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UNIFORM CONVERGENCE OF
LAGRANGE-STRUM-LIOUVILLE PROCESSES
ON ONE FUNCTIONAL CLASS

A.Yu. TRYNIN

Abstract. We establish the uniform convergence inside an arbitrary interval (a,b) C [0, 7]
for the values of the Lagrange-Sturm-Liouville operators for functions in a class defined
by one-side moduli of continuity and oscillations. Outside this interval, the sequence of
values of the Lagrange-Sturm-Liouville operators may diverge. The conditions describing
this functional class contain a restriction only on the rate and magnitude of the increasing
(or decreasing) of the continuous function. Each element of the proposed class can de-
crease (or, respectively, increase) arbitrarily fast. Popular sets of functions satisfying the
Dini-Lipschitz condition or the Krylov criterion are proper subsets of this class, even if,
under their conditions, the classical modulus of continuity and the variation are replaced
by the one-sided ones. We obtain sharp upper bounds for functions and Lebesgue con-
stants of the Lagrange-Sturm-Liouville processes. We establish sufficient conditions of the
uniform convergence of the Lagrange-Sturm-Liouville processes in terms of the maximal
absolute value of the sum and the maximal sum of the absolute values of the weighted
first order differences. We prove the equiboundedness of the sequence of fundamental func-
tions of Lagrange-Sturm-Liouville processes. Three new operators are proposed, which are
modifications of the Lagrange-Sturm-Liouville operator and they allow one to approximate
uniformly an arbitrary continuous function vanishing at the ends on the segment [0, 7]. All
the results of the work remain valid if the one-sided moduli of continuity and oscillations
are replaced by the classical ones.
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1. INTRODUCTION

In [I], G.I. Natanson obtained the Dini-Lipschitz condition of the uniform convergence inside
the interval (0,7), that is, uniformly on each compact set in (0,7), for the Lagrange-Sturm-
Liouville processes of form

L3 (f,2) = Zfa:kn Un foknz v), 1)

U’ mkn)(x — Tgp)

where U, is the nth e1genfunct10n of the regular Sturm—Llouvﬂle problem
U+ A= qlU =0,
U'(0) — hU(0) = 0, (2)
Ulr)+ HU(m) =0
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with a continuous potential ¢ of a bounded variation on [0, 7] and boundary conditions implying
that the leading term in the asymptotics for U, is the cosine, that is, h # d+oo, H # +oc.
Here 0 < x1,, < 2, < -+ < 2, < 7 are the zeroes of the function U,. To the study of
the approximative properties of Lagrange-Strum-Liouville operators (1)), works [2]-[4] were also
devoted. In work [2], there was established the existence of a continuous on [0, 7| function, whose
interpolation Lagrange-Sturm-Liouville process diverges unboundedly almost everywhere in
[0, 7]. Studies made in [3], [5], [6] showed that under arbitrary small variation of the parameters
in Sturm-Liouville problem (potential ¢ or constants h, H), the approximative properties
of processes can change substantially.

The properties of interpolation operators for functions of Lagrange type (1)) are closely related
with the behavior of sinc-approximations

" sin (nx — k7) , (kn " (=DFsinnz , (kn
Ln(f,x)—; nr — km f(n)_g nr — km f(n) 3)
used in the the Whittaker-Kotelnikov-Shannon sampling theory, see [7]-[10]. The most com-
plete survey of the results obtained in studying of the properties of sinc-approximations of
analytic on the real axis functions decaying exponentially at infinity as well as many important
applications of sinc-approximations can be found, for instance, in [9] and [11].

Sinc-approximations are widely used in various numerical methods in mathematical physics
and in approximating functions of both one and several variables [12]-[14], in the theory of
quadrature formulae [9] and in wavelet theory [7], [§], [10].

Before appearing of works [15]—[21], the approximation of such operators on a segment or on
a bounded interval was made only for some classes of analytic functions [9], [22] via reducing
to the case of the axis by means of a conformal mapping. In [21], there was found the upper
estimate for the best approximation of continuous functions by linear combinations of sincs.

The results of the studies in [23] showed that while approximating non-smooth continuous
functions by the values of operators , a “resonance” can arise, which leads to an unbounded
growth of the approximation error on the entire interval (0, 7). In [24]-[27] there were proposed
various modifications of sinc-approximations allowing to approximate continuous functions
on the segment [0, 7]. The study of the completeness of the system of syncs in [20] in the
spaces C[0, 7] and Co[0, 7] = {f : f € C[0, ], f(0) = f(7) = 0} allows one to conclude that it
is vainly to construct an operator as linear combinations of sincs approximating uniformly an
arbitrary continuous function on a segment.

