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ON QUALITATIVE PROPERTIES OF SOLUTIONS TO
QUASILINEAR PARABOLIC EQUATIONS ADMITTING
DEGENERATIONS AT INFINITY

A.B. MURAVNIK

Abstract. We consider the Cauchy problem for a quasilinear parabolic equations p(z)u; =
Au+ g(u)|Vul?, where the positive coefficient p degenerates at infinity, while the coefficient
g either is a continuous function or have singularities of at most first power. These nonlin-
earities called Kardar—Parisi-Zhang nonlinearities (or KPZ-nonlinearities) arise in various
applications (in particular, in modelling directed polymer and interface growth). Also, they
are of an independent theoretical interest because they contain the second powers of the
first derivatives: this is the greatest exponent such that Bernstein-type conditions for the
corresponding elliptic problem ensure apriori Lso-estimates of first order derivatives of the
solution via the L.,-estimate of the solution itself. Earlier, the asymptotic properties of
solutions to parabolic equations with nonlinearities of the specified kind were studied only
for the case of uniformly parabolic linear parts. Once the coefficient p degenerates (at
least at infinity), the nature of the problem changes qualitatively, which is confirmed by
the presented study of qualitative properties of (classical) solutions to the specified Cauchy
problem. We find conditions for the coefficient p and the initial function guaranteeing the
following behavior of the specified solutions: there exists a (limit) Lipschitz function A(t)
such that, for any positive ¢, the generalized spherical mean of the solution tends to the
specified Lipschitz function as the radius of the sphere tends to infinity. The generalized
spherical mean is constructed as follows. First, we apply a monotone function to a solu-
tion; this monotone function is determined only by the coefficient at the nonlinearity (both
in regular and singular cases). Then we compute the mean over the (n — 1)-dimensional
sphere centered at the origin (in the linear case, this mean naturally is reduced to a clas-
sical spherical mean). To construct the specified monotone function, we use the Bitsadze
method allowing us to express solutions of the studied quasilinear equations via solutions
of semi-linear equations.

Keywords: parabolic equations, KPZ-nonlinearities, long-time behavior, degeneration at
infinity.

Mathematics Subject Classification: 35K59, 35K65

1. INTRODUCTION

Nowadays, the equations of the form p(x)% = Au, where p(x) > py > 0, as well as parabolic
equations of more general form can be regarded as a rather classical object: their complete the-
ory is constructed and deeply developed and this theory shows that these equations inherit the
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properties of their model object, the heat equation. This concerns both issues on well posed-
ness of boundary value problems for the mentioned equations and the qualitative properties of
their solutions including their specific properties, due to which there are principal differences
between these equations and equations of any other type.

The situation becomes essentially much complicated if we weaken the condition imposed for
the coefficient p: even if we replace the positive definiteness by a global strict positivity, the
coefficient gets a chance to degenerate at infinity being strictly positive at each point. In this
case, the equation can be parabolic at each point and even uniformly parabolic in each bounded
domain, but, for instance, the Cauchy problem in the half-space, the most important type of
problems in the parabolic theory, is no longer classical: the equation loses its type at infinity.
Due to the same reason one cannot guarantee the asymptotic properties of solutions specific
for classical parabolic theory.

At present, the study of parabolic equations with coefficients degenerating at infinity is far
from being complete, but for the linear case, important results were obtained in [I]. In particu-
lar, there were obtained analogues of classical results on stabilization of solutions although these
results have principal differences from the case of uniformly parabolic equations; for instance,
the stabilization is proven for the spherical means of solutions instead for solutions themselves.

In the present work, the mentioned results are extended for some quasilinear equations,
namely, the equations involving the square of the gradient of the uknown functions. Such
nonlinearities called Kardar-Parisi-Zhang nonlinearities (KPZ-nonlinearities) arise in various
applications (see, for instance, [2]-[14]) and they are also of independent theoretical interest.
The reason is that they involve the square of the derivative of the unknown function and as
it is known, see, for instance, [15]-[16], this is the maximal (limiting) exponent, under which
Bernstein-type conditions for the associated elliptic problem ensure apriori L..-estimates for
the derivatives of the solution in terms of the L.,-estimate of the solution itself.

