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ON ESTIMATES FOR OSCILLATORY INTEGRALS WITH
PHASE DEPENDING ON PARAMETERS

SH.A. MURANOV

Abstract. We consider estimates for the Fourier transforms of measures supported on
analytic hypersurfaces involving a damping factor. As a damper, we naturally take a power
of the Gaussian curvature of the surface. It is known that if the exponent in this power is a
sufficiently large positive number, then the Fourier transform of the corresponding measure
has an optimal decay. C.D. Sogge and E.M. Stein formulated a problem on a minimal
power of the Gaussian curvature ensuring an optimal decay for the Fourier transform. In
the paper we resolve the problem by C.D. Sogge and E.M. Stein on an optimal decay for
the Fourier transform with a damping factor for a particular class of families of analytic
surfaces in the three-dimensional Euclidean space. We note that the power we provide
is sharp not only for the families of analytic hypersurfaces but also for a fixed analytic
hypersurface. The proof of main result is based on the methods of the theory of analytic
functions, more precisely, on the statements like a preparation Weierstrass theorem. As
D.M. Oberlin showed, similar statements fail for infinitely differentiable hypersurfaces.
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1. INTRODUCTION

In connection with the problem on bounding maximal operators associated with a hyper-
surface S C R™™!, S.D. Sogge and .M. Stein [1] introduced the following damped oscillating
integrals:

(€)= [ 16 (e () (o) (L)
5

where K (z) is the Gaussian curvature of the hypersurface at a point = € S, ¢ € C§°(S) is a
smooth non-negative compactly supported function, (z,&) is a scalar product of the vectors z
and &, do(z) is the surface measure. They showed that if ¢ > 2n, then integral decays as
O(|€]72) as |¢] — 400, that is, it decays optimally. We observe that if the Gaussian curvature
does not vanish, the Fourier transform of the surface measure decays as O(|¢|72) as |¢| — 400
and for a non-zero measure, it can not decay faster and this indicates the optimality of the decay
rate. For a family of smooth hypersurfaces S(n) C R"" smoothly depending on parameters
n € R™, the measure du(n) := (x,n)do(x,n) is naturally defined as well as the following
oscillating integrals with a damping factor:

e) = [ 9K (e o (e.n), (12
S(n)
where for each fixed n and do(x,n) is the surface measure S(n).
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Formulation of problem Find a minimal ¢ ensuring the following estimate:

17,(6)] < Al¢|7%.

A similar problem for a fixed hypersurface S was posed in work [I] by Sogge and Stein. The
solution for the formulated problem in one-dimensional case, namely, as S is a curve defined
by a polynomial, follows the results by D. Oberlin [2]. In fact, the results by D. Oberlin are
related with a family of curves.

In the present work we provide a solution to the problem of S.D. Sogge and I.M. Stein for a
particular class of analytic surfaces in a three-dimensional space depending on parameters.

A function (z,7) |s,, where 7 € 5?2, that is, 7 is an arbitrary vector belonging to the unit
sphere centered at the origin, is the restriction of the family of functions (z,7) depending on T
and 7 on a surface S(n) C R3 called a phase function.

For instance, if S = {(x1, 72, ¥(z1,79,m))}, where U(zy,79,m) = 2% + 25 + nz, then
(x,7) |5(n): 7121 + Toxe + T3V (21, 9, n) is the phase function corresponding to S.

Let y = ®(x), x € R™, be some function with a critical point z = z°. If in some neighbour-
hood Q(z°) of the point 2°, there exists a diffeomorphic change ¢ : ¥ — Q(2°), where ¥ C R"
is a neighbourhood of the zero, the function ®(x) is reduced to the form

D(p(2)) =P(z®) £ £ 22422+ £ 22,

then z = 2° is called a critical point of type A; [3].
The next theorem was proved in work [4], see also [5].

0

Theorem 1.1. Let ¢ > 1 be a fized real number and S(n) C R® be a family of analytic
hypersurfaces depending on a parameter n € R™. If the phase function corresponding to the
hypersurface S(0) has a singularity of type Ax, 1 < k < oo, at the point (0,0,0) € S(0),
then there exists a neighbourhood of the zero V- x U C R3® x R™ such that for each function
Y e C3°(V x U), integral satisfies the following estimate:

B I

where C' is fixed positive number.
The main result of the present work is the following theorem.

