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Abstract. In this paper we attempt to extend the symmetry approach (well developed in the
case of(1 + 1)-dimensional equations) to th@ + 1)-dimensional case. Presence of nonlocal
terms in symmetries and conservation laws is the main feature of integable)-dimensional
equations. We have introduced a conceptjoési-local functiongo characterize nonlocalities.

We have found a few first integrability conditions for a class of scalar equations in terms of
quasi-local functions and have demonstrated that they are suitable for testing integrability.

1. Introduction

Integrable nonlinear equations have many applications in physics and mathematics and
are interesting by themselves. There is a rich theory of such equations which is mostly
devoted to the problem of integration and to the study of the underlying algebraic and
analytic structures. It is a very challenging problem to establish whether a given equation
is integrable or not, whether the powerful machinery developed for integrable equations can
be applied to an equation of our particular interest in a concrete problem. There are a few
approaches aimed at tackling this problem. Among them are: the approach based on the
Painlee conjecture, perturbative analyses of almost-linear or almost-integrable equations,
approaches based on the existence of higher symmetries and conservation laws. Possibly
the most advanced one is the symmetry approach.

The symmetry approach, suitable for{11)-dimensional nonlinear partial differential
equations and difference differential equations, has been created and developed during the
last 18 years [1-7]. It has proved to be a powerful tool for testing the integrability and
solving the classification problem for integrable equations. In this paper we are trying
to extend this theory to the (2 1)-dimensional case. The main feature of integrable
equations in (2+ 1) dimensions is that the equations themselves, their higher symmetries
and conservation laws are non-local, and this becomes the main obstacle to a straightforward
extension of the (% 1)-dimensional approach, which is based on the concept of locality.
To overcome this problem, a new concept gpfasi-local functions which is a natural
generalization of local functions, is introduced. All known integrable equations and their
hierarchies of symmetries and conservation laws can be described in terms of quasi-local
functions. This observation will be exploited for a generalization of the symmetry approach
to multi-dimensions, creating integrability tests, and in the near future for a classification
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of the most important types of equations. We have found a few integrability conditions for
a class of scalar equations in terms of quasi-local functions and have demonstrated that the
conditions obtained are suitable for testing integrability.

2. Formal symmetries and conservation laws in the (¥ 1)-dimensional case

In the (1+ 1)-dimensional case integrable partial differential equations (PD&s$ystems
of PDEs

u, =K Q)
possess a hierarchy of higher symmetries
u, = K, n=0,12,... (2)

and this property can be taken as a definition of integrability. Her&,, € 7 whereF is

a differential field of complex (or real) valued functionsuwot u(x, t) and itsx-derivatives.
Each function from this field depends on a finite number of variables- u, u; = u,,
upx = u,,, ..., which we call the dynamical variables. With we can take the algebraic
closure of the field of meromorphic functions AQ(is)), whereld = {u;; k =0,1,2,...,}

is the set of dynamical variables. In many applications the functibns, are simply
polynomials. Partial derivation,, 9, andd,, are represented i by the operators

0 d d d d
D=) w1 — —=) D'K)— = —=) DNK,)—
; k+18uk dt g Buk dln ; Buk
respectively.
Equations (2) define the symmetries of (1) if (see, for example, [6, 8])

[K, K] £ K.(K,) = Ku(K) = 0 3
where x denotes the Freéh derivative. The Fredt derivative is a linear differential
operator which is assigned to any functigne F

fo Y @

>0 8uk

Orders of equation (1) and symmetries (2) are defined as the degrees of the corresponding
Freclet derivatives ord = degk, and orK, = degk,... We say thatk,, defines a higher
(or non-classical) symmetry if okd, > 1.
A function p € F is called a density of a conservation law of (1) if there exists F
such that

0 = D(0). (%)

If we are not interested in a particular form ef we write p, € DF, where DF is the
image of the fieldF under the action of the operat®r (i.e. DF = {D(f); f € F}).
Relation (5) is obviously satisfied § = D(h), whereh € F. In this caser = h, € F.
Such densities are called trivial. Two conserved densitieg, are considered as equivalent
(p1 =~ py) if the differencepi» = p1 — py is a trivial density p12 >~ 0, i.e. p12 € DF). By

