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DISCRETE EQUATION ON A SQUARE LATTICE WITH A
NONSTANDARD STRUCTURE OF GENERALIZED SYMMETRIES

R. N. Garifullin,* A. V. Mikhailov,! and R. I. Yamilov*

We clarify the integrability nature of a recently found discrete equation on the square lattice with a
nonstandard symmetry structure. We find its L—A pair and show that it is also nonstandard. For this
discrete equation, we construct the hierarchies of both generalized symmetries and conservation laws. This
equation yields two integrable systems of hyperbolic type. The hierarchies of generalized symmetries and

conservation laws are also nonstandard compared with known equations in this class.
Keywords: discrete integrable equation, generalized symmetry, conservation law, L—A pair

1. Introduction
The equation
un+l,m+1(un,m - un,m+l) - un+l,m(un,m + un,m+1) + 2= Oa (1)

where n and m are arbitrary integers, was found in [1]. It was shown that its generalized symmetry in the
direction m has the form

2
d n Un,m+1Un,m—1 + un)m
g = (1) .
dtQ un,m+1 + un,m—l

(2)
The simplest generalized symmetry in the direction n turns out to be

d
%un,m = hn,mhn—l,m(anun+2,m - an—lun—Z,m)a (3)
1
where

hn,m = Un+1,mUn,m — 17 Ap+42 = Anp.

This symmetry depends on an arbitrary double-periodic function a,, which can be represented as
ap, =a+a(—1)", (4)

where a and @ are arbitrary complex numbers. We here have both the autonomous particular case a,, =1

n

and the nonautonomous case a, = (—1)"; all other possible particular cases are linear combinations of

them. For instance, we can obtain

14+ (=1)" 0, n=2k+1,
0, = 1H D" 5)
2
1, n=2k.
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Generalized symmetries (2) and (3) are themselves integrable equations. More precisely, for any fixed
n in case (2) and for any fixed m in case (3), we have an integrable equation with one continuous and
one discrete variable. Equation (1) generates the chains of the auto-Bécklund transformations for each of
Egs. (2) and (3) (see [2] for more details). Symmetries (2) and (3) are compatible not only with (1) but
also with each other on solutions of discrete equation (1). On the other hand, Eq. (1) can be obtained as
the compatibility condition of generalized symmetries (2) and (3). For these and many other reasons, we
here consider the triad of Egs. (1)—(3) as a whole instead of the single discrete equation (1). This approach
allows obtaining some important results, which are presented in Secs. 2 and 3.

Almost all known integrable discrete equations of the form

Fn,m(un,m; Un+1,m> Un,m+1, un+1,m+1) =0 (6)

with symmetries in both the directions n and m have generalized symmetries of the form [2]-[5]

d

—U
dtl n,m

3
dto

= (I)n,m (un—i-l,m; Un,m un—l,m)a
(7)

Un,m = \Ijn,m(unﬂnJrla Up,m, un,mfl)'

Along with Eq. (1) we know only a few exceptions obtained in [6]-[8]. In those examples, the simplest
generalized symmetries in both directions have a more complicated structure than (7): they also depend
on Un+2,m O Up m=42-

From the standpoint of the structure of generalized symmetries, Eq. (1) is the only one of its kind, and
we therefore study it in more detail. In Sec. 2, we construct the L—A pairs for each of Egs. (1)—(3) and show
that the L—A pair for Eq. (1) is also nonstandard. In Sec. 3, using the obtained triad of L—A pairs, we find
two hierarchies of conservation laws for discrete equation (1). In Sec. 4, we construct a master symmetry
for Eq. (2) and the recursion operator for Eq. (3), thus obtaining the hierarchies of generalized symmetries
for the discrete equation in each of the directions n and m. In Sec. 5, using the triad of Egs. (1)—(3), we
construct two examples of continuous integrable hyperbolic systems.

2. The L—A pairs

Constructing the L—A pair for Eq. (1), we use the following interesting property of symmetry (3). This
symmetry turns out to be equivalent to the known system of two equations found by Tsuchida (see (3.13)
in [9]). The L—A pair for this system is known and is given in that paper.

Applying the transformation

v — (—1)kvk, wy — (—l)kﬂwk

and appending the point symmetry, we can write the Tsuchida system in the form

d
prall (a1 — Bog—1)(vkwr — 1) (Vw41 — 1),

J (8)
a e = (Bwrs1 — awg—1)(vgwy — 1) (vg—1wy, — 1).

