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GROUP CLASSIFICATION AND SYMMETRY REDUCTION
OF THREE-DIMENSIONAL NONLINEAR
ANOMALOUS DIFFUSION EQUATION

R.K. GAZIZOV, A.A. KASATKIN, S.YU. LUKASHCHUK

Abstract. The work is devoted to studying symmetry properties of a nonlinear anomalous
diffusion equation involving a Riemann-Liouville fractional derivative with respect to the
time. We resolve a problem on group classification with respect to the diffusion coeffi-
cient treated as a function of the unknown. We show that for an arbitrary function, the
equation admits a seven-dimensional Lie algebra of infinitesimal operators corresponding
to the groups of translations, rotations and dilations. In contrast to the symmetries of the
equations with integer order derivatives, the translation in time is not admitted. Moreover,
the coefficients of the group of dilations are different. If the coefficient is power, the admis-
sible algebra is extended to a eight-dimensional one by an additional operator generating
the group of dilatations. For two specific values of the exponent in the power, the algebra
can be further extended to a nine-dimensional one or to a eleven-dimensional one and at
that, additional admissible operators correspond to various projective transformations. For
the obtained Lie algebras of symmetries with dimensions from seven to nine, we construct
optimal systems of subalgebras and provide ansatzes for corresponding invariant solutions
of various ranks. We also provide general forms of invariant solutions convenient for the
symmetry reduction as the fractional Riemann-Liouville derivative is present. We make a
symmetry reduction on subalgebras allowing one to find invariant solutions of rank one.
We provide corresponding reduced ordinary fractional differential equations.

Keywords: fractional derivatives, symmetry reduction, optimal system of subalgebras,
nonlinear fractional diffusion equation.
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1. INTRODUCTION

Many modern mathematical models employ the techniques of fractional integration and dif-
ferentiation for describing the memory effects or nonlocal interactions in a considered me-
dia [1], [2], [3]. In particular, under certain conditions, the fractional order derivatives can be
applicable for the models of filtration in a soil or in complex oil and gas reservoirs. Many of the
considered models, both classical and fractional-differential, involve essential nonlinearities in
the equations [4], [5]. Almost all existing methods for the equations with fractional derivatives
are either numerical or approximate analytic. One of the most developed direction in studying
of nonlinear equations is the studying of their symmetry properties [6], [7]. These methods
can be also adapted for studying equations with fractional order derivatives, see, for instance,
survey [§].
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In the present work we consider a three-dimensional nonlinear anomalous diffusion equation
with a fractional derivative in time of the form

oDiu = (E(u)uz)s + (K(w)uy)y + (K(u)uz)z, € (0,1)U(1,2). (1)

In particular, such equation can be obtained while considering the filtration in a porous media
with a modified Darcy law [9)].
A fractional derivative of Riemann-Liouville type is defined by the identity

1 dm u(w, X)
JDu(t, x) = X g m—1 , N (2
Su(t, x) F(m—a)dtm/(t—w)a“—m m <a<m m € (2)

For equation (/1)) we solve the problem of a group classification with respect to the function
k(u). In the limiting case o = 1, by the identity ,D}u = u;, this equation becomes a classical
nonlinear heat equation, and the results of the group classification for the latter equation are
well-known [10], see also [11]. The results on the group classification for one-dimensional version
of equation with symmetry reductions were provided in [12]. In the present work we consider
only nonlinear equations assuming that &’(u) # 0. Symmetry properties and conservations laws
for equation were considered in work [13], however, an essential part of the obtained results
was wrong and the problem on the group classification is still topical.

For the obtained Lie algebras of the symmetries of dimensions from seven to nine we construct
optimal systems of subalgebras and find the substitutions for constructing invariant solutions.
We consider the cases of symmetry reductions for invariant solutions of rank 1.

2.  GROUP CLASSIFICATION OF NONLINEAR ISOTROPIC FRACTIONAL DIFFERENTIAL
ANOMALOUS DIFFUSION EQUATION

The problem on group classification for equation is solved up to equivalence transforma-
tions [6], [7], which can be found similar to symmetries [14] and read as

t_:52t7 j:7I+617 y:’yy+627 22724_637 ﬂ:P% ]5:72572(1]{:7 (3)

where B, 52, 03, 7,0 € R, p > 0. We observe an important feature: opposite to the classical
heat equation, the equivalence transformations for the fractional equation do not involve the
translation in the variable u.