1 For simplicity here we restrict ourselves to the consideration of scalar equations, a generalization for the vector
case can be found in [4-6].
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the order of a conserved densitywe shall mean the degree of the differential operator
R = (8p/du)., where the variational derivative is defined as

5f def k af
— = ;( D) ™ VfelF. (6)
The variational derivative has the following useful properties [8]
DY) g A _ s df o
Su drSu  Su dt *Su
(AT denotes the formally adjoint operator: Af = }_ a, D* then AT = " (-D)* - g, and-
is the usual operator multiplication). Moreover,sif/du =0, f € F,thenf € DF +C
(the Gelfand—Manin—Shubin theorem [9]). Thus, a conserved density is non-trivial if its
variational derivative does not vanish. Only non-trivial conserved densities make sense.
Let us denote byR{D} a ring of formal pseudodifferential operators (or, shorter, formal
operators) of the form

A = apr + ap_1D1)71 —|— . + agp + a_]_Dil + .
with coefficientse, € F. The product inR{D} is uniquely defined by

k
2

VfeF )

kak . ClmDm — bkaka-‘rm 4 <Ij-> ka(am)Dk-Hn—l + ( )kaZ(am)Dk+m—2

+ (’;) by D3(a,,) D=3 + <Z> b D*(a,) D4 . (8)

where

k k(k—1(k—2)...(k—m+1)
(m) N m! '
We denote byR{D}, the subring of differential operato®{D}, Cc R{D}. For example,
if f e F, then the Freckt derivative f, does belong toR{D}.. In the scalar case,
R{D} is a skew-field because for each operatoe F the inverse operatad~! such that
AA™t = A71A = 1 exists and is uniquely defined. Moreover, fractional pow&r?d of a
formal operatorA, p = deg A), are well defined.

A formal operatorL € R{D}

L=1,D"+1,4D" '+ +lg+1D '+ ke F

is called a formal symmetry of orde¥ of equation (1) if it satisfies the following inequality
[3,4,6]

degL, — [K., L]) < degK,) +degL) — N. 9)
Here the bracket4,B] = A- B — B - A denotes the usual commutator of (formal
pseudodifferential) operators. This definition can be easily motivated. Indeed, assuming
that K,, is a symmetry of orde?N > 1 and taking the Freéh derivative of equation (3),
we getd, K. — [K, Kq.] = 9, K. If we denoteL = K, and estimate the degree of the
left-hand side, then we arrive at the inequality (9). Thus, the existence of a symmetry of
order N implies the existence of a formal symmetry of the same order. In contrast to higher
symmetries, the conditions of existence of formal symmetries can be easily obtained in
terms of K and its derivatives and analysed. These conditions are not influenced by lacunae
in the hierarchy of symmetries and are invariant under changes of variables. If equation (1)
has an infinite hierarchy of symmetries of increasing order, then equation

L, =[K., L] (10)
has a non-trivial solutiorl. € R{D} (see [3, 4, 6]).
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A formal operatorR € R{D} is called a formal conservation law of ordéf if it
satisfies the following inequality [3, 4, 6]

degR, + R- K, + K| - R) < degR) + degK,) — N. (11)

In particular, if o € F is a conserved density of ordaf > m = ordK, thenR = (8p/8u).

is a formal conservation law of ordéy — m. If equation (1) has an infinite hierarchy

of conservation laws of increasing order, then it has a formal conservation law of infinite
order, i.e. the following formal operator equation

R+R-K,+Kl.-R=0 (12)

has a non-trivial solutionk € R{D} [3]. If equation (1) has two conservation laws
with densitiesp;, p2 of ordersm < N; < Nj, then it has formal conservation laws
Ry = (8px/Su), of ordersN, —m and a formal symmetry, = Rl‘le of orderN = Ni—m
[3,4,6].

