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ON ESTIMATES FOR ORDERS OF BEST 𝑀-TERM

APPROXIMATIONS OF MULTIVARIATE FUNCTIONS

IN ANISOTROPIC LORENTZ–KARAMATA SPACES

G.A. AKISHEV

Abstract. In the paper we consider a well-known class of weakly varying functions and
by these functions we define an anisotropic Lorentz-Karamata space of 2𝜋-periodic func-
tions of many variables. Particular cases of these spaces are anisotropic Lorentz-Zygmund
and Lorentz spaces. In the anisotropic Lorentz-Karamata space we define an analogue of
Nikolskii-Besov space. The main aim of the paper is to find sharp orders of best 𝑀 -term
trigonometric approximation of functions from Nikolskii-Besov space by the norm of an-
other anisotropic Lorentz-Karamata space. In the paper we establish order sharp two-sided
estimates of best𝑀 -term trigonometric approximations for the functions from the Nikolskii-
Besov space in the anisotropic Lorentz-Karamata space in various metrics. In order to prove
an upper bound for 𝑀 -term approximations, we employ an idea of the greedy algorithms
proposed by V.N. Temlyakov and we modify it for the anisotropic Lorentz-Karamata space.
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1. Introduction

Let N, Z, R denote the set of natural, integer and real numbers respectively and Z+ =
N ∪ {0}, let R𝑚 be an 𝑚-dimensional Euclideatn space of points 𝑥 = (𝑥1, . . . , 𝑥𝑚) with real
coordinates and

𝐼𝑚 = {�̄� ∈ R𝑚; 0 ⩽ 𝑥𝑗 < 1; 𝑗 = 1, . . . ,𝑚} = [0, 1)𝑚

be an 𝑚-dimensional cube.
We recall the definition of a non-decreasing permutation of a function.

Definition 1.1. Let 𝑓 be a Lebesgue measurable function of one variable on [0, 1). A dis-

tribution function for |𝑓 | is defined as the Lebesgue measure, see, for instance, [1, Ch. 2, Sec.
2]:

𝜇𝑓 (𝑦) := 𝜇{𝑥 ∈ [0, 1) : |𝑓(𝑥)| > 𝑦}, 0 ⩽ 𝑦 < ∞.

Two non-negative measurable functions 𝑓 and 𝑔 are called equimeasurable if their distribution
functions are equal, see, for instance, [1, Ch. 2, Sec. 2].

Definition 1.2. A non-decreasing permutation of a function 𝑓 of one variable is non-

decreasing on [0, 1) function 𝑓 *(𝑡) equimeasurable with the function |𝑓(𝑥)|, see, for instance, [1,
Ch. 2, Sec. 2].
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A non-decreasing permutation 𝑓 * of a function 𝑓 of one variable on [0, 1) is defined by the
formula,

𝑓 *(𝑡) := inf{𝑦 > 0 : 𝜇𝑓 (𝑦) ⩽ 𝑡}, 𝑡 ∈ [0, 1),

see, for instance, [1, Ch. 2, Sec. 2].
Now we recall the definition of a non-decreasing permutation of a function of 𝑚 variables.

Definition 1.3 (see [2]–[4]). Let 𝑓(𝑥1, . . . , 𝑥𝑚) be a Lebesgue measurable function of 𝑚 vari-

ables on 𝐼𝑚 = [0, 1)𝑚. A non-decreasing permutation of a function |𝑓(𝑥1, . . . , 𝑥𝑚)| in the the

first variable is the function 𝑓 *1(𝑡1, 𝑥2, . . . , 𝑥𝑚) equimeasurable on 𝐼𝑚, non-decreasing in 𝑡1 and

such that the functions |𝑓(𝑥1, . . . , 𝑥𝑚)| and 𝑓 *1(𝑡1, 𝑥2, . . . , 𝑥𝑚) are equimeasurable as functions

of one variable for almost all fixed 𝑥2, . . . , 𝑥𝑚.

In the same way, considering a non-decreasing permutation of the function 𝑓 *1(𝑡1, 𝑥2, . . . , 𝑥𝑚)
in the variable 𝑥2, for fixed 𝑡1, 𝑥3, . . . , 𝑥𝑚 we define a function 𝑓 *1*2(𝑡1, 𝑡2, 𝑥3, . . . , 𝑥𝑚) equimea-
surable with the function |𝑓(𝑥1, . . . , 𝑥𝑚)|. Continuing this process, we define a non-decreasing
permutation 𝑓 *1*2...*𝑚(𝑡1, 𝑡2, . . . , 𝑡𝑚) equimeasurable with the function |𝑓(𝑥1, . . . , 𝑥𝑚)|.

Definition 1.4 (see, for instance, [5]). A function 𝜙(𝑡) is called almost increasing on [1,∞)
if there exists a fixed constant 𝐶 such that 𝜙(𝑡1) ⩽ 𝐶𝜙(𝑡2) for 1 ⩽ 𝑡1 < 𝑡2 < ∞.

A function 𝜙(𝑡) is called almost decreasing on [1,∞) if there exists a fixed constant 𝐶 such

that 𝜙(𝑡1) ⩾ 𝐶𝜙(𝑡2) for 1 ⩽ 𝑡1 < 𝑡2 < ∞.

Definition 1.5. A positive Lebesgue measurble function 𝑏(𝑡) is called slowly varying on

[1,+∞) in the Karamata sense if for each 𝜀 > 0 the function 𝑡𝜀𝑏(𝑡) almost increases on [1,∞)
and the function 𝑡−𝜀𝑏(𝑡) almost decreases on [1,∞), see [6, Ch. 3, Subsec. 3.4.3], [7, Ch. 1,
Sec. 1.1].

The set of such functions is denoted by 𝑆𝑉 [1,∞). For a given slowly varying function 𝑣 on
[1,∞) we let 𝑉 (𝑡) = 𝑣(1/𝑡) for 𝑡 ∈ (0, 1].
Given numbers 𝑝, 𝜏 ∈ (1,∞) and a function 𝑣 ∈ 𝑆𝑉 [1,∞), a Lorentz-Karamata space

𝐿𝑝,𝑉,𝜏 (T) is a set of all Lebesgue measurable 2𝜋-periodic functions 𝑓 obeying

‖𝑓‖𝑝,𝑉,𝜏 :=

{︂∫︁ 1

0

(︀
𝑓 *(𝑡)

)︀𝜏
𝑉 𝜏 (𝑡)𝑡

𝜏
𝑝
−1𝑑𝑡

}︂ 1
𝜏

< +∞,

where 𝑓 *(𝑡) is a non-decreasing permutation of the function |𝑓(2𝜋𝑥)|, 𝑥 ∈ [0, 1), T = [0, 2𝜋),
see, for instance, [6, Ch. 3, Subsec. 3.4.3].
It is known that 𝐿𝑝,𝑉,𝜏 (T) is a symmetric space, see, for instance, [6, Thm. 3.4.41].
We mention that as 𝑉 (𝑡) = 1, the Lorentz-Karamata space 𝐿𝑝,𝑉,𝜏 (T𝑚) coincides with a known

Lorentz space denoted by the symbol 𝐿𝑝,𝜏 (T), 1 < 𝑝, 𝜏 < ∞ (see [8, Ch. 5, Sec. 3]) with the
norm

‖𝑓‖𝑝,𝜏 =

(︃
𝜏

𝑝

1∫︁
0

(︀
𝑓 *(𝑡)

)︀𝜏
𝑡
𝜏
𝑝
−1𝑑𝑡

)︃1/𝜏

< ∞,

for 1 < 𝑝 < ∞, 1 ⩽ 𝜏 < +∞.
Given functions 𝑣𝑗 ∈ 𝑆𝑉 [1,∞), 𝑗 = 1, . . . ,𝑚, we let 𝑉𝑗(𝑡) = 𝑣𝑗(1/𝑡), for 𝑡 ∈ (0, 1], 𝑗 =

1, . . . ,𝑚 and 𝑉 (𝑡) = (𝑉1(𝑡), . . . , 𝑉𝑚(𝑡)), 𝑝 = (𝑝1, . . . 𝑝𝑚), 𝜏 = (𝜏1, . . . 𝜏𝑚), where 𝑝𝑗, 𝜏𝑗 ∈ (1,∞).
Anisotropic Lorentz-Karamata space 𝐿*

𝑝,𝑉 ,𝜏
(T𝑚), consists of Lebesgue measurable functions of

𝑚 variable 𝑓 having period 2𝜋 in each variable, for which the quantity [2]

‖𝑓‖*
𝑝,𝑉 ,𝜏

:=‖ . . . ‖𝑓 *1,...,*𝑚‖𝑝1,𝑉1,𝜏1 . . . ‖𝑝𝑚,𝑉𝑚,𝜏𝑚
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=

[︃∫︁ 1

0

[︃
. . .

[︃∫︁ 1

0

(𝑓 *1,...,*𝑚(𝑡1, . . . , 𝑡𝑚))
𝜏1

(︂ 𝑚∏︁
𝑗=1

𝑉𝑗(𝑡𝑗)𝑡
1
𝑝𝑗

− 1
𝜏𝑗

𝑗

)︂𝜏1

𝑑𝑡1

]︃ 𝜏2
𝜏1

. . .

]︃ 𝜏𝑚
𝜏𝑚−1

𝑑𝑡𝑚

]︃ 1
𝜏𝑚

is finite, where 𝑓 *1,...,*𝑚(𝑡1, . . . , 𝑡𝑚) is a non-increasing permutation of the function |𝑓(2𝜋𝑥)| in
each variable 𝑥𝑗 ∈ [0, 1) for fixed other variables.

By �̊�*
𝑝,𝑉 ,𝜏

(T𝑚) we denote the set of all functions 𝑓 ∈ 𝐿*
𝑝,𝑉 ,𝜏

(T𝑚) such that

2𝜋∫︁
0

𝑓 (𝑥) 𝑑𝑥𝑗 = 0, 𝑗 = 1, . . . ,𝑚.

For 𝑝 = (𝑝1, . . . , 𝑝𝑚) by 𝑙𝑝 we denote the space of sequences {𝑎𝑛}𝑛∈Z𝑚
+
of real numbers with

the norm

⃦⃦
{𝑎𝑛}𝑛∈Z𝑚

+

⃦⃦
𝑙𝑝(Z

𝑚
+ )

=

⎧⎨⎩
∞∑︁

𝑛𝑚=0

[︃
. . .

[︃
∞∑︁

𝑛1=0

|𝑎𝑛|𝑝1
]︃ 𝑝2

𝑝1

. . .