This system is an integrable discretization of one of the nonlinear Schrodinger equations with derivative,
introduced in [10] (also see [11]). For any fixed m, Eq. (3) is related to system (8) as

Uk = U2k,m, Wk = U2k—1,m o = ag, B = asg—1. 9)
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We note that system (8) is a linear combination of two compatible systems corresponding to the
particular cases & = 1, § = 0 and « = 0, 8 = 1. In this sense, system (8) is an analogue of the known
Ablowitz—Ladik chain, which is also a linear combination of two commuting equations of the relativistic
Toda type (see, e.g., Sec. 5.2 in [12]).

The equations related by transformation (9) are equivalent, and we can transfer the generalized symme-
tries and conservation laws from one equation to the other (see [13]). We obtain the L—A pair for (3) using
transformation (9) and rewriting the known L—A pair for (8) obtained in [9]. This L—A pair is standard
and is represented by the pair of compatible linear equations

T ®p = Up®y, Dy, @, = Vi, @y, (10)

where @ is a two-component vector function, Uy and Vi are 2x2 matrices depending on the spectral
parameter, and T}, is the shift operator in k, Tphy = hgt1-

It is clear from transformation (9) that the shift of the functions vy and wy in k corresponds to the
double shift of w, , in n. We therefore obtain the L—A pair for (3) in a somewhat different form,

TTQL\IJn,m = Nnﬂnan,ma -Dt1 \IJ’I’LJTL = Anﬂnan,m' (11)

Here, T;, is the shift operator in n, and the matrices N, ,, and A,, ,, have the forms

Bnm(1—X) =2\ Upp1im(A—1
Nn,m = , ( ) o ( ) ) (12)
_2Aun,mhn+l,m hn+1,m(/\ - 1)
A—1
hn—l,m Un—1Un+1,mUn—2,m + anﬁ + A—1
+ —ApUn—1m~v 7 — An—1Un+1,m
2\ A4 1 ’
+ ap—1
Anﬂn = " a Un—2.m 1 A-1 . (13)
2)\hnl7m< n,mtn + n—2,mtn N
1+ A A-1 22 hn,m(anun—l,mun+2,m - an—l)

- anun,munfl,mH—/\

The operator T2 — N,, ,, in the first equation in (11) is a discrete analogue of the Schrédinger operator
with matrix coefficients. The compatibility condition for Egs. (11) has the form

Dthn,m - (TgAn,m)Nn,m - Nn,mAn,ma (14)

and this relation is equivalent to Eq. (3). The L—A pair can be rewritten in the standard form using 4x4

Wom 0 E Wom
Tn = ’
\I/n+l,m Nn,m 0 \I/n+l,m
\Ijn,m An,m 0 \I/n,m
Dy, = .
\Ijn+1,m 0 An+1,m \I/n+l,m

Passing to 2z, = i™uy,,, for any fixed n € Z and using time dilation, we obtain the well-known
equation [14], [15]

matrices,

dzm _ Zm+41Zm—1 Tt zfn (15)
dts Zm4l — Zm—1
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for symmetry (2). The auxiliary linear problem for equations of this type is known [4]. It is the standard
problem
qujn,m = M’I’L7m\IJ’I’L7m7 -Dt2 \IJ’I’LJTL = Bn,mqjmm' (16)

Here, My m (Un,ms Un,m+1) and By m (Un,m—1; Un,m, Un,m+1) are 2x2 matrices, and the compatibility condi-
tion has the form
-Dthan = (TmBn,m)Mmm - Mn7mBn,m~ (17)

The first linear discrete equations in (11) and (16) represent the Lax pair for discrete equation (1) if
the vector functions V¥, ,, and the spectral parameters A coincide in them. After the vector function is
replaced using the matrix €2, ,,, the matrix M,, ,, changes according to the gauge transformation

—1
Mo =L My Q-

The matrix 2, ,, and the change of the spectral parameter can be found by direct calculation, but we prefer
another simpler way. We use the relation

(TgMn,m)Nn,m = (TmNn,m)Mn,ma (18)

(which is equivalent to (1)) and the known matrix N, ,»,, and seek the matrix My, m(Un,m, Un,m+1). As a
result, we obtain
1—\
A

_ unﬂn + un,erl
My, = Atnm — Unms1) |- (19)
/\(un,m+l - un,m)

Un,m + Un,m+1

The corresponding matrix B, ,, determining the L—A pair for (2) can be constructed using condition (17):

Bn - (_1)11 <(1 — /\)(un,m_l — un,m) 1-— )\ ) ' (20)

) Un,mt1 + Unm—1 )‘(uqzz,m - u%,m+l) )‘(un,m + un,m+1) = (Un,m + un,m—l)

We note that discrete L—A pair (18) can also be rewritten in the standard form:

s s

in terms of the 4x4 matrices ]T/[/n,m and Nn,m with a block structure. We formulate the obtained results.

Theorem 1. The L—A pairs for Eqs. (1)—(3) are given by the corresponding relations (18), (17),
and (14), where the 2x2 matrices have forms (12), (13), (19), and (20).