Theorem 1.2. Let ¢ > 1 be a fized real number, S(n) C R? be a family of analytic hyper-
surfaces satisfying the following conditions:

1. The hypersurface S(0) contains the origin in R? and at least one of the principal curvatures
of the surfaces S(0) is non-zero at the origin.

2. The Gaussian curvature K(x,n) on the hypersurface S(n) obeys the condition K # 0.

Then there exists a neighbourhood of the origin V- x U C R® x R™ such that for each function
Y e C3°(V x U) integral satisfies the following estimate:

B I

where C' 1s a fized positive number.

2. AUXILIARY STATEMENTS

According the assumptions of Theorem , we can suppose that ¢ (z,n) has a sufficiently
small support. Moreover, we assume that S(n) is a graph of some analytic function z3 =
f(z1,x2,n) defined in a small neighbourhood of the origin:

5(77) = {(‘rhx?) € Vi - R2 ‘X3 = f($17$2,77)777 € U}7
and
£(0,0,0) =0,  V.f(0,0,0) = 0.
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Indeed, let S(n) be a family of analytic hypersurfaces depending on n € U C R™. Then, after a
possible motion, we can assume that S(0) contains the origin and the tangential plane 75.5(0)
at the origin is given by the equation x3 = 0.

This is why, in the vicinity of the point (0,0, 0), the surface S(0) is described by the equation
F(z1,x9,23) = 0, where F' is a real-analytic function satisfying the conditions

9F(0,0,0) AF(0,0,0) dF(0,0,0)
= = d ———2#0.
B Er ol o 7

According the implicit function theorem, in the vicinity of zero, the equation F(x1, x5, x3) =0
possesses an analytic solution z3 = ®(xy, z2). Hence, ®(z1,z5) is an analytic function obeying
the conditions ®(0,0) = 0, V®(0,0) = 0. In the same way, for the family S(n), there exists a
function f(z1,x2,n) such that in the vicinity of zero, the surface S(n) is defined by the equation
xg = f(x1,29,m) and f(xy,x9,n) satisfies the condition f(z1,x2,0) = ®(x1, 23); for more details
see [6].

We note that the function (x,7) has no stationary points as 7 # 0 since (z,7), = 7. But its
restriction on S has stationary (critical), see [7, Ch. I, Sect. 4]. These are the points z(7), at
which the hypersurface (x,7) = const touches S.

F(0,0,0) =0,

Lemma 2.1. A stationary point x(t) € S is non-degenerate if and only if the Gaussian
curvature of the hypersurface S at this point is non-zero.

This lemma was proved in [7, Ch. 1I, Sect. 4].
We note that if the Gaussian curvature obeys K (0,0, 0) # 0, then according Lemma[2.1] in a

small neighbourhood of the point (0, 0,0), the phase function (z, 7 ‘ ) has only non-degenerate

critical points since if the Gaussian curvature is non-zero in the neighbourhood of zero V' x U,
then |K(x,n)|%(z,n) € C;°(V x U). This is why, according Morse lemma, see [7], it is reduced
to the sum of squares and the integral 11,(&) satisfies the relation: fi,(£) = O(|¢|™1) as [¢] — oc.
Therefore, in this case, Theorem [1.2] holds true. In what follows we assume that K (0, 0,0) = 0.
Before we proceed to proving Theorem [I.2] we consider some needed auxiliary statements.

Lemma 2.2. Let g = g(z) be a real continuously differentiable function defined on [c,d]. If
for (x,n) € [c,d] x U the inequality |¢'| = § > 0 holds and the functions a(-,n), ¢'(-,n) have a
bounded variation on [c,d], then the following estimate holds:

d

) C a(‘v/ﬂ)
/e”\g(x’")a(x,n)d:c < %, (2.1)

c

where ||a(-,n)||v = la(c,n)|+ V2a(-,n)] and V2[a(-,n)] is a total variation of the function a on
[, d].

Proof. First we write integral as

d d
/ ei)\g(l"ﬂ?)a(x7 n)dz = / ';(/QE’ n) )d (62')\9(37,17)) '
(& C ? g '/1;’ T]

Employing the integration by parts for the Stieltjes integral, we obtain the estimate

d d
/ eikg(l’m)a@’ n)dz| < a(d n) eAg(dm) _ afc, n) etralen)| | i}\ / eAg(@n) g (_a/((x, 77))) ‘ .
Cc ? (& g .:C, n

= lidg/(d,m) iAg' (e, )
Finally, we observe that m[ai%] la(x,n)| < ||a(-,n)|lv and this is why, if a(z,n) and ¢'(z,n) are
z€][c,

the functions with a bounded variation, we arrive at estimate (2.1)). ]

