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INFLUENCE OF STRATIFICATION

ON THE GROUPS OF CONFORMAL TRANSFORMATIONS

OF PSEUDO-RIEMANNIAN ORBIFOLDS

N.I. ZHUKOVA

Abstract. We study the groups of conformal transformations of 𝑛-dimensional pseudo-
Riemannian orbifolds (𝒩 , 𝑔) as 𝑛 > 3. We extend the Alekseevskii method for studying
conformal transformation groups of Riemannian manifolds to pseudo-Riemannian orbifolds.
We show that a conformal pseudo-Riemannian geometry is induced on each stratum of
such orbifold. Due to this, for 𝑘 ∈ {0, 1}∪ {3, . . . , 𝑛− 1}, we obtain exact estimates for the
dimensions of the conformal transformation groups of 𝑛-dimensional pseudo-Riemannian
orbifolds admitting 𝑘-dimensional stratum with essential groups of conformal transforms.
A key fact in obtaining these estimates is that each connected transformation group of an
orbifold preserves every connected component of each its stratum.

The influence of stratification of 𝑛-dimensional pseudo-Riemann orbifold to the similarity
transformation group of this orbifold is also studied for 𝑛 > 2.

We prove that the obtained estimates for the dimension of the complete essential groups
of conformal transformations and the similarity transformation groups of 𝑛-dimensional
pseudo-Riemann orbifolds are sharp; this is done by adducing corresponding examples of
locally flat pseudo-Riemannian orbifolds.
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1. Introduction

The study of pseudo-Riemannian manifolds with an essential group of conformal transforms
is a topical and actively developing direction of the modern global differential geometry. This
is confirmed by the works by Alekseevskii [1], Podoksenov [2], Frances [3]-[4], Frances and
Zeghib [5], Frances and Melnick [6] and by other authors as well as by the surveys in mono-
graph [7].

We stress that in distinction to the Riemannian metric, the pseudo-Riemannian metric ex-
ists not on each 𝑛-dimensional orbifold 𝒩 . Therefore, the existence of a conformal pseudo-
Riemannian geometry on 𝒩 poses conditions on the topology of the orbifold.

The modern theoretical physics employs the geometry on singular stratified spaces, which
include also orbifolds. They are used by the physicists as the spaces of strings propagations.
The orbifolds turn out to be useful in the conformal field theory. The survey of applications of
orbifolds can be found in [8].
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The orbifolds arise in the foliation theory as “good” spaces of leaves [9]. The known results
by Thurston on the classification of closed three-dimensional manifolds use the classification of
two-dimensional compact orbifolds [10].

The groups of automorphisms of geometric structures on the orbifolds were studied in [11]-
[13]. In [14], there was made the classification of two-dimensional compact Lorentzian orbifolds
with non-compact groups of isometries.

The basic facts on orbifolds are described in Section 2, more detailed information can be
found in [8].

We consider smooth orbifolds 𝒩 of arbitrary dimension 𝑛 admitting a pseudo-Riemannian
metric 𝑔 of arbitrary signature (𝑝, 𝑞), where 𝑝 + 𝑞 = 𝑛. The pair (𝒩 , 𝑔) is called pseudo-
Riemannian orbifold.

Definition 1. Let (𝒩1, 𝑔1) and (𝒩2, 𝑔2) be two pseudo-Riemannian orbifolds. A smooth
mapping of the orbifolds 𝑓 : 𝒩1 → 𝒩2 is called conformal if 𝑓 *𝑔2 = 𝜆𝑔1, where 𝑓

* is the co-
differential of the mapping 𝑓 , and 𝜆 is a smooth positive function on 𝒩1. If 𝜆 is a constant,
then the mapping 𝑓 : 𝒩1 → 𝒩2 is called a similarity of pseudo-Riemannian orbifolds (𝒩1, 𝑔1)
and (𝒩2, 𝑔2).

A conformal diffeomorphism of an orbifold (𝒩 , 𝑔) onto itself is called a conformal transform.
The diffeomorphism of (𝒩 , 𝑔) onto itself being a similarity is called a similarity transform.

Definition 2. Two pseudo-Riemannian metrics 𝑔1 and 𝑔2 on an orbifold 𝒩 are called con-
formally equivalent (similar) if there exists a smooth positive function (respectively, constant)
𝜆 on 𝒩 such that 𝑔2 = 𝜆𝑔1.
A class of conformally equivalent metrics is called a conformal pseudo-Riemannian geometry

(or conformal pseudo-Riemannian structure) on 𝒩 and is denoted by [𝑔] if the metric 𝑔 belongs
to this class. The class of pseudo-Riemannian metric similar to a metric 𝑔 is denoted by [|𝑔|].
The group of all conformal transformation of a pseudo-Riemannian orbifold (𝒩 , 𝑔) is called

a complete group and is denoted by 𝐶(𝒩 , 𝑔). The group of all similarity transforms of a
pseudo-Riemannian orbifold (𝒩 , 𝑔) is called a complete group of similarities and is denoted
by 𝑆𝑖𝑚(𝒩 , 𝑔).

Definition 3. The group of conformal transforms 𝐶(𝒩 , 𝑔) of a pseudo-Riemannian orbifold
is called inessential if it coincides with the group of the isometries of the pseudo-Riemannian
orbifold (𝒩 , ℎ), where ℎ ∈ [𝑔]. Otherwise the group 𝐶(𝒩 , 𝑔) is called essential.

In the same way we define an essential group of similarities of a pseudo-Riemannian orbifold.
The aim of the present work is to study the influence of the stratification of 𝑛-dimensional

pseudo-Riemannian orbifolds on the complete group of its conformal transforms (as 𝑛 > 3) and
on its complete group of similarities (as 𝑛 > 2).

We do not consider 𝐶(𝒩 , 𝑔) in the case 𝑛 = 2 since it differs essentially from the conformal
geometry as 𝑛 > 3. For instance, as 𝑛 = 2, the conformal group 𝐶𝑂(2) is isomorphic to
the group 𝐺𝐿(1,C) of non-zero complex numbers with the multiplication and each conformal
2-dimensional Riemannian orbifold has a zero conformal curvature.

There exists another equivalent approach to a conformal pseudo-Riemannian geometry based
on 𝐺-structures. Since the conformal pseudo-Riemannian geometry is a second order 𝐺-
structure in the terminology of [17], we can apply Theorem 2 from [11]. Employing this theorem
and Theorem VI from [15, Ch. IV], we obtain the following statement.

Theorem 1. For each 𝑛 > 3, the complete group of conformal transforms 𝐶(𝒩 , 𝑔) of a 𝑛-
dimensional pseudo-Riemannian orbifold (𝒩 , 𝑔) is a Lie group w.r.t. a compactly-open topology
and the structure of the Lie group in 𝐶(𝒩 , 𝑔) is unique and its dimension satisfies the inequality

dim𝐶(𝒩 , 𝑔) 6
(𝑛+ 1)(𝑛+ 2)

2
.
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If this group is inessential, then

dim𝐶(𝒩 , 𝑔) 6
𝑛(𝑛+ 1)

2
.

Both inequalities become identities only in the case when the orbifold is a manifold, on which
the group 𝐶(𝒩 , 𝑔) acts transitively.

Let (S𝑘, 𝑔S𝑘) be a standard 𝑘-dimensional sphere in the Euclidean space E𝑘+1 with the induced
Riemann metric. We consider the product of standard spheres S𝑝 × S𝑞, where 1 6 𝑝 6 𝑞,
equipped by the pseudo-Riemannian metric −𝑔S𝑝 ⊕ 𝑔S𝑞 . The pseudo-Riemmanian manifold
(S𝑝 × S𝑞,−𝑔S𝑝 ⊕ 𝑔S𝑞) is called the Einstein Universe and is denoted by Ein𝑝,𝑞. As it is known,
the complete group of conformal transforms of Ein𝑝,𝑞 is essential, is equal to 𝑂(𝑝+1, 𝑞+1) and

has the dimension (𝑛+1)(𝑛+2)
2

, where 𝑛 = 𝑝 + 𝑞. We observe that under the change of the sign
of the metric in Ein𝑝,𝑞, the group of conformal transforms is replaced by the isomorphic Lie
group. We stress that the pseudo-Riemannian manifold Ein𝑝,𝑞 is conformally flat. As 𝑛 > 4,
in [4], there was proved the existence of an infinite set of conformal pseudo-Riemannian metric
of various signatures on S1 × S𝑛−1 with essential groups of conformal transform, which are not
conformally flat.

