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SOME RELATIONS FOR UNIVERSAL

BERNOULLI POLYNOMIALS

M.C. DAĞLI

Abstract. In this paper, we consider a generalization of the Bernoulli polynomials,
which we call universal Bernoulli polynomials. They are related to the Lazard
universal formal group. The corresponding numbers by construction coincide with the
universal Bernoulli numbers. They turn out to have an important role in complex
cobordism theory. They also obey generalizations of the celebrated Kummer and
Clausen–von Staudt congruences.
We derive a formula on the integral of products of higher-order universal Bernoulli

polynomials. As an application of this formula, the Laplace transform of periodic
universal Bernoulli polynomials is presented. Moreover, we obtain the Fourier series
expansion of higher-order universal Bernoulli function.
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1. Introduction

The higher-order Bernoulli polynomials 𝐵
(𝛼)
𝑛 (𝑥) are usually defined by means of the following

generating function: (︂
𝑡

𝑒𝑡 − 1

)︂𝛼

𝑒𝑥𝑡 =
∞∑︁
𝑛=0

𝐵(𝛼)
𝑛 (𝑥)

𝑡𝑛

𝑛!
.

For 𝛼 = 1, they are reduced to classical Bernoulli polynomials 𝐵𝑛(𝑥). The rational numbers
𝐵𝑛 = 𝐵𝑛(0) are called classical Bernoulli numbers.
As it is well known, the Bernoulli polynomials play important roles in different areas of

mathematics such as number theory, combinatorics, special functions and analysis.
This paper is primarily concerned with a very large class of Bernoulli polynomials. Let us

consider the formal logarithm group defined over the polynomial ring Q [𝑐1, 𝑐2, . . .] and the
formal power series

𝐹 (𝑠) = 𝑠 + 𝑐1
𝑠2

2
+ 𝑐2

𝑠3

3
+ . . . .

Let 𝐺(𝑡) be its compositional inverse (the formal exponential group):

𝐺(𝑡) = 𝑡− 𝑐1
𝑡2

2
+
(︀
3𝑐21 − 2𝑐2

)︀ 𝑡3
6

+ . . .

Some relations for universal Bernoulli polynomials.
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The universal higher-order Bernoulli polynomials 𝐵𝐺
𝑛,𝛼(𝑥) introduced in [13] and later discussed

in [11] and [14] are defined as(︂
𝑡

𝐺(𝑡)

)︂𝛼

𝑒𝑥𝑡 =
∞∑︁
𝑛=0

𝐵𝐺
𝑛,𝛼(𝑥)

𝑡𝑛

𝑛!
𝑥, 𝛼 ∈ R, 𝛼 ̸= 0. (1.1)

As 𝛼 = 1 and 𝑐𝑖 = (−1)𝑖, we have 𝐹 (𝑠) = log (1 + 𝑠), 𝐺(𝑡) = 𝑒𝑡 − 1 and the universal higher-
order Bernoulli polynomials and numbers reduce to the classical ones. The numbers 𝐵𝐺

𝑛,1(0)
coincide with the universal Bernoulli numbers defined by Clarke in [4]. For brevity, we denote
𝐵𝐺

𝑛,1(𝑥) = 𝐵𝐺
𝑛 (𝑥) and 𝐵𝐺

𝑛,𝛼(0) = 𝐵𝐺
𝑛,𝛼.

Because of the generality of definition of universal Bernoulli polynomials, they do not provide
many fundamental properties unlike classical case. For example, the higher-order Bernoulli

polynomial 𝐵
(𝛼)
𝑛 (𝑥) is skew symmetric about 𝑥 = 1

2
, but there is no symmetry in the universal

case, and no obvious root as 𝑛 > 1 and 𝑛 is odd.
By construction, for any choice of the sequences {𝑐𝑛}𝑛∈N they represent a class of Appell

polynomials. It means that these polynomials possess the following differential property

𝑑

𝑑𝑥
𝐵𝐺

𝑛,𝛼(𝑥) = 𝑛𝐵𝐺
𝑛−1,𝛼(𝑥) as 𝑛 ∈ N ∖ {0}. (1.2)

The universal Bernoulli numbers provide extensions of the celebrated Kummer and Clausen–
von Staudt congruences [1] and general Almkvist–Meurman–type congruences [14]. In [12], it
was shown that interesting realizations of polynomials (1.1) can be constructed by means of
finite operator theory introduced by G.C. Rota [10]. Relations between the universal formal
group and the theory of 𝐿-series were established in [11, 13].
In this paper, we deduce an explicit formula for the following type integral

𝑥∫︁
0

𝐵𝐺
𝑛1,𝛼1

(𝑏1𝑧 + 𝑦1) · · ·𝐵𝐺
𝑛𝑟,𝛼𝑟

(𝑏𝑟𝑧 + 𝑦𝑟) 𝑑𝑧.