The solvability conditions of equation (10) can be represented in the form of an
infinite sequence of conservation lawg = D(oy), k = —1,0,1,2, ..., (the canonical
conservation lawp of the original equation (1). For example, the first condition can be
written asp_1, € DF, wherep_; = (3K /du,,)"Y™ andm = ord(K). This condition is
equivalent to the existence of a formal symmetry of orde# 1 (a formal symmetry of
orderm always exists because equation (1) is a symmetry for itself). Existence opfirst
canonical conservation laws (i.e. the fact tAgi_1, 9,00, ..., 3;0,—2 € DF) is equivalent
to the existence of a formal symmetry of order+ p.

Let us consider an equation of the form

Uy = Uxxx + F(M, ux) (13)
where F (ug, u1) is a differentiable function of its variables. Then
oF oF -~
p-1=1 po=0 p1= —— p2=—— p3=o01=Dpy),.... (14)
ouq u
Existence of a formal conservation law can be expressed in the form of a sequence of the
canonical potentialsi.e. functionsg, € DF, k = 0,1, 2, .... In the case of equation (13),

these conditions may be reduced to the requirement that all even canonical densities are
trivial: pp, e DF,n=12,....

For a given PDE it is very easy to check the conditions for the existence of
a formal symmetry and/or a formal conservation law (it is sufficient to check that
Spr: /8u = 8¢ /Su = 0). They are so restrictive that, in practice, if a PDE satisfies a few
first conditions (the number of the conditions required depends on the order of the PDE),
then it is integrable. Moreover, in many cases these conditions enable us to find complete
lists of integrable equations and classify them [3-7].

3. Concept of quasi-local functions

The whole construction of the symmetry approach is based upon the concéptabf
functions i.e. functions belonging to the field®. Symmetries, conservation laws,
coefficients of formal symmetries and formal conservation laws are assumed to belong
to 7. Sometimes in the (% 1)-dimensional case a simple (non-invertible in the classical
sense) change of variables of the fotm= ¢ (1;) could violate the local structure in the
sense that symmetries and conservation laws become dependent on the primitives (indefinite
integrals), i.e. they become non-local while equations remain integrable by the inverse
transform method or via Cole—Hopf type transformations. Extending the fiddg just the
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adjunction of one primitive (or a finite number of primitives in some cases) and taking the
closure we can come back to exactly the same scheme (within the extended field). Such
cases are called weakly non-local and can be treated via the symmetry approach after a
simple extension of the field [10].

In the (24 1)-dimensional case we have a different picture. If we look at the structure of
higher symmetries and conservation laws of integrable equations we discover that they are
non-local (even equations themselves being rewritten in the evolutionary form are non-local
as a rule). The higher symmetry we take the more complex structure of non-local terms
we find. Consider, for example, the hierarchy of symmetries of the Kadomtsev—Petviashvili
equation

Uy = Uy Uy, = Uy Upg = Uyyy + O, — 3D_1(uyy)

Uiy = Uy — D 2y, + 2u, D7 (u,) + duu,

Uy = Uyprrx — L00yyy + 5D Puyyyy + 20u 1,y + 100y, + 30u?u, — 10u, D~2u,,
—20uD Y (uyy) — 20u, D (u,) — 10D (uu,),

Uy = Uxxxxy — %’uyyy + D74uyyyyy + 16142uy +12u, 1,y + Buyuyy + Buliyyy
+22uu, D" (uy) + 2, D uy) — 6D Huy) DM uy,y)
—4uy, D™ (uyy) — 4uD " (ttyyy) — 2u, D7 (ttyyy) + 4u, D7 (uny)
2D wD Y (uyy)), . ..

where D~! stands for indefinite integrab='f = [* f(x’, y)dx’, and D=2 corresponds

to the nesting integration® 2f = I f)‘/ f(x”, y)dx” dx’, etc. It can be easily shown
that there is not any finite extension of the field of the local functions which would
contain the whole hierarchy of symmetries (or conservation laws). In the case of the
Benney—Roskes—Davey—Stewartson equation

Uy = oty + 24D Uv)y) + Buyy + 24D (uv),)

) C 15
—v; = @V + 20D, (wv),) + By, + 20D (wv),) “he 4o

we are forced to consider nested primitivesjiras well O;*f = [* f(x,y’)dy’) and
nested primitives for higher flows. A similar picture takes place for all known integrable
(2+ 1)-dimensional hierarchies.