]︃ 𝑝𝑚
𝑝𝑚−1

⎫⎬⎭
1

𝑝𝑚

< +∞,

for 1 ⩽ 𝑝𝑗 < +∞, 𝑗 = 1, 2, . . . ,𝑚 and⃦⃦
{𝑎𝑛}

⃦⃦
𝑙∞(Z𝑚

+ )
= sup

𝑛∈Z𝑚
+

|𝑎𝑛|

for 𝑝𝑗 = ∞, 𝑗 = 1, . . . ,𝑚.
We introduce the notations: 𝑎𝑛(𝑓) are the Fourier coefficients of a function 𝑓 ∈ 𝐿1(T𝑚) over

a multiple trigonometric system {𝑒𝑖⟨𝑛,𝑥⟩},

𝛿𝑠(𝑓, 𝑥) =
∑︁

𝑛∈𝜌(𝑠)

𝑎𝑛(𝑓)𝑒
𝑖⟨𝑛,𝑥⟩, where ⟨𝑦, 𝑥⟩ =

𝑚∑︁
𝑗=1

𝑦𝑗𝑥𝑗,

𝜌(𝑠) =
{︀
𝑘 = (𝑘1, . . . , 𝑘𝑚) ∈ Z𝑚 : [2𝑠𝑗−1] ⩽ |𝑘𝑗| < 2𝑠𝑗 , 𝑗 = 1, . . . ,𝑚

}︀
,

[𝑦] is an integer part of a real number 𝑦 and 𝑠𝑗 ∈ Z+.
We consider a functional Nikolskii-Besov class

𝑆𝑟
𝑝,𝑉 ,𝜏

𝐵 =

{︃
𝑓 ∈ �̊�*

𝑝,𝑉 ,𝜏
(T𝑚) : ‖𝑓‖*

𝑝,𝑉 ,𝜏
+

⃦⃦⃦⃦
⃦{︁

𝑚∏︁
𝑗=1

2𝑠𝑗𝑟𝑗‖𝛿𝑠(𝑓)‖*𝑝,𝑉 ,𝜏

}︁
𝑠∈Z𝑚

+

⃦⃦⃦⃦
⃦
𝑙𝜃

⩽ 1

}︃
,

where 𝜃 = (𝜃1, . . . , 𝜃𝑚), 𝑟 = (𝑟1, . . . , 𝑟𝑚), 1 ⩽ 𝜃𝑗 ⩽ +∞, 0 < 𝑟𝑗 < +∞, 𝑗 = 1, . . . ,𝑚.
In the case 𝑉𝑗(𝑡) = 1 and 𝜏𝑗 = 𝑝𝑗 = 𝑝, 𝑗 = 1, . . . ,𝑚 the class 𝑆𝑟

𝑝,𝑉 ,𝜏
𝐵 coincides with the

known Nikolskii-Besov space in the Lebesgue space 𝐿𝑝(T𝑚), 1 ⩽ 𝑝 < ∞, see [9]–[11].
Given a vector 𝛾 = (𝛾1, . . . , 𝛾𝑚), 𝛾𝑗 > 0, 𝑗 = 1, . . . ,𝑚, we let

𝑄𝛾
𝑛 = ∪⟨𝑠,𝛾⟩<𝑛

𝜌(𝑠), 𝑇 (𝑄𝛾
𝑛) = {𝑡(𝑥) =

∑︁
𝑘∈𝑄𝛾

𝑛

𝑏𝑘𝑒
𝑖⟨𝑘,𝑥⟩},

and let 𝐸
(𝛾)
𝑛 (𝑓)𝑝,𝑉 ,𝜏 be the best approximation of the function 𝑓 ∈ 𝐿*

𝑝,𝑉 ,𝜏
(T𝑚) by the polynomials

in the set 𝑇 (𝑄𝛾
𝑛).

We denote

𝐸(𝛾)
𝑛 (𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵)

𝑞,𝑉
(2)

,𝜏 (2)
:= sup

𝑓∈𝑆𝑟

𝑝,𝑉
(1)

,𝜏(1),𝜃
𝐵

𝐸(𝛾)
𝑛 (𝑓)

𝑞,𝑉
(2)

,𝜏 (2)
,

where 𝑞 = (𝑞1, . . . , 𝑞𝑚), 𝑉
(𝑖)
(𝑡) = (𝑉

(𝑖)
1 (𝑡), . . . , 𝑉

(𝑖)
𝑚 (𝑡)), 𝑡 ∈ (0, 1], 𝜏 (𝑖) = (𝜏

(𝑖)
1 , . . . , 𝜏

(𝑖)
𝑚 ) and

1 < 𝑞𝑗, 𝜏
(𝑖)
𝑗 < ∞, 𝑖 = 1, 2, 𝑗 = 1, . . . ,𝑚.
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Let 𝑋 be a normed space of 2𝜋-periodic functions of many variables. For a function 𝑓 ∈ 𝑋,
the best 𝑀 -term trigonometric approximation is the quantity [12]

𝑒𝑀(𝑓)𝑋 = inf
𝑘
𝑗
,𝑏𝑗

⃦⃦⃦
𝑓 −

𝑀∑︁
𝑗=1

𝑏𝑗𝑒
𝑖⟨𝑘𝑗 ,𝑥⟩

⃦⃦⃦
𝑋
,

where {𝑘𝑗}𝑀𝑗=1 is the system of vectors 𝑘
𝑗
= (𝑘𝑗

1, . . . , 𝑘
𝑗
𝑚) with integer coordinates, 𝑏𝑗 are real or

complex numbers. If 𝐹 is some functional class in the space 𝑋, we let

𝑒𝑀(𝐹 )𝑋 = sup
𝑓∈𝐹

𝑒𝑀(𝑓)𝑋 .

Estimates for the order of the quantity 𝑒𝑀(𝐹 )𝑌 in the space 𝑌 = 𝐿𝑞(T𝑚) for the Sobolev
class 𝐹 = 𝑊 𝑟

𝑝 , Nikolskii-Besov class 𝐹 = 𝑆𝑟
𝑝,𝜃𝐵, Lizorkin-Triebel class were studied by R.S. Is-

magilov [12], E.S. Belinsky [13]–[15], Yu. Makovoz [16], V.E. Maiorov [17], R.A. DeVore [18],
V.N. Temlyakov [19]–[21], A.S. Romanyuk [22], M. Hansen and W. Sickel [23], S.A. Stasyuk [24],
D.B. Bazarkhanov [25]–[26] and by other authors. A more detailed survey on this field can be
found in [27].
The estimates of best 𝑀 -term approximations of the functions from the Nikolskii-Besov class

in the Lorentz and Lebesgue spaces with anisotropic norms were studied in [28]–[34].
The methods for proving upper and lower bounds for the best 𝑀 -term approximations for

the classes of periodic functions of many variables of mixed smoothness were developed by
V.N. Temlyakov [19]–[21] and they were used by other authors, see, for instance, [22], [24]–[26],
[28]–[32] as well as a bibliography in [27]. In the present paper for the proof of our main result,
Theorem 3.1, we employ an idea of the method by V.N. Temlyakov with a modification for the
anisotropic Lorentz-Karamata space.
The paper consists of two sections. In the first section we give some auxiliary statements

needed for proving main results. In the second section we formulate and prove main results of
the paper. We note that in the case

𝑉
(1)
𝑗 (𝑡) = 𝑉

(2)
𝑗 (𝑡) = 1, 𝑡 ∈ (0, 1]

and 𝑝𝑗 = 𝜏
(1)
𝑗 = 𝑝, 𝑞𝑗 = 𝜏

(2)
𝑗 = 𝑞, 𝜃𝑗 = 𝜃 for 𝑗 = 1, . . . ,𝑚 and 𝑟1 = . . . = 𝑟𝜈 < 𝑟𝜈+1 ⩽ . . . ⩽ 𝑟𝑚

Theorem 3.1 coincide with earlier results by V.N. Temlyakov [19, Thm. 2.2] and A.S. Romanyuk
[22, Thm. 3.1] for the Lebesgue spaces and in the general case, our theorem generalizes these
results for anisotropic Lorentz-Karamata spaces.
By 𝐶(𝑝, 𝑞, 𝑦, . . .) we denote positive quantities depending on the indicated parameters in the

brackets, sometimes without indicating the parameters, but independent of 𝑀 -term of the best
𝑀 -term approximation. The writing 𝐴𝑛 ≍ 𝐵𝑛 means that there exist positive numbers 𝐶1,
𝐶2 such that 𝐶1𝐴𝑛 ⩽ 𝐵𝑛 ⩽ 𝐶2𝐴𝑛 for 𝑛 ∈ N. To shorten the writing, instead of inequalities
𝐵𝑛 ⩾ 𝐶1𝐴𝑛 or 𝐵𝑛 ⩽ 𝐶2𝐴𝑛 we shall often write 𝐵 ≫ 𝐴 or 𝐵 ≪ 𝐴, respectively.

2. Auxiliary statements

In this section we define one class of functions and provide several auxiliary statements.
By 𝑆𝑉 𝐿[1,∞) we denote the set of all positive Lebesgue measurable on [1,∞) functions

𝑣(𝑡), for which the function (log 2𝑡)−𝜀𝑣(𝑡) almost decrease and the function (log 2𝑡)𝜀𝑣(𝑡) almost
increases on [1,∞) for each number 𝜀 > 0.
It is clear that 𝑆𝑉 𝐿[1,∞) ⊂ 𝑆𝑉 [1,∞).

Example. The function 𝑣(𝑡) = (1 + log(1 + log 𝑡))𝛼 ∈ 𝑆𝑉 𝐿[1,∞), 𝛼 ∈ R. Hereinafter log 𝑡
stands for the logarithm of a number 𝑡 > 0 with the base 2.
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Theorem 2.1 (see [35]). Let

𝑝 = (𝑝1, . . . , 𝑝𝑚), 𝑞 = (𝑞1, . . . , 𝑞𝑚), 𝜏 (1) = (𝜏
(1)
1 , . . . , 𝜏 (1)𝑚 ),

𝜏 (2) = (𝜏
(2)
1 , . . . , 𝜏 (2)𝑚 ), 𝑟 = (𝑟1, . . . , 𝑟𝑚), 𝜃 = (𝜃1, . . . , 𝜃𝑚)

and

1 < 𝜏
(1)
𝑗 , 𝜏

(2)
𝑗 < +∞, 1 < 𝑝𝑗 < 𝑞𝑗 < +∞,

𝑣
(𝑖)
𝑗 ∈ 𝑆𝑉 [1,∞), 𝑉

(𝑖)
𝑗 (𝑡) = 𝑣

(𝑖)
𝑗

(︂
1

𝑡

)︂
, 𝑡 ∈ (0, 1], 𝑗 = 1, . . . ,𝑚,

𝑉
(𝑖)
(𝑡) = (𝑉

(𝑖)
1 (𝑡), . . . , 𝑉 (𝑖)

𝑚 (𝑡)), 𝑖 = 1, 2.

If 𝑓 ∈ 𝐿*
𝑝,𝑉

(1)
,𝜏 (1)

(T𝑚) and{︃
𝑚∏︁
𝑗=1

2
𝑠𝑗(

1
𝑝𝑗

− 1
𝑞𝑗

)𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

‖𝛿𝑠(𝑓)‖*
𝑝,𝑉

(1)
,𝜏 (1)

}︃
𝑠∈Z𝑚

+

∈ 𝑙𝜏 (2) ,

then 𝑓 ∈ 𝐿*
𝑞,𝑉

(2)
,𝜏 (2)

(T𝑚) and an inequality holds:

‖𝑓‖*
𝑞,𝑉

(2)
,𝜏 (2)

⩽ 𝐶

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

2
𝑠𝑗(

1
𝑝𝑗

− 1
𝑞𝑗

)𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

‖𝛿𝑠(𝑓)‖*
𝑝,𝑉

(1)
,𝜏 (1)

}︃
𝑠∈Z𝑚

+

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

.