Since this formula is also valid for the Appell polynomials, the earlier results obtained by Liu,
Pan and Zhang [9], Hu, Kim and Kim [7], Agoh and Dilcher [3] are direct consequences of
the derived formula. As an application of our formula, we present the Laplace transform of
periodic universal Bernoulli polynomials. Furthermore, we obtain the Fourier series of higher-

order universal Bernoulli function 𝐵
𝐺

𝑚,𝑟(𝑥).

2. Results

2.1. Integral of products of 𝑟 universal Bernoulli polynomials. In this subsection we
describe the integral of products of several universal Bernoulli polynomials.

Theorem 2.1. Let 𝑏1, . . . , 𝑏𝑟, 𝑦1, . . . , 𝑦𝑟 be arbitrary real numbers obeying 𝑏𝑠 ̸= 0, 1 6 𝑠 6 𝑟,
and ̂︀𝐼𝑛1,...,𝑛𝑟(𝑥; 𝑏; 𝑦) = ̂︀𝐼𝑛1,...,𝑛𝑟(𝑥; 𝑏1, . . . , 𝑏𝑟; 𝑦1, . . . , 𝑦𝑟)

=
1

𝑛1! · · ·𝑛𝑟!

𝑥∫︁
0

𝑟∏︁
𝑠=1

𝐵𝐺
𝑛𝑠,𝛼𝑠

(𝑏𝑠𝑧 + 𝑦𝑠) 𝑑𝑧,

̂︀𝐶𝑛1,...,𝑛𝑟(𝑥; 𝑏; 𝑦) = ̂︀𝐶𝑛1,...,𝑛𝑟 (𝑥; 𝑏1, . . . , 𝑏𝑟; 𝑦1, . . . , 𝑦𝑟)

=
1

𝑛1! · · ·𝑛𝑟!

(︃
𝑟∏︁

𝑠=1

𝐵𝐺
𝑛𝑠,𝛼𝑠

(𝑏𝑠𝑥 + 𝑦𝑠) −
𝑟∏︁

𝑠=1

𝐵𝐺
𝑛𝑠,𝛼𝑠

(𝑦𝑠)

)︃
.
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Then,

̂︀𝐼𝑛1,...,𝑛𝑟(𝑥; 𝑏; 𝑦) =

𝜇∑︁
𝑎=0

(−1)𝑎
∑︁

𝑗1+···+𝑗𝑟−1=𝑎

(︂
𝑎

𝑗1, . . . , 𝑗𝑟−1

)︂
𝑏𝑗11 · · · 𝑏𝑗𝑟−1

𝑟−1 𝑏
−𝑎−1
𝑟

· ̂︀𝐶𝑛1−𝑗1,...,𝑛𝑟−1−𝑗𝑟−1,𝑛𝑟+𝑎+1(𝑥; 𝑏; 𝑦)

+
(−1)𝜇+1

(𝑛 + 𝜇 + 1)!

𝑥∫︁
0

(︃
𝑟−1∏︁
𝑠=1

𝐵𝐺
𝑛𝑠,𝛼𝑠

(𝑏𝑠𝑧 + 𝑦𝑠)

)︃(𝜇+1)

𝐵𝐺
𝑛𝑟+𝜇+1,𝛼𝑟

(𝑏𝑟𝑧 + 𝑦𝑟) 𝑑𝑧,

where
(︀

𝜇
𝑛1,...,𝑛𝑟

)︀
are the multinomial coefficients defined by(︂

𝜇

𝑛1, . . . , 𝑛𝑟

)︂
=

𝜇!

𝑛1! · · ·𝑛𝑟!
, 𝑛1 + · · · + 𝑛𝑟 = 𝜇 and𝑛1, . . . , 𝑛𝑟 > 0.

In particular, if 𝜇 = 𝑛1 + · · · + 𝑛𝑟−1, we have

̂︀𝐼𝑛1,...,𝑛𝑟(𝑥; 𝑏; 𝑦) =

𝜇∑︁
𝑎=0

(−1)𝑎
∑︁

𝑗1+···+𝑗𝑟−1=𝑎

(︂
𝑎

𝑗1, . . . , 𝑗𝑟−1

)︂
𝑏𝑗11 · · · 𝑏𝑗𝑟−1

𝑟−1

· 𝑏−𝑎−1
𝑟

̂︀𝐶𝑛1−𝑗1,...,𝑛𝑟−1−𝑗𝑟−1,𝑛𝑟+𝑎+1(𝑥; 𝑏; 𝑦). (2.1)

Proof. Let

𝑓(𝑧) = 𝐵𝐺
𝑛1,𝛼1

(𝑏1𝑧 + 𝑦1) · · ·𝐵𝐺
𝑛𝑟−1,𝛼𝑟−1

(𝑏𝑟−1𝑧 + 𝑦𝑟−1) .

We have

1

𝑛𝑟!