For almost all known integrable discrete equations of form (6), the L—A pair is represented by rela-
tion (21) with the 2x2 matrices Mn,m and N, .. Two exceptions are known [6], [7] where the L-A pair has
the same form (21) but is given by 3x3 matrices. These equations are discrete analogues of the Tzitzéica
equation [16]

2
Ugy = €" + e 7,

whose L—A pair is given by the equations
D,V =LV, DW= AV

768



with the 3x3 matrices L and A [17]. Our Eq. (1) is one more exception: its L—A pair (18) is defined by
2x2 matrices and can be rewritten in form (21) with 4x4 matrices.

We have verified that discrete equation (1) has no standard L—A pair (21) in terms of 2x2 matrices.
More precisely, we fixed the matrix /]\/v[n,m = M, m in (19) and sought the 2x2 matrix

Nn,m(un—l,ma Un,m, Un+1,m, un+2,m)-

Using the equivalence of L—A pair (21) to discrete equation (1), we showed that there is no matrix N,, ,, of
this form.
Equation (2) with a,, =1 for any fixed m € Z is an autonomous chain of the form

d
Eun = G(un727un717un7un+17un+2)' (22)
In this class of equations, it has a special place analogous to the place of Eq. (1) in class (6). The known
integrable equations (22) are mostly generalized symmetries of Volterra-type equations [14], [15] and have
L—A pairs of the form

DL = (T,A)L — LA (23)

with 2x2 matrices L and A. The rest of the known integrable chains are analogues of the Itoh—Narita—
Bogoyavlensky equation (see, e.g., [18]-[20])
d

Eun - un(un+2 + Up+1 — Up—1 — un—Q)a (24)

whose L—A pair (23) is given by 3x3 matrices. Our Eq. (2) with a,, = 1 has the LA pair of the form
D;L = (T?A)L — LA (25)

with 2x2 matrices. It can be rewritten as (23) with 4x4 matrices.

3. Conservation laws

In this section, we construct the conservation laws for discrete equation (1) using the scheme proposed
by Mikhailov [21]. This approach assumes the substantial use of the triad of compatible L—A pairs (18), (17),
and (14) for discrete equation (1) and its generalized symmetries (2) and (3). There is an alternative
approach that also allows solving this problem [22].

The method we use to construct the conservation laws assumes the formal diagonalization of all ma-
trices determining the triad of L-A pairs (18), (17) and (14). It is hence convenient to proceed to this
diagonalization with the linear differential equations in (11) and (16). For this, we use known results in the
theory of linear differential equations [23] (also see [24]).

The vector function ¥, ,, can be transformed using the matrix €2, ,,:

\in,m = Qn,m\IJn,rn-
The matrices defining L—A pairs (14), (17), and (18) are then transformed according to the formulas

5] —1 —1
Bn,m = Qn)mBn,an,m - Qn)matg Qn,ma

—1
Mnﬂn =Q 1Mn,an,m7

n,m+

(26)

)

NT —1

Nn m = Qn+2)mNn,an,ma

A —1 —1

Anm = QymAn,mQnm — Qn,matlfln,m.

s
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The formal diagonalization can be effectively constructed in the neighborhood of the poles of the
matrices of linear differential operators. The matrices By, ,,, and A,, ,, have poles at the respective points
A =o0and A = +1. We formulate the lemma on the diagonalization of the matrix B,, ,, in the neighborhood
of its pole (see, e.g., p. 86 in [24]).

Lemma 1. If the principal part OBy, ,,/0\ of the matrix B, ,, has distinct eigenvalues, then there is
a formal series

Qo = <E +Y A ngg})
j=1

such that FE is the identity matrix and Q%}f{), j > 1, are antidiagonal matrices. The matrix En,m obtained

using the first formula in (26) has the form
Bpm =AB{1), + > ATBD,
=0

where B,g),n are diagonal matrices.

Here, we deal with formal series and do not discuss their convergence. To construct any finite number
of conservation laws, it suffices to know that finite number of coefficients of the formal series.

