiodiccase(5) the solvability of the finite di-
that mensionaldynamicalsystems(1), (2) for q~,n = 1,

N, with any prescribedinitial valuesq~=q~at
~

9Wfl =A ~ ~Øn+I x=x°, t=t°. The solutionq~=q~(x,t), n=l, ..., N,
ôq~.

1ôq~±2‘ of the dynamicalsystemsgenerates,by the theorem

a above, N—1 solutions of the partial differential
8q~”2 Bnaq” ôq~_2, (8) equations(3).

Wenext note that formulas (11) andsimilarfor-
and,for any solutionq~(x, t), n = 0, ±1, ..., of the mulaswith high order derivatives9 ~ allow us to
infinitedimensionaldynamicalsystem(1), (2), the interchangeq~,q~1,~ q~_2,~ q~_3,... with
functions (4) satisfy the partial differential equa- a,v, u~,v~,~ v~ Henceanyfunctionof thedy-
tions(3). Moreoverin the scalarcaseA~= a,B~= fi, namicalvariablesq~canalso berepresentedasa lo-
wherea, $eC are constants. cal functionof thevariablesa,vandtheirderivatives.

We cangeneralizethe theoremandreplace(2) by
Proof We denote the chain

— äØ,, , — ____ ~ . (12)
øn_~ , Wn~~

Theformulasfor ô1,,,q~,~ canbe rewrittenas

It follows from (7) that the closed(a, v) system

ønWn+lWnøn+2. (9) ô~,~u=U(u,v,...,ö~’u,ö~’v),
~ 171 ~m .~m

Thesubstitution~, =A~Ø’~Ø’~~1in (9) gives us u’,~~’—r ~,U,C, ..., ~1x U, ~ V

A~~1= (Ø,) ‘A~Ø’~=s.A~=A(q~,q~_1). Theblock diagonalstructureof the leadingtermsin
(13) can be derived,as abovein the proof of the

In the scalarcasewe haveA~~1=A~,which implies theorem,from the compatibilitycondition
8X8 ~ =

A~=a=const.It is clearthatthesecondformula(8) ~ Ifa,a~,,,=8,,,,ô~,thenformulas(12), (13)es-
is alsovalid, andthatB~=fl=constin thescalarcase. tablisha directcorrespondencebetweenthe higher

Now we comparethe formula symmetriesof the system(3) [1] with the higher

symmetriesof the basicchain (1).
= “ 0~~+ i + ø,~+ ‘~ ø~—i Weshallnow considertheconnectionbetweenthe

+1 —‘ conservationlawsof (3) andthe local conservation
with (8) andobtainthat laws of the chains(1), (2). Let

q~
1—A(q~,q~_1)q~~~=a(q~+1,q~,~ q~_2), h~=h(qn+m, qn+mi, ..., q~_,,,) (14)

q~_~—B(q~,q~_1)q~_l,xx be a conserveddensityfor bothchains,i.e.

~ . ~ (15)

Forthe non-degeneratechain (1) we have ô~h~=a~+1—o~. (16)
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Werecallthat in theperiodiccase(5) it follows from p~=q~_1q~ and h~=q~(q~~1+q~+q~_~), p~=
(15), (16) that q~.1q~(q~÷1+...+q~_2).The chain (20) admitsthe

N N reflection(18) andlemma1 impliesthatp=uv and
a7 ~ h~=a,~ h~=0. p=vu7-.-uv7+2uv(u+v)are theconserveddensities

for the system(3) relatedwith (20). The explicit

Thelocal conservationlaws (15), (16) give us form of the system(3) for the Volterramodel (20)will be given in the next section.
a,p~+1—a7a~+1=a~p~—a~a~. In additionto the formulas(8) we have

Consequently Lemma2. Let thescalarchains(1), (2) withnon-
a1p~—a7a~=c=const. (17) zeroaØ~/aq~+1,a~~/aq~±2satisfythe compatibility

If c= 0 weobtain from (17) the local conservation relation (7). Thenthereexist acC anda function
law Pn P( ~ cia, q~_1,q~_2) suchthat the following

formulashold,
a~p(~,v,a~,v~,...)=a7a(a,v,a~,v7, ...)

forthesystem(3). Weshallprovethatc=0in (17) a~ln~ ~ —pa’ (21)
for the chains(1), (2) whichadmit thereflection

_____ ~ a~~±1
q~-+q~, ~ ~ (18) ôq~+2=aaq aq~÷2’ (22)

____ ~ ( aq~1
Lemma1. Let the conditionsof the theorembe aq~~1= aaq~~1~ ~ + aq~÷1 aq~j

fulfilled and(1), (2) be invariantunderthe reflec- (23)
tion (18). Thenthesystem(3) admitstheinvolution

U~V, X+ — X, t+ — t, (19) ProofFormula(22) wasobtainedin the proofof

andforanypairof conservationlaws (15), (16)with the theorem.Differentiatingeq. (7) with respectto
the invariantconserveddensity (14), i.e. q~~2we find that

h(qm, q,,,1, ..., q_~)=h(q_m, q,,,,+i, ..., q,~,), a(ax(lnØ~Ø~~~)+ a~~÷2a~~\
—

wehavec=0 in (17).