Theorem 2.2 ([37]). Let

𝑝 = (𝑝1, . . . , 𝑝𝑚), 𝑞 = (𝑞1, . . . , 𝑞𝑚), 𝜏 (1) = (𝜏
(1)
1 , . . . , 𝜏 (1)𝑚 ), 𝜏 (2) = (𝜏

(2)
1 , . . . , 𝜏 (2)𝑚 ),

𝛾 = (𝛾1, . . . , 𝛾𝑚), 𝛾′ = (𝛾′
1, . . . , 𝛾

′
𝑚), 𝑟 = (𝑟1, . . . , 𝑟𝑚), 𝜃 = (𝜃1, . . . , 𝜃𝑚)

and

0 < 𝜃𝑗 ⩽ ∞, 1 < 𝜏
(1)
𝑗 , 𝜏

(2)
𝑗 < +∞, 1 < 𝑝𝑗 < 𝑞𝑗 < +∞, 𝑟𝑗 >

1

𝑝𝑗
− 1

𝑞𝑗
,

𝛾𝑗 =
𝑟𝑗 +

1
𝑞𝑗
− 1

𝑝𝑗

𝑟𝑗0 +
1
𝑞𝑗0

− 1
𝑝𝑗0

, 1 ⩽ 𝛾′
𝑗 ⩽ 𝛾𝑗, 𝑗 = 1, . . . ,𝑚,

𝑟𝑗0 +
1

𝑞𝑗0
− 1

𝑝𝑗0
= min

{︂
𝑟𝑗 +

1

𝑞𝑗
− 1

𝑝𝑗
: 𝑗 = 1, . . . ,𝑚

}︂
,

𝐴 = {𝑗 : 𝛾𝑗
𝛾′
𝑗

= 1, 𝑗 = 1, . . . ,𝑚}, 𝑗1 = min{𝑗 ∈ 𝐴},

𝑣
(𝑖)
𝑗 ∈ 𝑆𝑉 [1,∞), 𝑉

(𝑖)
𝑗 (𝑡) = 𝑣

(𝑖)
𝑗

(︂
1

𝑡

)︂
, 𝑡 ∈ (0, 1], 𝑗 = 1, . . . ,𝑚,

𝑉 (𝑖)(𝑡) = (𝑉
(𝑖)
1 (𝑡), . . . , 𝑉 (𝑖)

𝑚 (𝑡)), 𝑖 = 1, 2.

1. If 1 ⩽ 𝜏
(2)
𝑗 < 𝜃𝑗 ⩽ +∞ and

𝑣
(2)
𝑗

𝑣
(1)
𝑗

∈ 𝑆𝑉 𝐿[1,∞), 𝑗 = 1, . . . ,𝑚, then

𝐸(𝛾′)
𝑛

(︁
𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵
)︁
𝑞,𝑉

(2)
,𝜏 (2)

≍ 2
−𝑛

(︀
𝑟𝑗0

+ 1
𝑞𝑗0

− 1
𝑝𝑗0

)︀ ∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

𝑛

∑︀
𝑗∈𝐴∖{𝑗1}

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

,

for 𝑛 ∈ N such that 𝑛 > 𝑛0.
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2. If 1 ⩽ 𝜃𝑗 ⩽ 𝜏
(2)
𝑗 < +∞, 𝑗 = 1, . . . ,𝑚, then the relation holds

𝐸(𝛾′)
𝑛

(︁
𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵
)︁
𝑞,𝑉

(2)
,𝜏 (2)

≍ 2
−𝑛

(︀
𝑟𝑗0

+ 1
𝑞𝑗0

− 1
𝑝𝑗0

)︀ ∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

in the cases
𝑣
(2)
𝑗

𝑣
(1)
𝑗

∈ 𝑆𝑉 𝐿[1,∞), 𝑗 = 1, . . . ,𝑚 and 𝐴 ∖ {𝑗1} = ∅ or
𝑣
(2)
𝑗 (𝑡)

𝑣
(1)
𝑗 (𝑡)

almost increases and

𝑣
(2)
𝑗 (𝑡)

𝑣
(1)
𝑗 (𝑡)

𝑡−𝜀 almost decreases on [1,∞), 𝜀 > 0, 𝑗 = 1, . . . ,𝑚 and 𝐴 ∖ {𝑗1} ≠ ∅ for 𝑛 ∈ N, such that

𝑛 > 𝑛0, where 𝑛0 is some positive number greater than 1.

The next statement will be employed in proving lower bound of 𝑀 -term approximation of
the functions from the Nikolskii-Besov class in Theorem 3.1.

Theorem 2.3. Let

𝑣𝑗 ∈ 𝑆𝑉 [1,∞), 𝑉𝑗(𝑡) = 𝑣𝑗

(︂
1

𝑡

)︂
, 𝑡 ∈ (0, 1],

1 < 𝜏𝑗, 𝛽𝑗 < +∞, 1 < 𝑝𝑗 < 𝜆𝑗 < ∞, 𝑗 = 1, . . . ,𝑚.

If 𝑓 ∈ 𝐿*
𝑝,𝑉 ,𝜏

(T𝑚), then an inequality holds:

‖𝑓‖*
𝑝,𝑉 ,𝜏

≫

⎧⎪⎨⎪⎩
∞∑︁

𝑠𝑚=1

⎡⎣. . .[︃ ∞∑︁
𝑠1=1

(︁ 𝑚∏︁
𝑗=1

2
𝑠𝑗(

1
𝜆𝑗

− 1
𝑝𝑗

)
𝑉𝑗(2

−𝑠𝑗)
)︁𝜏1 (︁

‖𝛿𝑠(𝑓)‖*𝜆,𝛽
)︁𝜏1]︃ 𝜏2

𝜏1

. . .

⎤⎦
𝜏𝑚

𝜏𝑚−1

⎫⎪⎬⎪⎭
1

𝜏𝑚

.

This theorem can be probed in the same way as Theorem 4 in [33] and Theorem 4 in [37].
We consider sets

𝑌 𝑚(𝛾, 𝑛) = {𝑠 ∈ Z𝑚
+ : ⟨𝑠, 𝛾⟩ ⩾ 𝑛}, 𝜅𝑚(𝑛, 𝛾) = {𝑠 ∈ Z𝑚

+ : ⟨𝑠, 𝛾⟩ = 𝑛}, 𝑛 ∈ N.

Lemma 2.1. Let we be given functions 𝑉𝑗(𝑡) = 𝑣𝑗(1/𝑡), 𝑡 ∈ (0, 1], 𝑗 = 1, . . . ,𝑚 and

𝛾′ = (𝛾′
1, . . . , 𝛾

′
𝑚), 𝛾 = (𝛾1, . . . , 𝛾𝑚), 𝜃 = (𝜃1, . . . , 𝜃𝑚),

0 < 𝛾′
𝑗 ⩽ 𝛾𝑗, 1 ⩽ 𝜃𝑗 ⩽ ∞, 𝑗 = 1, . . . ,𝑚,

and

𝛼 ∈ (0,∞), 𝛿 = min

{︂
𝛾𝑗
𝛾′
𝑗

: 𝑗 = 1, . . . ,𝑚

}︂
,

𝐴 =

{︂
𝑗 = 1, . . . ,𝑚 :

𝛾𝑗
𝛾′
𝑗

= 𝛿

}︂
, 𝑗1 = min{𝑗 : 𝑗 ∈ 𝐴}.

Then the inequality⃦⃦⃦⃦
⃦⃦
{︃
2−𝛼⟨𝑠,𝛾⟩

𝑚∏︁
𝑗=1

𝑉𝑗(2
−𝑠𝑗)

}︃
𝑠∈𝑌 𝑚(𝑛,𝛾′)

⃦⃦⃦⃦
⃦⃦
𝑙𝜃

⩽ 𝐶2−𝑛𝛼𝛿
∏︁
𝑗∈𝐴

𝑉𝑗(2
−𝑛/𝛾′

𝑗)𝑛

∑︀
𝑗∈𝐴∖{𝑗1}

1
𝜃𝑗

in the following cases:

if 1 ⩽ 𝜃𝑗 < ∞ and 𝑣𝑗 ∈ 𝑆𝑉 [1,∞)„ 𝑗 = 1, . . . ,𝑚;

or if 𝜃𝑗 = ∞, 𝑗 = 1, . . . ,𝑚 and 𝑣𝑗 ∈ 𝑆𝑉 [1,∞), 𝑗 = 1, . . . ,𝑚 and 𝐴 ∖ {𝑗1} = ∅;
or if 𝜃𝑗 = ∞, 𝑗 = 1, . . . ,𝑚 and the functions 𝑣𝑗(𝑡) almost increases and 𝑡−𝜀𝑣𝑗(𝑡) almost

decrease on [1,∞) for 𝜀 > 0, 𝑗 = 1, . . . ,𝑚 and 𝐴 ∖ {𝑗1} ≠ ∅.
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Proof. In the case 1 ⩽ 𝜃𝑗 < ∞ and 𝑣𝑗 ∈ 𝑆𝑉 [1,∞), 𝑗 = 1, . . . ,𝑚 this lemma was in fact proved
in [37].
We consider the case 𝜃𝑗 = ∞, 𝑗 = 1, . . . ,𝑚. We estimate the quantity

𝐼𝑛 := sup
𝑠∈𝑌 𝑚(𝑛,𝛾′)

2−𝛼⟨𝑠,𝛾⟩
𝑚∏︁
𝑗=1

𝑉𝑗(2
−𝑠𝑗). (2.1)

Let 𝑚 = 2. The set 𝑌 2(𝑛, 𝛾′) can be represented as follows:

𝑌 2(𝑛, 𝛾′) =

{︂
𝑠 = (𝑠1, 𝑠2) ∈ Z2

+ : 0 ⩽ 𝑠2 <
𝑛

𝛾′
2

, 𝑠1 ⩾
𝑛− 𝑠2𝛾

′
2

𝛾′
1

}︂
∪
{︂
𝑠 = (𝑠1, 𝑠2) ∈ Z2

+ : 𝑠2 ⩾
𝑛

𝛾′
2

, 𝑠1 ⩾ 0

}︂
.

By the assumptions of the lemma, 𝑣2 ∈ 𝑆𝑉 [1,∞). Hence, the function 𝑣2(𝑡)𝑡
−𝜀 almost decreases

on [1,∞) for 𝜀 > 0. This is why

2−𝛼⟨𝑠,𝛾⟩
2∏︁

𝑗=1

𝑉𝑗(2
−𝑠𝑗) = 2−𝛼⟨𝑠,𝛾⟩

2∏︁
𝑗=1

𝑣𝑗 (2
𝑠𝑗)

⩽ 𝐶2
−𝑛

𝛾1
𝛾′1

𝛼
2
−𝑠2𝛾′

2

(︂
𝛾2
𝛾′2

− 𝛾1
𝛾′1

)︂
𝛼
𝑣2(2

𝑠2)𝑣1

(︃
2

𝑛−𝑠2𝛾
′
2

𝛾′1

)︃ (2.2)

for 𝑠1 ⩾
𝑛−𝑠2𝛾′

2

𝛾′
1

.