A trivial idea to extend the differential field by the adjunction of all possible nested
primitives (F — F(D; 1, D;l)) seems not to be very fruitful. Doing so, we would find that
any equation (even known to be non-integrable) possesses a formal symmetry, and even
the concept of conservation laws would be lost because any fungtio (D2, D;l) is
a total derivativef € DF(D;*, D;%) in such a field, i.e. all conservation laws are trivial
(F(D;t, D;Y/DF(DY, DY = Q).

Our generalization of the symmetry approach to the-(B)-dimensional case is based
on an observation that operatas®, D, never appear alone! If we introduce operators

® = D'D, ®~'=D;'D,

then many classes of equati¢rand their hierarchies of higher symmetries and conservation
laws can be rewritten withoub;*, D;*.

1 A slight generalization of the operat@® is needed for certain classes of equations, like the Darboux (or
resonance three wave) system of equations, but for simplicity here we shall restrict ourselves to a subclass of
equations whose hierarchies can be written in term® aind © 1.



6712 AV Mikhailov ard R | Yamilov

The previously mentioned Kadomtsev—Petviashvili (KP) equation and (15) together with
the hierarchies of higher symmetries and conservation laws can be easily rewritten without
D! and D} %, using the operator® and ®1. Many other known integrable equations
including the modified KP equation

Up = Uyry — Buuy + 6u,Ou + 30%u, (16)

the (2+ 1)-dimensional generalization of the Degasperis—Magri—Pirani—Soliani equation
found in [11] (2D DMPS equation)

Uy = Uyxy — SUS +3€1O% @), — 3(e +e2(O€) —20(e"O))u, (17)
and the Nizhnik—Veselov—Novikov equation, (3 € C)
;= Ay + 3,07 W?) + 3uOtuu,)) + Buyyy + 3u,Ou?) + 3u® (uu,)) (18)

fall into that class. Moreover, using the operatdrwe can eliminate ally-derivatives
(Dy = ©D,).

In all these listed examples, the hierarchies of symmetries and conservation laws belong
to a field 7(®) > F, which we call the field of quasi-local functions. To define this field,
let us consider a sequence of extensions of the original field.et ©F = {Of; f € F},

O 1F ={071f; f € F}andFo(®) = F. The fieldF,(®) is defined as the closure (i.e. the
field and the algebraic closure) of the unidjp_1(0®) U®F;_1(0©) UO1F_1(0®). We have

a filtration of fieldsF = Fo(®) C F1(®) C F2(®) C ..., and F(®) = lim;_, o Fi(O).
Each element ofF;(®) is a function of a finite number of arguments, and each argument
belongs toF;_1(®) or OF,_1(®) or O LF,_1(®). The indexk in F(®) indicates the
maximal depth of a nesting of the operat@rs! in expressions. The derivatia, in 7(©)

is represented by, = ©D;,.

Example. If we eliminate all they derivatives in the KP hierarchy (usin, = ©D,),
we find thatu, € F_1(®). Similarly, the right-hand side functions of the modified KP
and 2D DMPS equations belong #%,(®), the right-hand side functions of the Benney—
Roskes—Davey—Stewartson equation belong to the extetisi@) of the differential field

F with two indeterminates andv.

In the field F(®) the notion of conservation laws makes sense, since the factor
F(®)/DF(®) is non-trivial. A functionp € F(®) is called a density of a conservation
law if there existso € F(®) such thatp, = D(o). Usual ‘gradient’ definitions
(o = D(jx) + Dy(j,)) can always be transformed into this form with= j, + ©(j,).
Moreover, if p is a density of a conservation law, so@ (p) for any k.