𝑥∫︁
0

𝑓(𝑧)𝐵𝐺
𝑛𝑟,𝛼𝑟

(𝑏𝑟𝑧 + 𝑦𝑟) 𝑑𝑧 =

[︂
1

𝑏𝑟 (𝑛𝑟 + 1)!
𝑓(𝑧)𝐵𝐺

𝑛𝑟+1,𝛼𝑟
(𝑏𝑟𝑧 + 𝑦𝑟)

]︂𝑥
0

− 1

(𝑛𝑟 + 1)!

𝑥∫︁
0

𝑓 ′(𝑧)𝐵𝐺
𝑛𝑟+1,𝛼𝑟

(𝑏𝑟𝑧 + 𝑦𝑟) 𝑑𝑧.

Integrating 𝜇 times by parts, we get:

1

𝑛𝑟!

𝑥∫︁
0

𝑓(𝑧)𝐵𝐺
𝑛𝑟,𝛼𝑟

(𝑏𝑟𝑧 + 𝑦𝑟) 𝑑𝑧 =

𝜇∑︁
𝑎=0

(−1)𝑎

(𝑛𝑟 + 𝑎 + 1)!

[︀
𝑓 (𝑎)(𝑧)𝐵𝐺

𝑛𝑟+𝑎+1,𝛼𝑟
(𝑏𝑟𝑧 + 𝑦𝑟)

]︀𝑥
0

+
(−1)𝜇+1

(𝑛𝑟 + 𝜇 + 1)!

𝑥∫︁
0

𝑓 (𝜇+1)(𝑧)𝐵𝐺
𝑛𝑟+𝜇+1,𝛼𝑟

(𝑏𝑟𝑧 + 𝑦𝑟) 𝑑𝑧.

(2.2)

By virtue of the property of a derivative

(𝑓1 (𝑧) · · · 𝑓𝑚 (𝑧))(𝑎) =
∑︁

𝑗1+···+𝑗𝑚=𝑎

(︂
𝑎

𝑗1, . . . , 𝑗𝑚

)︂
𝑓1

(𝑗1) (𝑧) · · · 𝑓 (𝑗𝑚)
𝑚 (𝑧) ,

and (1.2), we arrive at the statement of the theorem. The proof is complete.

As a consequence of this theorem, we have the following reciprocity relation for Bernoulli
polynomials, which generalizes [3, Prop. 2].
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Corollary 1. For all 𝑛,𝑚 > 0, we have
𝑛∑︁

𝑎=0

(−1)𝑎
(︂
𝑚 + 𝑛 + 1

𝑛− 𝑎

)︂
𝑏𝑎1𝑏

−𝑎−1
2 𝐵𝐺

𝑛−𝑎,𝛾 (𝑏1𝑥 + 𝑦1)𝐵
𝐺
𝑚+𝑎+1,𝛽 (𝑏2𝑥 + 𝑦2)

−
𝑚∑︁
𝑎=0

(−1)𝑎
(︂
𝑚 + 𝑛 + 1

𝑚− 𝑎

)︂
𝑏𝑎2𝑏

−𝑎−1
1 𝐵𝐺

𝑚−𝑎,𝛾 (𝑏2𝑥 + 𝑦2)𝐵
𝐺
𝑛+𝑎+1,𝛽 (𝑏1𝑥 + 𝑦1)

=
1

𝑏𝑚+1
1 𝑏𝑛+1

2

𝑚+𝑛+1∑︁
𝑎=0

(−1)𝑚+1−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑎1𝑏

𝑚+𝑛+1−𝑎
2 𝐵𝐺

𝑚+𝑛+1−𝑎,𝛾 (𝑦1)𝐵
𝐺
𝑎,𝛽 (𝑦2) ,

(2.3)

where 𝑏𝑙 (𝑏𝑙 ̸= 0) and 𝑦𝑙 (1 6 𝑙 6 𝑟) are real numbers.

Proof. In view of the definition of the integral ̂︀𝐼𝑛1,...,𝑛𝑟(𝑥; 𝑏; 𝑦), we see that the left hand side of
(2.1) is invariant under interchanging the order of the integrands. We begin by writing the left
hand side of (2.1) for 𝑟 = 2:

𝑛∑︁
𝑎=0

(−1)𝑎
(︂
𝑚 + 𝑛 + 1

𝑛− 𝑎

)︂
𝑏𝑎1𝑏

−𝑎−1
2

·
(︀
𝐵𝐺

𝑛−𝑎,𝛾 (𝑏1𝑥 + 𝑦1)𝐵
𝐺
𝑚+𝑎+1,𝛽 (𝑏2𝑥 + 𝑦2) −𝐵𝐺

𝑛−𝑎,𝛾 (𝑦1)𝐵
𝐺
𝑚+𝑎+1,𝛽 (𝑦2)

)︀
=

𝑚∑︁
𝑎=0

(−1)𝑎
(︂
𝑚 + 𝑛 + 1

𝑚− 𝑎

)︂
𝑏𝑎2𝑏

−𝑎−1
1

·
(︀
𝐵𝐺

𝑚−𝑎,𝛾 (𝑏2𝑥 + 𝑦2)𝐵
𝐺
𝑛+𝑎+1,𝛽 (𝑏1𝑥 + 𝑦1) −𝐵𝐺

𝑚−𝑎,𝛾 (𝑦2)𝐵
𝐺
𝑛+𝑎+1,𝛽 (𝑦1)

)︀
.