Asymptotic properties of solutions to parabolic and elliptic equations with KPZ-nonlinearity
including singular equations were studied in [I7]—[24], but the case of the degeneration at infinity
was not studied before.

An essential part of the results of this work was presented on the International Mathematical
Conference on theory of functions dedicated to centenary of corresponding member of AS USSR
A.F. Leontiev, Ufa, May 2017. The author is grateful to the participants of the conference of
useful discussions encouraging a better understanding of the obtained results and improving of
their presentation.

The author is deeply grateful to A.L. Skubachevskii for a permanent attention to the work
and to V.N. Denisov for valuable remarks.

2. REGULAR COEFFICIENTS

Let n > 3, while p and u( be functions defined in R"™ such that p is positive and the function g
is continuous on the real axis. We assume that a bounded function u(z,t) satisfies the equation

p(x)a = Au+ g(u)|Vul?, zeR", te(0,+00), (1)

and the initial condition
o= up(r),  x€R", (2)
t=0
in the classical sense. Following [25], on the real line, we define a function f as follows:

roT T)dT
f(s)= eofg() dr. (3)
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Then

f (r)dr
f'(s) = egg >0,

that is, the introduced function f is strictly monotone and

765) = ()64’ that is, g<5>:§',’(<;).

We denote the function flu(z,t)] by v(x, t) and we calculate

()%_A”_ ﬁém]{ 6%]

=)o) 50— P VuP ~ f(w)du

—10 [l 5 - vl -

1w [p) 5 - Bu = g)vuP| <0

ot
Hence, the function v(z,t) satisfies the equation
ov n
()815 Av, rzeR", te(0,+0), (4)

in the classical sense. Moreover, the function v(z,t) is bounded thanks to the continuity of the

function g and the boundedness of the function w, and its trace on the hyperplane {t = 0} is

equal to a function f[ug(x)] % vo(2) bounded on the real axis.

t
Following [1], in R™ X (0, +00) we define the function V(z,t) = [v(z, 7)dr. We impose the
0
following conditions on the functions p and uy:

e The Poisson equation with the right hand side —p(z) possesses a solution bounded in R";
e There exists a constant », 0 < s < 1, such that p € CZH' (R") and f(uo) € CiZ. (R").

loc

Then, by [I, Th 1.1], there exists a Lipschitz function A on [0, 400) such that the relation

1
lim / V(x,t)do, =

R—oo Rn—1
|z|=R

n
nimz

holds for each positive t and the relation

l/fw%o—A@u%:o

|z[=R

lim
R—oo R™—

is satisfied uniformly in ¢ € [0, T for each positive T
Thus, the following statement is true.

Theorem 1. Let u(x,t) be a classical bounded solution of the Cauchy problem for equation
(1), where the coefficient g is continuous and the coefficient p(x) and the initial function ug(x)
satisfy the following conditions:

(i) The equation Aw + p(x) = 0 possesses a bounded in R™ solution;
(i) There exists a constant 3, 0 < s < 1, such that p € CI (R") and f(uo) € Cf

loc

(B").
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Then there ezists a Lipschitz function A on [0, +00) such that the relation

R—oo Rn—1
ek 0

lim — / ] f[u(x,T)]deam:Fz?g)A(t)

N3

holds for each positive t and the relation

li 1
Rglolo Rr—1

/ j Flu(z, P)dr — A(t) | doy = 0

jel=r \0

is satisfied uniformly in t € [0,T] for each positive T

3. SINGULAR COEFFICIENTS

In equation (|1)) we let
g(s) = as”, (5)
where f € (—1,0) and « is an arbitrary real parameter. In this case the assumptions of

Theorem [1] are not satisfied since the coefficient at the nonlinearity has a singularity at the
origin. However, function (3|) is still well-defined:

S x
[arfdr o B
f(s)= [ ed dv = [ em 1% dg.

0 0

S

This yields that f'(s) = erts’ " S 0, and hence, f is a strictly monotone function. Then,

#(s) = as®er """ and therefore, g(s) = ]}/,/((SS)).