Proof The invarianceof thesystem(3) underin- (Ø~~~1 öWfl+I ~ aq~+1
volution (19) follows immediately from the defi-
nitions. From the invariance property of the whereØ~ a~~/aq~±1.Thisrelationis equivalentto
functions formulas(21), (22).

a7 ~ hk=pfl+I _pfl, 8, ~ hk=afl+, a Formulas(21)—(23) suggestthealgorithmwhich
— —,, definesthechain (2) in termsofthebasicchain(1).

For example,in the case
we obtain that the reflection (18) transforms
~ (a~+1)into p_,, (a_a). Applying the reflection q~~=q~(q~+1—q~) (24)
(18) to (15) we find c=—c, i.e. c=0.

theaboveformulasgive us
We illustrate the abovediscussionby the conser- ~

vation lawsof the Volterramodel
This is the well-known Burgersequation.The sub-

~ (20)
stitutionq~= q,,1 /q,, connects(24) with the linear

One can verify that (15) holds with h~= q~, chainq~= q,,+1.
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3. The compatibilitycondition (7) putsstrongre- (P(q~~1)8
strictionson the choice of the basicchains(1). For
example,in the scalarcasetheconservationlaw (21)
mustbe valid for (1) [1]. We do not discusshere — P(q~ ~) ~ ~)H(m) . (31)
theclassificationofall thescalarchains(1) forwhich 8q~1
relation(7) is solvable.It is anopenproblemasyet.
Our considerationis restrictedto chainswith high Herethe “hamiltonian”
orderconservationlawsandwego on to the follow- N

ing list of the basicchains [1]: H~
m~= ~ h~”°, N>> 1 , (32)

n= —N

q~
7=P(q~)(q~+1—q~1),P”=O, (25)

is constructed from the conserved densities h ~ The
q~7=Q(q~)[(q~+1—q~)~+(q~—q~_1)’], chain (2) corresponds to h~=q~+1q~+R(q~)and

Q~
4~=0, (26) h~=q~+

1q~(P=aq
2+y),

~ ~ (P=q). (33)

=0, 1 . (27) We now want to write downthe list of systems(3)

correspondingto (25)—(27). It follows from section
In the last formula 2 (seethetheoremandlemma1) thatall thesystems

R(u, v, w)= (av2+2flv+y)uw (3) havethe form (6) and admit the involution
(19). We shall write down only the first equation

+(flv2+
1iv+ö)(u+w)+yv

2+2ôv+v from the pair (6),

and u~=u
77 +f(u, v, u~, v~) . (34)

R~=R(q~÷1,q~,q~1) , The second one can be reconstructed by virtue of
(19). We recallthat actually(34) and(2) coincide

r~=r(q~1, q~)=R(q~1, q~, q~.1) . (28) after interchangingq~,q~1with u, vandsoon.Eqs.

We can find the chains (2) related to (25)—(27) (34), which correspond to (25)—(27), can be writ-
ten down in the following form,by direct calculations, which arebased on (21)— (23)

and on the invariance property under the reflection U, = U7,, + [2P(U) v+ flu
2] (35)

(18). In the mostintricate case(27), (28) we ob-
tain, for example,that for e=0 u~=u~~+2u~(u—vY’

+2[r(u, v)u
7—Q(u)v,,](v—u)—

2, (36)
r,, _________ _________

~ (qn~l_qn_I)2(q~_ + 1q~~

2 q~_2—q~j u~=u,,,,—(u~+A)[2v7/r+(1nr)~]+~A’ . (37)(29) u~=u~—(u~+A)v7/r— (ln r)~u~

andfor~=l
u7. (38)

r
80,, 80,,

-‘

0n—1 -
oq,,_

1 Here (35) correspondsto (25) with the samep0-
lynomialP(q)=aq

2+flq+y (see(3l)—(33)). In the

.,Jr,,+
1r,, 8 r,,÷1- —ln--——. (30) nextequation(36), correspondingto (26) with the

q~~1—q,,1 ôq,, r~ sameQ,thepolynomialr(u,v) is constrainedby the
conditions

The calculationssimplify if we makeuse of the
hamiltonianstructure.In the case (25) the highor- r(u, v)=r(v, u), ~
derchains(12) canbe obtainedvia the formula