The method by Alekseevskii [16] applied him for studying the groups of conformal Riemann-
ian manifolds is extended here to the groups of conformal transforms of pseudo-Riemannian
orbifolds. This allows us to obtain the estimates for the dimensions of the group of conformal
transforms of a pseudo-Riemannian 𝑛-dimensional orbifold having a 𝑘-dimensional stratum, on
which an essential group of conformal transforms is induced and to prove the following theorem.

Theorem 2. Let (𝒩 , 𝑔) be a 𝑛-dimensional, 𝑛 > 3, pseudo-Riemannian orbifold with a
complete essential group of conformal transforms 𝐶(𝒩 , 𝑔). Then

(𝑖) On each connected component ∆𝑐
𝑘 of the 𝑘-dimensional stratum of the orbifold 𝒩 as 𝑘 > 1,

the conformal pseudo-Riemannian structure [𝑔|Δ𝑐
𝑘
] is induced.

(𝑖𝑖) If the orbifold 𝒩 has the zero-dimensional stratum, then

dim𝐶(𝒩 , 𝑔) 6
𝑛2 − 𝑛+ 2

2
.

(𝑖𝑖𝑖) If the orbifold 𝒩 has an one-dimensional stratum, then

dim𝐶(𝒩 , 𝑔) 6
𝑛2 − 3𝑛+ 6

2
.

(𝑖𝑣) If on a 𝑘-dimensional stratum ∆𝑘 as 3 6 𝑘 6 (𝑛 − 1) an essential group of conformal
transforms is induced, then

dim𝐶(𝒩 , 𝑔) 6
𝑛(𝑛− 1)

2
+ (𝑘 + 1)2 − 𝑛𝑘.

There exist orbifolds, for which the estimates in (ii)–(iv) become identities.

Corollary 1. If as 𝑛 > 4, a 𝑛-dimensional pseudo-Riemannina orbifold (𝒩 , 𝑔) has a (𝑛−1)-
dimensional stratum, on which an essential group of conformal transforms is induced, then

dim𝐶(𝒩 , 𝑔) 6
𝑛(𝑛+ 1)

2
.

Corollary 2. If a 2𝑚-dimensional pseudo-Riemannian orbifold (𝒩 , 𝑔) has a 𝑚-dimensional
stratum, 𝑚 > 3, on which an essential group of conformal transforms is induced, then

dim𝐶(𝒩 , 𝑔) 6 𝑚2 +𝑚+ 1.
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Corollary 3. If a (2𝑚 − 1)-dimensional pseudo-Riemannian orbifold (𝒩 , 𝑔) has a 𝑚-
dimenisonal stratum, 𝑚 > 3, on which an essential group of conformal transforms is induced,
then

dim𝐶(𝒩 , 𝑔) 6 𝑚2 + 2.

Remark 1. The estimates obtained in Theorem 2 are true for the groups of conformal trans-
forms of Riemannian orbifolds. They improve the estimates obtained in Theorem 5.1 in work
[11].

In what follows we study the influence of the stratification of a 𝑛-dimensional pseudo-
Riemannian orbifold (𝒩 , 𝑔) on the group of similarities 𝑆𝑖𝑚(𝒩 , 𝑔) as 𝑛 > 2, which is a closed
Lie subgroup of the Lie group of the conformal transforms 𝐶(𝒩 , 𝑔).

Theorem 3. Let (𝒩 , 𝑔) be a 𝑛-dimensional, 𝑛 > 2, pseudo-Riemannina orbifold with an
essential group of similarities 𝑆𝑖𝑚(𝒩 , 𝑔). Then

(𝑖) The group 𝑆𝑖𝑚(𝒩 , 𝑔) admits the unique structure of the Lie group of the dimension

dim𝑆𝑖𝑚(𝒩 , 𝑔) 6
𝑛2 + 𝑛+ 2

2
.

(𝑖𝑖) On each connected component ∆𝑐
𝑘 of a 𝑘-dimensional stratum of the orbifold 𝒩 with 𝑘 > 1,

a class of similar pseudo-Riemannian metrics [|𝑔|Δ𝑐
𝑘
|] is induced.

(𝑖𝑖𝑖) If the orbifold 𝒩 has the zero-dimensional stratum, then

dim𝑆𝑖𝑚(𝒩 , 𝑔) 6
𝑛2 − 𝑛+ 2

2
.

(𝑖𝑣) If on a 𝑘-dimensional stratum ∆𝑘 as 2 6 𝑘 6 (𝑛 − 1) an essential group of conformal
transforms is induced, then

dim𝑆𝑖𝑚(𝒩 , 𝑔) 6
𝑛(𝑛− 1)

2
+ 𝑘2 + 𝑘 + 1 − 𝑛𝑘.

There exist orbifolds, for which estimates (iii) and (iv) become identities.

In Section 7 we construct examples of pseudo-Riemannian orbifolds of arbitrary dimen-
sion 𝑛, 𝑛 > 3, for which the estimates in Statements (ii)–(iv) in Theorem 2 and in State-
ments (iii) and (iv) in Theorem 3 become identities. Estimate (i) in Theorem 3 becomes the
identity only in the case of a manifold.

2. Category of orbifolds

Defining an orbifold by an atlas. Let 𝒩 be a connected paracompact Hausdorff topological

space. Assume that Γ𝑈 is a finite group of diffeomorphisms of an open connected subset ̃︀𝑈 in

the space R𝑛. We suppose that the group Γ𝑈 acts effectively on ̃︀𝑈 . We denote by 𝑝𝑈 : ̃︀𝑈 →
𝒩 the composition 𝑞𝑈 ∘ 𝑟𝑈 of the factor mapping 𝑟𝑈 : ̃︀𝑈 → ̃︀𝑈/Γ𝑈 and the homeomorphism

𝑞𝑈 : ̃︀𝑈/Γ𝑈 → 𝑈 on an open subset 𝑈 of the topological space 𝒩 . The triple (̃︀𝑈,Γ𝑈 , 𝑝𝑈) is called
the orbifold chart on 𝒩 with the coordinate neighbourhood 𝑈 .

We consider two orbifold charts (̃︀𝑈,Γ𝑈 , 𝑝𝑈) and (̃︀𝑉 ,Γ𝑉 , 𝑝𝑉 ) with neighbourhoods 𝑈 and 𝑉 ,

where 𝑈 ⊂ 𝑉. The smooth embedding 𝜑𝑉 𝑈 : ̃︀𝑈 → ̃︀𝑉 obeying 𝑝𝑈 = 𝑝𝑉 ∘ 𝜑𝑉 𝑈 is called the

embedding of the chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈) into the chart (̃︀𝑉 ,Γ𝑉 , 𝑝𝑉 ).

We say that two charts (̃︀𝑈,Γ𝑈 , 𝑝𝑈) and (̃︀𝑉 ,Γ𝑉 , 𝑝𝑉 ) with coordinate neighbourhoods 𝑈 and

𝑉 satisfy the coherent condition if for each point 𝑥 ∈ 𝑈 ∩ 𝑉 there exists a chart (̃︁𝑊,Γ𝑊 , 𝑝𝑊 )
with a coordinate neighbourhood 𝑊 such that 𝑥 ∈ 𝑊 ⊂ 𝑈 ∩ 𝑉 , for which there exist the

embeddings 𝜑𝑈𝑊 : ̃︁𝑊 → ̃︀𝑈 and 𝜑𝑉𝑊 : ̃︁𝑊 → ̃︀𝑉 .
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Definition 4. The family of the charts 𝒜 = {(̃︀𝑈,Γ𝑈 , 𝑝𝑈)} is called a smooth atlas on 𝒩 if
it possesses the following two properties:

1) the coordinate neighbourhoods of the charts in 𝒜 form an open covering of 𝒩 ;
2) each two charts in 𝒜 satisfy the coherent condition.
A connected paracompact Hausdorff topological space 𝒩 equipped with a maximal (w.r.t. the

inclusion) smooth atlas 𝒜 is called an effective 𝑛-dimensional orbifold and it is still denoted by
𝒩 .