(2.4)

Now we can get the reciprocity relation for sums of products of universal Bernoulli polynomials
as follows. Let

𝑇 :=
𝑛∑︁

𝑎=0

(−1)𝑎
(︂
𝑚 + 𝑛 + 1

𝑛− 𝑎

)︂
𝑏𝑎1𝑏

−𝑎−1
2 𝐵𝐺

𝑛−𝑎,𝛾 (𝑦1)𝐵
𝐺
𝑚+𝑎+1,𝛽 (𝑦2)

−
𝑚∑︁
𝑎=0

(−1)𝑎
(︂
𝑚 + 𝑛 + 1

𝑚− 𝑎

)︂
𝑏𝑎2𝑏

−𝑎−1
1 𝐵𝐺

𝑚−𝑎,𝛾 (𝑦2)𝐵
𝐺
𝑛+𝑎+1,𝛽 (𝑦1) .

This can be rewritten as

𝑇 =
𝑛∑︁

𝑎=0

(−1)𝑛−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑛−𝑎
1 𝑏𝑎−𝑛−1

2 𝐵𝐺
𝑎,𝛾 (𝑦1)𝐵

𝐺
𝑚+𝑛+1−𝑎,𝛽 (𝑦2)

−
𝑚∑︁
𝑎=0

(−1)𝑚−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑚−𝑎
2 𝑏𝑎−𝑚−1

1 𝐵𝐺
𝑎,𝛾 (𝑦2)𝐵

𝐺
𝑚+𝑛+1−𝑎,𝛽 (𝑦1) .

(2.5)

Without loss of generality we assume that 𝑛 > 𝑚; in this case we split the first sum in (2.5)
sum into two sums, one is from 0 to 𝑚 and the other is from 𝑚 + 1 to 𝑛:

𝑚∑︁
𝑎=0

(−1)𝑛−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑛−𝑎
1 𝑏𝑎−𝑛−1

2 𝐵𝐺
𝑎,𝛾 (𝑦1)𝐵

𝐺
𝑚+𝑛+1−𝑎,𝛽 (𝑦2)

=
𝑚+𝑛+1∑︁
𝑎=𝑛+1

(−1)𝑚+1−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑎−𝑚−1
1 𝑏𝑚−𝑎

2 𝐵𝐺
𝑚+𝑛+1−𝑎,𝛾 (𝑦1)𝐵

𝐺
𝑎,𝛽 (𝑦2)

and
𝑛∑︁

𝑎=𝑚+1

(−1)𝑛−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑛−𝑎
1 𝑏𝑎−𝑛−1

2 𝐵𝐺
𝑎,𝛾 (𝑦1)𝐵

𝐺
𝑚+𝑛+1−𝑎,𝛾 (𝑦2)
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=
𝑛∑︁

𝑎=𝑚+1

(−1)𝑚+1−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑎−𝑚−1
1 𝑏𝑚−𝑎

2 𝐵𝐺
𝑚+𝑛+1−𝑎,𝛾 (𝑦1)𝐵

𝐺
𝑎,𝛽 (𝑦2) .

Hence, we have

𝑇 =
1

𝑏𝑚+1
1 𝑏𝑛+1

2

𝑚+𝑛+1∑︁
𝑎=0

(−1)𝑚+1−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑎1𝑏

𝑚+𝑛+1−𝑎
2 𝐵𝐺

𝑚+𝑛+1−𝑎,𝛾 (𝑦1)𝐵
𝐺
𝑎,𝛽 (𝑦2) . (2.6)

The latter identity and (2.4) give the desired result, i.e., the reciprocity relation for sums of
products of universal Bernoulli polynomials. The proof is complete.

Remark 1. If we start from the left-hand side of (2.3) and argue as in the proof of (2.6),
the right hand side of (2.3) turns into

1

𝑏𝑚+1
1 𝑏𝑛+1

2

𝑚+𝑛+1∑︁
𝑎=0

(−1)𝑚+1−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑎1𝑏

𝑚+𝑛+1−𝑎
2 𝐵𝐺

𝑚+𝑛+1−𝑎,𝛾 (𝑏1𝑥 + 𝑦1)𝐵
𝐺
𝑎,𝛽 (𝑏2𝑥 + 𝑦2) .