Lemma is an analogue of Statement Il in Proposition 2 in monograph [8], see also [9],
[10].
In this work we employ the following technical lemmata proved in work [11]:
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Lemma 2.3. Let a function f % 0 be real-analytic at zero R x R™ such that f(0,0) = 0.
There exists a real-analytic manifold Y and a mapping © : Y — R™ being proper such that
for each point y° € Y there exists a chart (1, ...,¢m) centered at the point y°, for which the
relation

f(x2, m(y)) = o7 (W) (Y) - - o (Y)b(w2, y)p(2, y) (2.2)

holds, where b(zs,y), b(0,y°) # 0, is a real-analytic function, p(xs,y) is an unitary pseudo-
polynomial, that is,

p(wa,y) = 25" 4+ Tu(y)as" "+ (y)ay T2 e Ty (1)
Here functions 11, ..., Tm, are real-analytic at the point y° and 7,(y°) =0, £ =1,... ,m;.
Lemma 2.4. Let a function f: (R x R™,0) — (R,0) be real-analytic at the origin. There
exists a neighbourhood of the zero W x U C R x R™ such that for each fixed positive number

q, the function |f(-,n)|? has a bounded variation in W and a total variation of this function
Vvl f(-,m)|7] is a bounded function in U.

We shall also make use of the following lemma.

Lemma 2.5. Let a function f(x,n) be real-analytic function at the origin and q > 1 be a
fized number. Then there exists a neighbourhood of the zero W x U in R x R™, in which the
identity

|$|9($a77) = |f(x777)‘q - |f(0777)|q7
holds, where the function g(z,n) has a bounded variation in W and its total variation is bounded

i U.

Proof. In fact, Lemma is an analogue of Lemma 3.3 in work [11]. For the reader’s conve-
nience, we provide here a detailed proof of this lemma.
We first assume that f(z,n) is a polynomial. We assume that

flz,n) = Qz,n) =" + a4+ +ny

and the coefficients of the polynomial are bounded; |n| < 1.
We are going to show that the function

@z, m)|" — |6
|z]

9(%77) =

has a bounded variation over the segment [—1, 1] and its total variation V1, [g(-,7)] is bounded
by a constant depending only on ¢ and ¢. It is easy to show that g(z,n) is a piece-wise monotone
function. Indeed, let > 0 and Q(z,n) > 0. Then the numerator and the denominator are
differentiable. We calculate the derivative of the function g(z,7) in z and we obtain

2q(Q(z,n))" Q' (x,1) — (Q(x,n))" — |ne]?)

12

g'(x,m) =

Let us show that the numerator has at most 2¢ zeroes. We calculate the derivative of the
numerator and equate it at zero and we obtain:

qz(Q(z,m))"*((¢ = )(Q (=, ))* + Qz,n)Q"(x,n)) = 0.

The latter equation has at most 2¢ — 2 zeroes since Q'(z,71))? + Q(z,n)Q"(x,n) is a polynomial
of degree 2¢ — 2.

This is why the numerator can have at most 2¢ — 2 zeroes as () > 0. In the same way we
consider the case Q(z,n) < 0 and < 0. This implies that equation ¢’(x,n) = 0 has at most
40 — 4 zeroes.

Since g > 1, then for z,y € [—1, 1] we have an obvious inequality:

2" = ly|*l < Clg)|z - yl,
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where C'(q) is some positive number depending only on ¢ > 1. This implies that the function

g(z,n) is bounded by the number C(q)@ as || < 1. Indeed,
[llg(x, I < QG mI* = QO MI] < C(@IQ(x,n) = Q(0,m)] < Clg) max |Q'(¢,m) ]
and hence,
00 —1)

max |g(z,n)| < C(q) max |Q'(¢,n)] < C(q)

—1<a<1 —1<(¢<1 2

Then we have
V2lg(z,m)] < (40— 4) max l9(z,m)| < Clg)26(¢ —1)°.

Thus, the total variation of the function g over the segment [—1, 1] is estimated by a constant
depending only on ¢ and q.

Let f(z,n) be an arbitrary real-analytic function. In this case, employing Lemma , we
reduce out function to the form

flz,m(y) = 1" (1)e5* (y) .. oo (v)b(z, y)Q(z, y),

where b is a real-analytic function satisfying the condition 5(0,0) # 0 and Q(x,y) is some
pseudo-polynomial. In this case we get the relation

[b(z, y)Q(x, y)|* = [6(0,y)Q(0, y)|* =[Q(z, ) [*([b(z, y)|* — [b(0,y)|7)
+16(0, ) 1(1Q(z, y)[* — 1Q(0, y)|*).