The matrix 0By, /0 has different eigenvalues. Therefore, there is a transformation reducing it to the
diagonal form. Any matrix of this transformation can be taken as the matrix € , . In particular,

1 1
Q= . (27)
’ Un,m — Un,m—1 Un,m + Un,m—1

We then find B,(Ilzn

0 0
Bglazn = (0 (_1)n+1> ’ (28)

To obtain the matrices Qg)m and B,(f,)m for I <0, we rewrite the first equation in (26) as
Qmmgn,m = BnﬂnQnﬂn - 8t2 Qn,m

and equate the coefficients of like powers of A to zero. The relation corresponding to A! is an identity by
virtue of the choice of 27, ,, and B,(f?)n The relations at other powers of A yield recurrence relations for the
other coefficients B,, ,, and €, ,,, whence they can be determined explicitly. In particular,

0 (un,m—i-l + un,m+2)(un,m - un,m—l)

Q(—l) _ (un,m + un7m72)(un7m+l + un,mfl)
n,m (un,m - unﬂnfl)(un,mfl - un,m72) 0

(un,m + un,m72)(un,m+l + un,mfl)

We do not present the other coefficients because they are too cumbersome.
Using Eq. (17) and formula (28) for Br(f,,)n, we can use induction to prove that the matrix M, ,, is
diagonal. From (26), we obtain

]"\Zn = — /\un7m+1 + Un,m—1 <1 0) _

’ Un,m + Un,m+1 0 0

(un,m+2 + un7m+1)un,mfl - unﬂn(un,erl + un7m+2) 0

(un,m+2 + Un,m)(un,m + un,m+1) 4
” —u e
0 n,m-+1 n,m

Un,m + Un,m+2
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Using equation (18) and the coefficient of A in the series JT/[/n,m, we can use induction to prove that the
matrix N, ., is also diagonal. From (26), we obtain

~ 1+ Un+1,mUn,m—1 0
Nnﬂn = - —
0 1- Un+1,mUn,m+1
_ Unm41 — Un,m—1 1+ Unp+1,mUn,m—1 0 n
Un,me1  Un,m—1 0 —1 4 Ung1,mUn,m+1

The matrices Mn,m and Nn,m are diagonal, and their elements are formal power series in A~!. Equa-
tion (18) for these matrices can be rewritten as

(T2 = 1)1og My = (T — 1) log Noy (29)

<a 0) <1og @ 0 )
log = .
0 g 0 log 8

(log Mym)11 =log A+ > A7pF) (log Npm)i1 =logh+ > A7qY),
j=0 j=0

where we use the notation

The diagonal elements

can be expanded in formal series, and we obtain the hierarchy of conservation laws

(12 = 1)p%), = (T — 1)g{), §>0. (30)

Pr/m
These conservation laws can be rewritten in the standard form
(T = Vpnm = (T — 1)an,m (31)

because T2 — 1 = (T,, — 1)(T}, + 1).
The first two conservation laws are

0 Un,m+1 T Un,m—1 0
pglxz’ﬂ = 1Og U +u R Q1(’L72n = 10g(1 + un+1,mun,m+1)-
n,m n,m-+
(1) _ (un,erl + un,m+2)(un7m - un,mfl) (1) _ Un,m+1 — Un,m—1
pn m Qn,m -

me (un,m+2 + un,m)(unﬂnJrl + un,m71)7 Un,m+1 + Un,m—1 .

From the second diagonal elements, we obtain the same conservation laws (in accordance with the comment
below) except in the first step, where we obtain
Un,m — Un,m+1

5(0)

Prm = log )

A(O _ 1
s Ay m = Og(l - un+l,mun,m+1)-
un,m + un,m+2 T

All conservation law densities pgf; Zn of this hierarchy depend on a finite number of functions from the
set

Unmik, k€L (32)
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For this type of conservation law, we formulate Lemma 2 and then define the concept of the order of a
conservation law. This allows distinguishing the conservation laws and selecting the trivial laws.
We first define the formal variational derivative of the density p;, ,, in the direction m:

mun m aun erk
This sum is always finite because p,, ., depends on a finite number of functions (32). For any conserved
density py,m, we have

5mpn,m
ﬁ = Pn,m(un,mea Un,m—M+1y- -5 Unm+M—1, un7m+M)~

mUn,m
Using the function 7y, ,, depending on a finite number of functions (32), we can pass to the equivalent

conservation law

(Tr% - 1)]5n7m = (Tm - 1)dn7m

according to the rule
ﬁnﬂn = Pn,m + (Tm - 1)Tn7m7 Qnﬂn = 4n,m + (T’I’2L - ].)’f’n)m. (33)

Lemma 2. Using equivalence transformation (33), we can reduce the density of any conservation
law (30) to one of the three forms

L Poum=0& Py pm=0,
2. Prum = Prm(Unm)s Py Z 0 M =0, Ppon(unm) #0, or

3. f)n,m = f)n,m(un,maun,m+17 s 7un,m+M)7 82ﬁn,rn/87/011,m8un,rn+M §é 0 M > 07 8F)n,rn/aun,m—M 7_é
0, 9Py /Otimsns Z 0.

In case 1 of Lemma 2, the conservation law is called a trivial law. In cases 2 and 3, we call the law a
nontrivial conservation law of order M and write ord p,, ,,, = M. It can be seen that conservation laws of
different orders are not equivalent in the sense of transformation (33). For instance, we have the property
that the number of variables in the function py, m (Un,m, Un,m+1; - - -, Pnm+k), & > 0, can be reduced using
transformation (33) if and only if 82pn,m/8un,m8un,m+k =0 for all n,m € Z.