This implies that for all 𝑥,

𝑚+𝑛+1∑︁
𝑎=0

(−1)𝑎𝑚 + 𝑛 + 1𝑎𝑏𝑎1𝑏
𝑚+𝑛+1−𝑎
2 𝐵𝐺

𝑚+𝑛+1−𝑎,𝛾 (𝑏1𝑥 + 𝑦1)𝐵
𝐺
𝑎,𝛽 (𝑏2𝑥 + 𝑦2)

=
𝑚+𝑛+1∑︁
𝑎=0

(−1)𝑎
(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑎1𝑏

𝑚+𝑛+1−𝑎
2 𝐵𝐺

𝑚+𝑛+1−𝑎,𝛾 (𝑦1)𝐵
𝐺
𝑎,𝛽 (𝑦2) .

Letting 𝛾 = 𝛽 = 1, 𝑦1 = 𝑦2 = 0 in Corollary 1, we arrive at

𝑛∑︁
𝑎=0

(−1)𝑎
(︂
𝑚 + 𝑛 + 1

𝑛− 𝑎

)︂
𝑏𝑎1𝑏

−𝑎−1
2 𝐵𝐺

𝑛−𝑎 (𝑏1𝑥)𝐵𝐺
𝑚+𝑎+1 (𝑏2𝑥)

−
𝑚∑︁
𝑎=0

(−1)𝑎
(︂
𝑚 + 𝑛 + 1

𝑚− 𝑎

)︂
𝑏𝑎2𝑏

−𝑎−1
1 𝐵𝐺

𝑚−𝑎 (𝑏2𝑥)𝐵𝐺
𝑛+𝑎+1 (𝑏1𝑥)

=
1

𝑏𝑚+1
1 𝑏𝑛+1

2

𝑚+𝑛+1∑︁
𝑎=0

(−1)𝑚+1−𝑎

(︂
𝑚 + 𝑛 + 1

𝑎

)︂
𝑏𝑎1𝑏

𝑚+𝑛+1−𝑎
2 𝐵𝐺

𝑚+𝑛+1−𝑎𝐵
𝐺
𝑎 .

Remark 2. A relationship between the reciprocity relation of the Bernoulli polynomials or
Euler polynomials and the reciprocity formulae for generalized Dedekind sum 𝑇𝑟(𝑐, 𝑑) or Hardy–
Berndt sums 𝑠3,𝑟(𝑐, 𝑑) and 𝑠4,𝑟(𝑐, 𝑑) was established in [5], [6]. Furthermore, recently, the integral
of the product of arbitrary many Euler polynomials was found and by using such formula, several
reciprocity relations between the special values of Tornheim’s multiple series were obtained by
M.S. Kim [8]. In view of this, Corollary 1 may be related to generalized Dedekind sum of the
form

𝑠𝐺𝑟 (𝑐, 𝑑) =
𝑑∑︁

𝑛=1

𝐵1

(︁𝑛
𝑑

)︁
𝐵

𝐺

𝑟

(︁𝑐𝑛
𝑑

)︁
,

where 𝐵
𝐺

𝑟 (𝑥) = 𝐵𝐺
𝑟 ({𝑥}) and 𝐵1(𝑥) are universal Bernoulli function and ordinary Bernoulli

function, respectively. However, this type of Dedekind sum has not been properly defined and
considered yet, so it deserves a further study.
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2.2. Laplace Transform. In this subsection, we find the Laplace transform of 𝐵
𝐺

𝑛 (𝑡𝑢) by
means of (2.2).

Let Re 𝑠) > 0 and |𝑠/𝑡| < 𝑀, where 𝑀 is constant. By setting 𝑓(𝑢) = 𝑒−𝑠𝑢 and using 𝐵
𝐺

𝑛 (𝑡𝑢)
instead of 𝐵𝐺

𝑛𝑟,𝛼𝑟
(𝑢) in (2.2), we get

1

𝑛!

𝑥∫︁
0

𝑒−𝑠𝑢𝐵
𝐺

𝑛 (𝑡𝑢) 𝑑𝑢 =

𝜇∑︁
𝑎=0

𝑠𝑎𝑡−𝑎−1

(𝑛 + 𝑎 + 1)!

{︁
𝑒−𝑠𝑥𝐵

𝐺

𝑛+𝑎+1(𝑡𝑥) −𝐵
𝐺

𝑛+𝑎+1(0)
}︁

+
(︁𝑠
𝑡

)︁𝜇+1 1

(𝑛 + 𝜇 + 1)!

𝑥∫︁
0

𝑒−𝑠𝑢𝐵
𝐺

𝑛+𝜇+1 (𝑡𝑢) 𝑑𝑢.