Smooth mappings of orbifolds. Let 𝒩 and 𝒩 ′ be smooth orbifolds with atlases 𝒜 and
𝒜′, respectively. A continuous mapping 𝑓 : 𝒩 → 𝒩 ′ is called smooth if for each point 𝑥 ∈
𝒩 there exist charts (̃︀𝑈,Γ𝑈 , 𝑝𝑈) ∈ 𝒜 and (̃︀𝑈 ′,Γ𝑈 ′ , 𝑝𝑈 ′) ∈ 𝒜′ such that 𝑥 ∈ 𝑈 = 𝑝𝑈(̃︀𝑈),

𝑓(𝑈) ⊂ 𝑈 ′ = 𝑝𝑈 ′(̃︁𝑈 ′) and there exists a smooth mapping 𝑓𝑈 ′𝑈 : ̃︀𝑈 → ̃︁𝑈 ′ satisfying the identity

𝑝𝑈 ′ ∘ 𝑓𝑈 ′𝑈 = 𝑓 |𝑈 ∘ 𝑝𝑈 . The mapping 𝑓𝑈 ′𝑈 is called the representative of 𝑓 in charts (̃︀𝑈,Γ𝑈 , 𝑝𝑈)

and (̃︀𝑈 ′,Γ𝑈 ′ , 𝑝𝑈 ′); at that, 𝑓𝑈 ′𝑈 is defined up to a composition with the elements in the groups
Γ𝑈 and Γ𝑈 ′ , respectively.

We denote by Orb the category of orbifolds, whose objects are smooth orbifolds and the
morphisms are the smooth mappings of the orbifolds. We note that the category of orbifolds
is a complete subcategory in Orb.

Pseudo-Riemannian metric on orbifold. To define a pseudo-Riemannian metric 𝑔 on an

orbifold 𝒩 means that for each chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈), on ̃︀𝑈 a Γ𝑈 -invariant pseudo-Riemannian

metric 𝑔̃︀𝑈 is defined and for each injection 𝜑𝑉 𝑈 : ̃︀𝑈 → ̃︀𝑉 of the chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈) into the chart

(̃︀𝑉 ,Γ𝑉 , 𝑝𝑉 ) the identity holds 𝜑*
𝑉 𝑈𝑔̃︀𝑉 = 𝑔̃︀𝑈 . The signature of the metric 𝑔̃︀𝑈 is independent of

the choice of a chart in the orbifold atlas and is called the signature of the pseudo-Riemannian
metric 𝑔 on 𝒩 .

Stratification of orbifolds. For each point 𝑥 in the orbifold 𝒩 there exists a chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈),
whose coordinate neighbourhood 𝑈 contains 𝑥. We take 𝑦 ∈ 𝑝−1

𝑈 (𝑥) and denote by (Γ𝑈)𝑦 the
stationary subgroup of the group Γ𝑈 at the point 𝑦. We stress that for the given point 𝑥, an

abstract group (Γ𝑈)𝑦 is independent of the choice of the chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈) and 𝑦 ∈ 𝑝−1
𝑈 (𝑥). The

abstract group (Γ𝑈)𝑦 is called the orbifold group of the point 𝑥 [11]. The point 𝑥 is called
regular if its orbifold group is trivial.

Let (𝒩 ,𝒜) be a 𝑛-dimensional smooth orbifold. We say that points 𝑥 and 𝑦 in 𝒩 have the
same orbifold type if there exist neighbourhoods of these points isomorphic in the category of
orbifolds Orb. The subset of the points of the same orbifold type with the induced topology has
a natural structure of a smooth manifold, which is, generally speaking, is not connected. The
manifolds of points of different type can have the same dimension. We denote by ∆𝑘 the union
of the mentioned manifolds of the dimension 𝑘. There can be ∆𝑘 = ∅ as 𝑘 ∈ {0, . . . , 𝑛 − 1}.
The family

∆(𝒩 ) = {∆𝑘 | 𝑘 ∈ {0, . . . , 𝑛}}
is called the stratification of the orbifold 𝒩 , and ∆𝑘 is called its stratum.

As it is known, see, for instance, [13], the stratification ∆(𝒩 ) = {∆𝑘 | 𝑘 ∈ {0, . . . , 𝑛}} of a
𝑛-dimensional orbifold 𝒩 possesses the following properties.

∙ Each connected component ∆𝑐
𝑘 of the stratum ∆𝑘 is formed by the points of the same

orbifold type.
∙ On the closure ∆𝑐

𝑘 of the stratum ∆𝑐
𝑘, the structure of a 𝑘-dimensional orbifold is induced,

w.r.t. which ∆𝑐
𝑘 is the set of regular points.

∙ The stratum ∆𝑛 formed by regular points is a connected open everywhere dense subset in
𝒩 . Moreover, ∆𝑛 with an induced smooth structure is a 𝑛-dimensional manifold.
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We denote by Diff(𝒩 ) the group of all diffeomorphisms of the orbifold 𝒩 . We stress that
the stratification of the orbifold 𝒩 is invariant w.r.t. the group Diff(𝒩 ).

We observe that topological space of a 𝑛-dimensional orbifold 𝒩 as 𝑛 > 3 is generally
speaking not locally Euclidean [12, Example 1].

3. Proof of Theorem 1

Choosing an appropriate basis in the pseudo-Euclidean space E𝑛
𝑞 , we can always reduce the

scalar product in this space to the form

𝑔(𝑥, 𝑦) = 𝑥1𝑦1 + . . .+ 𝑥𝑝𝑦𝑝 − 𝑥𝑝+1𝑦𝑝+1 − . . .− 𝑥𝑛𝑦𝑛,

where 𝑥 = (𝑥1, . . . , 𝑥𝑛), 𝑦 = (𝑦1, . . . , 𝑦𝑛) ∈ E𝑛
𝑞 , 𝑞 + 𝑝 = 𝑛. The pair of the numbers (𝑝, 𝑞) is

independent of the choice of the orthonormalized basis of nonisotropic vectors and is called the
signature of the pseudo-Euclidean space E𝑛

𝑞 .

Let 𝑂(𝑝, 𝑞) be a pseudo-orthogonal group defined by the quadratic form 𝑥21 + . . . + 𝑥2𝑝 −
𝑥2𝑝+1 − . . . − 𝑥2𝑝+𝑞 of a signature (𝑝, 𝑞). The Lie group 𝐶𝑂(𝑝, 𝑞) = R+𝑂(𝑝, 𝑞), where R+ is a
multiplicative group of positive number is called a conformal group corresponding to 𝑂(𝑝, 𝑞).

We let 𝐻 := 𝐶𝑂(𝑝, 𝑞) n R𝑛, where 𝑛 = 𝑝 + 𝑞 is the semi-direct product of the conformal
group 𝐶𝑂(𝑝, 𝑞) = 𝑅+𝑂(𝑝, 𝑞) and the normal vector subgroup R𝑛. We regard the Lie group 𝐻
as the complete group of conformal transforms of the pseudo-Euclidean space E𝑛

𝑞 . The elements
of the group 𝐻 are denoted by < 𝑡𝐴, 𝑎 >, where 𝑡 ∈ R+, 𝐴 ∈ 𝑂(𝑝, 𝑞), 𝑎 ∈ R𝑛. At that, the
group operation in 𝐻 is defined by the identity

< 𝑡1𝐴1, 𝑎1 >< 𝑡2𝐴2, 𝑎2 >=< 𝑡1𝑡2𝐴1𝐴2, 𝑡1𝐴1𝑎2 + 𝑎1 >

for each < 𝑡1𝐴1, 𝑎1 >,< 𝑡2𝐴2, 𝑎2 >∈ 𝐻.
Let (𝒩 , [𝑔]) be a smooth conformal pseudo-Riemannian orbifold of dimension 𝑛, where 𝑛 > 3,

and a metric ℎ ∈ [𝑔] have the signature (𝑝, 𝑞).
There exists a natural bijective correspondence between pseudo-Riemannian metrics of sig-

nature (𝑝, 𝑞) on the orbifold 𝒩 and 𝑂(𝑝, 𝑞)-structures on 𝒩 , that is, defining the conformal
geometry [𝑔] on the orbifold 𝒩 is equivalent to definining 𝐶𝑂(𝑝, 𝑞)-structure on 𝒩 . We stress
that under the mentioned equivalence, there exists an isomorphism 𝐶(𝒩 , 𝑔) → A of the com-
plete group of conformal transforms 𝐶(𝒩 , 𝑔) and the complete group of automorphisms A of
the corresponding 𝐶𝑂(𝑝, 𝑞)-structure on 𝒩 ; this diffeomorphism was defined in [11].