Thelasttwo equationswithA=A(u) = ~rr~—~ are
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relatedto (27) ((37) (29), (38) (30)). The leadsto the systemof equations(3) which is invar-
polynomial r( u, v) is definedby (28). iant underthe two involutions

The general explicit integrability conditions for
systems(6) were discussedin ref. [1] (naturally q~p, p~’q, X—~—X, t-+—t,
theseconditionsholdfor(35)—(38)).However,the q~-~p, q’÷-~p’, x—~—x, t—~—t, a~—~y. (44)
practicalintegrationmethodis still beyondthescope
ofthetheorypresentedin ref. [1] (seeref. [21). The The first oneof eqs.(3) hasthe form
requiredcomplementis providedby the latice rep- q, = aq,,7+2apq,,+ (y— a)rq~,— (a+ y)qq’p7
resentationapproach,andby lucky coincidencethe
last two systems(6), the integrabilityof whichwas — (a + y ) r(pq’ + r’ q),
an openquestion,coincidewith (37), (38). r= 1 +qp, r’ = 1 +q’p’, p=qp’—pq’ . (45)

Thelist ofbasicchains(25)—(27) allowusto con-
nectany scalarchain (1) possessingthehigherlocal Onecanreconstructthe otheronesby the substitu-
conservationlaw (15) with oneof the basicchains tions (44).
by some substitutions [1,3]. The systems(6) re- Thegeneralsimpleideahow to connectthepartial
latedto thesechainsare connectedwith (35)—(38) differentialequationsandthe chains(1), (2) is not
by the transformationsdescribedin refs. [1,2]. The restrictedto non-degeneratechains(1) [5]. A good
lattice representation suggestsadditional links be- examplehere is providedby the Todalattice rep-
tween integrablesystems.For examplethe well- resentationof the nonlinear Schrodingercoupled
known systems equations

u,=u,,,,+2u
2v, —v~=v,,,,+2v2u. (46)

(39) In this casewe have

u~=u
77—2u~v,,, —v~=v~~+2v~u7 (40) u=exp(q,,), v=exp(—q,,_1),

are connected with one and the samechain q,,7=p,,, p,,,,=exp(q,,~1 —q,,)—exp(q,,—q,,1),

q,,,, = (q,, + — q,, ~ ) ‘ . (41) q,~= 8H/8p,,, ~ = — 8H/ôq,,, H= ~ h,,,

The system (40) is a special case of (37) with h,, = ~ + (p~+ +p,,) exp(q,,±1— q,,) . (47)
R=r= 1 andis relatedto (27), (29) in theusualway,
u=q,,, v=q,,_~. For(39) ü=q,,, ~=q,,_2.Thissecond The lattice (1), (2) canbe consideredas a special
choiceof dynamicalvariablesis admittedfor any kindof Bäcldundtransformationfor thesystem(3).
chainq,,,,= 0 (q,,~1 — q,,_1). Forexampletheaboveformulas(47)definethewell-

A hamiltonianchainderivedby Ablowitz and~ known Bäcklund transformationfor the nonlinear
dik [4] providesan exampleof anon-degeneratein- Schrodingerequation (46) [6].
tegrablevector chain.We have

q,,,,=r,,(q,,~1+q,,1),—p,,~=r,,(p~+1+p~1), References
q,,, =r,,8H/ôp,,, —p,,~=r~8H/ôq,,, (42)

where [1] A.V. Mikhailov, A.B. ShabatandR.I. Yamilow, Usp.Mat.
N Nauk42(1987)3.

r,, = 1 + q,,p,,, H= ~ h,,, N>> 1 [2] A.V. Mikhailov, A.B. Shabat and R.I. Yamilow, Commun.
—N Math.Phys. (1987),to bepublished.

and [3] R.I. Yamilov, Usp.Mat. Nauk38 (1983) 155.[4] A.B. ShabatandR.I. Yamilov, Factorizationnonlinearequa-
= a(r,,~q,,~2~ + ~ i P~) tionsanalogousto theHeisenbergmodel,preprint,Ufa, 1987.

+ y(r,,+ q,, Pn+2 + ~q
2,,p~÷~) . (43) [5] M.J.Ablowitz andH.Segur,Solitonsandtheinversescatter-ing transform(SIAM, Philadelphia,1981).

Thechange(4) of thedynamicalvariables [6] A.C. Newell, Solitons in mathematicsandphysics (SIAM,
Philadelphia, 1985).

q,,=q, q,,

1=q’, p,,=p, p,,~=p’
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