We observe that the function M&l—PONE 155 4 hounded variation since b(0,0) # 0. And

also, according Lemma [2.4] the funclcilon |Q(z,y)|? has a bounded variation in the coordinate
neighbourhood V as ¢ > 1.

Finally, we observe that m : Y + U is a proper analytic mapping [13]. This is why
7~Y(U) C Y is a compact set. Therefore, for each point y° € 7~1(U) we can find a coor-
dinate neighbourhood V' C Y of the point y° such that as y € V, we have the relation

flz,m(y)) = 1" ()5 (y) - .- oo (v)b(z, y)Q(z, y),

where (¢1,...,¢,) are local coordinates centered at y°, that is, p;(y°) =0, 7 = 1,...,m,
b(x,y) is a real-analytic function satisfying the condition b(z,y) # 0 as (x,y) € W x V, and
Q(x,y) is a pseudo-polynomial and a; > 0, j = 1,...,m, are integer numbers.

According the proven facts, the function f(x,w(y)) satisfies the assumptions of Lemma in

the vicinity W x V. Since 77 (U) is a compact set, we can choose a finite covering 7= (U) and
a neighbourhood of the zero W C R such that the statement of Lemma is true for (z,y) €

W x #=Y(U). This is why, the statement of Lemma holds on the set W x U C R x R™.
This completes the proof of Lemma [2.5 O

We provide an analogue of Erdélyi lemma [14].

Lemma 2.6. If F(z,s) is a smooth function defined in a small neighbourhood of the origin
W x U € R x R™ and satisfying the conditions
F'(0,s) =0, F"(0,8) #0  foreach s€U and a€ CFW xU),
then for 0 < q < 1, the inequality holds:

£

/|x|q61)\F(x,s)a<x’S>dx < l]Ha( 7S)HV

A

—E&

where ¢ is a sufficiently small positive number.
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Proof. We employ Morse lemma with parameters, see [7]. According this lemma, there exists
a diffecomorphism = = z(y, s) mapping the segment I = [—¢,¢] into [—d1(g), d2(g)] such that
the function F(z,s) reads as F(z(y, s),s) = F(0,s) + y* and x(0,s) = 0. It follows from the
latter identity that z(y, s) is written as z(y, s) = yG(y, s) with a smooth function G(y, s) and
G(0,0) # 0.

We make the change of the variables z = z(y, s) in the integral

IAF(z,s)

|z|%e a(x, s)dz,

and we obtain:
' d2(e) L
L) = M0 [ et g, s)ay,
—51(6)
where
a1(y,s) = |Gy, s)|"(G(y,s) +yG'(y, 5))a(yG(y, s), 5)

and a1 (y, s) € C°([—61(e), 02(€)]).
We proceed to estimating the integral I,(\), which is written as I,(A\) = I;(\) + I(\) for
0 < ¢ < 1. First we shall estimate the integral

d2(e) '
auw:/ Y1EN a (3, 5)dy,
0

and then the estimate for the integral

0
I,(A) = / Y1 ay (y, s)dy
—41(e)
can be obtained in the same way.
If 95(e) < A~2 then by a trivial estimate for the integral we get
maXyeo,s(e)] |@1(Y; 9)|

LA < o : (2.3)

Now we assume that d() > A~2. In this case the integral I;()\) is written as a sum of the
following two integrals:

A3 L d2(e) o
I (A) = / ylet™Way(y, s)dy  and  Ipp(N) = / oy ay(y, s)dy.
0 A

)

It is obvious that I3;(\) obeys an estimate of form ({2.3)).
We integrate by parts in the integral I;5(\) and we obtain the following estimate:

LoV < A7 CVgfan - s)). (2.4)
Then, by means of inequalities (2.3) and ({2.4]), we get the estimate

[L(\)] < M, C' = const.