The symmetries of equation are defined by the infinitesimal generators

0 0 0 0 0
X — 1> 2 7 3 7 . 4
P TR = wi s (4)
and are sought in a linear autonomous form [8], [15]:
= 1(0) + nayuw, Ny = ¢(t>-fl7a Y, Z)a Ny = gD(.T,y, Z) + (O{ - 1)02t7
and here we apply the prolongation formula to fractional derivatives.
The determining equation for the functions 0, (i = 1,2,3), ¢ and ¥ becomes
oDf (1) + [p — aCy — (14 @) Cot] [(Uaw + tyy + uzz)k + (u) + vl + ul)K']
— (G + Coz + Ca3)k — 2(Cuuee + Gouy + Gauz )k (6)
— [0+ (¢ + (o = D)Cot)u][(tae + uyy + wz2)kK + (w2 +ul + u2)k"] =0,
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where
G =y + peu+ (o + (o — 1)Cot — 0))u, — 02u, — O2u,,
G =Yy + pyu — Q;UI + (o + (a—1)Cyt — Oi)uy — quz,
<3 = wz + YU — eiuz - eguy + (90 + (Oé - 1>02t - eg)uza
Cll = wzx + Pzl + (29090 - Hal;z)uw - Hixuy - Hizuz—f_
+ (o + (a0 = 1)Cot — 200 Yty — 20204y — 2020,
C22 = wyy + Pyyh — Q;yuﬂc + (2901/ - ng)uy - nguz
— 20, uqy + (@ + (o — 1)Cat — 207 )1y, — 20,1,
— 202u,, + (¢ + (a — 1)Cst — 20%)u..
By splitting @ with respect to ug,, uy, and u.. we arrive at the equations
Y+ (a — 1)Ostu + pu + [a(Ch + 2C5t) — 201 K (u) = 0,
U+ (o — 1)Caotu + pu + [a(Cy + 205t) — 207 K (u) = 0, (7)
Y+ (a — 1)COytu + pu + [a(Cy + 2Cyt) — 20 K (u) = 0,
where K(u) = k(u)/k'(u). By differentiating these equations with respect to u we are led
to the classifying relation K” = 0, which turns out to be identical to the classifying relation
for classical heat equation [6]. As a result, up to equivalent transformations , we find the
following cases for k(u) # const:
I. k(u) is an arbitrary function,
I. k(u) = e,
. k(u) = (u+ B)?, o # 0.
In Case I, by we find

C=0, =0, =0 0 =6=0=2Cp (8)
In Case II we have
!
In Case Il we get the equations
ob = Blow—2Cst),  0) =62 =8 = S(aCy + 1), (10)

at that Cy #£ 0 only as 0 = 12_—aa
The splitting of @ with respect to the mixed variables ug,, u,. and u,, gives rise to the
equations

02+0,=0, 6:+0.=0, 6 +67=0. (11)

2 2

The splitting with respect to u?2, Uyyy S, Ugly, Uzlz, Uy, produces the differential implications

of the above obtained equations.
The splitting with respect to u,, u,, u, gives

K (u)(2¢s = 05y — 0y, — 022) + 2(¢0 + pou) =0,
K(u)(2¢y — 07, — 05, — 02.) + 2(¢y + pyu) =0, (12)
K(u)(2p. — 03, — 05, — 02.) + 2(4. + p.u) = 0.

The equation remaining after the splitting reads as

0 DiY = (Ve + Yy + V22)k + (Pox + Pyy + 922 ) uk. (13)
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The group classification is completed by finding the solution to system of obtained equations
—. At that, by straightforward calculations we show that Case I does not extend the
group of point transformations admitted by equation , while in Case I the group extends
only as B = 0, and here one more particular k(u) = w5 arises. We summarize the obtained
results in the following statement.

Lemma 1. Assuming that k'(u) # 0, in the case of an arbitrary function k(u) nonlinear
equation possesses a seven-dimensional Lie algebra of point symmetries with the basis

X1_37 X2:£7 X3:£7 X4:y£_zg7

ox dy 0z 0z oy (14)
X —zg—zg Xe = — ﬁ+x£ X —zt2+x£+ 2—ir,z2
T "o Tz 6= Vor oy’ T atot o yay 0z

In the case of a power dependence k(u) = u®, o # 0, the algebra is extended to an eight-
dimensional one by the operator

o o 0
Xg=u—— —t—. 15
ST %% oot (15)
At that, in the particular case o = 12_—“a, there is an additional extension of the algebra to a

nine-dimensional one with the operator

0 0
Xo=t"— — (1 — a)tu— 1
o= o — (1 - et (16)
and in the case o = —% the extension is made up to an eleven-dimensional algebra with the
operators
0 0 0 0
Xo= (" +2*—2®)— — 20y — 202 + bou-—
o= )8x :Cyay x28z+ ow
0 0 0 0
Xio = (22 4+ 22 — ) =— — 20y— — 2yz— + Byu— 17
0= (z"+2 y)ay Y7~ rg- + Syug -, (17)
0 0 0 0
X = (2 + 12 — 22— — 232— — 2yz— + Hau—.
n=(x"+vy Z)az T2y yzay+ U

There are no other cases for the considered nonlinear equation when the Lie algebra of symme-
tries extends.