In conclusion of this section we would like to mention that the linearizations of integrable
(24+1)-dimensional equations belong#a®). This fact follows from the results of Zakharov
and Shulmann [12]. They have shown that the dispersion laws of integrable equations must
satisfy certain constraints which imply that the linear part of such equations can always be
written in terms of quasi-local functions. Here we go much further, namely, we assert that
nonlinear (2+ 1)-dimensional integrable equations, their symmetries and conservation laws
can also be expressed in terms of (properly defined) quasi-local functions.
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4. Integrability conditions in the (2 + 1)-dimensional case

The definition of the symmetries of (1)-dimensional equations is exactly the same as in
the (1+1)-dimensional case (3), but the Fréthkerivative now becomes a pseudodifferential
operator

kn
f=fe=)_HD"  fi= ) fu® o fu € F(©).  (19)

n<m s=—ky
Let us define a ringR{D; ®} of formal (pseudodifferential) operators of the form
A=a,D" +a, 1D’ 4+ +ag+a DT+ (20)

where coefficients,, arequasi-local operators
ki
a, = Z ans®s Qps € fk,, (®) (21)
s=—k,
A set of quasi-local operators we denote Ry®}. The multiplication law inR{D; ®} is
uniquely defined by (8)D - ® = ® - D, and

®-a=a0® — (D@)® —O(D(a)) D1+ (D*(a)® — O(D?*(a)))D % —---. (22)

Under this multiplicationR{D; ®} becomes an associative ring (later we shall usually omit
the ). The degree ofi is equal top, i.e. the maximal exponent dd. Formal operators of
zero and negative degree form a subrig{D; ®} € R{D; ®}. The product of quasi-local
operators belongs t® _{D; ®}.

We shall assume that the right-hand sideK, of equation (1) and its higher symmetry
(2) belong toF(®), then Frechkt derivatives ofK, K, belong toR{D; ®}. As before,
orders of (1) and the symmetry (2) coincide with dggand ded,.. The definition of
a formal symmetry remains the same (see (9)) witlbelonging toR{D; ©}. It is easy
to see that the existence of a symmekfy of order N implies the existence of a formal
symmetryL = (Ky), of the same order. As in the 11)-dimensional case, the solvability
conditions of equation (10) for coefficients &f provides us with integrability conditions
for the PDE expressed in terms of the coefficientKof

Conditions of existence of a formal symmetry provide us with conditions of integrability.
The conditions look very similar to the one-dimensional case. As an example we shall study
equations of the form

Uy = Uy + g, uy; ©, 071 gu,u; ©,07h e F(©) (23)

which contains the KP, modified KP, 2D DMPS and Nizhnik—Veselov—Novikov equations,
etc. The Frecét derivative of the right-hand side of the equation is of the form

ge=D+g@D+go+g 1D+
whereg, € R{®} are quasi-local operators

&= gmO®" g€ F(O)
In this case a first few integrability conditions have a form very similar to the one-
dimensional case (14).

Proposition 1.Equation (23) has a formal symmetry:
(i) of order six iff

% e [D, R{6}] (24)
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i.e. 3oy = Za]m@’" such thatz D(01,)0" = ”

(ii) of order seven iff it has a formal symmetry of order six and

% e [D, R{6}] (29)
(i) of order eight iff it has a formal symmetry of order seven and

%(01 +3g-1) + [01, g1]-1 € [D, R{O}]. (26)
In (26) we denote byd, g1]_1 the coefficient atD—* in the commutator

[o1, g1] = [01, g1]-1D ' + [01, g1]-2D 2 + [01, g1] 3D > + - --

of quasi-local operators; and g;.

Similar to the one-dimensional case, one can define a formal conservation law (a formal
operatorR € R{®} which satisfies the same equation (12)), orders of a conserved density
and formal conservation law, etc. Also, one can prove that if there exists a conservation law
with a density of ordewV, then there exists a formal conservation law of orfer degk,.

Proposition 2.Equation (23) has a formal conservation law of order four iff
8o € [D, R{©}]. (27)

Similar to the one-dimensional case, it is not difficult to obtain conditions (criteria) for
the existence of formal symmetries of orders nine, tenand of formal conservation laws
of orders five, six, .., but they look more complicated and will not be used in this paper.
The integrability conditions have the form € [D, R{®}] where ¢ is a given quasi-local
operator. One can analyse such conditions using properly defined variational derivatives
and successive application of the Fretderivatives.

For example, in the case of the modified Kadomtsev—Petviashvili equation (16) we have

g1 = —6u? 4 60 (1) + 302
go=—12uu; + 6u,1® g_.1=0.