This theory is completely analogous to that for the discrete—differential conservation laws of the form

A detailed discussion of this theory together with the proofs can be found, for instance, in [13], [15]. The
corresponding theory for discrete conservation laws of form (31) was discussed in [25].
We see that
ordp?), =2, ordpll), =3, ordp?), = 2.
Hence, the density p,% differs from the other two. The densities p,(?}n and f),(lo,zn might, in principle, be
equivalent up to the total difference and multiplication by a constant. But if we construct a new conservation

law as "
ﬁnozn = ﬁnozn + pgzO,Zn + (Tm — 1)(17510,271 +log(un,m + Un,m+1)) = log nm—nmﬂ
un m + Unp, m+1 (34)
q1(102n = LjHOZn =+ q1(102n =+ (Ts - 1)(p1(102n + 1og(un,m + un,m-i-l)) = log(hn,mhﬂ-i-l,m)?
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then we see that ord ]5510,271 = 1. We therefore have three different nontrivial conservation laws of the
respective orders 1, 2, and 3.

To construct the conservation laws in the direction n, we use the linear differential equation in (11)
and proceed to diagonalizing the matrix A, ,,. The matrix A, ,, in (13) has poles at A = £1, and we can
formally diagonalize it in terms of formal power series in A+ 1 or A — 1 using an analogue of Lemma 1. The
results in the two cases coincide, and we restrict ourself to the case A = —1. In this case,

A+11~— hn,mther

0 . <Un17m 1 ) 2 Un+1,m i
n,m — A 1 )
—hn1m Unm + Un—3.mbn—1.mhn—2.m + - 1
Nn,m _ 2 + (/\ + 1)(hn,mun—l7mun+2,m - hn—l,m - 2) 0 +o. ’
0 _()\ + 1)hn,mhn+1,m
n,m(1 n,m n—1,m
1= (4 1)t F Unmt 1t tm) 0
M _ Un,m + Un,m+1 4
m Un,m+1 — Un,m hnfl mUn,m+1 T
0 —r 14+ ()\ + 1)%)
un,m+l + un,m un,m—i—l + un,m

In the leading term (of the order (A + 1)°) of the expansion, we obtain conservation law (34). In the
subsequent orders (A + 1)! and (A + 1)2, we obtain the conservation laws

(1) _ 2hn717mun,m+l
n,m ’

un,m—i—l + un,m

qn)m = un717m(un+2,mhn,m - unﬂn)a

2
“(2) _ 4h hn—l,m(un—i-Q,mhn,m + un,m) un,mh"—lﬂn
pn7m — n—1,m - D)
Un,m + Un,m+1 (unﬂn + un,erl)

+ 4hn71,m - 4un71,mun+27mhn717mhn7ma
12, =2 BBt mh hon—t1,mh 1)?
qn,m = 2Up—1,mUn+4,mnmMnt+1,mMn+2,m + ( n—1,mn+1,m — Un—1,mUn+2m — ) -

- 2hn—l,mhn+1,m - (hn+l,m + 2)2

We can thus obtain a hierarchy of conservation laws of form (30), where the function qr(f 271 depends on a

finite number of functions in the set
Untk,m, k€EZL. (35)

In this case, the theory is analogous to that discussed above for the conservation laws in the direction m.
It is convenient to rewrite conservation laws (30) in standard form (31), where

In this case, the function ¢, ,, plays the role of the conservation law density. We introduce the formal

variational derivative in the direction n,

= Q(un—N,m7 Up—N+1,ms - -+ ,Un+N,m),

5nqn,m _ ZT_k aQn,m

Snu U
nUn,m keZ 0 n—+k,m
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and define the order of a conservation law as in the preceding case. The equivalence transformation now
has the form

Qnﬂn = qn,m + (Tn - ]-)Sn,ma ﬁnﬂn = Pn,m + (Tm - ]-)Sn,ma (36)
where s, depends on a finite number of functions (35).
For the conservation laws given above, we have

ord (j(o) =1, ord (j,(llzn =3, ord (j(2) =5.

n,m n,m

The function qﬁf?n depends on three variables. We can therefore reduce their number and obtain

2
50— Jog ( Lnm ~ Unmt1 70 = 210g hn .
pn,m g<un,m + Un’m_l,.l bl qn,m g n,m

This can be further simplified by introducing the n-dependent square root of unity:

PO, = log(<—1>"M), 2, = log hnm. (37)

Un,m + Un,m+1

We note that we can pass from conservation law (34) to (37) by applying the operator (T, + 1)~! to both
its sides and taking into account that (—1)™ belongs to the kernel of the operator T,, + 1.