Comparing the results of the performed classification with the classification results of the
classical three-dimensional nonlinear heat equation [6], we see that they are very close. The
presence of the fractional derivative just changes the coefficients in the dilation operators X7,
Xgs. However, the dimension of the admissible Lie algebra of symmetries for the fractional
differential equations becomes less by one since the translation in time is not admitted. At
that, we find a case, when the generator of projective group is admitted, which is not the
case for the classical heat equation.

3. OPTIMAL SYSTEM OF SUBALGEBRAS OF LIE ALGEBRA OF SYMMETRIES

For a systematic studying of invariant solutions to diffusion equation (1) we need to construct
an optimal system of subalgebras for the admissible Lie algebra of operators. This allows us
to exclude equivalent cases from the consideration, that is, the cases reducible one to another
by means of the transformations admitted by the equation. Each symmetry of the equation
generates an inner automorphism of the Lie algebra of the admitted operators. The optimal
system is a set of the representatives from each class formed by elements reducible one to
another by the automorphisms of the subalgebras.

We proceed to constructing an optimal system of subalgebras of Lie algebra Lg with the basis
Xi,...,Xg. We employ a two-step algorithm proposed in [16], see also [7], which is based on
using the structure of the algebra. For a three-dimensional nonlinear diffusion equation of an
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integer order with a power coefficient, an optimal system was constructed for a similar system
in work [17], but the results can not be easily employed.
The commutators for the algebra Lg are given in Table

Table 1: Table of commutators

X1 Xo X3 | Xy X5 Xe | Xy X3 Xy
X; 10 0 0 0 X3 X5 X, 0 0
Xs |0 0 0 X3 0 X1 | Xo 0 0
X310 0 0 X, X 0 X3 0 0
X410 —X3 X5 0 —Xe¢ Xj5 0 0 0
X5 | X3 0 —X1 | Xg 0 —-X410 0 0
Xe | —Xo Xj 0 —X5 X4 0 0 0 0
X1 -X7 X9 —X5310 0 0 0 0 %Xg
Xz |0 0 0 0 0 0 0 0 2 Xy
a—1
2 2
X9 |0 0 0 0 0 0 ——Xo X9 |0
o l—«

It is easy to see that the algebra L; with the basis Xi,..., X7 can be represented as a
semi-direct sum of the subalgebra L, and an Abelian ideal J3:

Ly =Ly &Js, Ly={Xy, X5 X6, X7}, J3={X1, X5, X3}

In the case of the power form of the coefficient k(u) = u?, the algebra of the admissible operators
is extended up to Lg:

Ls = L; ® {Xs},

and an one-dimensional subalgebra {Xg} is a center of Lg. And finally, as 0 = 2a//(1 — «), the
operator Xy is added to the admissible algebra generating its one-dimensional ideal:

Lg - Lg @{Xg}

Each of the operators X; € L generates an inner automorphism A; of the studied algebra L.
It can be constructed as a solution to the Cauchy problem
dX _ .
— =[X;, X], X = X; 18
da [ ] ‘ a=0 ( )

at that, the unknowns are the transformations of the coefficients of the operator k;(a) in the
original basis: X = Z?:l ki(a)X;, k;j(0) = k;.

It is convenient to write the inner automorphisms for the widest Lie algebra Lg; for the sake
of brevity we provide only changed coefficients:

Ay i ky =k +arky, ko= kot atks, k3= ks — aiks,

Ay i ky = k1 —arks, ko = ko + asks, k3= k3 + asky,

A3 : /i?l = kl + a3k5,_ kg = kg — CL3/€4, kg = k’3 + CL3]€7,

Ay @23 = O ka3, /_€56 = O1ksg,

As @13 = Oqk3, /§46 = Ok,

Ag : kg = Oszkia,  ky5 = Ozkys Y

A7 i ky = arky, ke = azks, k3 = arks, ko= (%) , ar # 0,

7
Ag : ];39 = agk?g, ag > 0,

_ 2 2
Ag!k9:k9+( k?g——k7) ag.
-« Q
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In Ay — Ag we adopted the following notations for the vector of the coefficients and for the
rotation matrix:

A Oi:( cos(a;) sin(ai))‘

—sin(a;) cos(a;)

While constructing an optimal system of subalgebras for the symmetry reduction, to the
group of inner automorphisms we add discrete automorphisms generated by reflection of the
coordinate axes x — —x, y — —vy, 2 — —z; as a result, the initial restriction a; > 0 in Ay is
omitted. However, the change ¢ — —t influences the integration domain and this is why it is
not admitted.