Summing up the obtained estimate, we complete the proof. O

Lemma 2.7. There exists a neighbourhood V; x U C R? x R™ of the origin such that for
each ¢ >0, ¥ € C°(Vy x U) and max{|&1], |&2|} = |&s], the following estimate holds:

Cllvlier
€]

[1g(€)] <
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Proof. We observe that

Hess f (1, %2, 1)
(1 + |Vf(l’1,.7)2,7]>|2)2
is an analytic function in a small neighbourhood of the origin, see [6]. Since |V, f(0,0,0)| =0,
there exists a neighbourhood of the origin V; x U such that for each point (z1,z5,7) € Vi x U,
the inequality holds: |V.f(z1,22,7)| < % Without loss of generality we can assume that
|&1] = max{|&], €|} = [&]- The case |&] = max{|&], €|} = |&5| can be considered in the
same way. In this case the integral 1i,(€) is written as the following two-dimensional damped
oscillating integral:

K(x17$2777) =

m@%i/ﬂ“ﬁMﬁmwm®wmwwmm%ﬂmm%wwhm% (2.5)
R2
where

Y(w1, 12, f(21,22,7))

VA F V[, n)P)et
We employ the Fubini theorem for integral (2.5)) and we obtain:

ﬁq(f) - /ﬁg(gla §3a x2)€i£382x2dfl§'2,

a(x1, 22,n) =

R
where
ﬁg(fl,ﬁg,mg) = /ei&Fl("“’“’gl’gg’n)a(iﬂl,xzyn)‘HeSS f(x1, 29,m)| dry,
R
Fl(xla T2, 517 537 77) = ?f(xh T2, ?7) + T
1
It is obvious that for each (z1,z9,7n) € Vi x U, the inequality holds:
1
Fl (o, 60| = 11+ 2 ()] > 5.

According Lemma the function |Hess f(x1, z2,1)|? has a bounded variation in Pri(V;) and
its total variation is bounded in Pry(V}) x U for each ¢ > 0, where Pri(Vy) (Pro(V1)) is its
projection on the axis R,, (R.,). This is why, employing Lemma , we obtain the following
inequality:

|ﬁ0(§1 53 .172)| < 01”&(',[132,77)”01 < \/501||a(‘a372777)||01
q » G39 S .

131 - €
Integrating the latter inequality over Pry(V}), for the integral i,(£) we find the estimate:
~ Cllle
Hq (O] < :
€
This completes the proof. O

Corollary 1. Let € > 0 be an arbitrary fived positive number and I'. € R? be the cone

o= {§ € R?: elés| < maz{lai], |63}

There exist a neighbourhood Vi x U of the origin and a positive number C. > 0 such that for
each ¢ >0, ¥ € C(Vy x U) and & € T the following estimate holds:

2 o) < el
WIS T

Corollary |1 shows that fi,(€) satisfies the desired estimate as £ € I'. for each ¢ > 0.
We proceed to studying the behavior of 7i,(¢) as € € R¥\ I'..
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3. ASYMPTOTIC BEHAVIOR OF [i4(§)

In this section we study the behavior of fi,(£) in the case £ € R*\ T, where ¢ is a sufficiently
small fixed positive number. In this case i,(§) is written as the following two-dimensional
damped oscillating integral:

where

fq(€) = / el @aasisam g () o ) [Hess f (21, 22, 1) "dy dws, (3.1)
]RQ

W(xy, xa, f(21,22,7))
\/<1 + [V f (21, 22, 77)|2)4q—1’

F(x1,x9,51,52,m) = f(1,22,n) + S121 + S22, S1

a(x1, 22,n) =

& @
&’ &
Hess f (21, 22,1m) = detD? f (a1, 22, 7).

Choosing a small neighbourhood Vi x U, we can assume that ¢ is an infinitely differentiable
function with a sufficiently small support.
We observe that if rank (D?f(0,0,0)) = 1, then one of the following inequalities holds:

92£(0,0,0) 92£(0,0,0)
— = 2 £ — = 2 A£(.
0x? 7 3 7
For the sake of definiteness, we can assume that
92£(0,0,0)
—_JAND 0.
0x? 7

Then according the implicit function theorem, the equation

Fz1($1,$2, 51732,77) = fx1($1,932777) +s5=0

has a unique analytic solution z; = w1(z2,$1,7) in a small neighbourhood of the origin in
R;, xRs, xU.
According the Fubini theorem, integral (3.1]) is written as

where

and

7,(6) = / A€, )5y,

R

fis(€, o) = /e’f«’“)Fl(xl’”’sl’")a(wl,:UQ,n)\Hess f(z1, 29, m) | dzy
R

Fy(x1,29,81,m) = f(21,22,7m) + 5121

Now we consider integral fi; (&, z2).