The study of Lagrange-Sturm-Liouville operators is also closely related with the approx-
imative properties of the interpolation operators constructed by the solutions of the Cauchy
problem for second order differential equations [28]. The operators proposed in [28] are gen-
eralizations of Lagrange-Sturm-Liouville operators and of classical sinc-approximation .
In [29], a series of applications of the results in work [28] was given to studying approximative
properties of classical algebraic interpolation Lagrange polynomials with a matrix of interpo-
lation nodes, each row of which is formed by the zeroes of Jacobi polynomials P%%» with the
parameters depending on n.

In monograph [4], detailed proofs were given and the misprints made in some formulae in
earlier publications were corrected.

Following the lines of [30]—[37], in the present work we obtain sufficient conditions for the
uniform convergence in the interval (0, 7) of interpolation processes constructed by solutions
to problem in terms of one-sided moduli of continuity and oscillation.

2. MAIN RESULTS

Throughout the work, the potential ¢ in Sturm-Liouville problem is assumed to be a
continuous function with a bounded variation on [0, r]. We also suppose that the eigenfunction



UNIFORM CONVERGENCE OF LAGRANGE-STRUM-LIOUVILLE PROCESSES ... 95

is normalized by the condition U,,(0) = 1. We consider Robin conditions ([2) excluding Dirichlet
type conditions are excluded, that is, h # oo, H # +o00. Foreach 0 <a<b< 7w 0<e <
(b — a)/2, we define the indices p;, pa, m;1 and my by means of relations

Tpim S A+ < Tpiy1n, Tpom S b—€ < Tpypin,

Tki—1,n <a < LTky,n Lko+1,n < b < Tko+2,n5 (4)
]{71 k2

myp = 5 + 1, mo = ?

after adding the points 2, = 0 and x,41, = 7 to the set of zeroes z1, < x2, < -+ < T, of
the nth eigenfunction U,. Here [z] denotes the integer part of a number z. If else is not said,
the prime at the sum denotes the absence of the term with the zero denominator.

We denote by € the set of all real non-decreasing concave [0, b — a] functions w vanishing at
zero. Let C(w') [a,b]) be C(w", [a,b]) the set of the elements in the space C[a, b] such that for
arbitrary z and z + h (a < © < x + h < b) the inequalities hold:

fle+h) = flx) 2 —Kpw(h) or f(z+h)— f(z) < Kzw(h), (5)
respectively, where w € . Here the choice of a positive constant K; depends only on the
function f. In this case the function w(h) is called respectively the left or right modulus of
continuity.

The classical modulus of continuity of a function f € C|a, b] is denoted as usually by

w(f,0) = sup  [flz+h)— f(z)].

|h|<8;z,24+hE a,b]

In the case a = 0, b = 7, the modulus of continuity of f € C[0, x| is denoted by
wi(f,0) = sup ]!f(3?+h)—f(3?)|~

|h|<8;2,2+he(0,m
The modulus of variation of a function f on a segment [a,b] is the function of a natural
variable

n—1
v(n, ) =sup Y |f(ter) = f(t)],

T k=0
where T, = {a <ty < t) <ty < -+ <t < t, < b}, n € N. We take a non-negative
non-decreasing concave function of a natural argument v(n). If the modulus of variation of the
function f on an interval [a,b] is such that v(n, f) = O(v(n)) as n — oo, we say that f belongs
to the class V' (v). Here the choice of the constant in O-symbol depends only on the function f.
Similar to the positive (negative) variation of the function, we call a positive (negative)
modulus of variation of a function f on a segment [a, b] respectively the functions of a natural

argument:

n—1 n—1
vt(n, f) = sup > (Flter) = f(tn), and v (n, ) =inf D (f(terr) = F(t)) .
n k=0 " k=0
where
z+:Z+|Z’, z_zz_’Z| T,={a<ty<ti<ta<---<t,1 <t,<b}), nel.

We say that f belongs to a class V' (v) or V~(v) if there exists a function M, such that for
each natural n the inequality holds:

v(n, f) < Myo(n) or v (n, f) > —Mjpuv(n),

respectively.
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Theorem 1. Let0<a<b< 7 0<e<(b—a)/2. If anon-decreasing convex function of
a natural argument v(n) and a function w € € are such that

' ' - m 1 ko—ki1—1 'U(/C)
Jmomin qw(T)¥ o Y =0 (6

k=1 k=m+1

where ky and ky + 1 are the indices of the smallest and greatest zero of the eigenfunction U, in
the segment [a,b], then for each function f € C(w'[a,b]) NV~ (v) (f € C(w"[a,b)) NV (v)) the
relation holds:

Tim £ — LS*(f. Yl efarens) = 0. (7)

where the Lagrange-Sturm-Liouville operator L5 (f,-) was defined in .