An optimal system of subalgebras is constructed by employing classical algorithms [16], [7]
demonstrated in details in [17]: the coordinates of the basis are written as a matrix and
are maximally simplified by inner automorphisms, linear transformations and by checking the
subalgebra conditions.

An optimal system ©(L,) is known [18] and can be constructed easily:
O(Ly): 11: Xy, 12: Xs, 13:Xi49X7, 7 >0,
©3(Ly4) :  no two-dimensional subalgebras, 19)
O3(Ly): 3.1: Xy, X5, X,

@4([/4) : 4.1: X4,X5,X67X7.

To minimize the arbitrariness in the choice of the representatives, one usually impose a
normalization condition: together with a subalgebra K € ©(L), the optimal system should
also contain its normalizator Nory K, which is the maximal subalgebra in L, for which K is
ideal.

In many cases it is convenient to employ cylindrical and spherical coordinate systems for
constructing invariant solutions. Hereinafter

R= /224 y%+ 22, r=\y?+ 22, rcosp =1, rsing = z.

In Table 2 we provide a constructed optimal system of subalgebras ©(Lz); for each subalgebra
we give a general form of an invariant solution to equation obtained from the invariants of
the subalgebra in the case when the invariants involve wu.

Table 2: Optimal system ©(L7)

no. | Subalgebra | Projection in L4 | Nory. K | Form of invariant solution
1.1 4 - 3.7 ot x,y* + 2%)

1.2 7 - 4.1 |o(ta=?e ty=2e 122
1.3 447 - 21 | v(yp—1In(r), ta=?" L)
14 1 0 5.1 v(t,y, z)

1.5 1+4 1.1 2.1 vz — o, y% + 22 t)

2.1 4,7 - 21 o (ta™/* L)

2.2 2,3 0 5.1 v(t, x)

2.3 1,4 1.1 3.7 v(t,r)

2.4 1,7 1.2 3.7 vty 2 /y)

2.5 1,4 4+~7 1.3 3.7 | v(tr=? yp —1Inr)

3.1 4,5,6 - 4.1 v(t, R)

3.2 1,2,3 0 7.1 v(t)

3.3 1+4,2,3 1.1 4.2 v(t)

3.4 2,3,4 1.1 5.1 v(t, x)

3.5 2,3,7 1.2 45 | o(te?e)

36| 2,3,44~7 1.3 45 | o(ta?)
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3.7 1,4,7 2.1 3.7 |u(tr=¥e)
4.1 4,5,6,7 - 41 v (tRY)
4.2 1,2,3,4 1.1 51 o)

4.3 1,2,3,7 1.2 71 |c

4.4 1,2,3,4+47 1.3 51 |c

4.5 2,3,4,7 2.1 45 | o(te?e)
51| 1,2,3,4,7 2.1 510 |c

6.1] 1,2,3,4,5,6 3.1 71 (@)
711(1,2,3,4,5,6,7 4.1 71 ¢

We employ a brief writing: {X;, X, X3, X4 + 7X7} are denoted as 1,2,3,4 + v7. We also
introduce arbitrary constants v > 0, A # 0, u € R.

The optimal system O (Ls) includes subalgebras of two types: all elements ©_1(L7) with
an added operator Xg, and also subalgebras constructed from O(L7) by adding terms with Xy
to each operator followed by simplification and checking the subalgebra conditions. In Table
we list additional elements ©(Lg) in comparison with ©(L7).

Table 3: Optimal system ©O(Lg) as extension of ©(L7)

no. Subalgebra Projection in L7 | Nory, K | Form of invariant solution
1.6 8 0 8.1 t=v(x,y, 2)

1.7 4+~8 1.1 412 | ePu(te”?/Y x y? + 2?)
1.8 7+ A8 1.2 5.2 |zt (taloAD/e L 2)

1.9 4+ ~7 + 48 1.3 3.8 | ahv (te”“;z”w,g,w_lnx)
1.10 1+8 1.4 5.3 | t7¥ou(te”? y, 2)

1.11 1+4+198 1.5 3.10 | ePu(te? 1/ x — p,y? + 2?)
2.6 4,8 1.1 4.12 |ty (x,y* + 2?)