Proposition 1. If an analytic function f(x1,x2,m) satisfies the conditions

9%£(0,0,0)

V(0,0,0) =0, o

40,

then there exists a neighbourhood Vi x U C R? x R™ of the origin such that as q > 1, the
integral ﬁ; satisfies the following asymptotic relation:

fig (&, xa) = &l°

82£(0,0,0)

27 i(%sgn( az%

&3)+E€3 Fi (1 (w2,51,m),22,51))

&3

1
-IHeSSf(Il(fBQ,Sl,n),xz,n)lqa(wa,sw)+O(m> as [€] = +oo,
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where a(xq, s1,m) = a(x1(xe, $1,M), T2, n)P(x2,51,1). Here ¢ is some smooth function being

0 (&
€]
zero such that for all (xs,s1,m) € Uy, the inequality

1
O _
‘ (Iél)
holds.

Proof. In the integral ﬁé, we change the variables

> uniformly in small (x4, s1,7), that is, there exists C' > 0 and a neighbourhood Uy of the

C

el

1 = X1+ z1(22,51,7)
and we obtain:

ﬁé(& Ty) = / ei§3F1(X1+x1(12,81,77)7332781,?7)a(X1 + 1(x9, 51,1), T2,7)
R
- [Hess f(X1 + x1(22, 51,1), x2,n)|1dX;.
We observe that Hess f(X; + x1(x9, $1,7), Z2,1) is a real-analytic function and since ¢ > 1, it
follows from Lemma 2.5] that
|Hess f( X1 + z1(x2, 51,1), 22)|? — |Hess (x1(x2, $1,1), 2)|? = | X1|9( X1, 22, 51,7), (3.2)

where 9(X1, 29, 51,1) is a function with a bounded variation on X; and its total variation
VOs[9(-, xa, 51,m)] is a bounded function on (3, s1, 7).
We write integral fi; (&, z2) as

fis(&,m2) = / et nles szt o (X, 4 ay (v, 51,1), 22,1)
R
: [\Hess f(Xl + $1($27 S1, 77)796‘27 77)|q - ]Hess f(l’1(552, S1, 77)71102777>|q] dX;

+ [Hess f<$1(952751,77)7Iza77)|q/6i£3F1(X1+m1(IQ’Sl’m’m’sl’m
R
~a(Xy 4+ x1(22, 51,m), 2,m)d Xy = I, + I5.

Employing relation (3.2), we can write I; as an oscillating integral with a damping factor:

I, = / s 1 (Xita(z2,51,m),w2,51,m) ‘Xl ‘al(Xla To, 81, U)Xm,

R
where
a1 (X1, 2, 51,1) = a(X1 + 21(22, 51,1), 22, n)V(X1, T2, 51,7)

and | X;| serves as a damping. According Lemma , we obtain the inequality:
CHCL(-, L2, 51, 77) ) 79(7 L2, 81, 77)||V < 01”&(-, L2, 51, 77) ) 19(7 L2, 51, 77)”‘/

1] h i ’
since |&] > 75 (€] and Cy = V/3C.

We consider the following one-dimensional oscillating integral:

|Ih| <

[2 = ’HeSS f('rl (x27 S1, 7])7 T2, 7])|q / €i§3F1(X1+‘T1(x2731777)7x2731’n)0,<X1 + 71 (332, S1, 77); T2, n)Xm

R
We note that the amplitude of the latter oscillating integral is a smooth function with a suffi-
ciently small support.
Thanks to the Morse lemma, there exists a neighbourhood R, x R,, X R,, x U of the origin
and a diffeomorphism
(X1, 29,51,m) = (X1(y, 72, 51,1m), 22, 51,7)
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such that the phase function F(X; + x1(x9, s1,7), T2, 51,7n) is reduced to the form
Fl(Xl(y> T2, S1, 77) + 1’1(1’2, S1, 77)a Ta, 81, 77) = j:yQ + F1(1'1(£132, S1, 77)7 T2, 51, 77)’
and the sign at y? coincides with sgn (%(0,0,0)) and (X7(0,-,-,-) = 0. Hence, for the
1
oscillating integral I, we have

I, =|Hess f(21(x2, 51, T]>’x27n)|qei§3Fl(xl(53273177])»152,31:77)

./6iif3y2a(X1(y7m2751777)+x1(x2781777)’x27n)
R

(9X1(y, T2, 81, 77)
dy

dy.