Remark 1. At that, the relation
lim |f(x) — LSE(f,2)] = 0
n—ro0

can fail on the set [0, x|\ [a,b], see, for instance, [2], [3] and [4].

In the next theorem we obtain an order sharp upper estimate for the growth rate of the
sequence of norms of the Lagrange-Sturm-Liouville operators and functionals acting from
C'0, 7] into C|0, 7] and from C0, 7] into R, respectively. Such sequences are called sequences of
Lebesgue constants and Lebesgue functions. The approximative properties of Lagrange-Sturm-
Liouville operators in the sense of uniform and pointwise convergence depend essentially on
their behavior.

Theorem 2. Let U, be the eigenfunction associated with the eigenvalue X, of reqular Sturm-
Liouwille problem . Then there exist constants Cy, Cy and C3 depending only on the param-
eters of the Sturm-Liouville problem such that for all z € [0, 7] and alln = 2,3,4,... Lebesgue
constants and Lebesgue constants of interpolation processes (1)) satisfy the inequalities

n

Lik(@) =Y |En(@) < ColUn(@)|Inn + Cg, (8)
k=1
L3 = max L% (z) < Cglnn. (9)
xe|0,m

Remark 2. The order sharpness of estimates and @D follows Theorem@ and the results
of works [2, Lm. 2] or [4].

The proof of these statements are given in Section [4]

3. AUXILIARY STATEMENTS

Before proving the theorems, we prove a series of auxiliary statements.

Lemma 1. Let U, be the eigenfunction associated with the eigenvalue X\, of reqular Sturm-
Liouville problem . By <z, <oy <+ < Ty <7 we denote the zeroes of the function
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U,. Then the following asymptotic formulae hold:
plx)

Un(z) = cosnzx + -, sinnz +0(n™?), (10)
Ul (x) = —nsinnx + B(x) cosnz + O(n™ "), (11)
U/(x) = —n?cosnz — nfB(zx)sinnz + O(1), (12)
Un(@rn) = (=1)*n+O(n™), (13)
T = 2k_17r+n25<2k_ 17r> +0(n?), (14)
Van=n+0(n™", (15)

where

2

and the estimate for the error term in formulae — is uniform either in x € [0, 7] or
1<k<n.

Proof. For the proof of , and see, for instance, [39]. Let us make sure that
is true. Let xy, be the kth zero of the eigenfunction U,,. Asymptotic formula implies the

relation
B (xk,n)
n

ﬁ(x):—cx+h+%/mq(7)d7, c:%<h+H+l/wq(7)dT>,
0 0

| cos nxy ., + sinnrg,| = O(n™?).

Letting
n

n? + ﬁz(xk,ny

COS Oy py 1=

we obtain the asymptotic formula

=0(n?).

LT
sm(§ + NTg, — ak,n)
Therefore, the relation

}g + NTpp — Oy — 7rk:| =0(n?)

holds. But the function [ is at least continuously differentiable and this is why the asymptotic

formula o 1 b 1
o - 2 - -3
=0 +n°p ( o 7T) +O0(n™7)

holds. Formula follows and , and is implied by and . n

Remark 3. By asymptotic formula we see that the chosen normalization of the eigen-
functions U,, ensures their equiboundedness.

We denote

Lk,n

M = sup{|U,(z)|,z € [0,7],n € N} < co. (16)
VA

Let py = 0(£3) as A — +o00. We suppose that that k(\) € R for arbitrary non-negative
A. We denote by ¢, an arbitrary function in the ball V,, [0, 7] of the radius p, in the space of
functions of bounded variation vanishing at zero, that is,

VA

Vol < px, pa = O(m) as A —o0, q(0)=0. (17)

For an arbitrary potential gy € V,, [0, 7], as A — 400, the zeroes of the solution to the Cauchy

problem
{y" + ()\ — qA(x))y =0,

y(0,A) =1, 3 (0,)) = h(}), (18)
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or, under the additional condition h(\) # 0,

VA

m), as A —o00, @(0)=0, h(\) #0, (19)

Vil <px, pa= o(

the zeroes of the solution to the Cauchy problem

SO o)
y(07 A) = O’ y,(O’ A) = h(A)7
located in the segment [0, 7] are indexed as follows:
0< Tox < Tix < ...<ZTpn), <7 (;U,L,\ < O,LUTL()\)_H,)\ > 7T). (21)