We can thus construct conservation laws in the direction m of any natural order, and in the case of
direction n, we obtain conservation laws of odd orders. Conservation laws of even orders apparently do
not exist, and we can prove this statement in the case of order 2. More precisely, we consider a conserved
density of the form ¢ m (Un,m;s Unt1,ms Unt2,m) and assume its explicit dependence on n and m. The
corresponding function p,, ,,, must depend on Uy m, Un+1,m; Un,m+1. We use the weakest assumption that
02 G m [ OUn,mOUn 12 m # 0 at least at one point n, m and prove that such a conservation law does not exist.

4. The master symmetry and recursion operator for generalized
symmetries

In this section, we discuss the problem of constructing generalized symmetries for discrete equation (1).
There are two hierarchies of symmetries in the directions n and m. We first consider the case of direction
m and construct symmetries analogous to (2).

As noted above, symmetry (2) is equivalent to the known Volterra-type equation (15). Equations
analogous to (15) have master symmetries generating both generalized symmetries and conservation laws
for them [12] (a more detailed discussion can be found in [2], [15], and concrete examples are in [2]). Here,
we merely rewrite the known master symmetry of (15) in terms of the variables of (2). For this kind of
master symmetry, we must first introduce a generalization of Eq. (2) that depends on a parameter 7, which
plays the role of time in the master symmetry:

d (_1)11 uiﬂn + Un,m—1Un,m+1

Un,m =
dtgl) cosh 7  Upm—1+ Un,m+1

+ tanh 7 2z (Ut = Unim) _ g1y (). (38)

s

Un,m—1 + Un,m+1
Equation (38) at 7 = 0 coincides with (2). The corresponding master symmetry has the form

d
——Unm = m‘I’%lzn(T) =V, (39)
dr ’ '
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It generates the hierarchy of symmetries

according to the formula

vt () = (¥, 99 (7)] = DY) (1) = D, U},
9 bl 2 ?

awzn < U (1) () ov:
]CGZZ +k 8un,m+k n,m+k( )aun,m—i-k

The quantity 7 is an external parameter for all Egs. (40), and these equations are compatible for any value
of this parameter. We can therefore set 7 = 0 in (40) and obtain a hierarchy of generalized symmetries
for (2). The obtained equations are also generalized symmetries of discrete equation (1).

For instance, for j = 2 and 7 =0,

(Un)m_;.z - uﬂ,m—z)(u%,m+l - u?’z,m)(u%,m - u%,m—l)

(unﬂn + un,m72)(un,m+l + un,m71)2(un7m+2 + unﬂn) .

d
Wun,m =0 (0)=

2

By direct calculation, we can verify that this equation is compatible not only with (2) but also with discrete
equation (1).

In the case of direction n, we use the recursion operator to construct the generalized symmetries.
Equation (3) is equivalent to known system (8), whose recursion operator was constructed in [26]. Using
identities (9), we merely rewrite this operator in the scalar form suitable for (3). In this case, the recursion
operator R can be constructed in the convenient form

R=HoS, (41)

where the operator H is a Hamiltonian and S is a symplectic operator. These operators have the forms

(—1)”(h1 T, + ! T,;l), (42)

n,m hnfl,m

S

H= hn,mhnfl,m(cnunJer - cnflun727m)(Tn - 1)_1(_1)nun7m +
+ (_1)nun7an(Tn - 1)71hn,mhn717m(cnun+2,m - cnflun72,m) -

- (_1)nhn71,mhn,m(cnhn+l7an + cnflhn727anil)a (43)

where ¢, is an arbitrary double-periodic function depending on n. These operators satisfy the equations

ds
E—’—S frm+ frm oS =0,
J (44)
H
2 = H H *_ L
dtl f’I’LJTL o + © f’I’LJTL
Here, f ,, and f are the operators defined by the right-hand side f, ., of (3):
d
St = fn (15)



The discrete analogue of the Fréchet derivative fy ,, of fn m, has the form

2
fin= 3 g
n,m -, aun+k,m no

and its adjoint operator ;J;n is defined by

f;#n: Z afn—i—km

=, OUpn

It follows from (44) that the operator R = H o S satisfies the Lax equation

R _ (g2 R, (46)

dty
where [A,B] = Ao B — Bo A. All these formulas are standard and can be found, for example, in [15] in
the case of autonomous equations (45) and in [13] in the nonautonomous case.