Let 𝛾2
𝛾′
2
− 𝛾1

𝛾′
1
> 0. We choose a number 𝜂 ∈

(︁
0,
(︁

𝛾2
𝛾′
2
− 𝛾1

𝛾′
1

)︁
𝛼
)︁
. Since the function 𝑣1(𝑡)𝑡

𝜂

almost decreases on [1,∞) for 𝜂 > 0 and 𝑣2(𝑡)𝑡
−𝜀 almost increases on [1,∞) for 𝜀 > 0 and

0 < 𝑛− 𝑠2𝛾
′
2 ⩽ 𝑛 for 0 ⩽ 𝑠2 < 𝑛/𝛾′

2, then by inequality (2.2) we obtain

2−𝛼⟨𝑠,𝛾⟩
2∏︁

𝑗=1

𝑉𝑗(2
−𝑠𝑗) ⩽𝐶2

−𝑛
𝛾1
𝛾′1

𝛼
2−𝑛𝜂2(𝑛−𝑠2𝛾′

2)𝜂𝑣1(2
𝑛−𝑠2𝛾

′
2

𝛾′1 )2
−𝑠2𝛾′

2((
𝛾2
𝛾′2

− 𝛾1
𝛾′1

)𝛼−𝜂)
𝑣2(2

𝑠2)

⩽𝐶2
−𝑛

𝛾1
𝛾′1

𝛼
2−𝑛𝜂2𝑛𝜂𝑣1(2

𝑛
𝛾′1 )2

−𝑠2𝛾′
2((

𝛾2
𝛾′2

− 𝛾1
𝛾′1

)𝛼−𝜂)
𝑣2(2

𝑠2)

⩽𝐶2
−𝑛

𝛾1
𝛾′1

𝛼
𝑣1(2

𝑛
𝛾′1 ) = 𝐶2

−𝑛
𝛾1
𝛾′1

𝛼
𝑉1(2

− 𝑛
𝛾′1 )

(2.3)

for 0 ⩽ 𝑠2 <
𝑛
𝛾′
2
and 𝑠1 ⩾

𝑛−𝑠2𝛾′
2

𝛾′
1

.

Let 𝛾2
𝛾′
2
− 𝛾1

𝛾′
1
< 0. Choosing then a number 𝜂 ∈ (0,−(𝛾2

𝛾′
2
− 𝛾1

𝛾′
1
)𝛼), similar to (2.3) we prove that

2−𝛼⟨𝑠,𝛾⟩
2∏︁

𝑗=1

𝑉𝑗(2
−𝑠𝑗) ⩽ 𝐶2

−𝑛
𝛾2
𝛾′2

𝛼
𝑉2(2

− 𝑛
𝛾′2 ) (2.4)

for 0 ⩽ 𝑠2 <
𝑛
𝛾′
2
and 𝑠1 ⩾

𝑛−𝑠2𝛾′
2

𝛾′
1

.

Let 𝛾2
𝛾′
2
− 𝛾1

𝛾′
1
= 0. Then by (2.2) we have

2−𝛼⟨𝑠,𝛾⟩
2∏︁

𝑗=1

𝑉𝑗(2
−𝑠𝑗) ⩽ 𝐶2

−𝑛
𝛾1
𝛾′1

𝛼
𝑣2(2

𝑠2)𝑣1(2
𝑛−𝑠2𝛾

′
2

𝛾′1 ) (2.5)

for 0 ⩽ 𝑠2 <
𝑛
𝛾′
2
and 𝑠1 ⩾

𝑛−𝑠2𝛾′
2

𝛾′
1

. Since the functions 𝑣𝑗, 𝑗 = 1, 2, almost increases, then

𝑣2(2
𝑠2) ⩽ 𝐶𝑣2(2

𝑛
𝛾′2 ), 0 ⩽ 𝑠2 <

𝑛

𝛾′
2
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and

𝑣1(2
𝑛−𝑠2𝛾

′
2

𝛾′1 ) ⩽ 𝐶𝑣1(2
𝑛
𝛾′1 ), 0 <

𝑛− 𝑠2𝛾
′
2

𝛾′
1

⩽
𝑛

𝛾′
1

.

This is why it follows from (2.5) that

2−𝛼⟨𝑠,𝛾⟩
2∏︁

𝑗=1

𝑉𝑗(2
−𝑠𝑗) ⩽ 𝐶2

−𝑛
𝛾1
𝛾′1

𝛼
𝑣1(2

𝑛
𝛾′1 )𝑣2(2

𝑛
𝛾′2 ) = 𝐶2

−𝑛
𝛾1
𝛾′1

𝛼
𝑉1(2

− 𝑛
𝛾′1 )𝑉2(2

− 𝑛
𝛾′2 ) (2.6)

for 0 ⩽ 𝑠2 <
𝑛
𝛾′
2
and 𝑠1 ⩾

𝑛−𝑠2𝛾′
2

𝛾′
1

in the case 𝛾2
𝛾′
2
− 𝛾1

𝛾′
1
= 0.

Let 𝑠1 ⩾ 0 and 𝑠2 ⩾ 𝑛
𝛾′
2
. Then by the fact that the function 𝑣𝑗(𝑡)𝑡

−𝜀 almost decreases on

[1,∞), for 𝜀 > 0 we get:

2−𝛼⟨𝑠,𝛾⟩
2∏︁

𝑗=1

𝑉𝑗(2
−𝑠𝑗) = 2−𝑠1𝛾1𝛼𝑣1(2

𝑠1)2−𝑠2𝛾2𝛼𝑣2(2
𝑠2)

⩽ 𝐶2
−𝑛

𝛾1
𝛾′1

𝛼
𝑣1(1)𝑣2(2

𝑛
𝛾′2 ) = 𝐶2

−𝑛
𝛾2
𝛾′2

𝛼
𝑉1(1)𝑉2(2

− 𝑛
𝛾′2 ).

(2.7)

Now it follows from inequalities (2.1), (2.3) and (2.7) that

𝐼𝑛 ⩽ 𝐶
(︁
2
−𝑛

𝛾1
𝛾′1

𝛼
𝑉1(2

− 𝑛
𝛾′1 ) + 2

−𝑛
𝛾2
𝛾′2

𝛼
𝑉2(2

− 𝑛
𝛾′2 )
)︁
⩽ 𝐶2

−𝑛
𝛾1
𝛾′1

𝛼
𝑉1(2

− 𝑛
𝛾′1 ), (2.8)

if 𝛾2
𝛾′
2
− 𝛾1

𝛾′
1
> 0.

If 𝛾2
𝛾′
2
− 𝛾1

𝛾′
1
< 0, then it follows from inequalities (2.1), (2.4) and (2.7) that

𝐼𝑛 ⩽ 𝐶2
−𝑛

𝛾2
𝛾′2

𝛼
𝑉2(2

− 𝑛
𝛾′2 ). (2.9)

If 𝛾2
𝛾′
2
− 𝛾1

𝛾′
1
= 0, then by inequalities (2.1), (2.6) and (2.7) we find:

𝐼𝑛 ⩽ 𝐶
{︁
2
−𝑛

𝛾1
𝛾′1

𝛼
𝑉1(2

− 𝑛
𝛾′1 )𝑉2(2

− 𝑛
𝛾′2 ) + 2

−𝑛
𝛾2
𝛾′2

𝛼
𝑉2(2

− 𝑛
𝛾′2 )
}︁
⩽ 𝐶2

−𝑛
𝛾1
𝛾′1

𝛼
𝑉2(2

− 𝑛
𝛾′2 )𝑉1(2

− 𝑛
𝛾′1 ) (2.10)

for almost increasing on [1,∞) functions 𝑣𝑗, 𝑗 = 1, 2.
This statement of the lemma was proved for 𝑚 = 2 in the case 𝜃𝑗 = ∞, 𝑗 = 1, 2.
Applying then the induction and inequalities (2.8)–(2.10), the statement can be also proved

for 𝑚 > 2. The proof is complete.

Lemma 2.2. [30, Lm. 4]. Let 𝜏 = (𝜏1, . . . , 𝜏𝑚), 1 ⩽ 𝜏𝑗 < +∞, and 𝑗 = 1, . . . ,𝑚. Then a

relation holds: ⃦⃦⃦{︀
𝜒κ(𝑛)(𝑠)

}︀
𝑠∈κ(𝑛)

⃦⃦⃦
𝑙𝜏
≍ 𝑛

𝑚∑︀
𝑗=2

1
𝜏𝑗 , 𝑛 ∈ N.

Hereafter 𝜒κ(𝑛)(𝑠) is the characteristic function of a set:

κ(𝑛) = {𝑠 = (𝑠1, . . . , 𝑠𝑚) ∈ Z𝑚
+ : ⟨𝑠, 𝛾⟩ = 𝑛}.

3. Main result

In this section we prove the main result of the paper.

Theorem 3.1. Let

𝑝 = (𝑝1, . . . , 𝑝𝑚), 𝑞 = (𝑞1, . . . , 𝑞𝑚), 𝜏 (1) = (𝜏
(1)
1 , . . . , 𝜏 (1)𝑚 ), 𝜏 (2) = (𝜏

(2)
1 , . . . , 𝜏 (2)𝑚 ),

𝛾 = (𝛾1, . . . , 𝛾𝑚), 𝛾′ = (𝛾′
1, . . . , 𝛾

′
𝑚), 𝑟 = (𝑟1, . . . , 𝑟𝑚), 𝜃 = (𝜃1, . . . , 𝜃𝑚)

and

0 < 𝜃𝑗 ⩽ ∞, 1 < 𝜏
(1)
𝑗 , 𝜏

(2)
𝑗 < +∞, 1 < 𝑝𝑗 < 𝑞𝑗 ⩽ 2, 𝑟𝑗 >

1

𝑝𝑗
− 1

𝑞𝑗
,
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𝛾𝑗 =
𝑟𝑗 +

1
𝑞𝑗
− 1

𝑝𝑗

𝑟𝑗0 +
1
𝑞𝑗0

− 1
𝑝𝑗0

, 𝑗 = 1, . . . ,𝑚,

𝑟𝑗0 +
1

𝑞𝑗0
− 1

𝑝𝑗0
= min

{︂
𝑟𝑗 +

1

𝑞𝑗
− 1

𝑝𝑗
: 𝑗 = 1, . . . ,𝑚

}︂
,

𝐴 =

{︂
𝑗 :

𝛾𝑗
𝛾′
𝑗

= 1, 𝑗 = 1, . . . ,𝑚

}︂
, 𝑗1 = min{𝑗 ∈ 𝐴},

𝑣
(𝑖)
𝑗 ∈ 𝑆𝑉 [1,∞), 𝑉

(𝑖)
𝑗 (𝑡) = 𝑣

(𝑖)
𝑗

(︂
1

𝑡

)︂
, 𝑡 ∈ (0, 1], 𝑗 = 1, . . . ,𝑚,

𝑉 (𝑖)(𝑡) = (𝑉
(𝑖)
1 (𝑡), . . . , 𝑉 (𝑖)

𝑚 (𝑡)), 𝑖 = 1, 2.

1. If 1 < 𝜏
(2)
𝑗 < 𝜃𝑗 ⩽ +∞ and 𝑣

(2)
𝑗 /𝑣

(1)
𝑗 ∈ 𝑆𝑉 𝐿[1,∞), 𝑗 ∈ 𝐴, then

𝑒𝑀
(︀
𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵
)︀
𝑞,𝑉

(2)
,𝜏 (2)

≍𝑀
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

· (log𝑀)
(|𝐴|−1)(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)
(log𝑀)

∑︀
𝑗∈𝐴∖{𝑗1}

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

.