As it is known [17], the algebra g = co(𝑝, 𝑞) of the Lie group 𝐶𝑂(𝑝, 𝑞) has the order 2
and its first prolongation g1 is naturally isomoprhic to the dual space R𝑛* of the vector space
R𝑛. Therefore, the 𝐶𝑂(𝑝, 𝑞)-structure is a second order 𝐺-structure and we can apply the main
theorem in [11] to this structure. According this theorem, the complete group of automorphisms
A ∼= 𝐶(𝒩 , 𝑔) is the Lie group and dim𝐶(𝒩 , 𝑔) = dimA 6 𝑛+dim(g+g1). Since dim𝐶𝑂(𝑝, 𝑞) =

dim co(𝑝, 𝑞) = 𝑛(𝑛−1)
2

+ 1, and dim g1 = dim(R𝑛*) = 𝑛, then

dim𝐶(𝒩 , 𝑔) = dimA 6 𝑛+
𝑛(𝑛− 1)

2
+ 1 + 𝑛 =

(𝑛+ 1)(𝑛+ 2)

2
.

We denote by ℛ the space of 𝐺-structure on 𝒩 , 𝐺 = 𝐶𝑂(𝑝, 𝑞). Let ℛ1 be a space of 𝐺1-
structure on ℛ, where 𝐺1 is the first prolongation of the group 𝐺. Let 𝜋0 : ℛ → 𝒩 be the
𝐶𝑂(𝑝, 𝑞) foliation-bundle corresponding to a conformal 𝐺-structure on (𝒩 , 𝑔) and 𝜋1 : ℛ1 → ℛ
is the project of the first prolongation of this 𝐺-structure. Then 𝜋 = 𝜋0 ∘ 𝜋1 : ℛ1 → 𝒩 is the
principal 𝐻-bundle over 𝒩 , where 𝐻 := 𝐶𝑂(𝑝, 𝑞) nR𝑛. This means that on the manifold ℛ1,
a free smooth right action of the group 𝐻 is defined such that the space of the orbits ℛ1/𝐻 is
the orbifold 𝒩 , and 𝜋 is a submersion of the orbifolds.

Let 𝜔 be a so(𝑝+1, 𝑞+1)-valued 1-form on ℛ1 defining 𝑒-structure corresponding to the first
prolongation of a 𝐺-structure on (𝒩 , 𝑔). Since the pseudo-Riemannian conformal structure on



50 N.I. ZHUKOVA

𝒩 is a second order 𝐺-structure, the Lie group of its automorphisms A is equal to

A = {𝑓 ∈ Diff(ℛ1) | 𝑓 *𝜔 = 𝜔, 𝑅𝑎 ∘ 𝑓 = 𝑓 ∘𝑅𝑎, 𝑎 ∈ 𝐻}.
Therefore, A is the Lie group of transforms as a closed subgroup of the Lie group of automor-
phisms of a parallelized manifold ℛ1. This is why, according Theorem VI in [15, Ch. IV], the
group A is equipped by the compact-open topology and admits the unique structure of the Lie
group. Using this, according Proposition 1 in [12], we obtain that in the group 𝐶(𝒩 , 𝑔) there
exists the unique topology and the unique smooth structure, w.r.t. which this is a Lie group
and this topology is compact-open.

If the group 𝐶(𝒩 , 𝑔) is inessential, it coincides with the group of isometries 𝐼𝑠𝑜(𝒩 , ℎ) of
some pseudo-Riemannian metric ℎ ∈ [𝑔]. Since the pseudo-Riemannian geometry is a first
order 𝐺-structure, Theorem 2 in [11] yields the estimate

dim𝐶(𝒩 , 𝑔) 6 𝑛+ dim𝑂(𝑝, 𝑞) =
𝑛(𝑛+ 1)

2
.

The last statement of Theorem 1 is implied by [13, Thm. 3.1].

4. Isotropic representation for group of conformal transforms

Each connected component ∆𝑐
𝑘 of a 𝑘-dimensional stratum of each orbifold is formed by the

points of the same orbifold type and this is why at each point 𝑧 ∈ ∆𝑐
𝑘 there exists a chart

(̃︀𝑈,Γ𝑈 , 𝑝𝑈) such that all points in 𝑈 ∩ ∆𝑐
𝑘 has the same orbifold group Γ𝑈 . Employing this, we

obtain the following statement.

Lemma 1. Let ∆𝑐
𝑘 be a connected component of a 𝑘-dimensional stratum of a pseudo-

Riemannian orbifold (𝒩 , 𝑔). Then at each point 𝑧 ∈ ∆𝑐
𝑘 there exists an orbifold chart

(̃︀𝑈,Γ𝑈 , 𝑝𝑈) possessing the following properties:

1) ̃︀𝑈 = R𝑛 ∼= R𝑘 ×R𝑛−𝑘 and 𝑧 = 𝑝𝑈(𝑣), where 𝑣 := 0𝑛 is the zero in R𝑛;
2) the group Γ𝑈 is a subgroup of the group 𝑂(𝑝) ×𝑂(𝑞) ⊂ 𝑂(𝑝, 𝑞);
3) R𝑘 × {0𝑛−𝑘} = 𝐹𝑖𝑥Γ𝑈 is the set of fixed points of the group Γ𝑈 .

Such chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈) is called the linearized chart at the point 𝑧.

Hereafter we employ the linearized chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈) at the point 𝑧 ∈ ̃︀𝑈 . In the tangent vector

space 𝑇𝑣 ̃︀𝑈 , where 𝑝𝑈(𝑣) = 𝑧, we consider an orthonormalized basis of nonisotropic vectors.

We take any point 𝑧 ∈ 𝒩 and the chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈) at the point 𝑧 ∈ 𝑈 = 𝑝𝑈(̃︀𝑈). Let 𝜙 be an
arbitrary element of a stationary subgroup 𝐶𝑧(𝒩 , 𝑔), 𝑧 ∈ 𝒩 of the complete group of conformal
transforms of the pseudo-Riemannian orbifold (𝒩 , 𝑔). We consider an arbitrary representative

𝜙 of the transform 𝜙 in the chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈). If 𝑣 ∈ ̃︀𝑈 , 𝑝𝑈(𝑣) = 𝑧, then 𝜙(𝑣) = 𝑣, that is,

𝜙 ∈ 𝐶𝑣(̃︀𝑈, 𝑔̃︀𝑈).
Since 𝜙 is a conformal transform, that is, there exists a smooth positive Γ𝑈 -invariant function

𝜆 satisfying the identity 𝜙*𝑔̃︀𝑈 = 𝑒𝜆𝑔̃︀𝑈 . Let 𝜙*𝑣 = 𝜏𝐴 ∈ 𝐶𝑂(𝑝, 𝑞) and 𝜉 = 𝑑𝜆|𝑣. We treat 𝜉 as a
𝑛-dimensional vector. Then the mapping

𝑗 : 𝐶𝑣(̃︀𝑈, 𝑔̃︀𝑈) → 𝐻 : 𝜙 ↦→< 𝜏𝐴, 𝜉 >

is well-defined. According Theorem 7 in paper [16], we prove the following statement.

Theorem 4. The mapping 𝑗 : 𝐶𝑣(̃︀𝑈, 𝑔̃︀𝑈) → 𝐻 is an isomorphism of the group 𝐶𝑣(̃︀𝑈, 𝑔̃︀𝑈)

onto the closed subgroup of the group 𝐻 and for each element 𝜙 in 𝐶𝑣(̃︀𝑈, 𝑔̃︀𝑈) the identity
𝑗(𝜙) · 𝑗(Γ𝑈) = 𝑗(Γ𝑈) · 𝑗(𝜙) holds.

The mapping 𝑗 defined in Theorem 4 is called isotropic representation of the group 𝐶𝑣(̃︀𝑈, 𝑔̃︀𝑈).
We denote by 𝐸𝑘, 𝑘 ∈ N, the 𝑘-dimensional unit matrix. In notation of Theorem 4, we

obtain the following statement.
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Corollary 4. Let 𝑧 ∈ ∆𝑐
𝑘 and (̃︀𝑈,Γ𝑈 , 𝑝𝑈) is the chart at the point 𝑧. Then the dimension

of the stationary subgroup 𝐶𝑧(𝒩 , 𝑔) satisfies the inequality

dim𝐶𝑧(𝒩 , 𝑔) 6 dim(𝑁(Γ𝑈)/Γ𝑈) 6
𝑛2 − 𝑛+ 2

2
+ 𝑘,

where 𝑁(Γ𝑈) is the normalizator of the subgroup Γ𝑈 in the Lie group 𝐻.