It follows from (24) thatg; should be a density of a conservation law, and indeed
(81): = D(o1) where

o1 = 6uf — 12uup + 18* — 36u?Ou + 18(Qu)? + 60u, — 180%(u?) + 180°%u.
Conditions (25) and (27) are satisfied, since the coeffigigrs a total derivative itself
—12uu1 + 6u1© = [D, —6u? + 6u®].

Condition (26) gives the next conservation law of order two with the demsitfthe term
[01, g1]-1 = 6D(01)®? — 6D(O(01))O is a total derivative itself and therefore can be
omitted).

In the case of the 2D DMPS equation (17), the first condition (24) gives a conservation
law of order 2, the second condition is trivially satisfied because the correspogidiag
total derivative (in accordance with proposition 2), condition (26) gives us a conservation
law of order 4.

Thus, if we start with an integrable equation, then the solvability conditions for a formal
symmetry provide us with conservation laws of the equation. Like the I}-dimensional
case, these conditions may serve as a test for integrability and help to isolate integrable
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cases for a given equation. As an example we consider the following equation (one more
(2 4+ 1)-dimensional generalization of the Korteweg—de-Vries equation)

Uy = tyyy +uO® tu, + Au,© tu (28)

where A is a constant parameter. The Fréthlerivative of the right-hand side of this
equation is of the forn¥F, = D3 + g1 D + go With

@1=u0" +207 W)  go=0""(u) + 07" (29)
Condition (24) is obviously satisfied for arkywith

o1=00"14+10710) 0 =ty +u® ru) + ’\%1@((@)*1@{))2). (30)

The coefficientgg is a total derivative for any., therefore the conditions (25) and (27)
are satisfied. It follows from the condition (26) and (30) tkashould be a density of

a conservation law. The first term,, is a trivial density (it is a total derivative), the
second term®~1(u) is a conserved density for aiy but the last term gives the condition

A = 1, becaused,(©®~1(u))? does not belong taDF(®) for any . Thusi = 1is a
necessary condition for integrability of equation (28). The same condition was obtained by
the Painlee method in [13]. Moreover, equation (28) is known to be integrable4f 1

[14].

Acknowledgments

We would like to thank the NATO-Royal Society Fellowship Programme for supporting
RYs visit to Leeds. The basic concept of quasi-local functions was discussed at the
NEEDS97 Workshop and especially we would like to thank B Konopelchenko, M D Kruskal,
S V Manakov and V Zakharov for their useful remarks. We are also grateful to P Clarkson,
W Crawley-Boevey, G Dales, A Fordy, J McConnel, C Robson and A Shabat for discussions
on various aspects of the paper.

References

[1] Zhiber A V and ShabaA B 1979 Dokl. Acad. Nauk247 1104 (Engl. TransISov. Math.—Dok).
[2] Ibragimov N H and ShabA B 1980 Funk. Analiz.14 79
[3] Sokolov V V and ShabtA B 1984 Sov. Sci. Re\C 4 221
[4] Mikhailov A V, Shabd A B and Yamilosr R | 1987Usp. Mat. Nauk42 3 (Engl. Transl. 198 Russian Math.
SurveysA2 1)
[5] Mikhailov A V, Shabad A B and Yamilor R | 1988 Commun. Math. Phys.151
[6] Mikhailov A V, Shaba A B and Sokole V V 1991 What is Integrability? ed V E Zakharov (Berlin:
Springer) p 115
[7] ShabaA B and Mikhailov A V 1993 Important Developments in Soliton The@y A Fokas ad V E Zakharov
(Berlin: Springer) p 355
[8] Olver P J 1986Application of Lie Groups to Differential EquatiorBerlin: Springer)
[9] Gelfand | M, Mann Y | and Shubin M 1976-unk. Analiz.10 274
[10] Mukminov F Kh and Sokole V V 1987 Mat. Sbor.133 392
[11] Yamilov R | 1993 Phys. Lett.173A 53
[12] zZakharw V E and Shulman E 198PhysicalOD 192
[13] Weiss J, Tabor M and Carnevale G 1983Math. Phys24 522
[14] Boiti M, Leon J J-P, Manna M and Pempinelli F 1986/erse Problem® 271