2. If 1 ⩽ 𝜃𝑗 = 𝜃 ⩽ 𝜏
(2)
𝑗 = 𝜏 (2) < +∞, 𝑗 = 1, . . . ,𝑚, then

𝑒𝑀
(︀
𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵
)︀
𝑞,𝑉

(2)
,𝜏 (2)

≍𝑀
−
(︀
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︀∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

· (log𝑀)
(|𝐴|−1)(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

+ 1

𝜏(2)
− 1

𝜃
)+
,

in the cases
𝑣
(2)
𝑗

𝑣
(1)
𝑗

∈ 𝑆𝑉 𝐿[1,∞), 𝑗 ∈ 𝐴 and 𝐴 ∖ {𝑗1} = ∅ or
𝑣
(2)
𝑗 (𝑡)

𝑣
(1)
𝑗 (𝑡)

𝑡−𝜀 almost decreases for 𝜀 > 0

and
𝑣
(2)
𝑗 (𝑡)

𝑣
(1)
𝑗 (𝑡)

almost increases on [1,∞) for 𝑗 ∈ 𝐴 and 𝐴∖{𝑗1} ≠ ∅ for 𝑀 ∈ N such that 𝑀 > 𝑀0,

where 𝑀0 is some positive number exceeding 1.

Proof. Let 𝑓 ∈ 𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵. We let

𝑟𝑗0+
1

𝑞𝑗0
− 1

𝑝𝑗0
= min

{︂
𝑟𝑗 +

1

𝑞𝑗
− 1

𝑝𝑗
: 𝑗 = 1, . . . ,𝑚

}︂
and 𝛾𝑗 =

𝑟𝑗 +
1
𝑞𝑗
− 1

𝑝𝑗

𝑟𝑗0 +
1
𝑞𝑗0

− 1
𝑝𝑗0

, 𝑗 = 1, . . . ,𝑚.

We choose numbers 𝛾′
𝑗 > 0 so that 𝛾′

𝑗 ⩽ 𝛾𝑗, 𝑗 = 1, . . . ,𝑚 and we introduce the notations

𝐴 =

{︂
𝑗 :

𝛾𝑗
𝛾′
𝑗

= 1, 𝑗 = 1, . . . ,𝑚

}︂
, 𝑗1 = min{𝑗 ∈ 𝐴}.

We note that 𝛾′
𝑗 = 𝛾𝑗 = 1 for 𝑗 ∈ 𝐴. For a number 𝑀 ∈ N there exists a natural number 𝑛

such that 𝑀 ≍ 2𝑛𝑛|𝐴|−1, where |𝐴| is the number of the elements in the set 𝐴.
Then by the definition of the quantity 𝑒𝑀(𝑓)

𝑞,𝑉
(2)

,𝜏 (2)
and by Theorem 2.2 we have

𝑒𝑀(𝑓)
𝑞,𝑉

(2)
,𝜏 (2)

⩽ 𝐸(𝛾′)
𝑛 (𝑓)

𝑞,𝑉
(2)

,𝜏 (2)

≪ 2

−𝑛

(︁
𝑟𝑗0

+ 1
𝑞𝑗0

− 1
𝑝𝑗0

)︁ ∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

𝑛

∑︀
𝑗∈𝐴∖{𝑗1}

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

,
(3.1)
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in the case 𝜏
(2)
𝑗 ⩽ 𝜃𝑗 ⩽ ∞, 𝑗 = 1, . . . ,𝑚. Since

𝑣
(2)
𝑗

𝑣
(1)
𝑗

∈ 𝑆𝑉 𝐿[1,∞), 𝑗 = 1, . . . ,𝑚 and log 𝑡
𝑡

→ 0 as

𝑡 → +∞, then

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

=
𝑣
(2)
𝑗 (2𝑛)

𝑣
(1)
𝑗 (2𝑛)

=
𝑣
(2)
𝑗 (2𝑛)

𝑣
(1)
𝑗 (2𝑛)

(︀
log 2𝑛+1

)︀𝜀(︀
log 2𝑛+1

)︀−𝜀

≪
𝑣
(2)
𝑗 (2𝑛𝑛|𝐴|−1)

𝑣
(1)
𝑗 (2𝑛𝑛|𝐴|−1)

(︀
log(2𝑛+1𝑛|𝐴|−1)

)︀𝜀(︀
log 2𝑛+1

)︀−𝜀

=
𝑣
(2)
𝑗 (2𝑛𝑛|𝐴|−1)

𝑣
(1)
𝑗 (2𝑛𝑛|𝐴|−1)

(︀
𝑛+ 1 + log 𝑛|𝐴|−1

)︀𝜀
(𝑛+ 1)−𝜀 ≪

𝑣
(2)
𝑗 (2𝑛𝑛|𝐴|−1)

𝑣
(1)
𝑗 (2𝑛𝑛|𝐴|−1)

≪
𝑉

(2)
𝑗 ((2𝑛𝑛|𝐴|−1)−1)

𝑉
(1)
𝑗 ((2𝑛𝑛|𝐴|−1)−1)

≪
𝑉

(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

.

(3.2)

By the relation 𝑀 ≍ 2𝑛𝑛|𝐴|−1 we have 𝑛 ≍ log𝑀 and

2
−𝑛

(︀
𝑟𝑗0

+ 1
𝑞𝑗0

− 1
𝑝𝑗0

)︀
𝑛

∑︀
𝑗∈𝐴∖{𝑗1}

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

=2
−𝑛

(︀
𝑟𝑗0

+ 1
𝑞𝑗0

− 1
𝑝𝑗0

)︀
𝑛
−(|𝐴|−1)

(︀
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︀
· 𝑛(|𝐴|−1)

(︀
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︀
𝑛

∑︀
𝑗∈𝐴∖{𝑗1}

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

≍𝑀
−
(︀
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︀
· (log𝑀)

(|𝐴|−1)
(︀
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︀
+

∑︀
𝑗∈𝐴∖{𝑗1}

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

(3.3)

for 𝑛 > 𝑛0, where 𝑛0 is some positive number exceeding 1.
Then it follows from inequalities (3.1)–(3.2) and relation (3.3) that

𝑒𝑀(𝑓)
𝑞,𝑉

(2)
,𝜏 (2)

≪ 𝑀
−
(︀
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︀∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

(log𝑀)
(|𝐴|−1)

(︀
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︀
+

∑︀
𝑗∈𝐴∖{𝑗1}

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

for 𝑀 > 𝑀0 > 1 in the case 𝜏
(2)
𝑗 < 𝜃𝑗 ⩽ ∞, 𝑗 = 1, . . . ,𝑚. This proves the upper bound in the

first item.
We consider the second case 1 ⩽ 𝜃𝑗 = 𝜃 < 𝜏

(2)
𝑗 = 𝜏 (2) < ∞, 𝑗 = 1, . . . ,𝑚, and instead

of 𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵 and ‖𝑓‖*

𝑞,𝑉
(2)

,𝜏 (2)
we shall write 𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵 and ‖𝑓‖*

𝑞,𝑉
(2)

,𝜏 (2)
. For a function

𝑓 ∈ 𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵 we construct the first approximating polynomial 𝑃 (Ω𝑀 , 𝑥), which gives a

required estimate for the approximation.
Let a natural number 𝑛 satisfies the relations

𝑀 ≍ 2𝑛𝑛|𝐴|−1, 𝑛0 = [𝑛+ (|𝐴| − 1) log 𝑛].

We construct the polynomial 𝑃 (Ω𝑀 , �̄�) as

𝑃 (Ω𝑀 , 𝑥) = �̃�(𝑥) + �̃�(𝑥),

where �̃�(𝑥) =
∑︀

⟨𝑠,𝛾′⟩<𝑛

𝛿𝑠(𝑓, 𝑥), while �̃�(𝑥) will be constructed in what follows. For a natural

number 𝑙 we let

𝑆𝑙 =

⎛⎝ ∑︁
𝑙⩽⟨𝑠,𝛾′⟩<𝑙+1

2⟨𝑠,𝑟⟩𝜃
(︀
‖𝛿𝑠(𝑓)‖*𝑝,𝑉 (1)

,𝜏 (1)

)︀𝜃⎞⎠ 1
𝜃
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and we denote

�̃�𝑙 =
[︁
2𝑛𝑛|𝐴|−12−𝑙𝑆𝜃

𝑙

]︁
+ 1,

where [𝑎] is an integer part of a number 𝑎. It is easy to confirm that the number of harmonics
𝐾, which form the polynomial 𝑃 (Ω𝑀 , 𝑥) does not exceed 𝑀 by the order. By the properties
of the norm,

‖𝑓 − 𝑃 (Ω𝑀)‖*𝑞,𝑉 (2),𝜏 (2) ⩽
⃦⃦⃦
𝑓 −

∑︁
⟨𝑠,𝛾′⟩<𝑛0

𝛿𝑠(𝑓)
⃦⃦⃦*
𝑞,𝑉 (2),𝜏 (2)

+ ‖𝑅* − �̃�‖𝑞,𝑉 (2),𝜏 (2) = 𝐽1 + 𝐽2. (3.4)

According to Theorem 2.1, Jensen inequality [9, Lm. 3.3.3], Lemma 2.1 as 𝜃𝑗 = ∞, 𝑗 = 1, . . . ,𝑚
and taking into consideration that 0 < 𝛾′

𝑗 ⩽ 𝛾𝑗 for 𝑗 = 1, . . . ,𝑚, we have

𝐽1 ⩽𝐶

⎧⎨⎩ ∑︁
⟨𝑠,𝛾′⟩⩾𝑛0

𝑚∏︁
𝑗=1

2
𝑠𝑗

(︀
1
𝑝𝑗

− 1
𝑞𝑗

)︀
𝜏 (2)
(︁𝑉 (2)

𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

)︁𝜏 (2) (︁
‖𝛿𝑠 (𝑓)‖*𝑝,𝑉 (1),𝜏 (1)

)︁𝜏 (2)⎫⎬⎭
1

𝜏(2)

≪

⎧⎨⎩ ∑︁
⟨𝑠,𝛾′⟩⩾𝑛0

𝑚∏︁
𝑗=1

2𝑠𝑗𝑟𝑗𝜏
(2)
(︁
‖𝛿𝑠 (𝑓)‖*𝑝,𝑉 (1),𝜏 (1)

)︁𝜏 (2)⎫⎬⎭
1

𝜏(2)

sup
⟨𝑠,𝛾′⟩⩾𝑛0

𝑚∏︁
𝑗=1

2
−𝑠𝑗(𝑟𝑗+

1
𝑞𝑗

− 1
𝑝𝑗

)𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

≪

⎧⎨⎩∑︁
𝑠∈Z𝑚

+

𝑚∏︁
𝑗=1

2𝑠𝑗𝑟𝑗𝜃
(︁
‖𝛿𝑠 (𝑓)‖*𝑝,𝑉 (1),𝜏 (1)

)︁𝜃⎫⎬⎭
1
𝜃

sup
⟨𝑠,𝛾′⟩⩾𝑛0

2
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)⟨𝑠,𝛾⟩
𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

⩽𝐶2
−𝑛0(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑛0)

𝑉
(1)
𝑗 (2−𝑛0)

⩽ 𝐶2
−𝑛(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

for each function 𝑓 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵 in the case 1 ⩽ 𝜃 ⩽ 𝜏 (2) < ∞.