Assume that a bounded positive function u(z,t) solves equation in the classical sense
with the coefficient g defined by relation . Then, in the same way as in Section , we denote
the function flu(x,t)] by v(x,t) and by straightforward calculations we confirm that it satisfies
equation . Moreover, due to the boundedness of the function u(x,t) and a strict positivity

of the exponent  + 1, the function v(z,t) is bounded:

o]
| flu(z, 1)]| < sup |uferrr @GPl
Therefore, Theorem 1.1 from [1] can be applied in this case as well. This proves the following
statement.

Theorem 2. Let u(x,t) be a classical positive bounded solution of the Cauchy problem for
equation , where the coefficient g is defined by relation , g € (=1,0), « € R", and the
coefficient p(z) and the initial function uo(z) satisfy the assumptions of Theorem[ll Then the
statement of Theorem [1] holds true.

4. LIMITING CASE OF SINGULAR COEFFICIENTS

In equation (/1)) we let

9(s) = —, (6)

Q@
s
where o > —1.

In this case substitution is not applicable, but following [25], we can employ the substitu-
tion f(s) = s*™!. Assuming that a bounded positive function u(x,t) solves equation (1) in the

classical sense with the coefficient g defined by relation (6)), we denote the function u®™*(z,?)
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by v(z,t); this function is well-defined and positive in the entire half-space R" x (0, +00) thanks
to the positivity of the function u. We calculate:

ov LOU =0 o Ou
p(x)a — Av =(a+1)p(z)u i ; oz, [(Oz + 1u a—xj
=(a+1) (x)ua@ —a(a+ Dut 2”: gu 2 — (a4 1u*Au
n p 81& = &€
—(a+ D | pl0) 50 — 2 Vuf = Au| =0
=(a u- | plx o " u ul =Y

since wu is a classical solution to equation and is a positive function, all above differentiations
and divisions are legible.
Thus, the function v(x,t) is bounded, solves equation (4)) in the classical sense and its trace
on the hyperplane {t = 0} is equal to u$™!(x).
t
Following [1], in R™ x (0, 400) we define a function V(z,t) = [v(x,7)dr and we suppose
0
that the function p satisfies the assumptions of Theorem [1] and the function u$*' belongs to

Cg.(R™). Then, by [1l, Th 1.1], there exists a function A Lipshitz on [0, 40c0) such that the
relation
, 1 nm2
Jm s | Vieahs = e

lz|=R

holds for each positive ¢t and the relation

lim — / V(1) — A@)]dz = 0

R—oco Rn—1
lz|=R

is satisfied uniformly in ¢ € [0, T for each positive T.
Thus, the following statement is true.

Theorem 3. Let u(x,t) be a classical positive bounded solution to the Cauchy problem for
the equation
0
p(x)a—?: = Au+ %|Vu|2, z€R", te(0,+00), (7)
where a > —1, the coefficient p(x) obeys the assumptions of Theorem and the initial function
uo(w) is such that uy™ € C¥ (]R”) Then there exists a Lipschitz function A on [0, +00) such

loc
that the relation

n
2

/ Ups1(z, t)de = ——— A(t)

|z|=R

li !
Rgrio Rr—1

holds for each positive t and the relation

/ [Unir(2,t) — A(t)]dz = 0

|z[=R

lim
R—oo Rn—1

is satisfied uniformly in t € [0,T] for each positive T', where

t

Us(z,t) = /US(SL’,T)dT, s> 0.

0
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4.1. Positive definite solutions. If we slightly strengthen the conditions on the solution
assuming that it is not positive, but positive definite, namely, that it is lower bound is positive,
then the condition for the coefficient o can be omitted.

For o < —1, we apply the same power substitution as for « > —1: assuming that a bounded
positive definite function u(x,t) satisfies equation in the classical sense, by straightforward
substitution, as in the case o > —1, we confirm that the function v(z,t) = u**!(z,t) satisfies
equation . In order to prove the boundedness of this function, we employ the positive
definiteness of the function u(z,t). Indeed, introducing a positive constant ~y 4

arrive at the inequality

—1—a, we
1

(inf u)r

Applying Theorem 1.1 from [1I], we obtain the following statement.

v(z,t) <

Proposition 1. Let u(x,t) be a classical solution of the Cauchy problem for equation ,
where aw # —1, infu > B > 0, the coefficient p( ) satisfies the assumptions of Theorem |1}, and
the initial function ug(x) is such that u™ € Cfz (R™). Then the statement of Theorem|5 holds
true.