(2.7)

Since the function 𝐵
𝐺

𝑚 (𝑢) = 𝐵𝐺
𝑚 (𝑢− [𝑢]) is bounded, the integrals in (2.7) converge absolutely

and 𝑒−𝑠𝑥𝐵
𝐺

𝑛+𝑎+1(𝑡𝑥) tends zero as 𝑥 → ∞. Then, letting 𝑥 → ∞, we have

1

𝑛!

∞∫︁
0

𝑒−𝑠𝑢𝐵
𝐺

𝑛 (𝑡𝑢) 𝑑𝑢 = − 𝑡𝑛

𝑠𝑛+1

𝜇∑︁
𝑎=0

𝐵𝐺
𝑛+𝑎+1(0)

(𝑛 + 𝑎 + 1)!

𝑠𝑛+𝑎+1

𝑡𝑛+𝑎+1

+
(︁𝑠
𝑡

)︁𝜇+1 1

(𝑛 + 𝜇 + 1)!

∞∫︁
0

𝑒−𝑠𝑢𝐵
𝐺

𝑛+𝜇+1 (𝑡𝑢) 𝑑𝑢.

(2.8)

Observe that the sum in (2.8) converges absolutely for |𝑠/𝑡| < 𝑀 as 𝜇 → ∞. Also the sequence

of the functions 𝑠𝜇𝐵
𝐺

𝜇 (𝑡𝑢) /𝜇!𝑡𝜇 converges uniformly in 𝑢 to zero under the assumption 𝐺 (𝑡) >

𝑒𝑡 − 1. Thus, letting 𝜇 → ∞ and using (1.1), we obtain the Laplace transform of 𝐵
𝐺

𝑛 (𝑡𝑢):

1

𝑛!

∞∫︁
0

𝑒−𝑠𝑢𝐵
𝐺

𝑛 (𝑡𝑢) 𝑑𝑢 = − 𝑡𝑛

𝑠𝑛+1

∞∑︁
𝑎=0

𝐵𝐺
𝑛+𝑎+1(0)

(𝑛 + 𝑎 + 1)!

𝑠𝑛+𝑎+1

𝑡𝑛+𝑎+1

=
𝑡𝑛

𝑠𝑛+1

(︃
𝑛∑︁

𝑎=0

𝐵𝐺
𝑎 (0)

𝑎!

𝑠𝑎

𝑡𝑎
−

∞∑︁
𝑎=0

𝐵𝐺
𝑎 (0)

𝑎!

𝑠𝑎

𝑡𝑎

)︃

=
1

𝑠

𝑛∑︁
𝑎=0

𝐵𝐺
𝑎 (0)

𝑎!

(︂
𝑡

𝑠

)︂𝑛−𝑎

− 𝑡𝑛

𝑠𝑛+1

𝑠/𝑡

𝐺 (𝑠/𝑡)
.

2.3. Fourier series. This section is devoted to Fourier series of higher-order universal

Bernoulli function 𝐵
𝐺

𝑚,𝑟(𝑥). From now on, 𝐽 denotes the ideal generated by all 𝑐𝑖 − 𝑐𝑖1 in
Q [𝑟] [𝑐1, 𝑐2, . . . , 𝑐𝑚] .

The higher-order universal Bernoulli polynomials satisfy the following relation [2]

𝐵𝐺
𝑚,𝑟(𝑥 + 1) −𝐵𝐺

𝑚,𝑟(𝑥) ≡ −𝑚𝑐1𝐵
𝐺
𝑚−1,𝑟−1(𝑥) (mod 𝐽) . (2.9)

Let us find the Fourier series expansion of 𝐵
𝐺

𝑚,𝑟(𝑥). We write

𝐵
𝐺

𝑚,𝑟(𝑥) =
∞∑︁

𝑛=−∞

𝐶(𝑟,𝑚)
𝑛 𝑒2𝜋𝑖𝑛𝑥.

The coefficients 𝐶
(𝑟,𝑚)
𝑛 can be found as

𝐶(𝑟,𝑚)
𝑛 =

1∫︁
0

𝐵
𝐺

𝑚,𝑟(𝑥)𝑒−2𝜋𝑖𝑛𝑥 =

1∫︁
0

𝐵𝐺
𝑚,𝑟(𝑥)𝑒−2𝜋𝑖𝑛𝑥
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=

[︂
1

𝑚 + 1
𝐵𝐺

𝑚+1,𝑟(𝑥)𝑒−2𝜋𝑖𝑛𝑥

]︂1
0

+
2𝜋𝑖𝑛

𝑚 + 1

1∫︁
0

𝐵𝐺
𝑚+1,𝑟(𝑥)𝑒−2𝜋𝑖𝑛𝑥

=
1

𝑚 + 1

(︀
𝐵𝐺

𝑚+1,𝑟(1) −𝐵𝐺
𝑚+1,𝑟(0)

)︀
+

2𝜋𝑖𝑛

𝑚 + 1
𝐶(𝑟,𝑚+1)

𝑛

≡ −𝑐1𝐵
𝐺
𝑚,𝑟−1(0) +

2𝜋𝑖𝑛

𝑚 + 1
𝐶(𝑟,𝑚+1)

𝑛 (mod 𝐽)

where we have used (2.9) for 𝑥 = 0. Replacing 𝑚 by 𝑚− 1, we get

𝐶(𝑟,𝑚−1)
𝑛 ≡ −𝑐1𝐵

𝐺
𝑚−1,𝑟−1(0) +

2𝜋𝑖𝑛

𝑚
𝐶(𝑟,𝑚)

𝑛 (mod 𝐽) .