Proof. Since Γ𝑈 is a finite group, in the linearized group it is realized as a subgroup of the
group 𝑂(𝑝, 𝑞). We identity Γ𝑈 with 𝑗(Γ𝑈) by means of the isomorphism 𝑗. Let us find the
normalizator 𝑁(Γ𝑈) in 𝐻. We observe that < 𝜏𝐴, 𝑎 >∈ 𝑁(Γ𝑈) if and only if 𝐴 belongs to the
normalizator 𝑁0(Γ𝑈) of the group Γ𝑈 in 𝐶𝑂(𝑝, 𝑞) and 𝐵𝑎 = 𝑎 for each element < 𝐵, 0 >∈ Γ𝑈 .
According Lemma 1, 𝑎 ∈ R𝑘. Therefore,

dim(𝑁(Γ𝑈)/Γ𝑈) 6 dim𝑁(Γ𝑈) 6 dim𝐶𝑂(𝑝, 𝑞) + 𝑘 6
𝑛2 − 𝑛+ 2

2
+ 𝑘

since 𝑝+ 𝑞 = 𝑛.

In what follows we make us of the following lemma.

Lemma 2. Let 𝜙 be the representative of 𝜙 ∈ 𝐶𝑧(𝒩 , 𝑔) in the chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈). If 𝑗(𝜙) =

< 𝐴, 𝜂 >, then there exists a Γ𝑈 -invariant metric ℎ ∈ [𝑔] on ̃︀𝑈 , w.r.t. which the isotropic
representation 𝜙 in the same chart is of the form < 𝐴, 𝜉 >, where 𝐴𝜉 = 𝜉.

Proof. We keep the above introduced notations. Assume that 𝑗(𝜙) =< 𝐴, 𝜃 > for the represen-

tative 𝜙 of the element 𝜙 ∈ 𝐶𝑧(𝒩 , 𝑔) in Γ𝑈 -invariant pseudo-Riemannian metric 𝑔 on ̃︀𝑈 , where
𝜙*𝑔 = 𝑒𝜆𝑔, 𝜙*𝑣 = 𝐴, 𝑑𝜆𝑣 = 𝜃. We stress that 𝜆 is a Γ𝑈 -invariant function. As it was shown

in the proof of Lemma 1 in [16], while passing to another conformal metric ℎ = 𝑒𝜇𝑔 on ̃︀𝑈 , the
identity 𝜙*ℎ = 𝑒𝛽ℎ holds, where 𝑑𝛽𝑣 = 𝐴𝜂− 𝜂+ 𝜃, 𝜂 = 𝑑𝜇𝑣. Denoting 𝜉 = 𝐴𝜂− 𝜂+ 𝜃, it is easy
to show that always there exists a Γ𝑈 -invariant function 𝜇 ensuring the identity 𝐴𝜉 = 𝜉 with
𝜂 = 𝑑𝜇𝑣. At that, the identity holds: < 𝐴, 𝜉 >=< 𝐸,−𝜂 >< 𝐴, 𝜃 >< 𝐸, 𝜂 >. Thanks to the
Γ𝑈 -invariance of the metric 𝑔 and the function 𝜇, a new pseudo-Riemannian metric ℎ = 𝑒𝜇𝑔 is
Γ𝑈 -invariant.

5. Proof of Theorem 2

(𝑖). We begin with proving the following statement.

Lemma 3. On each component of connectivity ∆𝑐
𝑘 of a 𝑘-dimensional stratum ∆𝑘 of a

pseudo-Riemannian orbifold (𝒩 , 𝑔), a pseudo-Riemannian metric 𝑔|Δ𝑐
𝑘
is induced.

Proof. We consider the linearized chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈) at an arbitrary point 𝑧 ∈ ∆𝑐
𝑘. Let 𝑧 = 𝑝𝑈(𝑣),

where 𝑣 = 0𝑛. We denote 𝑉 := 𝑝𝑈(R𝑘 × {0𝑛−𝑘}). Since the restriction 𝑝𝑈 |R𝑘×{0𝑛−𝑘} : R𝑘 ×
{0𝑛−𝑘} → 𝑉 is a homeomorphism, the inverse homeomorphism 𝜓 : 𝑉 → R𝑘 × {0𝑛−𝑘} is well-
defined. The pair (𝑉, 𝜓) is a chart of the manifold ∆𝑐

𝑘. We define 𝑔𝑉 := 𝜓*𝑔̃︀𝑈 . Let us show that
𝑔𝑉 is a pseudo-Riemannian metric on 𝑉 . The symmetric property of 𝑔𝑉 is implied by the same
of 𝑔̃︀𝑈 . Let us check that 𝑔𝑉 is non-degenerate. Suppose that there exists a vector 𝑍 ∈ 𝑇𝑧∆

𝑐
𝑘

such that 𝑔𝑉 (𝑋,𝑍) = 0 for each vector 𝑋 ∈ 𝑇𝑧∆
𝑐
𝑘. It is sufficient to show that 𝑍 = 0.

We denote by |Γ| the number of the elements in the group Γ𝑈 . We note that for each vector

𝑌 ∈ 𝑇𝑣R
𝑛 the vector ̂︀𝑌 := 1

|Γ|
∑︀

𝛾∈Γ𝑈
𝛾(𝑌 ) is stationary w.r.t. each element ̃︀𝛾 ∈ Γ𝑈 and

therefore, it belongs to 𝐹𝑖𝑥Γ𝑈 = R𝑘 × {0𝑛−𝑘}, and hence, 𝑝𝑈*𝑣 ̂︀𝑌 ∈ 𝑇𝑧∆
𝑐
𝑘. Indeed,

̃︀𝛾(̂︀𝑌 ) = ̃︀𝛾(
1

|Γ|
∑︁
𝛾∈Γ𝑈

𝛾(𝑌 )) =
1

|Γ|
∑︁
𝛾∈Γ𝑈

̃︀𝛾 ∘ 𝛾(𝑌 ) =
1

|Γ|
∑︁
𝛾∈Γ𝑈

𝛾(𝑌 ) = ̂︀𝑌 .
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We consider the vectors ̃︀𝑍 := 𝜓*𝑧𝑍 and an arbitrary vector 𝑌 ∈ 𝑇𝑣R
𝑛, where 𝑦 = 𝜓(𝑧).

Applying the linearity of the transforms 𝛾 ∈ Γ, the Γ𝑈 -invariance 𝑔̃︀𝑈 , the stationary property

of the vectors ̂︀𝑌 and ̃︀𝑍 w.r.t. Γ𝑈 as well as the bilinearity of the metric, we obtain the chain
of identities

𝑔̃︀𝑈(𝑌, ̃︀𝑍) =
1

|Γ|
∑︁
𝛾∈Γ𝑈

𝛾*𝑔̃︀𝑈(𝑌, ̃︀𝑍) =
1

|Γ|
∑︁
𝛾∈Γ𝑈

𝑔̃︀𝑈(𝛾(𝑌 ), 𝛾( ̃︀𝑍)) =
1

|Γ|
∑︁
𝛾∈Γ𝑈

𝑔̃︀𝑈(𝛾(𝑌 ), ̃︀𝑍)

=𝑔̃︀𝑈(
1

|Γ|
∑︁
𝛾∈Γ𝑈

𝛾(𝑌 ), ̃︀𝑍) = 𝑔̃︀𝑈(̂︀𝑌 , ̃︀𝑍) = 𝑔𝑉 (𝑝𝑈*𝑧(̂︀𝑌 ), 𝑍) = 0.

Since the pseudo-Riemannian metric 𝑔̃︀𝑈 is non-degenerate, this implies ̃︀𝑍 = 0, therefore, 𝑍 = 0
and 𝑔𝑉 is a pseudo-Riemannian metric.

The consistence of pseudo-Riemannian metrics 𝑔𝑉 in different charts (𝑉, 𝜙) on ∆𝑐
𝑘 is implied

by the same for the metrics 𝑔̃︀𝑈 in different charts of the orbifold 𝒩 .