Equations (44) and (46) can be regarded as definitions of the symplectic, Hamiltonian, and recursion
operators (see, e.g., [25]). The Hamiltonian operator H and the symplectic operator S provide a relation
between the conservation laws and generalized symmetries of (3). The operator R satisfying (46) allows
constructing the conservation laws and generalized symmetries of (3). For instance, from (46), we find that

0

__ _ pk-1 _ (k)
8t§k)unm_R (fn,m) —fnm, k> 2, (47)

are generalized symmetries of Egs. (3) and (45). In the case k = 2,
f(2) fAy(l m (Cn + Cn—l)fn,m + (Cnan—l - Cn—lan)(_l)nun,m;

1§L7)n hnﬂnhnfl,m(bnhn+l7mhn+27mun+4,m - bnfl hn72,mhn737mun747m +

+ unﬂn(bnun+27mhn72,mun73,m - bnflun72,mhn+l7mun+37m) + (48)
+ (un—l,mhn,m - un+1,m)(bnui+2,m - bﬂ—lui—Q,m) -
- un,m(bnun—l,mun+2,m - bn—lun+l,mun—2,m));

where b, = an¢,. This symmetry was found in [1]. We can verify that it is also a generalized symmetry of
discrete equation (1).
Using formula (47), we construct symmetries of the form

0

k
at(k) Up,m = fr(L,??n (un+2k7m7 Unp4+2k—1,my -+ Un—2k+1,m; un72k7m)a
1

which can be called symmetries of even orders 2k. It was shown in [1] that a first-order symmetry does not
exist. Perhaps, there are no odd-order generalized symmetries in this case.

We see that generalized symmetries for Egs. (3) and (1) depend on arbitrary double-periodic functions
of n. The same holds for the Hamiltonian and recursion operators. This situation is unusual in the case of
scalar discrete—differential equations of type (3) and perhaps appears for the first time. Therefore, Tsuchida
system (8) can be regarded as an analogue of the relativistic Toda chain whose symmetries and operators
are also depend on two parameters. The detailed symmetry properties were discussed in [12], and the
properties of operators were studied in [27].
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5. The hyperbolic systems of equations

In this section, we derive two integrable hyperbolic systems of equations together with their L—A pairs
from the generalized symmetries of discrete equation (1).

We consider two compatible symmetries of form (3) with a, = x, and a, = xn—1 (where x,, =
(I1+ (—1)"™)/2), namely, the equations

awunﬂn = hmmhnfl,m(XnunJer - anlun727m)a

(49)
ayun,rn - hn,mhn—l,m(Xn—lun+2,m - Xnun—Q,m)-
From (11) and (13), we can obtain the systems of linear equations
qujn,m = Aq(ll,znqjmma Du\Ijnﬂn = Ag}nan,ma (50)

where A£}2n and A,@n coincide with the matrix A, ,, with the respective substitutions a, = x, and
an = Xn—1- This system of linear equations is compatible on solutions of system (49). We now change the
matrices A%lzn and A,(f}n, expressing the functions w,+2 ,, in terms of uy », and u,+1,, and either Oyu,

or OyUn,m. We can do this using the consequences of system (49)

Xnamunﬂn _anlarun,m

XnUn+2,m = ) Xn—1Un—2m = )
hn,mhn—l,m hn,mhn—l,m
(51)
X ” Xn—layun,m Yot xnayun,m
n—1Un+2m — 77 nUn—-2m — —7——7
hnﬂnhnflﬂn hnﬂnhnfl,m

As a result, we obtain matrices depending only on i, Un41,m, and up—1 . Using these matrices, we can
obtain a system of three equations for three unknown functions from (50).

To avoid the explicit dependence on n, we pass to either odd or even n. In the case of odd n = 2k — 1,
we introduce the notation

D = U2k—1,m, q = U2k,m, T = U2k—2,m- (52)
The matrices then become
- 2\
1qppq + A—1 1
1) — - o
A IAps : , (53)
N 1A N — Pq
(A=1)(1 —pq)
A=1D(pr—1) (I=XNr
2 _ 1+ 1+ A
AT = 2 p(pr — 1) rpy  2Mpr |7 (54)
14+ A pr—1 1+

The corresponding linear equations can be written as
D,V =AYy, Dw=A%y,
and their compatibility condition is
D,A® — D, AW = [AD A@), (55)

T



This matrix equation is equivalent to the hyperbolic system

9*logp PaDy
dxdy  p*(pg—1)(pr —1)

+ (pg — 1)(pr — 1) =0,

(pr —1)gy + qrpy —r(pg — 1)(pr — 1) =0, (56)

(pq — 1)ry + qrpe +q(pg —1)(pr — 1) = 0.

We thus obtain integrable system (56) of three hyperbolic equations together with L—A pair (53)—(55). If
Un,m(x,y) is the general solution of Egs. (49), then functions (52) satisfy system (56) for any k and m.