Suppose that 𝑛 ̸= 0. Then, we get a chain of equivalences mod 𝐽 :

𝐶(𝑟,𝑚)
𝑛 ≡ 𝑚

2𝜋𝑖𝑛
𝐶(𝑟,𝑚−1)

𝑛 +
𝑚𝑐1
2𝜋𝑖𝑛

𝐵𝐺
𝑚−1,𝑟−1(0)

≡ 𝑚

2𝜋𝑖𝑛

(︂
𝑚− 1

2𝜋𝑖𝑛
𝐶(𝑟,𝑚−2)

𝑛 +
(𝑚− 1) 𝑐1

2𝜋𝑖𝑛
𝐵𝐺

𝑚−2,𝑟−1(0)

)︂
+

𝑚𝑐1
2𝜋𝑖𝑛

𝐵𝐺
𝑚−1,𝑟−1(0)

≡ 𝑚 (𝑚− 1)

(2𝜋𝑖𝑛)2
𝐶(𝑟,𝑚−2)

𝑛 +
𝑚 (𝑚− 1) 𝑐1

(2𝜋𝑖𝑛)2
𝐵𝐺

𝑚−2,𝑟−1(0) +
𝑚𝑐1
2𝜋𝑖𝑛

𝐵𝐺
𝑚−1,𝑟−1(0)

≡ 𝑚 (𝑚− 1)

(2𝜋𝑖𝑛)2

(︂
𝑚− 2

2𝜋𝑖𝑛
𝐶(𝑟,𝑚−3)

𝑛 +
(𝑚− 2) 𝑐1

2𝜋𝑖𝑛
𝐵𝐺

𝑚−3,𝑟−1(0)

)︂
+

𝑚 (𝑚− 1) 𝑐1

(2𝜋𝑖𝑛)2
𝐵𝐺

𝑚−2,𝑟−1(0) +
𝑚𝑐1
2𝜋𝑖𝑛

𝐵𝐺
𝑚−1,𝑟−1(0)

≡ 𝑚 (𝑚− 1) (𝑚− 2)

(2𝜋𝑖𝑛)3
𝐶(𝑟,𝑚−3)

𝑛 +
𝑚 (𝑚− 1) (𝑚− 2) 𝑐1

(2𝜋𝑖𝑛)3
𝐵𝐺

𝑚−3,𝑟−1(0)

+
𝑚 (𝑚− 1) 𝑐1

(2𝜋𝑖𝑛)2
𝐵𝐺

𝑚−2,𝑟−1(0) +
𝑚𝑐1
2𝜋𝑖𝑛

𝐵𝐺
𝑚−1,𝑟−1(0).

Proceeding as above, we obtain that

𝐶(𝑟,𝑚)
𝑛 ≡ 𝑚 (𝑚− 1) (𝑚− 2) . . . 2

(2𝜋𝑖𝑛)𝑚−1 𝐶(𝑟,1)
𝑛 + 𝑐1

𝑚−1∑︁
𝑘=1

(𝑚)𝑘
(2𝜋𝑖𝑛)𝑘

𝐵𝐺
𝑚−𝑘,𝑟−1(0) (mod 𝐽) , (2.10)

where (𝑥)𝑛 = 𝑥 (𝑥− 1) . . . (𝑥 − 𝑛 + 1). Using the identity 𝐵𝐺
1,𝑟(𝑥) = −𝑐1

(︁
𝑥− 𝑟

2

)︁
given in [2],

we can compute the coefficients 𝐶
(𝑟,1)
𝑛 in the last identity as follows:

𝐶(𝑟,1)
𝑛 =

1∫︁
0

𝐵
𝐺

1,𝑟(𝑥)𝑒−2𝜋𝑖𝑛𝑥 = −
1∫︁

0

𝑐1

(︁
𝑥− 𝑟

2

)︁
𝑒−2𝜋𝑖𝑛𝑥 =

𝑐1
2𝜋𝑖𝑛

.