According Lemma 3, if a pseudo-Riemannian orbifold (𝒩 , 𝑔) admits 𝑘-dimensional stratum
∆𝑘, then on each connected component of this stratum ∆𝑐

𝑘, a pseudo-Riemmanian metric
𝑔|Δ𝑐

𝑘
is induced and that transforms it into a pseudo-Riemannian manifold denoted by (∆𝑐

𝑘, 𝑔).
Therefore, the class of conformally equivalent metrics [𝑔] on 𝒩 defines a class of conformally
equivalent metrics [𝑔|Δ𝑐

𝑘
] on ∆𝑐

𝑘. Thus, on each stratum of the orbifold a conformal pseudo-
Riemannian structure is induced. We do not exclude the case when this structure is Riemannian.
For instance, on each one-dimensional stratum, if this exists, a conformal Riemannian structure
is induced.

(ii). Assume that the orbifold 𝒩 has a zero-dimensional stratum ∆0 and 𝑧 = ∆𝑐
0. Since the

diffeomorphisms of orbifolds are isomorphisms in the category Orb, then each connected Lie
group of the diffeomorphisms of orbifolds preserves the components of each stratum. Since
the component of the unit 𝐶0(𝒩 , [𝑔]) is a connected Lie group and keeps the point 𝑧 at its

place, Corollary 4 with 𝑘 = 0 implies that dim𝐶0(𝒩 , 𝑔) 6 𝑛2−𝑛+2
2

. This completes the proof of
Statement (ii).

We consider a pseudo-Riemannian orbifold (𝒩 , 𝑔) with a complete group of conformal trans-
forms 𝐶(𝒩 , 𝑔).

Let 𝜙 ∈ 𝐶𝑧(𝒩 , 𝑔) be a conformal transform, some representative 𝜙 of which has the isotropic

representation< 𝐴, 𝜉 > in the chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈). According Lemma 1, without loss of generality,
we can assume that 𝐴𝜉 = 𝜉 in the metric 𝑔̃︀𝑈 in the mentioned class of conformally equivalent

metric on ̃︀𝑈 invariant w.r.t. the group Γ𝑈 . Let (̃︀𝑈,Γ𝑈 , 𝑝𝑈) be a linearized chart at the point
𝑧 ∈ 𝒩 .

For the sake of brevity, we denote the metric 𝑔̃︀𝑈 by 𝑔. We choose a geodesic coordinate

system w.r.t the Levi-Civita connection of the pseudo-Riemannian manifold (̃︀𝑈, 𝑔). Since we
consider only the linearized chart at the point 𝑧, without loss of generality we assume that the

geodesic coordinates are defined in ̃︀𝑈 , where ̃︀𝑈 is a sufficiently small neighbourhood of zero in
R𝑛 invariant w.r.t. the group Γ𝑈 . We recall that Γ𝑈 is a finite subgroup of a pseudo-orthogonal
group 𝑂(𝑝, 𝑞).

We expand the functions 𝜙𝑖 and 𝑔𝑖𝑗 into the Taylor series in the geodesic coordinates 𝑥𝑖 in
the vicinity of the point 𝑣 = 0𝑛:

𝜙𝑖(𝑥) = 𝐴𝑖
𝑗𝑥

𝑗 +
1

2
𝐴𝑖

𝑗𝑘𝑥
𝑗𝑥𝑘 + . . . = 𝐴𝑥+

1

2
𝐴𝑥𝑥+ . . . , (1)

𝑔𝑖𝑗(𝑥) = 𝛿𝑖𝑗 +
1

2
𝑔𝑖𝑗,𝑘𝑙𝑥

𝑘𝑥𝑙 + . . . (2)
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Since 𝜙 is conformal, we necessarily have 𝜙*𝑔 = 𝑒𝜆(𝑥)𝑔, therefore, the identity holds

𝑔𝑖𝑗(𝜙
𝑘(𝑥))

𝜕𝜙𝑖(𝑥)

𝜕𝑥𝑚
𝜕𝜙𝑗(𝑥)

𝜕𝑥𝑛
= 𝑒𝜆(𝑥)𝑔𝑚𝑛(𝑥). (3)

We substitute expansions (1) and (2) into (3) and equate the coefficients at the like powers of
𝑥𝑖. Then, reproducing the arguing in Section 2 in paper [16] by Alekseevskii, we obtain the
following expression

𝜙(𝑥) = 𝐴𝑥+ 𝑔(𝑥, 𝜉)𝐴𝑥− 1

2
𝑔(𝑥, 𝑥)𝜉 + 𝑜(𝑔(𝑥, 𝑥)). (4)

Thus, we have proved the following lemma.

Lemma 4. Let 𝜙 be the representative of a conformal transform 𝜙 from the group 𝐶𝑧(𝒩 , 𝑔)
having the isotropic representation 𝐴𝜉 = 𝜉. Then in terms of geodesic coordinates, the transform
𝜙 can be written as (4) in some neighbourhood of zero.

Let (𝒩 , 𝑔) be a pseudo-Riemannian orbifold of dimension 𝑛 > 3. We denote by 𝐶0(𝒩 , 𝑔) a
component of the unity of the Lie group 𝐶(𝒩 , 𝑔). Since the dimension of the group 𝐶0(𝒩 , 𝑔)
is equal to the dimension of 𝐶(𝒩 , 𝑔), in order to estimate the dimension of the group of
automorphisms, we consider only the component of the unity 𝐶0(𝒩 , 𝑔). We assume that 𝒩
has a 𝑘-dimensional stratum as 𝑘 > 3, and ∆𝑐

𝑘 is its connected component. Since each connected
Lie group of the diffeomorphisms of the orbifold preserves the components of each stratum, then
𝐶0(𝒩 , 𝑔) preserves ∆𝑐

𝑘.
According Lemma 3, a pseudo-Riemannian metric is induced on ∆𝑐

𝑘; this metric is denoted
by 𝑔. We define the homomorphism of the groups

𝜒 : 𝐶0(𝒩 , 𝑔) → 𝐶(∆𝑐
𝑘, 𝑔) : 𝑓 ↦→ 𝑓 |Δ𝑐

𝑘
.

Then
dim𝐶(𝒩 , 𝑔) = dim𝐶0(𝒩 , 𝑔) 6 dim𝐶(∆𝑐

𝑘, 𝑔) + dim𝐾𝑒𝑟(𝜒),

where 𝐾𝑒𝑟(𝜒) is the kernel of the homomorphism 𝜒. Employing the estimate for the dimension
of the complete group of conformal transforms of a 𝑘-dimensional manifold (∆𝑐

𝑘, 𝑔), where 𝑘 > 3,
we obtain

dim𝐶(∆𝑐
𝑘, 𝑔) 6

(𝑘 + 1)(𝑘 + 2)

2
.

In the next lemma we find an estimate for the dimension of the kernel 𝐾𝑒𝑟(𝜒).

Lemma 5. Assume that on a connected component ∆𝑐
𝑘 of a 𝑘-dimensional stratum a pseudo-

Riemannian metric of type (𝑝1, 𝑞1) is induced, where 𝑝1 + 𝑞1 = 𝑘. Then the kernel 𝐾𝑒𝑟(𝜒) of
the homomorphism

𝜒 : 𝐶0(𝒩 , 𝑔) → 𝐶(∆𝑐
𝑘, 𝑔) : 𝑓 ↦→ 𝑓 |Δ𝑐

𝑘

possesses the following properties:
1) a representative of each element 𝑓 ∈ 𝐾𝑒𝑟𝜒 has an exact isotropic representation in the

subgroup {𝐸𝑘}×𝑂(𝑝−𝑝1, 𝑞− 𝑞1) of the pseudo-orthogonal group 𝑂(𝑝, 𝑞) ⊂ 𝐻, where 𝑝+ 𝑞 = 𝑛;
2) the dimension of 𝐾𝑒𝑟(𝜒) satisfies the inequality

dim𝐾𝑒𝑟(𝜒) 6
(𝑛− 𝑘)(𝑛− 𝑘 − 1)

2
.

Proof. We denote by 0𝑚 the zero in R𝑚, 𝑚 ∈ N. We take an element 𝜙 ∈ 𝐾𝑒𝑟(𝜒), then

𝜙|Δ𝑐
𝑘

= 𝑖𝑑Δ𝑐
𝑘
. In the linearized chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈) at an arbitrary point 𝑧 ∈ ∆𝑐

𝑘, the representative
𝜙 of the transform 𝜙 satisfies the identity 𝜙|R𝑘×{0𝑛−𝑘} = 𝑖𝑑R𝑘×{0𝑛−𝑘}, where 𝑝𝑈(0, 0) = 𝑧, (0, 0) =

(0𝑘, 0𝑛−𝑘) = 0𝑛. We identify the tangent space 𝑇(0,0)(R
𝑘 × {0𝑛−𝑘}) with R𝑘 × {0𝑛−𝑘}, and

𝑇(0,0)({0𝑘} × R𝑛−𝑘) is identified with {0𝑘} × R𝑛−𝑘. According Lemma 4, on R𝑘 × {0𝑛−𝑘} a
pseudo-Riemannian metric is induced. Without loss of generality, we suppose that {0𝑘}×R𝑛−𝑘
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is the orthogonal complement to R𝑘 × {0𝑛−𝑘}. Since the conformal transforms preserve the
angles between the vectors, {0𝑘} ×R𝑛−𝑘 is invariant w.r.t. 𝜙*(0,0).