2.7 7.8 1.2 52 | t¥ogtoy (L)

2.8 4+4~7,8 1.3 3.8 | t7*2%y (yo —In(r), %)
2.9 1,8 1.4 6.2 |t77u(y, 2)

2.10 1+4,8 1.5 310 |t (r,x — )

2.11 4,74 28 2.1 3.8 (tx g )

212 | 448,74+ u8 2.1 3.8 |ty (m a%#,g)
2.13 2+8,3 2.2 4.7 | evu (tea?, x)

2.14 1,4+~8 2.3 412 | e¥u (tew?,r)

2.15 1+8,4+18 2.3 310 | emPPu (tea™9) r)

2.16 1,74+ 8 2.4 412 | o (ty¥, z/y)

217 | 1,4+~T+ A8 2.5 412 | My (tr“af” o —In r)
3.8 4,7,8 2.1 3.8 | a¥otloy (L)

3.9 2,3,8 2.2 6.2 | t~u(x)

3.10 1,4,8 2.3 412 [ t=/7u(r)

3.11 1,7,8 2.4 412 |ty loy(z/y)

3.12 1,44+~7,8 2.5 412 | t=r2oy(yp —Inr)

3.13 1+8,2,3 3.2 5.3 | e*w (te%)

314 1+4+418,2,3 3.3 53 | e (te’)

3.15 2,3,4+~8 3.4 6.2 |t7%/7u(x)

316 2.3,7 4+ A8 35 56 | 2t (m”ﬁ)
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317| 2,34 447 + A8 3.6 56 | aMv (m
3.18 1,4,7+ 28 3.7 412 | o (tr” J2)
3.19| 1,4+18,7+ 48 3.7 412 | @iy (tr”{%%>
4.6 4,5,6,8 3.1 52 [t=/7y(R)
4.7 1,2,3,8 3.2 81 |t/

4.8 1+4,2,3,8 3.3 53 |t/

4.9 2,3,4,8 3.4 6.2 | t~u(x)
4.10 2,3,7,8 3.5 5.6 | ct—/og?e
4.11 2,3,44+77,8 3.6 5.6 | ct—/og?e
4.12 1,4,7,8 3.7 4.12 | ctolop2le
4.13 4,5,6,7 + A8 3.8 52 | RM(ER™SY)
4.14 1,2,3,4 + 18 4.1 6.2 |t/

4.15| 1+8,2,3,4+78 4.2 5.3 |ct™o/

4.16 1,2,3,7+ A8 4.3 81 | ctNE=oN
4171 1,2,3,44+~7+ A8 4.4 6.2 | ctMEr=oN
418 | 2,3,4,7+ )8 45 56 | 2w (tx”*a‘g
419 2,3,4+78,74 u8 4.5 5.6 | ct~/og?
5.2 4,5,6,7,8 4.1 52 |t ol"R°
5.3 1,2,3,4,8 4.2 6.2 |t/

5.4 1,2,3,7,8 4.3 81 | —

5.5 1,2,3,4+ 47,8 4.4 62 | —

5.6 2,3,4,7,8 4.5 5.6 |t~y
5.7 1,2,3,4,7+ A8 4.6 6.2 | ctoM @M
5.8 |1,2,3,44~8, 7+ u8 4.7 6.2 —

6.2 1,2,3,4,7,8 5.1 62 | —

7.2 1,2,3,4,5,6,8 6.1 81 |eto/°

73 11,2,3,4,5,6,74+ \8 7.1 81 | ctoM =N
81| 1,2,3,4,5,6,7,3 7.1 81 | —

Optimal system O (Lo) is constructed in a same way. We observe that Xg corresponds to an
ideal but not to the center of the algebra as Xg. As a result, the term k9 Xy in one of the basis
infinitesimal operator can be excluded by an inner automorphism Ag under the conditions

k2 + k3 #£0,
In Table {4| we list subalgebras ©(Lg) of the dimension up to 4 not contained in O(Lg).

Table 4: Optimal system ©(Lgy) as extension of O(Ls)

no. | Subalgebra Form of invariant solution
1.12 |9 t* oz, y, 2)