Substituting this identity in (2.10) gives

𝐶(𝑟,𝑚)
𝑛 ≡ 𝑚!𝑐1

(2𝜋𝑖𝑛)𝑚
+ 𝑐1

𝑚−1∑︁
𝑘=1

(𝑚)𝑘
(2𝜋𝑖𝑛)𝑘

𝐵𝐺
𝑚−𝑘,𝑟−1(0)

≡ 𝑐1

𝑚∑︁
𝑘=1

(𝑚)𝑘
(2𝜋𝑖𝑛)𝑘

𝐵𝐺
𝑚−𝑘,𝑟−1(0) (mod 𝐽) .
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As 𝑛 = 0, we readily see that

𝐶
(𝑟,𝑚)
0 =

1∫︁
0

𝐵
𝐺

𝑚,𝑟(𝑥) =
1

𝑚 + 1

(︀
𝐵𝐺

𝑚+1,𝑟(1) −𝐵𝐺
𝑚+1,𝑟(0)

)︀
≡ −𝑐1𝐵

𝐺
𝑚,𝑟−1(𝑥) (mod 𝐽) .

This implies:

𝐵
𝐺

𝑚,𝑟(𝑥) =
∞∑︁

𝑛=−∞

𝐶(𝑟,𝑚)
𝑛 𝑒2𝜋𝑖𝑛𝑥

≡ −𝑐1𝐵
𝐺
𝑚,𝑟−1(𝑥) + 𝑐1

∞∑︁
𝑛=−∞

(︃
𝑚∑︁
𝑘=1

(𝑚)𝑘
(2𝜋𝑖𝑛)𝑘

𝐵𝐺
𝑚−𝑘,𝑟−1(0)

)︃
𝑒2𝜋𝑖𝑛𝑥

≡ −𝑐1𝐵
𝐺
𝑚,𝑟−1(𝑥) − 𝑐1

𝑚∑︁
𝑘=1

(𝑚)𝑘
𝑘!

𝐵𝐺
𝑚−𝑘,𝑟−1(0)

(︃
−𝑘!

∞∑︁
𝑛=−∞

𝑒2𝜋𝑖𝑛𝑥

(2𝜋𝑖𝑛)𝑘

)︃

≡ −𝑐1𝐵
𝐺
𝑚,𝑟−1(𝑥) − 𝑐1

𝑚∑︁
𝑘=2

(︂
𝑚

𝑘

)︂
𝐵𝐺

𝑚−𝑘,𝑟−1(0)𝐵𝑘(𝑥)

− 𝑐1𝑚𝐵𝐺
𝑚−1,𝑟−1(0)

{︃
𝐵1(𝑥) if𝑥 /∈ Z;

0 if𝑥 ∈ Z,

≡

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−𝑐1

𝑚∑︀
𝑘=0

(︀
𝑚
𝑘

)︀
𝐵𝐺

𝑚−𝑘,𝑟−1(0)𝐵𝑘(𝑥) if𝑥 /∈ Z;

−𝑐1
𝑚∑︀

𝑘=0
𝑘 ̸=1

(︀
𝑚
𝑘

)︀
𝐵𝐺

𝑚−𝑘,𝑟−1(0)𝐵𝑘(𝑥) if𝑥 ∈ Z,
(mod 𝐽) ,

where we have used the Fourier series expansion of ordinary Bernoulli function 𝐵𝑚(𝑥)

𝐵𝑚(𝑥) = − 𝑚!

(2𝜋𝑖)𝑚

∞∑︁
𝑛=−∞
𝑛 ̸=0

𝑒2𝜋𝑖𝑛𝑥

𝑛𝑚
, 𝑚 > 2,

and the fact

−
∞∑︁

𝑛=−∞
�̸�=0

𝑒2𝜋𝑖𝑛𝑥

2𝜋𝑖𝑛
=

{︃
𝐵1(𝑥) if𝑥 /∈ Z;

0 if𝑥 ∈ Z.

Thus, we have proved the following theorem.

Theorem 2.2. For 𝑚, 𝑟 > 2 and 𝑥 ∈ (−∞,+∞) , 𝐵
𝐺

𝑚,𝑟(𝑥) has the Fourier series expansion

𝐵
𝐺

𝑚,𝑟(𝑥) ≡ −𝑐1𝐵
𝐺
𝑚,𝑟−1(𝑥) + 𝑐1

∞∑︁
𝑛=−∞
�̸�=0

(︃
𝑚∑︁
𝑘=1

(𝑚)𝑘
(2𝜋𝑖𝑛)𝑘

𝐵𝐺
𝑚−𝑘,𝑟−1(0)

)︃
𝑒2𝜋𝑖𝑛𝑥 (mod 𝐽) .

Moreover, for 𝑥 ∈ (−∞,+∞)

𝐵
𝐺

𝑚,𝑟(𝑥) ≡ −𝑐1

𝑚∑︁
𝑘=0
𝑘 ̸=1

(︂
𝑚

𝑘

)︂
𝐵𝐺

𝑚−𝑘,𝑟−1(0)𝐵𝑘(𝑥) (mod 𝐽) ,

where 𝐵𝑘(𝑥) is the ordinary Bernoulli function.
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