As a = —1, we apply the change v(z,t) = In ule, t), where B = infu > 0 thanks to the
positive definiteness of the solution u. Then u(z,t) = Be'®!,

o T a dxy; 0wy 922
This implies that

—, =1,n
81’]- J

0 0 0 0 0? Ov \ 2 0? S
e e s=Be(5-) +Be o, .
Ox;
Au = Be"(Av + |Vol?), |Vul? = B%e*"| Vo]
Now we take into consideration that u satisfies equation as a = —1; this yields the relation
ou v

0 =p(z )E_Au+—|vu|2: p(x)Be’ a——Be (AU+|VU|)

ov v ov
=p(z)Be"’ 5 " Be’Av = Be" (p( )E - Av>

and therefore, the function v(x,t) is a classical solution to equation bounded thanks to the
boundedness of the function u(z,t).
Applying [1, Th 1.1], we get a statement on the behavior of the mean:

t
1 272 ] B
P}l—rgo T / /ln @(hdgw = lggo R" / /lnu x,7)drdo, — 7122(51)

|z|=R 0 |z|=R 0

1
Bev BQGQU|VU|2

Since the linear function ¢ In B is Lipschitz on [0, +00), we can regard the function ¢ In B — A(t),
where A(t) is a function from [I, Th 1.1], as a new function A(t). At the same time, we take into
consideration that the function In*% = Inwuy — In B obviously belongs to each class of locally
Holder functions if and only if the function Inwuy belongs to the same class. This leads us to
the following statement.

Proposition 2. Let u(z,t) be a classical bounded solution of the Cauchy problem for the
equation

o) 20 = Au— T |Vup,

where infu > B > 0, the coefficient p(x) satzsﬁes the assumptions of Theorem and the
initial function ug(xz) is such that Inuy € Cf (R™). Then there exists a Lipschitz function A
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on [0,400) such that the relation
¢

/ / Inu(z, r)drdo, = ﬁA(t)

lim T n)
ja|=R 0 2

R—oo R71

holds for each positive t and the relation
t

/ / mu(z, 7)dr — A) | dow = 0

jel=k \0

lim
R—oo Rn—1

is satisfied uniformly in t € [0,T] for each positive T

Remark. It is known from [26] that Condition (i) in Theorem (1| (and, hence, in all five
statements of the present work) can be replaced by the following equivalent condition

—x)d
[ Bt e )
Rn

BIBLIOGRAPHY

1. S. Kamin, M.A. Pozio, A. Tesei. Admissible conditions for parabolic equations degemerating at
infinity // Alg. Anal. 19:2, 105-121 (2007). [St. Peter. Math. J. 19:2, 239-251 (2008).]

2. M. Kardar, G. Parisi, Y.-C. Zhang. Dynamic scaling of growing interfaces // Phys. Rev. Lett.
56:9, 889-892 (1986).

3. E. Medina, T. Hwa, M. Kardar, Y.-C. Zhang. Burgers equation with correlated noise: Renormal-
ization group analysis and applications to directed polymers and interface growth // Phys. Rev. A.
39:6, 3053-3075 (1989).

4. M. Guedda, R. Kersner. Self-similar solutions to the generalized deterministic KPZ equation [/
Nonl. Diff. Equat. Appl. 10:1, 1-13 (2003)

5. F. Ginelli, H. Hinrichsen. Mean field theory for skewed height profiles in KPZ growth processes //
J. Phys. A. 37:46, 11085-11100 (2004).

6. V. V. Anh, N. N. Leonenko, L. M. Sakhno. Spectral properties of Burgers and KPZ turbulence //
J. Stat. Phys. 122:5, 949-974 (2006).

7. H. Spohn. Fzxact solutions for KPZ-type growth processes, random matrices, and equilibrium shapes
of crystals // Phys. A. 369:1, 71-99 (2006).

8. A. Gladkov, M. Guedda, R. Kersner. A KPZ growth model with possibly unbounded data: correct-
ness and blow-up // Nonl. Anal. 68:7, 2079-2091 (2008).

9. J. Quastel. KPZ universality for KPZ // in “XVIth International Congress on Mathematical
Physics”, World Sci. Publ., Hackensack, 401-405 (2010).