Now taking into consideration the definition of the number 𝑛0 and the fact that the functions
𝑣
(2)
𝑗

𝑣
(1)
𝑗

𝑡𝜀 almost increase on [1,∞), 𝑗 = 1, . . . ,𝑚, we get:

𝐽1 ≪ (2𝑛𝑛|𝐴|−1)
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 ((2𝑛𝑛|𝐴|−1)−1)

𝑉
(1)
𝑗 ((2𝑛𝑛|𝐴|−1)−1)

(3.5)

for each function 𝑓 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵 in the case 1 ⩽ 𝜃 ⩽ 𝜏 (2) < ∞.

In order to estimate 𝐽2, we shall employ arguing from [19]. To each natural number 𝑙,
𝑛 ⩽ 𝑙 < 𝑛0 we associate the sum ∑︁

𝑙⩽⟨𝑠,𝛾′⟩<𝑙+1

𝛿𝑠(𝑓, 𝑥). (3.6)

Let 𝛼𝑖(𝑓, 𝑙), 𝑖 = 1, 2, . . . , �̃�𝑙, stand for the numbers

𝑚∏︁
𝑗=1

2
𝑠𝑗(

1
𝑝𝑗

− 1
𝑞𝑗

)𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

‖𝛿𝑠(𝑓)‖*𝑝,𝑉 (1)
,𝜏 (1)

taken in the decreasing order, for which the blocks 𝛿𝑠(𝑓, 𝑥) are involved in sum (3.6). The sum
of such obtained “blocks” 𝛿𝑠(𝑓, 𝑥) over all 𝑙 ∈ [𝑛, 𝑛0) is denoted by �̃�(𝑥). Let 𝐷𝑓 stand for the
set of the vectors 𝑠 obeying the condition 𝑛 ⩽ ⟨𝑠, 𝛾′⟩ < 𝑛0, for which the “blocks” 𝛿𝑠(𝑓, 𝑥) are
not in �̃�(𝑥).
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Since the functions
𝑣
(2)
𝑗

𝑣
(1)
𝑗

for 𝑗 = 1, . . . ,𝑚 satisfy the assumptions of Lemma 2.1, then taking

into consideration that 𝛾′
𝑗 = 1 for 𝑗 ∈ 𝐴, we have

2
⟨𝑠,𝛾⟩(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)
𝑚∏︁
𝑗=1

𝑉
(1)
𝑗 (2−𝑠𝑗)

𝑉
(2)
𝑗 (2−𝑠𝑗)

≫ 2
𝑙(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(1)
𝑗 (2−𝑙)

𝑉
(2)
𝑗 (2−𝑙)

for 𝑠 obeying the inequality ⟨𝑠, 𝛾′⟩ ⩾ 𝑙. Employing this inequality and taking into consideration
that

0 < 𝛾′
𝑗 ⩽ 𝛾𝑗 =

𝑟𝑗 +
1
𝑞𝑗
− 1

𝑝𝑗

𝑟𝑗0 +
1
𝑞𝑗0

− 1
𝑝𝑗0

for 𝑗 = 1, . . . ,𝑚 we have

𝑆𝑙 =

⎛⎝ ∑︁
𝑙⩽⟨𝑠,𝛾′⟩<𝑙+1

2⟨𝑠,𝑟⟩𝜃
(︁
‖𝛿𝑠(𝑓)‖*𝑝,𝑉 (1),𝜏 (1)

)︁𝜃⎞⎠ 1
𝜃

=

⎛⎝ ∑︁
𝑙⩽⟨𝑠,𝛾′⟩<𝑙+1

2
⟨𝑠,𝛾⟩(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)𝜃

(︃
𝑚∏︁
𝑗=1

𝑉
(1)
𝑗 (2−𝑠𝑗)

𝑉
(2)
𝑗 (2−𝑠𝑗)

)︃𝜃

·

(︃
𝑚∏︁
𝑗=1

2
𝑠𝑗

(︂
1
𝑝𝑗

− 1
𝑞𝑗

)︂
𝑉

(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

‖𝛿𝑠(𝑓)‖*𝑝,𝑉 (1)
,𝜏 (1)

)︃𝜃
⎞⎠ 1

𝜃

⩾𝐶2
𝑙(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(1)
𝑗 (2−𝑙)

𝑉
(2)
𝑗 (2−𝑙)

·

⎛⎝ ∑︁
𝑙⩽⟨𝑠,𝛾′⟩<𝑙+1

(︃
𝑚∏︁
𝑗=1

2
𝑠𝑗

(︂
1
𝑝𝑗

− 1
𝑞𝑗

)︂
𝑉

(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

‖𝛿𝑠(𝑓)‖*𝑝,𝑉 (1),𝜏 (1)

)︃𝜃
⎞⎠ 1

𝜃

=𝐶2
𝑙(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(1)
𝑗 (2−𝑙)

𝑉
(2)
𝑗 (2−𝑙)

[︃
�̃�𝑙∑︁
𝑘=1

𝛼𝜃
𝑘(𝑓, 𝑙)

]︃ 1
𝜃

≫ 2
𝑙(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(1)
𝑗 (2−𝑙)

𝑉
(2)
𝑗 (2−𝑙)

𝑗
1
𝜃𝛼𝑖(𝑓, 𝑙)

for 𝑖 = 1, 2, . . . , �̃�𝑙.
Thus,

𝛼𝑖(𝑓, 𝑙) ⩽ 𝑖−
1
𝜃 2

−𝑙(𝑟𝑗0+
1

𝑞𝑗0
− 1

𝑝𝑗0
)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑙)

𝑉
(1)
𝑗 (2−𝑙)

𝑆𝑙

for 𝑖 = 1, 2, . . . , �̃�𝑙. Employing then Theorem 2.1, the above inequality, the definition of the
numbers 𝑆𝑙, �̃�𝑙, we obtain

𝐽2 =
⃦⃦⃦∑︁
𝑠∈𝐷𝑓

𝛿𝑠(𝑓)
⃦⃦⃦*
𝑞,𝑉 (2),𝜏 (2)

≪

⎧⎨⎩∑︁
𝑠∈𝐷𝑓

(︃
𝑚∏︁
𝑗=1

2
𝑠𝑗(

1
𝑝𝑗

− 1
𝑞𝑗

)𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

‖𝛿𝑠(𝑓)‖*𝑝,𝑉 (1),𝜏 (1)

)︃𝜏 (2)
⎫⎬⎭

1

𝜏(2)

= 𝐶

{︃
𝑛0∑︁
𝑙=𝑛

∑︁
𝑗⩾�̃�𝑙

𝛼𝜏 (2)

𝑗 (𝑓, 𝑙)

}︃ 1

𝜏(2)
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≪

{︃
𝑛0∑︁
𝑙=𝑛

2
−𝑙(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)𝜏 (2)
(︁∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑙)

𝑉
(1)
𝑗 (2−𝑙)

)︁𝜏 (2)
𝑆𝜏 (2)

𝑙

∑︁
𝑗⩾�̃�𝑙

𝑗−
𝜏(2)

𝜃

}︃ 1

𝜏(2)

≪
(︀
2𝑛𝑛|𝐴|−1

)︀ 1

𝜏(2)
− 1

𝜃

{︃
𝑛0∑︁
𝑙=𝑛

2
−𝑙𝜏 (2)

(︂
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

− 1
𝜃
+ 1

𝜏(2)

)︂(︁∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑙)

𝑉
(1)
𝑗 (2−𝑙)

)︁𝜏 (2)
𝑆𝜃
𝑙

}︃ 1

𝜏(2)

.

Thus,

𝐽2 ≪
(︀
2𝑛𝑛|𝐴|−1

)︀ 1

𝜏(2)
− 1

𝜃

{︃
𝑛0∑︁
𝑙=𝑛

2
−𝑙𝜏 (2)(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

− 1
𝜃
+ 1

𝜏(2)
)
(︁∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑙)

𝑉
(1)
𝑗 (2−𝑙)

)︁𝜏 (2)
𝑆𝜃
𝑙

}︃ 1

𝜏(2)

(3.7)

in the case 1 ⩽ 𝜃 ⩽ 𝜏 (2) < ∞.
Then we consider two cases
a) 𝑟𝑗0 ⩾

1
𝑝𝑗0

− 1
𝑞𝑗0

+ 1
𝜃
− 1

𝜏 (2)
;

b) 1
𝑝𝑗0

− 1
𝑞𝑗0

< 𝑟𝑗0 <
1
𝑝𝑗0

− 1
𝑞𝑗0

+ 1
𝜃
− 1

𝜏 (2)
.

We introduce the notation

𝐽3 =

{︃
𝑛0∑︁
𝑙=𝑛

2
−𝑙𝜏 (2)(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

− 1
𝜃
+ 1

𝜏(2)
)
(︁∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑙)

𝑉
(1)
𝑗 (2−𝑙)

)︁𝜏 (2)
𝑆𝜃
𝑙

}︃ 1

𝜏(2)

.

In Case a), by the definition of 𝑆𝑙 and in view of the fact that the functions
𝑣
(2)
𝑗 (𝑡)

𝑣
(1)
𝑗 (𝑡)

𝑡−𝜀 almost

decrease on [1,∞) for 𝜀 > 0, 𝑗 = 1, . . . ,𝑚, we have

𝐽3 ⩽ 2
−𝑛

(︂
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

− 1
𝜃
+ 1

𝜏(2)

)︂∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

‖𝑓‖
𝜃

𝜏(2)

𝑆𝑟

𝑝,𝑉 (1),𝜏(1),𝜃
𝐵

for each function 𝑓 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵. Therefore, by inequality (3.7) we obtain

𝐽2 ≪ 2
−𝑛(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

𝑛
(|𝐴|−1)( 1

𝜏(2)
− 1

𝜃
)

(3.8)

for each function 𝑓 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵 in the case

𝑟𝑗0 ⩾
1

𝑝𝑗0
− 1

𝑞𝑗0
+

1

𝜃
− 1

𝜏 (2)
, 𝜃 < 𝜏 (2).

We proceed to Case b). By the definition of 𝑆𝑙 and the choice of numbers 𝑛0 as well as by

the fact that 𝑟𝑗0 +
1
𝑞𝑗0

− 1
𝑝𝑗0

− 1
𝜃
+ 1

𝜏 (2)
< 0 and the functions

𝑣
(2)
𝑗 (𝑡)

𝑣
(1)
𝑗 (𝑡)

𝑡𝜀 almost increase on [1,∞)

for 𝜀 > 0, 𝑗 = 1, . . . ,𝑚, we have

𝐽3 ⩽ 2
−𝑛0

(︂
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

− 1
𝜃
+ 1

𝜏(2)

)︂∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑛0)

𝑉
(1)
𝑗 (2−𝑛0)

{︃
𝑛0∑︁
𝑙=𝑛

𝑆𝜃
𝑙

}︃ 1

𝜏(2)

≪ 2
−𝑛0

(︂
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

− 1
𝜃
+ 1

𝜏(2)

)︂∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (2−𝑛0)

𝑉
(1)
𝑗 (2−𝑛0)

‖𝑓‖
𝜃

𝜏(2)

𝑆𝑟

𝑝,𝑉 (1),𝜏(1),𝜃
𝐵

(3.9)

for each function 𝑓 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵.
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Since 𝑛0 = [𝑛 + (|𝐴| − 1) log 𝑛], then 2𝑛0 ⩽ 2𝑛𝑛|𝐴|−1 < 2𝑛0+1. This is why, by estimate (3.9)
we obtain

𝐽3 ≪ (2𝑛𝑛|𝐴|−1)
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

− 1
𝜃
+ 1

𝜏(2)
)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 ((2𝑛𝑛|𝐴|−1)−1)

𝑉
(1)
𝑗 ((2𝑛𝑛|𝐴|−1)−1)

for each function 𝑓 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵 in the case

1

𝑝𝑗0
− 1

𝑞𝑗0
< 𝑟𝑗0 <

1

𝑝𝑗0
− 1

𝑞𝑗0
+

1

𝜃
− 1

𝜏 (2)
, 𝜃 < 𝜏 (2).