1.13 |4+9 to— Ly (a: T, 1+¢t>

1.14 |74 X8 v(y, ’1+tz

1.156 |1+4+4+9 to‘*lv (r,x ©, 1+<Pt>

116 | 7+128+9 to-lpaty (xe T yett, ei%>
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1.17 4+77+1?Ta’}/8:tg e 1$ a U(lit’yfllnx77g0_lnx7 %)
2.18 4,9 t*to(z,r)
2.19 | 7,9 o lp ey (L, 2)
2.20 |44 4¢7,9 ta_1x2(1;a>v ('ygp —Inzx, %)
221 [ 1,9 t*u(y, 2)
222 |1+4,9 t*lo(r,x — @)
2.23 | 8,9 —
224 [4418,9 t* e v (z, 1)
2.25 | 7T+ 8,9 o lg?em2Ay (2 2)
2.26 | 4+~7+ 8,9 o1y e 22y (L yp — Inx)
227 |1+38,9 t* e~ (y, 2)
228 | 14+4+8,9 te~ ey (r,x — @)
229 |2+9,3 o1y (a, th)
230 |1,4+9 oy (r, =4 1+tso
2.31 | 149,4 t* o (r, 15)
a—1 t
232 1+9,4+9 t v T,m
2.33 4 7 + 1__‘)‘8 +9 ta_le’U (lﬂ:ttlnr7 lzl:ttlnx’ )
2.34 4—|—9 7+ 8—|—,u9 T lxav $,m
235 | 1,741 8:|:9 15y (ga, —I:I:tlnr)
2.36 [ 1409, 7+M8 1o (i, 1)
2.37 | 1,4+77+ 129849 ta=1p 15y m,’ygp—lnr
2.38 | 149,447 + 10@¥al g | o1 B35, (L o —Iny)
3.21 12,3,9 t*ou(z)
322 | 1,4,9 oLy (r)
3.23 |1,7,9 1oLy 50 (2 )
3.24 | 1,44~7,9 125y (v — In )
3.25 |4,8,9 —
3.26 |7,8,9 —
3.27 [4+17,8,9 —
3.28 | 1,8,9 —
3.29 | 144,8,9 —
3.30 [ 4,7+ 8,9 te1g2/a=2=2y (r /1)
3.31 [4+18,7+u8,9 tolemreg?/a=2=1y (v /)
3.32 | 248,3,9 o le vy (z)
3.33 | 1,4+18,9 to~ e v (r)
3.34 | 1+8,4+18,9 t*tem %y (r)
3.35 | 1,7+ 8,9 tely?/e=2=2 g (2 /y)
3.36 | 1,44+~7+ X8,9 toe1p2/a=2=M7 g (4 — In7)
337 |149,2,3 HoY(t/H), H =1+ tx
338 |14+4+9,23 HY(t/H), H =1+ tx
339 |2,3,449 o Ly(z)
3.40 [2,3,7+ 19849 z e H YW (t/H) , H =1+t
341 |2+49,3,7+ 1mo)talg 2= @+a)/ o) fro—ly (tx /H) H = 1+ ty
342 2,3 4+77+71 “8:&79 v H YW (t/H) , H=1+thz
343 | 1,4,7+ 19849 rra Ho b(t/H),H =1+ tlnr
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3.44: [ 1,4+ 9,7+ 128 4 19 rra Ho b (t/H), H=1+ (ulnr + @)t
3.45 | 1+9,4,7+ 1=0)2tag p(1=0)(2+)/(20) fo=1y (tr /H) | H = 1 + t
120 [4,5,6,9 “Tu(R)
421 [1,2,3,9 !
422 [1+4,2,3,9 cto!
4.23 [2,3,4,9 !
424 2,3,7,9 cto—1p 205
4.25 2,3,4+~7,9 o105
426 1,4,7,9 ol 2T
4.27 14,7,8,9 —
4.28 12,3,8,9 —
4.29 1,4,8,9 —
430 |1,7,8,9 —
431 | 1,44~7,8,9 —
4.32 | 1+8,2,3,9 ct*le®
433 |1+4+78,2,3,9 ol
4.34 12,3,4+8,9 —
4.35 | 2,3,7+ A8,9 ctotg?/am2=A
4.36 |2,3,44+97+ X8,9 cto g2 a=2=2y
4.37 [1,4,7+ X8,9 ctolp2/a=2=2
4.38 | 1,44 48,7+ 18,9 ctotp2lam2mne=e
439 [1,2,3,4+9 cto!
440 [1+49,2,3,449 cto!
441 |1+49,2,3,4+9 ct*!
442 |4,5,6,7+ 128 +9 R““H*w(t/H),H=1+tInR
443 1,2,3,7+ 19849 cto-let s
444 | 149,2,3,7+ Ume)@ralg | @it (g ) et
445 [1,2,3,4 497+ 71228 £ 79 | cto Lt
446 | 1+9,2,3, At T (1 ) T
4+ ")/7 + 7(1—&3&2—&-&)8
447 2,3,4,7+ 12984+ 9 v Ho Y (t/H) , H =1+t
448 |2,3,4 4+ 79,7+ 198 4 p9 | et S

4. SYMMETRY REDUCTIONS

Subalgebras of small dimensions up to three allow one to construct only invariant solutions
of rank two or three, that is, to reduce the equation to a partial differential equation with
less number of variables. The resolving of such equations is a complicated problem and in the
present work we do not consider it.