10. I. Corwin, P. L. Ferrari, S. Péché. Universality of slow decorrelation in KPZ growth // Ann. Inst.
Henri Poincaré Probab. Stat. 48:1, 134-150 (2012).

11. G. Schehr. Ezxtremes of N wicious walkers for large N: application to the directed polymer and
KPZ interfaces // J. Stat. Phys. 149:3, 385-410 (2012).

12. H. Spohn. KPZ scaling theory and the semidiscrete directed polymer model // in “Random matrix
theory, interacting particle systems and integrable systems”. Cambridge Univ. Press, New York,
65, 483-493 (2014).

13. C. Bernardin, P. Gongalves, S. Sethuraman. Occupation times of long-range exclusion and con-
nections to KPZ class exponents // Probab. Theory Related Fields. 166:1-2, 365-428 (2016).

14. T. Funaki, M. Hoshino. A coupled KPZ equation, its two types of approximations, and existence
of global solutions // J. Funct. Anal. 273:3, 1165-1204 (2017).

15. H. Amann, M. G. Crandall. On some existence theoremes for semi-linear elliptic equations // Ind.
Univ. Math. J. 27:5, 779-790 (1978).

16. S.I. Pokhozhaev. On equations of the form Au = f(x,u, Du) // Matem. Sborn. 113(155):2(10),
324-338 (1980). [Math. USSR-Sb. 41:2, 269280 (1982).]



84

17.

18.

19.

20.

21.

22.

23.

24.

25.

26

A.B. MURAVNIK

V.N. Denisov, A.B. Muravnik. On stabilization of the solution of the Cauchy problem for quasilin-
ear parabolic equations // Diff. Uravn. 38:3, 351-355 (2002). [Diff. Equat. 38:3, 369-374 (2002).]

A.B. Muravnik. On stabilization of solutions of singular quasi-linear parabolic equations with sin-
gular potentials // in “Tubes, Sheets and Singularities in Fluid Dynamics”, Springer, Dordrecht
71, 335-340 (2002).

A.B. Muravnik. Stabilization of solutions of certain singular quasilinear parabolic equations [/
Matem. Zamet. 74:6, 858-865 (2003). [Math. Notes. 74:6, 812-818 (2003).]

V.N. Denisov, A.B. Muravnik. On asymptotic behavior of solutions of the Dirichlet problem in
half-space for linear and quasi-linear elliptic equations // Electron. Res. Announc. Amer. Math.
Soc. 9, 88-93 (2003).

V.N. Denisov, A.B. Muravnik. On the asymptotic behavior of the solution of the Dirichlet prob-
lem for an elliptic equation in a half-space // in “Nonlinear analysis and nonlinear differential
equations”. Fizmatlit, Moscow, 397-417(2003). (in Russian).

A.B. Muravnik. On properties of the stabilization functional of the Cauchy problem for quasilinear
parabolic equations // Trudy Inst. Matem. NAN Belarus. 12:2, 133-137 (2004).

A.B. Muravnik. On stabilization of solutions of elliptic equations containing Bessel operators //
in “Integral methods in science and engineering. Analytic and numerical techniques”. Birkh&user,
Boston, 157-162 (2004).

A.B. Muravnik. On stabilization of solutions of singular elliptic equations // Fund. Prikl. Matem.
12:4, 169-186 (2006). [J. Math. Sci. 150:5, 2408-2421 (2008).]

A.V. Bitsadze. Theory of a class of nonlinear partial differential equations // Diff. Uravn. 13:11,
1993-2008 (1977). [Differ. Equat. 13, 1388-1399 (1977).]

. H. Brezis, S. Kamin. Sublinear elliptic equations in R™ // Manuscripta Math. 74:1, 87-106 (1992).

Andrey Borisovich Muravnik,
JSC “Concern “Sozvezdie”,
Plekhanovskaya str. 14,
394018, Voronezh, Russia
People’s Frendship University,
Miklukho-Maklaya str. 6,
117198, Moscow, Russia
E-mail: amuravnik@yandex.ru



	to1. Introduction
	to2. Regular coefficients
	to3. Singular coefficients
	to4. Limiting case of singular coefficients
	to4.1. Positive definite solutions

	 References