Therefore, taking into consideration that 𝑀 ≍ 2𝑛𝑛|𝐴|−1, by (3.7) we obtain

𝐽2 ⩽ 𝐶(2𝑛𝑛|𝐴|−1)
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 ((2𝑛𝑛|𝐴|−1)−1)

𝑉
(1)
𝑗 ((2𝑛𝑛|𝐴|−1)−1)

≍ 𝑀
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

(3.10)

for each function 𝑓 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵, in Case b), 𝜃 ⩽ 𝜏 (2).

Thus, in view of estimates (3.7), (3.8) and (3.10) we conclude that

𝐽2 ⩽ 𝐶𝑀
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)
(log|𝐴|−1𝑀)

(𝑟𝑗0+
1

𝑞𝑗0
− 1

𝑝𝑗0
+ 1

𝜃
− 1

𝜏(2)
)+
∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

(3.11)

for each function 𝑓 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵, in the case 1 ⩽ 𝜃 ⩽ 𝜏 (2) < ∞ and 1
𝑝𝑗0

− 1
𝑞𝑗0

< 𝑟𝑗0 .

Now in view estimates (3.5) and (3.11) by inequality (3.4) we obtain

‖𝑓 − 𝑃 (Ω𝑀)‖*𝑞,𝑉 (2),𝜏 (2) ≪ 𝑀
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)
(log|𝐴|−1𝑀)

(𝑟𝑗0+
1

𝑞𝑗0
− 1

𝑝𝑗0
+ 1

𝜃
− 1

𝜏(2)
)+
∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

for each function 𝑓 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵, 1 ⩽ 𝜃 ⩽ 𝜏 (2) < ∞, 1
𝑝𝑗0

− 1
𝑞𝑗0

< 𝑟𝑗0 . We recall that

𝑦+ = max{0, 𝑦}. This completes the proof of upper bounds.
We proceed to proving lower bounds. For a number 𝑀 ∈ N we choose a natural number 𝑛

such that 𝑀 ≍ 2𝑛𝑛𝑚−1 and 2𝑛𝑛𝑚−1 ⩾ 4𝑀.
We consider a function

𝑓0(�̄�) = 𝑛
−

𝑚∑︀
𝑗=2

1
𝜃𝑗
∑︁

⟨𝑠,𝛾⟩=𝑛

𝑚∏︁
𝑗=1

2
−𝑠𝑗(𝑟𝑗+1− 1

𝑝𝑗
)

𝑉
(1)
𝑗 (2−𝑠𝑗)

∑︁
𝑘∈𝜌(𝑠)

𝑒𝑖⟨𝑘,�̄�⟩.

Employing a relation [35]⃦⃦⃦ ∑︁
𝑘∈𝜌(𝑠)

𝑒𝑖⟨𝑘,�̄�⟩
⃦⃦⃦*
𝑝,𝑉 (1),𝜏

≍
𝑚∏︁
𝑗=1

2
𝑠𝑗(1− 1

𝑝𝑗
)
𝑉

(1)
𝑗 (2−𝑠𝑗),

for 1 < 𝑝𝑗, 𝜏𝑗 < +∞, 𝑗 = 1, . . . ,𝑚 and Lemma 2.2, we obtain⃦⃦⃦⃦{︁
2⟨𝑠,𝑟⟩‖𝛿𝑠(𝑓0)‖*𝑝,𝑉 (1),𝜏 (1)

}︁
⟨𝑠,𝑟⟩=𝑛

⃦⃦⃦⃦
𝑙𝜃

= 𝑛
−

𝑚∑︀
𝑗=2

1
𝜃𝑗

⃦⃦⃦⃦
⃦⃦⃦
⎧⎨⎩2⟨𝑠,𝑟⟩

𝑚∏︁
𝑗=1

2
−𝑠𝑗(𝑟𝑗+1− 1

𝑝𝑗
)

𝑉
(1)
𝑗 (2−𝑠𝑗)

⃦⃦⃦⃦
⃦⃦ ∑︁
𝑘∈𝜌(𝑠)

𝑒𝑖⟨𝑘,𝑥⟩

⃦⃦⃦⃦
⃦⃦
*

𝑝,𝑉 (1),𝜏 (1)

⎫⎬⎭
⟨𝑠,𝑟⟩=𝑛

⃦⃦⃦⃦
⃦⃦⃦
𝑙𝜃
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≪ 𝑛
−

𝑚∑︀
𝑗=2

1
𝜃𝑗 ‖{1}⟨𝑠,𝑟⟩=𝑛‖𝑙𝜃 ⩽ 𝐶0.

Thus, 𝑓0 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵.

Let Ω𝑀 be a set of 𝑀 𝑚-dimensional vectors {𝑘(1)
, . . . , 𝑘

(𝑀)} with integer coordinates. For
each vector 𝑠 obeying ⟨𝑠, 𝛾⟩ = 𝑛 we consider the sets Ω𝑀 ∩ 𝜌(𝑠). Then by the choice of the
number 𝑛 the set 𝑆 of the vectors 𝑠 such that ⟨𝑠, 𝛾⟩ = 𝑛 and |Ω𝑀 ∩ 𝜌(𝑠)| ⩽ 1

2
|𝜌(𝑠)| contains at

least half of all 𝑠 such that ⟨𝑠, 𝛾⟩ = 𝑛 and therefore, |𝑆| ≍ 𝑛𝑚−1.
Let 𝑇 (𝑥) be an arbitrary trigonometric polynomial with indices of the harmonics from Ω𝑀 .

Then by Theorem 2.3 as 𝛽𝑗 = 𝜆𝑗 = 2, 𝑗 = 1, . . . ,𝑚 we have

‖𝑓0 − 𝑇‖*
𝑞,𝑉 (2),𝜏 (2)

≫

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

2
𝑠𝑗(

1
2
− 1

𝑞𝑗
)
𝑉

(2)
𝑗 (2−𝑠𝑗) ‖𝛿𝑠(𝑓0 − 𝑇 )‖2

}︃
⟨𝑠,𝛾⟩=𝑛

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

≫

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

2
𝑠𝑗(

1
2
− 1

𝑞𝑗
)
𝑉

(2)
𝑗 (2−𝑠𝑗) ‖𝛿𝑠(𝑓0 − 𝑇 )‖2

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

≫ 𝑛
−

𝑚∑︀
𝑗=2

1
𝜃𝑗

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

2
𝑠𝑗(

1
2
− 1

𝑞𝑗
)
𝑉

(2)
𝑗 (2−𝑠𝑗)

𝑚∏︁
𝑗=1

2
−𝑠𝑗(𝑟𝑗+1− 1

𝑝𝑗
)

𝑉
(1)
𝑗 (2−𝑠𝑗)

𝑚∏︁
𝑗=1

2
𝑠𝑗
2

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

≫ 𝑛
−

𝑚∑︀
𝑗=2

1
𝜃𝑗

⃦⃦⃦⃦
⃦⃦
{︃
2
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)⟨𝑠,𝛾⟩
𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

= 𝐶𝑛
−

𝑚∑︀
𝑗=2

1
𝜃𝑗 2

−𝑛(𝑟𝑗0+
1

𝑞𝑗0
− 1

𝑝𝑗0
)

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

.

(3.12)

It is easy to make sure that if 𝑣𝑗 ∈ 𝑆𝑉 𝐿[1,∞), 𝑗 = 1, . . . ,𝑚, then 1/𝑣𝑗 ∈ 𝑆𝑉 𝐿[1,∞),
𝑗 = 1, . . . ,𝑚. This is why in accordance with Lemma 1 in [37] we have⃦⃦⃦⃦

⃦⃦
{︃

𝑚∏︁
𝑗=1

1

𝑉𝑗(2−𝑠𝑗)

}︃
⟨𝑠,𝛾⟩=𝑛

⃦⃦⃦⃦
⃦⃦
𝑙𝜏 ′

≪
𝑚∏︁
𝑗=1

1

𝑉𝑗(2−𝑛)
(𝑛+ 1)

𝑚∑︀
𝑗=2

1
𝜏 ′
𝑗 , (3.13)

where 𝜏 ′ = (𝜏 ′1, . . . , 𝜏
′
𝑚),

1
𝜏𝑗
+ 1

𝜏 ′𝑗
= 1, 1 < 𝜏𝑗 < ∞, 𝑗 = 1, . . . ,𝑚.

Applying the Hölder inequality with 1

𝜏
(2)
𝑗

+ 1

𝜏
(2)′
𝑗

= 1, 𝑗 = 1, . . . ,𝑚 and letting 𝑉𝑗(𝑡) =
𝑉

(2)
𝑗 (𝑡)

𝑉
(1)
𝑗 (𝑡)

,

𝑡 ∈ (0, 1], 𝑗 = 1, . . . ,𝑚, in inequality (3.13), we get

|𝑆| =
∑︁
𝑠∈𝑆

1 ⩽

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

𝑉
(1)
𝑗 (2−𝑠𝑗)

𝑉
(2)
𝑗 (2−𝑠𝑗)

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

′

⩽

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

𝑉
(1)
𝑗 (2−𝑠𝑗)

𝑉
(2)
𝑗 (2−𝑠𝑗)

}︃
⟨𝑠,𝛾⟩=𝑛

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

′
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≪ 𝑛

𝑚∑︀
𝑗=2

1

𝜏
(2)′
𝑗

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

.

Since |𝑆| ≍ 𝑛𝑚−1, we then obtain

𝑛𝑚−1 ⩽ 𝐶(𝑛+ 1)

𝑚∑︀
𝑗=2

1

𝜏
(2)′
𝑗

𝑚∏︁
𝑗=1

𝑉
(1)
𝑗 (2−𝑛)

𝑉
(2)
𝑗 (2−𝑛)

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

.

Therefore,

(𝑛+ 1)

𝑚∑︀
𝑗=2

1

𝜏
(2)
𝑗

𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

≪

⃦⃦⃦⃦
⃦⃦
{︃

𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑠𝑗)

𝑉
(1)
𝑗 (2−𝑠𝑗)

}︃
𝑠∈𝑆

⃦⃦⃦⃦
⃦⃦
𝑙
𝜏(2)

.

This is why by inequality (3.12) we obtain

‖𝑓0 − 𝑇‖*
𝑞,𝑉

(2)
,𝜏 (2)

≫ 2
−𝑛(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)
𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

(𝑛+ 1)

𝑚∑︀
𝑗=2

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

for each polynomial 𝑇 (�̄�) with the indices of harmonics in Ω𝑀 . Therefore,

𝑒𝑀

(︁
𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵
)︁
𝑞,𝑉 (2),𝜏 (2)

≫ 2
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)
𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (2−𝑛)

𝑉
(1)
𝑗 (2−𝑛)

(𝑛+ 1)

𝑚∑︀
𝑗=2

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

≫ 𝑀
−
(︂
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︂
𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

(log𝑀)
(𝑚−1)

(︂
𝑟𝑗0−

1
𝑝𝑗0

+ 1
𝑞𝑗0

)︂
+

𝑚∑︀
𝑗=2

(︀
1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)︀
.