For even values n = 2k, we obtain the same hyperbolic system up to the involution z < y. In both
cases, regardless of the parity of n, the first equation in (56) can be written as

02 10g Un,m 8mun,m8yun,m +
Oz 0y u%,m(un,munfl,m — D(un,mUnt1,m — 1)
+ ('U/mmunfl,m - 1)(un,mun+l,m - ]-) = 07 (57)

and this is just a (2+1)-dimensional chain (m is an external parameter) similar to the (2+1)-dimensional
generalization of the Toda chain [17]. Any compatible solution uy, . (z,y) of Egs. (49) is also a solution of
chain (57). The integrability problem of chain (57) is not studied in this paper and remains open.

To obtain the second hyperbolic system, we consider the pair of generalized symmetries

azun,rn = hn,mhn—l,m(Xnun—i-Q,m - Xn—lun—Q,m)a

U2 )+ U 1 U (58)
8zun,rn:(_l)n n’m e .

un,m+l + un,m—l

3

which are compatible on solutions of discrete equation (1). The corresponding auxiliary linear problem has
the form

qujn,m = Aq(ll,znqjmma qujn,m = Bn7m\Ijn7m~

Here, the matrix A,&lln is defined as in the preceding case. The matrix B,, ,,, is given by formula (20).

The matrix A,(Ilzn is transformed using formulas (51). We eliminate w,, ,,—1 from the matrix B,, ,,, using
the second equation in (58). To eliminate the explicit dependence on n, we pass to odd n = 2k — 1 and
introduce the notation

D = U2k—1,m, q = U2k,m, T = U2k—1,m+1- (59)

As a result, we obtain the same matrix A1) given by (53) and the matrix

(0= ) 2= lp: +7)

b= oo "p)
P \ \p 4o py) BED@ZR)
(P +7)(p: +p) pyr (p=+7)
In this case, instead of (55), we obtain the matrix relation
D,B— D.AY =AM B]. (60)
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Relation (60) is equivalent to the hyperbolic system

O*logp  (p-—p)p—r)pe | (p-+p)p+7)(pg—1)
drdz  p*(p+r)(pg—1) (p—r)p

207

(p* —1r*)q. — 2(gr — Vp. — q(®* +7%) +2r =0,

(pg — )1 — (qr — V)pz — (p+7)(pg — 1)(gr — 1) = 0.

Depending on the choice of either even or odd n and on whether the function wy, ym1 Or Uy m—1 is
eliminated from the matrix B, ,,, there are four variants of the hyperbolic systems, but they are equivalent
up to simple point transformations.

The case of generalized symmetries (49) compatible with each other without any additional assumption
is analogous to the examples considered in [12], [28]. The second case of generalized symmetries (58)
compatible on solutions of discrete equation (1) is apparently new.

In the second case, we can also construct a (2+1)-dimensional chain similar to (57), but it is nonau-
tonomous and rather cumbersome, and we therefore do not write it here.

We can eliminate r or ¢ from systems (56) and (61) using the respective second or third equation. In
this case, we obtain hyperbolic systems of two equations analogous to the systems presented in [12], [28],
but these systems contain square roots and are complicated.

6. Conclusion

We have constructed the L—A pair for discrete equation (1) and have shown that this equation differs
from the known examples from the standpoint of L—A pairs.
Most of the known integrable discrete equations of form (6) have L-A pairs of the form

(Tn - Nn,m)\Ijn,m = 07 (Tm - Mn,m)\Ijn,m =0 (62)

with 2x2 matrices Ny, and M, ,,. There are also discrete analogues of the Tzitzéica equation with 3x3
matrices in L-A pair (62). The L-A pair of our Eq. (1) has the form

(T2 — Npy)¥ym =0, (T, — Myin) ¥ =0 (63)
with the 2x2 matrices.

In Sec. 4, we constructed two hierarchies of generalized symmetries in both the directions m and n for
Eq. (1). These hierarchies turn out to be of different types: there are symmetries of any natural order in
the direction m, while we have only even-order symmetries in the direction n. For other known examples,
both hierarchies are of the same type.

The hierarchies of the conservation laws constructed in Sec. 3 also turn out to be of different types.
There are conservation laws of any order in the direction m, while there are only odd-order conservation
laws in the direction n.

Equation (3) with a, = 1 belongs to the class of autonomous equations of form (22) and is the
lowest representative of its hierarchy. We could expect that it is an analogue of Itoh-Narita-Bogoyavlensky
chain (24). Our study shows that Eq. (3) with a,, = 1 is closely related to the known integrable Tsuchida
system (8), whose symmetry properties are close to those of the relativistic Toda chain.

Other known integrable chains of form (22) have L—A pairs (23) with either 2x2 or 3x3 matrices. Our
example of Eq. (3) with a,, = 1 differs from them because the L—A pair has form (25) with 2x2 matrices.
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