As an illustration, we make a symmetry reduction on the subalgebra 2.1 { X, X;}. Then the
corresponding substitution
Y2+ 22

)
even to the simplest linear equation Dfu = ug, + u,, + u,. leads us to a rather complicated
although linear reduced equation for v(7,p):

Diu = 4p(p + L)vy, + (6p + 4)v, + 8~ 7pur, +4a”* 10, + 210 (1 + 27 oy

In what follows we consider invariant solutions of rank 1, for which the symmetry reduction
produces ordinary differential equations with integer or fractional derivatives.

u=wv(t,p), T:ta:_Q/“, p=
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While making symmetry reduction for subalgebras in ©(L7), ©(Lg), the most common form
of the invariant solution is

u(x,t) = h(x)v(r), 7=tg(x), x=(v,y,2)". (20)
Then by the change of variables in integral we easily get the relation
Di'u = h(x)g®(x)Dv(T). (21)
In the particular case
u(x,t) =ov(r), T="1tg9(x), (22)

after substitution into and in view , we get the following form of the reduced equation
Vgl? A
gaDgU — ’ gg‘ (fU” + f/(v/)2)7_2 + 7gf1},7'.

We note that employing other equivalent forms of invariant solution can lead to the presence
of other fractional derivatives in the reduced equations. For instance, if we choose the form
u = v(t~*/?z) instead of u = v(tz~%), the resulting equation involves Erdélyi-Kober operators
), (19, [20).

Many subalgebras of optimal system lead to the same form of solutions due to the coincidence
of the invariants.

The equations arising in constructing invariant solutions of rank 1 are given in Table [5

Table 5: Results of symmetry reduction for subalgebras
©(L7) in the case of arbitrary function k(u)

Subalgebras Substitution | Reduced equation
3.2,3.3,4.2,6.1 | v(t) D=0, v=ct*"
4 2 2
3.5,3.6,4.5 v(ta=2/) D2v = —7° (kv" 4+ (V')?K) + m—_;—)TkUI
Q a
4 4
3.7 v(tr=2®) D2v = =7 (kv" 4+ (V')K) + =7kt
Q Q
41 RZ/a Da 74 2k// /2k'/ 2<2_a)]€,
: v(t ) TU—ET(ij(U) )—1—77’@

For the equation with the power coefficient there are additional forms of reduced equations,
which are given in Table [0}

Table 6: Results of symmetry reduction for subalgebras

©(Lg) in the case k(u) = u”

no. | Substitution Reduced equation
3.8 | z¥ot=w(r/z) | (T2 4+ 1) (v70" + ov® 1 (v')?) + (% — 27 (1 + %)) vou' 4
42 (1 + _) o+1 _ _T'(l-o/o) S0 = 0

Fl—a—a/o
—ajo 2 n _  T(l-a/o) 20
3.9, t U(QZ') U(U) +ov F(l—a—a/U) =0
3.15,
4.9
3.10 | t=*/7u(r) vV 4 o7 (V) 4 2o F(Fl(_l;—%v:0

3.1 | oy ou(zfy) | (14 %) (V70" + ov7 1(1}) ) — (14 2) 2070+
_|_2(1_|_ ) o+l _ _Td-a/o)

Fl—a—a/o)
3.12 t—a/UTZ/UU(h) (’Y +1)( T g 1(,0 )2)_
h=~p—1Inr (UH) (ovo0 —vott) — —F{I(E;fgjl)v =0
3.13 | e (te™/®) D%y = g—2 2(v70" 4+ ov7 (V) +

-
2a(0 + 1) + o)tV + (00 + 1)v !
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3.14 | v (ter7v/@) D%y = i (07" 4+ ov (v ) )+
+2 (2a(0—|— 1) 4+ o)1v70" + (o + 1)7*0 7t

3.16, | ztv (tfrjﬂa_2) Dv = M7'2( "+ ov (v ’)2)
4.18 +22=2 QN0+ 1) — 1+ 222) 7070 + A2 (0 + 1 — A )7 *!
317 | Mrw (txﬂav%) Dv = % (V7" + ov (' )2)+

—i—’\” ol (2)\(0 +1)—~v+ Ao— 2”’) TV —I— (0 +1—v/X)vott
3.18 [ w (trﬂaﬁ) Doy = MT (V7" + ov"H(v')?) +
ao=2 2 (2M\(o 4+ 1) 4+ 222) 7070 + A2 (0 + 1)o7+

3.19 | e¥riv (th) Doy = m 2 (70" + ov?H(V)?) + (2 + p?) (o + 1ot
h=roat S +5 (V4 1) (200 + 20+ 0)o + 4 — dp(ao + a + o)) 7oV

46 | t7/7u(R) o(v')? Yot 200" /R — l(la—o‘/of;)g)v%" =0

413 | R(RTS?) | Dov = 252502 (090 4 gt (v)2) +

a0=2 g (2)\(U+1)+1+)‘” 2) To70 + Ao 4+ 1+ Aot

We observe that for all subalgebras containing the operator X, the corresponding solutions
are of form u = t=*/°v(h(x,y, z)); after the reduction, these solutions produce ordinary differ-
ential equations with no fractional derivatives. As it was shown in [12], many of such equations
are integrable in quadrature.