Now we employ the standard stationary phase method [7], to obtain

I, =|Hess f(x1 (2, 51,7), x2777)|qei£3F1(931(9E2,81,77)72?2781ﬂ7)

2r 4, N 1
. e ’59”(55)4a:£,5, +0 _ :
(st 2o O e

8)(1(07 T2, S1, T])
Jdy

where

a(zs, s1,m) = a(z1(x2, 51,1), 2, 1)

As a result, for the oscillating integral ﬁ;({ , Tg) we have:

ﬁé(é, .TQ) :1 | %ei<iZSQn(§3)+§3F1(x1(x2781777)7x2751777)>

1
- [Hess f(x1(x2, 51,1), 2, n)|%a(z2, s1,m) + O (E) :

where
Fi(z1(2, 51,n), T2, 51,M) = $121(72, 51,1) + f(21(22, 51,7), T2, 71).
This completes the proof. n

Corollary 2. Let f(x1,x9,n) satisfies the assumptions of Propositz’on then there exists a
neighbourhood of the zero Vi x U C R?* x R™ such that, as q > 1, the integral [, satisfies the
asymptotic formula:

. |21 misgn (1000 ¢,
1q(§) = @64 ot

'/€i£3(F1(Il(IQ’Sl’n)’xQ’SlHS?xQ)’Hessf(ﬂh(l’m51,77):$2,77)’qa(1’2751,U)dl’z

+O(|£i|) as €] — +o0),

where
a(z2, s1,m) := a(x1(xa, $1,7), 2,n)d(x2, $1,7).

Here ¢ is some smooth function being O <%> uniformly with respect to the small parameters

n.
This corollary follows immediately Proposition
The next lemma is proved by straightforward calculations, see [15].

Lemma 3.1. Let F(xq,x2,51,52,m) be a smooth function depending on the parameters
(s1,52,m) and
F, (0,0,0,0,0) =0, F}; (0,0,0,0,0) # 0.
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If 11 = x1(x9, 51, 52,7) 15 a smooth solution of the equation F), (x1,x2,51,52,1m) = 0, then the
second derivative of the function F(x1(xs,s1,S2,1),Ta,S1,S2,m) with respect to xo obeys the
following identity:
O?F(1(x2, 51, 52,1), T2, 51, 52, 1) _ Hess F'(z1(22, 51, 52,1), T2, 51, 52, 1)
8:)5% - 02 F (z1(22,51,52,1),22,51,52,1)
0x3

Since Hess F}(x1, z2, s1,n) = Hess f(x1,x2,7n), then by Lemma we have:

32F1($1($2, 51,1M), T2, 51) o Hessf(v1(xa, 51,7), T2)

ax% - 82f($1(-732751777)7x2777)
ox?

Hence, it is sufficient to consider the behavior of the following one-dimensional oscillating
integral with the damping factor:

I,(&3) = /€i§3(F1(x2781’")+x252)5(x2731777)|F{'(932731777)|qu2a (3.3)

where )

Erll
and Fi(xq,s1,n) is an analytic function. If Fj(xs,s;,n) is a polynomial, then by Oberliner
theorem [2], as ¢ > 3, for integral (3.3)) we obtain:

6(952751,77) = CL(:L‘2751,7’])| (331(952751#7)»452)‘(1

1
L(&) =0 —
(&) <| o

In what follows, we shall prove an analogue of Oberliner theorem for analytic functions; this
theorem is of an independent interest. The proof of main theorem is reduced to problem
on estimating one-dimensional oscillating integrals with an arbitrary analytic phase depending
on the parameters, which is a more general result. As D.M. Oberliner showed [2], a similar
statement fails for the functions in the class C'*°.

> as |€5] — o0.

4. PROOF OF THEOREM [.2]

Now we consider the following one-dimensional oscillating integral:

14(&s) :/eiw(@’")a(%,n)\F"(mzm)!qdwz, (4.1)

where F(xq,7) is real-analytic function in the vicinity of zero W x U C R x R™ satisfying the
conditions F'(x2,7n) # 0, F'(0,0) = 0 and a(z2,n) € C3°(W x U).

We begin with an auxiliary lemma.

Lemma 4.1. Let F(xy,m) a function real-analytic on the set W x n=Y(U). Then for each

point y° € 7=1(U) there ewists a neighbourhood w C R™ such that for each q > %, the integral
1,(&3) satisfies the following estimate

[14(&3)| < Cllat, y)llv
q 2L

where w C R™ is a corresponding neighbourhood of the origin in R™.