(3.14)

Let 𝜏
(2)
𝑗 < 𝜃𝑗, 𝑗 = 1, . . . ,𝑚. Since

|𝐴| ⩽ 𝑚, 𝑟𝑗0 −
1

𝑝𝑗0
+

1

𝑞𝑗0
> 0

and
𝑣
(2)
𝑗

𝑣
(1)
𝑗

∈ 𝑆𝑉 𝐿[1,∞), 𝑗 = 1, . . . ,𝑚, then

∏︁
𝑗 /∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

(log𝑀)
(𝑚−|𝐴|)

(︂
𝑟𝑗0−

1
𝑝𝑗0

+ 1
𝑞𝑗0

)︂
+

∑︀
𝑗 /∈𝐴∖{𝑗1}

(︀
1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)︀

≫
∏︁
𝑗 /∈𝐴

𝑉
(2)
𝑗 (2−1)

𝑉
(1)
𝑗 (2−1)

(log 2)
(𝑚−|𝐴|)

(︂
𝑟𝑗0−

1
𝑝𝑗0

+ 1
𝑞𝑗0

)︂
+

∑︀
𝑗 /∈𝐴∖{𝑗1}

(︀
1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)︀
,

(3.15)

for natural numbers 𝑀 ⩾ 2. This is why by inequality (3.14) we obtain

𝑒𝑀

(︁
𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵
)︁
𝑞,𝑉

(2)
,𝜏 (2)

≫𝑀
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)

·
∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

(log𝑀)
(|𝐴|−1)(𝑟𝑗0−

1
𝑝𝑗0

+ 1
𝑞𝑗0

)+
∑︀

𝑗∈𝐴∖{𝑗1}
( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

for natural numbers 𝑀 ⩾ 2 in the case 𝜏
(2)
𝑗 < 𝜃𝑗, 𝑗 = 1, . . . ,𝑚.

Let

𝜃 < 𝜏 (2) < ∞, 𝑟𝑗0 ⩾
1

𝑝𝑗0
− 1

𝑞𝑗0
+

1

𝜃
− 1

𝜏 (2)
.
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Taking then into consideration that
𝑣
(2)
𝑗

𝑣
(1)
𝑗

∈ 𝑆𝑉 𝐿[1,∞), 𝑗 = 1, . . . ,𝑚, and |𝐴| ⩽ 𝑚, we have (see

(3.13)):

𝑚∏︁
𝑗=1

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

(log𝑀)
(𝑚−1)

(︂
𝑟𝑗0−

1
𝑝𝑗0

+ 1
𝑞𝑗0

)︂
+

𝑚∑︀
𝑗=2

(︀
1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)︀

≫
∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

(log𝑀)
(|𝐴|−1)

(︀
𝑟𝑗0−

1
𝑝𝑗0

+ 1
𝑞𝑗0

+ 1

𝜏(2)
− 1

𝜃

)︀ (3.16)

for natural numbers 𝑀 ⩾ 2. Then it follows from inequalities (3.14) and (3.16) that

𝑒𝑀

(︁
𝑆𝑟

𝑝,𝑉
(1)

,𝜏 (1),𝜃
𝐵
)︁
𝑞,𝑉

(2)
,𝜏 (2)

≫ 𝑀
−
(︂
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︂∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

(log𝑀)
(|𝐴|−1)

(︀
𝑟𝑗0−

1
𝑝𝑗0

+ 1
𝑞𝑗0

+ 1

𝜏(2)
− 1

𝜃

)︀
for natural numbers 𝑀 ⩾ 2 in the case

𝜃 < 𝜏 (2) < ∞ and 𝑟𝑗0 ⩾
1

𝑝𝑗0
− 1

𝑞𝑗0
+

1

𝜃
− 1

𝜏 (2)
.

Let

𝜃 < 𝜏 (2) < ∞ and
1

𝑝𝑗0
− 1

𝑞𝑗0
< 𝑟𝑗0 <

1

𝑝𝑗0
− 1

𝑞𝑗0
+

1

𝜃
− 1

𝜏 (2)
.

We consider a function

𝑓1(𝑥) =
𝑚∏︁
𝑗=1

2
−𝑠0𝑗 (𝑟𝑗+1− 1

𝑝𝑗
)

𝑉
(1)
𝑗 (2−𝑠0𝑗 )

∑︁
𝑘∈𝜌(𝑠0)

𝑒𝑖⟨𝑘,𝑥⟩,

where 𝑠0 = (𝑠01, . . . , 𝑠
0
𝑚), 𝑠

0
𝑗 = 𝑠𝑗 if 𝑗 ∈ 𝐴 and 𝑠0𝑗 = 0 if 𝑗 /∈ 𝐴. It is easy to confirm that

𝑓1 ∈ 𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵.

Let Ω𝑀 be a set of 𝑀 𝑚-dimensional vectors {𝑘(1)
, . . . , 𝑘

(𝑀)} with integer coordinates. There

exists 𝑠0 ∈ Z𝑚
+ such that |𝜌(𝑠0)| ≍ 𝑀 and |𝜌(𝑠0)| ⩾ 2𝑀 . Then |𝜌(𝑠0) ∩ Ω| ⩽ |𝜌(𝑠0)|

2
.

Let 𝑇 (𝑥) stands for an arbitrary trigonometric polynomial with the indices of the harmonics
in Ω𝑀 . Then by Theorem 2.3 as 𝛽𝑗 = 𝜆𝑗 = 2, 𝑗 = 1, . . . ,𝑚, we have

‖𝑓0 − 𝑇‖*
𝑞,𝑉 (2),𝜏 (2)

≫
𝑚∏︁
𝑗=1

2
𝑠0𝑗 (

1
2
− 1

𝑞𝑗
)
𝑉

(2)
𝑗 (2−𝑠0𝑗 ) ‖𝛿𝑠0(𝑓0 − 𝑇 )‖2

= 𝐶
𝑚∏︁
𝑗=1

2
𝑠0𝑗 (

1
2
− 1

𝑞𝑗
)
𝑉

(2)
𝑗 (2−𝑠0𝑗 )

𝑚∏︁
𝑗=1

2
−𝑠0𝑗 (𝑟𝑗+1− 1

𝑝𝑗
)

𝑉
(1)
𝑗 (2−𝑠0𝑗 )

(|𝜌(𝑠0)| −𝑀)1/2

≫
𝑚∏︁
𝑗=1

2
−𝑠0𝑗 (𝑟𝑗+

1
𝑞𝑗

− 1
𝑝𝑗

)𝑉
(2)
𝑗 (2−𝑠0𝑗 )

𝑉
(1)
𝑗 (2−𝑠0𝑗 )

≫ 𝑀
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

𝑉
(2)
𝑗 (𝑀−1)

𝑉
(1)
𝑗 (𝑀−1)

.

The proof is complete.

Corollary 3.1. Let the numbers 𝑞𝑗, 𝑝𝑗, 𝜏
(1)
𝑗 , 𝜏

(2)
𝑗 , 𝑟𝑗 ∈ R, 𝑗 = 1, . . . ,𝑚, satisfy the assump-

tions of Theorem 3.1 and the functions

𝑣
(1)
𝑗 (𝑡) = (1 + log 𝑡)𝑎𝑗(1 + log(1 + log 𝑡))𝑏𝑗 ,

𝑣
(1)
𝑗 (𝑡) = (1 + log 𝑡)𝑎𝑗(1 + log(1 + log 𝑡))𝑐𝑗 , 𝑎𝑗, 𝑏𝑗, 𝑐𝑗 ∈ R, 𝑐𝑗 > 𝑏𝑗, 𝑗 = 1, . . . ,𝑚.
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1. If 1 < 𝜏
(2)
𝑗 < 𝜃𝑗 ⩽ ∞, 𝑗 = 1, . . . ,𝑚, then

𝑒𝑀
(︀
𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵
)︀
𝑞,𝑉 (2),𝜏 (2)

≍𝑀
−(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)∏︁
𝑗∈𝐴

(︁
1 + log(1 + log𝑀)

)︁𝑐𝑗−𝑏𝑗

· (log𝑀)
(|𝐴|−1)(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)
(log𝑀)

∑︀
𝑗∈𝐴∖{𝑗1}

( 1

𝜏
(2)
𝑗

− 1
𝜃𝑗

)

.

2. If 1 ⩽ 𝜃 ⩽ 𝜏 (2) < +∞, then

𝑒𝑀
(︀
𝑆𝑟
𝑝,𝑉 (1),𝜏 (1),𝜃

𝐵
)︀
𝑞,𝑉 (2),𝜏 (2)

≍𝑀
−
(︀
𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

)︀∏︁
𝑗∈𝐴

(︁
1 + log(1 + log𝑀)

)︁𝑐𝑗−𝑏𝑗

· (log𝑀)
(|𝐴|−1)(𝑟𝑗0+

1
𝑞𝑗0

− 1
𝑝𝑗0

+ 1

𝜏(2)
− 1

𝜃
)+
.

Proof. It is known, see, for instance, [6, Ch. 3, Subsec. 3.4.3], that the functions

𝑣
(1)
𝑗 (𝑡) = (1 + log 𝑡)𝑎𝑗(1 + log(1 + log 𝑡))𝑏𝑗 , 𝑣

(1)
𝑗 (𝑡) = (1 + log 𝑡)𝑎𝑗(1 + log(1 + log 𝑡))𝑐𝑗 ,

belong to the class 𝑆𝑉 [1,∞) for 𝑗 = 1, . . . ,𝑚 and their quotient

𝑣
(2)
𝑗 (𝑡)

𝑣
(1)
𝑗 (𝑡)

= (1 + log(1 + log 𝑡))𝑐𝑗−𝑏𝑗

increases, while
𝑣
(2)
𝑗 (𝑡)

𝑣
(1)
𝑗 (𝑡)

𝑡−𝜀 almost decreases on [1,∞), 𝜀 > 0, 𝑗 = 1, . . . ,𝑚. This is why the

statements of the corollary are true according to Theorem 3.1. The proof is complete.

Remark 3.1. In the case 𝑉
(1)
𝑗 (𝑡) = 𝑉

(2)
𝑗 (𝑡) = 1, 𝑡 ∈ (0, 1], and 𝑝𝑗 = 𝜏

(1)
𝑗 = 𝑝, 𝑞𝑗 = 𝜏

(2)
𝑗 = 𝑞,

𝜃𝑗 = 𝜃 for 𝑗 = 1, . . . ,𝑚 and 𝑟1 = . . . = 𝑟𝜈 < 𝑟𝜈+1 ⩽ . . . ⩽ 𝑟𝑚 Theorem 3.1 coincides with earlier

results by V.N. Temlyakov [19, Thm. 2.2] and A.S. Romanyuk [22, Thm. 3.1] for the Lebesgue

spaces and in the general case it extends these results to anisotropic Lorentz-Karamata spaces.

For 𝑉
(1)
𝑗 (𝑡) = 𝑉

(2)
𝑗 (𝑡) = 1, 𝑡 ∈ (0, 1], 𝑗 = 1, . . . ,𝑚, and 𝑟1 = . . . = 𝑟𝜈 < 𝑟𝜈+1 ⩽ . . . ⩽ 𝑟𝑚

Theorem 3.1 coincides with [28, Thm. 3] and [34, Thm. 5].
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