All subalgebras containing subalgebra 2.2 (the operators Xs, X3) generate invariant solutions
of the one-dimensional nonlinear anomalous diffusion equation. These are, for instance, 3.2 —
3.6,3.9,3.13 — 3.17. In these cases the reduced equations coincides with ones obtained in
work [12].

It is easy to see that in other cases, the reduced equations for invariant solutions of rank 1
are of the form similar to [12]:

D% = A(v7v" 4 v (v')?) + Brov + O™, (23)
except the cases of reducing to the equations with no fractional derivatives.
We proceed to employing subalgebras O(Lg) not contained in ©(Lg). They allow to construct
new invariant solutions as k(u) = u?, o0 = 2a/(1 — «).
If such subalgebra contains X as a basis operator (3.21-3.36, 4.20-4.38), one of the invariants
becomes ut®~! and we obtain an analogue of stationary solution t*~'v(x,y, z), for which the

left hand side of the equation vanishes. In all other cases, to make a symmetry reduction by
combining the invariants of subalgebras we succeed to choose the form of invariant solution

_ tA(x)
t — h 1 t a—l = —
e t) = hx)(1+ t9(x))"0(r). 7= o
and to employ then the relations
D = p(x) X (x)(1 + tg(x))~ = D%u(7),

Diu = p(x)A" (x)(M(x) — mg(x))**Dv(r)
obtained by the change of variables in integral .

Table 7: Results of symmetry reduction for subalgebras
O(Lg) except the solutions of form t*~'v(x) in the case
k(u) =u?, 0 =2a/(1 — «)

no. \ Form of solution and reduced equation
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3.37, | H* W(t/H),H =1+ tx

3.38 | D% = 74 (v7v" + ov”H(V')?) 4+ 2(a + 2) T30 + (1 — o) (a + 2) 720!
340, |z H* W (t/H)), H=1+tlhz

3.42, | D% = 74 (v70" + v L (V')?) + (a + 2) (27 — 1/a) 7?00 +

4.47 —l—l(y—za((oz +2)ar(ar — 1) + 1)t
341 | gU-0CH)/Co) o=ty (12 /H) H =1+ ty
Dv =72(12 + 1) (v + ov” L (V)?) + (o + 2)(272 + <) 2070+

4 (1=a)(at2) ?{f?ﬁ) (4’7 + a? + a + 2)v° !

3.43 | et Hol (t/H), H=1+tlnr

D2v =7 (v + ovH(v')?) 4+ 2 ((a + 2)7 F &) 72070+
+2 ((a+2)a?T? F2(a + Dar + a + 1)o7 !

344 [ r s Ho W (t/H), H=1+ (ulnr+ @)t

D2v = (pi* + D)7t (070" + o (V)?) + 2 ((1? + 1) (e + 2)7 — p&) 72070+
+2 (1 + Do+ 2)a’7? — 2u(a + )at + a + 1)o7t

345 | r(=0)C+ra)/Ca =1y (tr /H), H =1+tx

Doy = 74 (v7v” + av" '(W)?) + L 2a(a + 2)7% + & + da + 2)Tv v+
+—<1 @) (40272 4 (o + 1) (a + 2))v7 !

o R (t/H), H=1+tlhR

D%y = T (v + av”‘l(v %) + (2(r + 2)7 F 2982) 7270+

H((a+2)a?7? F Ba+2)ar + 2a + 1)o7t

For Subalgebras 3.37-3.40, 3.42, 4.47 the described solutions are independent of y, z; the
reduced equations coincide with ones obtained in [12].
We observe that all reduced equations in Table [7] are of the form

D¢v = (A7? + B)7? (v"0" + ov” ' (V)?) + (C7* + D1 + E)70°v' + (F7° + GT + H)v" ™.

Invariant solutions of rank 0 are constructed on the base of subalgebras of dimension 4 and
greater. According to Tables 2, 3, 4, most part of such solutions are power functions. They
also correspond to exact power solutions of reduced equations for solutions of rank 1.

CONCLUSION

The group classification made in the present work and the procedure of symmetry reduction
demonstrates the possibility of applying classical algorithms of the group analysis of differential
equations to a systematic study of nonlinear equations with fractional derivatives and several
independent variables. The results agree with earlier results for the one-dimensional model.

The constructed optimal systems of subalgebras and the forms of invariant solutions can be
applicable for other three-dimensional models with fractional derivatives. We succeed to avoid
main difficulties of constructing reduced equations like changing the limits and a type of the
operator of fractional differentiation by choosing an appropriate form of the invariant solution.
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