Y

Proof. In the proof, we employ a covering of the set 7~1(U) by finitely many neighbourhoods
wj of the points y/ € 7~ 1(U).
Let ° be some fixed point in 771(U). Since p®(¢* = ¢ (1)052(y) . . . 2 (y)) is bounded in
some neighbourhood of the point ¢°, the function Fi(zs,y) reads as
Fi(z2,y) = ¢ Fa(22,y),
where Fy(x2,y) = b(z2, y)p(z2, y).
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It follows from Lemmathat for each point 1° € Y of this manifold there exists a coordinate
neighbourhood w such that Fy(xs,%) is a function real-analytic at the point (0,¢°) and the
condition holds Fy(xo,9°) # 0. This is why we can apply a Weierstrass preparation theorem to
the function Fy(zs,y).

We note that ¢* is bounded in the neighbourhood w. Employing Proposition 2.1 in work [4]
and applying standard methods for the analysis for ¢ > %, we arrive at the following estimate:

C
[14(&3)] < —7-
€32
Since 771(U) is a compact set, reproducing the above arguing for each set wj, we get estimate

([£.2). Finally, these local estimates allow us to obtain the desired estimate for 7=*(U). The
proof is complete. O

(4.2)

Now we are going to prove the following proposition.

Proposition 2. Let F(x9,n) be afunction real-analytic at zero. Then there exists a neigh-
bourhood W x U C R x R™ of the origin such that for each real number q > %, the following

estimate holds true:
Cllally

€]z

Proof. 1f the function F'(x9,n) satisfies the assumptions of the Weierstrass preparation theo-
rem [I6], that is, F'(z2,0) # 0, then we obtain the result of work [4] since in this case the
function F'(x9,0) has a singularity of type Ax. This condition is equivalent to the following: at
the point 2, = 0, the function F} (x2,0) has a root of multiplicity & < oo under the condition
F; (0,0) =0.

We consider the case, when the function F'(z3,7) does not satisfy the assumptions of the
Weierstrass preparation theorem [16]. More precisely, we consider the case, when F(z2,0) =0
although F' # 0. We note that as it was shown in the classical work by W. Osgood [I7), Sect.
2], no analogues of Weierstrass theorem holds in this case.

In the case, when F'(x3,7) is analytically continued to the set C x B, where B C C™ is
some ball centered at the origin, we can employ Lemma 3 of work [12]. However, as the Osgood
counterexample indicates [I7, Sect. 2], in the general case, Lemma 3 in work [12] fails. However,
we can employ Lemma ﬁ since F'(xq,n) is a non-zero real analytic function on the set W x U
and F'(0,0) = 0. Then, applying Lemma , we construct a manifold Y and a proper analytic
mapping 7 : Y — U such that in local coordinates, the function F'(xs, 7(y)) reads as

Fz,m(y)) = 1" (1)° () - - on (9)b(22, y)p(22, ),
where p(xq,y) is a pseudo-polynomial and ¢(y) are local coordinates. In this case, for each
point y° € Y there exist local coordinates (¢, ..., @) centered at this point and obeying the

conditions ¢;(y°) =0, j = 1,...,m. We suppose that 7~1(U) C Y is some compact set on a
real-analytic manifold Y.
Therefore, integral (4.1)) reads as

I4(&s) = /6i53F1(332’y)a($2,y)|F{’($27y)lqdfcm (4.3)

[14(&s)] <

where

Fi(z,y) = &7 () @05° () - - on (Y)b(22, y)p(22, ).

Since 7 : Y +— U is a proper analytic mapping [13], we apply Lemma and standard
methods from the analysis and this proves Proposition [2 Indeed, according Lemma for
each point y° € 7=1(U) there exists a coordinate neighbourhood V' centered at the point 3°
such that F'(zy,7(y)) is written as

Fxg,m(y)) = 1" (1)w2* () - - o (9)b(w2, y)p(72,9),
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where b(z9,y) is a real-analytic function and b(zq,y) # 0 for each point (z2,y) € W x w and
p(z2,y) is unitary pseudo-polynomial.

Thus, we have the needed estimate as (x2,7) € W x w. Since 7~(U) is a compact set,

there exists a finite covering 7=!(U) C U;V:1 w; and neighbourhoods W; of the zero such that

in W; x w; we have the desired estimate. Finally, redenoting W := ﬂ;vzl W, # @, we get the
desired estimate in W x U and this completes the proof. O]

o

* N

10.
11.
12.
13.

14.
15.

16
17

Proposition [2] completes the proof of Theorem [I.2]

In conclusion, the author expresses his deep gratitude to the referee for valuable remarks.
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