We assume that 𝜙*(0,0) = 𝜏𝐴 ∈ 𝐶𝑂(𝑝, 𝑞). Since 𝜙 ∈ 𝐾𝑒𝑟(𝜒), the identity 𝜙*(0,0)(𝑒) = 𝜏𝐴(𝑒) =
𝑒 holds for each vector 𝑒 ∈ R𝑘×{0𝑛−𝑘}. Therefore, 𝜏 = 1 and 𝐴 ∈ {𝐸𝑘}×𝑂(𝑝−𝑝1, 𝑞−𝑞1). Thus,
𝜙 has the isotropic representation 𝑗(𝜙) =< 𝐴, 𝜉 >. Without loss of generality, by Lemma 2 we
can assume that 𝐴𝜉 = 𝜉. Hence, according Lemma 4, in terms of the geodesic coordinates, in

some neighbourhood ̃︀𝑈 of zero, the representative 𝜙 of the element 𝜙 satisfies equation (4).
Let 𝑒𝑖, 1 6 𝑖 6 𝑘, be a basis in the vector space R𝑘 × {0𝑛−𝑘} of nonisotropic vectors. Since

𝐴 ∈ {𝐸𝑘}×𝑂(𝑝− 𝑝1, 𝑞− 𝑞1), we necessarily have 𝐴𝑥 = 𝑥 for each vector 𝑥 in R𝑘 ×{0𝑛−𝑘}. We
take an arbitrary infinitesimal real non-zero number 𝛼 and substitute 𝑥 = 𝛼𝑒𝑖 into (4). Taking
into consideration that 𝐴𝑒𝑖 = 𝑒𝑖, we obtain

𝛼[𝛼𝑔(𝑒𝑖, 𝜉)𝑒𝑖 −
𝛼

2
𝑔(𝑒𝑖, 𝑒𝑖)𝜉 + 𝑜(𝛼𝑔(𝑒𝑖𝑒𝑖))] = 0

and this is equivalent to

𝑔(𝑒𝑖, 𝜉)𝑒𝑖 −
1

2
𝑔(𝑒𝑖, 𝑒𝑖)𝜉 +

𝑜(𝛼𝑔(𝑒𝑖𝑒𝑖))

𝛼
= 0. (5)

Since 𝑜(𝛼𝑔(𝑒𝑖𝑒𝑖))
𝛼

→ 0 as 𝛼 → 0, it follows from (5) that

𝑔(𝑒𝑖, 𝜉)𝑒𝑖 =
1

2
𝑔(𝑒𝑖, 𝑒𝑖)𝜉. (6)

By the choice of the basis 𝑒𝑖 we have 𝑔(𝑒𝑖, 𝑒𝑖) ̸= 0 and this is it follows from (6) that the vectors
𝜉 and 𝑒𝑖 are collinear. In this case 𝜉 = 𝑐𝑒𝑖. Substituting this into (6), we obtain 𝑐 = 0 and
𝜉 = 0

Thus, we have proved that 𝜙 ∈ 𝐾𝑒𝑟(𝜒) has the isotropic representation of form < 𝐴, 0 >,
where 𝐴 ∈ {𝐸𝑘}×𝑂(𝑝−𝑝1, 𝑞− 𝑞1). This implies Statement 1) and the desired estimate 2).

Applying Lemmata 2 and 4, we obtain the chain of inequalities

dim𝐶(𝒩 , 𝑔) 6 dim𝐶(∆𝑐
𝑘, 𝑔) + dim𝐾𝑒𝑟(𝜒)

6
(𝑘 + 1)(𝑘 + 2)

2
+

(𝑛− 𝑘)(𝑛− 𝑘 − 1)

2
=
𝑛(𝑛− 1)

2
+ (𝑘 + 1)2 − 𝑛𝑘

and this completes the proof of Statement (iv) of Theorem 2.
Statement (iii) of Theorem 2 as 𝑘 = 1 can be proved in the same way as Statement (iv) by

using the inequality dim(𝐶(∆𝑐
1, 𝑔)) 6 2.

6. Groups of similarities of pseudo-Riemannian orbifolds

Proof of Theorem 3. Since each similarity is a conformal transform and 𝑆𝑖𝑚(𝒩 , 𝑔) is a closed
subgroup of the Lie group 𝐶(𝒩 , 𝑔), all facts proved for the groups of conformal transforms of
pseudo-Riemannian orbifolds are true for the groups of similarities. This is why there exists the
unique structure of the Lie group in 𝑆𝑖𝑚(𝒩 , 𝑔). Since 𝑆𝑖𝑚(𝒩 , 𝑔) is the group of automorphisms
of first order 𝐺-structure in the terminology [17], by [11] we get the estimate

dim(𝑆𝑖𝑚(𝒩 , 𝑔)) 6 𝑛+ dim𝐶𝑂(𝑝, 𝑞) = 𝑛+
𝑛2 − 𝑛+ 2

2
=
𝑛2 + 𝑛+ 2

2
,

and here the identity can be only in the case of a transitive action of group of similarities on
𝒩 , that is, only for manifolds. Thus, Statement (i) is true.

Statement (ii) can be easily obtained by applying Lemma 3.
We consider an arbitrary similarity transform 𝜙 ∈ 𝑆𝑖𝑚𝑧(𝒩 , 𝑔) preserving some point 𝑧 ∈ 𝒩

at its place. Let 𝜙 be a representative of 𝜙 in some chart (̃︀𝑈,Γ𝑈 , 𝑝𝑈) of the orbifold at the
point 𝑧. Then there exists a positive number 𝜆 satisfying the identity 𝜙*𝑔 = 𝑒𝜆𝑔. Let 𝜙*𝑧 =
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𝜏𝐴 ∈ 𝐶𝑂(𝑝, 𝑞). We stress that in this case 𝜉 = 𝑑𝜆|𝑧 = 0. It follows from Theorem 4 that the
representation of the isotropy for 𝜙 is of the form:

𝑗 : 𝑆𝑖𝑚𝑣(̃︀𝑈, 𝑔) → 𝐻 = 𝐶𝑂(𝑝, 𝑞) : 𝜙 ↦→< 𝜏𝐴, 0 >,

where 𝑣 ∈ 𝑝−1
𝑈 (𝑧), and 𝑗 is an isomorphism of the group 𝑆𝑖𝑚𝑣(̃︀𝑈, [𝑔]) onto a closed subgroup

of the group 𝐻 = 𝐶𝑂(𝑝, 𝑞). Taking into consideration that dim(𝐻) = 𝑛2−𝑛+2
2

and reproducing
the arguing in the proofs of Statements (ii) and (iv) of Theorem 2, we obtain the estimate (iii)
and (iv).

7. Examples

We recall that the 𝑛-dimensional pseudo-Euclidean space E𝑛
𝑞 of signature (𝑝, 𝑞), 𝑝 + 𝑞 = 𝑛,

with the standard pseudo-Riemannian metric 𝑔0 defines a conformal structure [𝑔0] corresponding
to the first order 𝐺-structure. This is why the complete group of conformal transforms 𝐶(E𝑛

𝑞 , 𝑔0)
coincides with the complete group of similarities 𝑆𝑖𝑚(E𝑛

𝑞 , 𝑔0) and is equal to the semi-direct
product 𝐶𝑂(𝑝, 𝑞) nR𝑛.

Example 1. According the definition introduced in Section 3, the signature of Ein𝑝,𝑞 is equal
to (𝑞, 𝑝). The stationary subgroup 𝐶𝑣(Ein

𝑝,𝑞) of the group of conformal transforms 𝐶(Ein𝑝,𝑞)
at the point 𝑣 is isomorphic to the group 𝐻 = 𝐶𝑂(𝑝, 𝑞) n R𝑛. According Theorem 4, the
represenation of isotropy 𝑗 : 𝐶𝑣(Ein

𝑝,𝑞) → 𝐻 is an isomorphism of the groups. Therefore, the
conformal transform 𝛾 ∈ 𝐶𝑣(Ein

𝑝,𝑞) is uniquely determined by its image 𝑗(𝛾) = (−𝐸𝑛) ∈ 𝐻,
where 𝐸𝑛 is the unit 𝑛-dimensional matrix. We consider the orbifold 𝒩 = Ein𝑝,𝑞/Γ, where Γ is
the group with the generator 𝛾 and Γ is isomorphic to Z2. We denote by 𝑔0 the induced metric
on 𝒩 . The Lorentzian orbifold (𝒩 , 𝑔0) has the stratification {∆𝑛,∆0}. Let 𝑟 : Ein𝑝,𝑞 → 𝒩 be
a factor mapping and 𝑧 = 𝑟(𝑣). Since the group of conformal transforms 𝐶(𝒩 , 𝑔0) preserves the
stratification of the orbifold 𝒩 , it coincides with the stationary subgroup 𝐶𝑧(𝒩 , 𝑔0). Taking
this fact into consideration and applying Corollary 4, we obtain that the group of conformal
transforms 𝐶(𝒩 , 𝑔0) of the Lorentzian orbifold (𝒩 , 𝑔0) is isomorphic to the factor group𝑁(Γ)/Γ,
where 𝑁(Γ) is the normalizator of the subgroup Γ in the Lie group 𝐻. By straightforward
calculations we check that 𝑁(Γ) = 𝐶𝑂(𝑝, 𝑞). Since

dim(R+𝑂(𝑝, 𝑞)/{±𝐸𝑛}) =
𝑛2 − 𝑛+ 2

2
,

then dim(𝐶(𝒩 , 𝑔0)) = (𝑛2−𝑛+2)/2 and the estimate for the dimension of the conformal group
𝐶(𝒩 , 𝑔0) in Statement (ii) of Theorem 2 becomes the identity.

Example 2. We consider the orbifold 𝒩 = E𝑛
𝑞 /Γ, where Γ is the group isomorphic to Z2

and having the generator 𝛾 defined by the identity 𝛾(𝑥) = −𝑥, 𝑥 ∈ E𝑛
𝑞 . We denote by 𝑔0

the induced pseudo-Riemannian metric on 𝒩 . Then the pseudo-Euclidean orbifold (𝒩 , 𝑔0)
has the stratification {∆𝑛,∆0} and the complete group of its conformal transforms 𝐶(𝒩 , 𝑔0)
coincides with the complete group of similarities 𝑆𝑖𝑚(𝒩 , 𝑔0) and is equal to the factor group
R+𝑂(𝑝, 𝑞)/{±𝐸𝑛} and this is why dim(𝐶(𝒩 , 𝑔0)) = (𝑛2 − 𝑛 + 2)/2. Hence, the estimate for
the dimension of the complete group of similarities 𝑆𝑖𝑚(𝒩 , 𝑔0) in Statement (iii) in Theorem 3
becomes the identity.

Example 3. We recall that according the definition introduced in Section 3, the signature of
Ein𝑞1,𝑝1 is equal to (𝑝1, 𝑞1). Let 𝑝1 + 𝑞1 = 𝑘 > 3. We consider the orbifold 𝒩1 = E𝑛−𝑘

𝑞2
/Γ

considered in Example 2. It is of the signature (𝑝2, 𝑞2), where 𝑝2 + 𝑞2 = 𝑛 − 𝑘 > 2. Let

{∆
(1)
𝑛−𝑘,∆

(1)
0 } be the stratification of 𝒩1.

Let us calculate the complete group of conformal transforms of the pseudo-Riemannian orb-
ifold 𝒩 = Ein𝑞1,𝑝1 ×𝒩1 with the metric 𝑔 equal to the sum of the corresponding metrics. We
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note that 𝒩 has the stratification {∆𝑛,∆𝑘} and ∆𝑘 = Ein𝑞1,𝑝1 ×∆
(1)
0 . Since the group 𝐶(𝒩 , 𝑔)

preserves the connected stratum ∆𝑘, by Lemma 5 we obtain that the Lie group 𝐶(𝒩 , 𝑔) is
isomorphic to the product of the Lie groups 𝐶(Ein𝑞1,𝑝1) × 𝑂(𝑝2, 𝑞2). Therefore, the chain of
identities hold:

dim𝐶(𝒩 , 𝑔) = dim𝐶(Ein𝑞1,𝑝1) + dim𝑂(𝑝2, 𝑞2) = dim𝑂(𝑞1 + 1, 𝑝1 + 1) + dim𝑂(𝑝2, 𝑞2),

and this is why

dim𝐶(𝒩 , 𝑔) =
(𝑘 + 1)(𝑘 + 2)

2
+

(𝑛− 𝑘)(𝑛− 𝑘 − 1)

2
=
𝑛(𝑛− 1)

2
+ (𝑘 + 1)2 − 𝑛𝑘.

Thus, the estimate for the dimension of the group 𝐶(𝒩 , 𝑔) in Statement (iv) of Theorem 2
becomes the identity.

Remark 2. For the group of similarities 𝑆𝑖𝑚(𝒩 , 𝑔) the statement of Lemma 5 is true for
the connected component ∆0

𝑘 of a 𝑘-dimensional stratum for each fixed 𝑘 > 1.

Example 4. We fix an arbitrary pair of natural numbers (𝑛, 𝑘) such that 𝑛 > 𝑘 > 1. Let
(𝒩1, 𝑔0) be a pseudo-Euclidean orbifold constructed in Example 2 of dimension 𝑛− 𝑘 and with

a signature (𝑝1, 𝑞1), where 𝑝1 + 𝑞1 = 𝑛− 𝑘. The orbifold 𝒩1 has the stratification {∆
(1)
𝑛−𝑘,∆

(1)
0 }.

Let (E𝑘
𝑞2
, 𝑔2) be a pseudo-Euclidean space of dimension 𝑘 and with a signature (𝑝2, 𝑞2), where

𝑝2 + 𝑞2 = 𝑘. The product of the orbifolds 𝒩 := 𝒩1 × E𝑘
𝑞2

with the metric 𝑔 := 𝑔0 ⊕ 𝑔2 is a
𝑛-dimensional pseudo-Euclidean orbifold with a signature (𝑝, 𝑞), 𝑝+ 𝑞 = 𝑛, where 𝑝 = 𝑝1 + 𝑝2,

𝑞 = 𝑞1 + 𝑞2. The orbifold 𝒩 has the stratification {∆𝑛,∆𝑘 = ∆
(1)
0 × E𝑘

𝑞2
}. We observe that

the complete group of conformal transforms 𝐶(𝒩 , 𝑔) coincides with the complete group of
similarities 𝑆𝑖𝑚(𝒩 , 𝑔). Since the group 𝑆𝑖𝑚(𝒩 , 𝑔) preserves the connected stratum ∆𝑘, in
view of Lemma 5 and Remark 2, we obtain the existence of the isomorphism between the Lie
group 𝑆𝑖𝑚(𝒩 , 𝑔) and the product of the Lie groups 𝑆𝑖𝑚(E𝑘

𝑞2
, 𝑔2) × 𝑂(𝑝1, 𝑞1). Therefore, the

chain of identities holds:

dim𝑆𝑖𝑚(𝒩 , 𝑔) = dim𝑆𝑖𝑚(E𝑘
𝑞2
, 𝑔2) + dim𝑂(𝑝1, 𝑞1)

=
𝑘2 + 𝑘 + 2

2
+

(𝑛− 𝑘)(𝑛− 𝑘 − 1)

2
=
𝑛(𝑛− 1)

2
+ 𝑘2 + 𝑘 + 1 − 𝑛𝑘,

and this is why

dim𝑆𝑖𝑚(𝒩 , 𝑔) =
𝑛(𝑛− 1)

2
+ 𝑘2 + 𝑘 + 1 − 𝑛𝑘.

Thus, in Statement (iii) in Theorem 3 we have the identity.
Let 𝑘 = 1, then by the above identity we obtain

dim(𝐶(𝒩 , 𝑔)) =
𝑛2 − 3𝑛+ 6

2
,

and the estimate for the dimension of the complete group of similarities 𝐶(𝒩 , 𝑔) in State-
ment (iii) of Theorem 2 becomes the identity.
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