Here z_y < 0, and @,,())41,» > 7 stand for the zeroes of some continuation of the solution to
the Cauchy problem or provided the variation of the potential ¢, is bounded outside
[0,7]. In [28], [4], there was described the set of continuous on the segment [0, 7] functions
f, which can be approximated by the values of the following operator uniformly inside the
interval (0, 7). We consider the operator constructed by the solutions to the Cauchy problem
or and mapping each function with finitely many values on the sets {zy};5 ., into
a continuous function by the rule

Sx(fix) = Z ; uiz, ) flzra) = Z s (@) f(Tg0)- (22)

=y (wpp, A) (@ — T p) —

It is obvious that the value of operator interpolate the function f at the nodes {xp}7_o-
We denote

Col0, 7] = {f: f € C[0,7], f(0) = f(x) = 0}.

While approximating the functions f € C[0,7] \ Co[0, 7] by means of operators (1)), in the
vicinity of the ends of the segments [0, 7], the Gibbs phenomenon arises (see, for instance, [25],
Thm. 2], [4]). This problem is solved by the generalization of operator proposed in [28,
Form. (1.9)], [] of form

T(fa) =3 —— Y&

o Y (e ) (@ — Tpn

f(m) — f(0)

z + f(0),

(23)
where y(x, \) is the solution to the Cauchy problem or and zy, ) are the zeroes of this
solution.

f(m) = f(0)

{ s - = F0)}+

Proposition 1 ([28, Prop. 9], [4]). Let y(x,\) be the solution to Cauchy problem or
and assume that in the case of Cauchy problem conditions are satisfied, while in
the case of Cauchy problem (20), conditions (L9) are satisfied. If f € Col0,7], then the relation

B (@) = Su(F.2) = & 32 (Fwer) — Flaen))sia@) =0 (24)

holds uniformly on [0, 7.
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Remark 4. It follows from Proposition [1] that the values of the operators

3
—

AN(f,x) = % (f(@rs10) + flzen))suala),
By(f,z) = % D (flxro1n) + F(@en))sea(x),
CA(f) = 1 3 (F(rcsa) + 20 ) + (rsr.)) s1a()

proposed in [28], [] approximate an arbitrary element in the space Cy[0, 7] uniformly on the
entire segment [0, 7].

Lemma 2. Let U, be the eigenfunction associated with the eigenvalue A, of reqular Sturm-
Liouwille problem . Then there exists a constant Cy depending only on q, h, H such that for
all z € [0, 7] and alln =1,2,3, ... the inequality

) = | @ g (25)

N Uqlz(xk’,n)(x_xk,n) h

holds.

Proof. If for some 1 < k < n and n € N we have & = zy,, then |I7” ()| = 1. Consider the case
T # Tp,. Assume first that 0 < |z — 23| < n™', z € [0, 7], then by Taylor formula with the
error term in the Lagrange form and and we get the inequality

Up(Tn) (@ — 210) + Uy (Epn) (7 — mk,n)2/2
Un (k) (T — Tpn)
for some constant (1 depending only on the parameters ¢, h and H of the Sturm-Liouville

problem. It remains to consider the case |z — zy,| > n~!, x € [0, 7]. By asymptotic formulae
and there exists a constant (jg» satisfying the inequality

On?* 1
n+O0(m1)n S G

5L ()] < \ 14

Un () cos nz + 22 sinnz + O(n2)
lin(@)] <nj=—==]| < . < Gao-
| k,n(x)| n Urll<xk,n) n 4+ O(TL_1> n q§2
Letting Cg = max(Cg1, Gg2), we complete the proof. O]

In what follows we shall need the proof of Theorem

Proof of Theorem[3. We choose arbitrary x € [0,7]. We denote by kg the index of the node
closest to x. If there are two such nodes, we choose any of them, say, the left one. We represent
the Lebesgue function of Lagrange-Sturm-Liouville interpolation process as three terms

ko—3 ko+2 n
Lif@) = Y In@+ Y Hin@l+ > k@)
k=1 k=ko—2 k=ko+3

As kg = 1,2, 3, there is no first term in this representation. As kg = n — 2,n — 1,n, the third
sum is absent. At most five terms in the second sum are estimated by means of Lemma [2]
Then, employing , Lagrange formula of finite increments, we estimate the Lebesgue
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function as follows:

ko—3 n 1
LSL _
) (Z EEr DI o) H%
A @l |, Ua(a) Ua(a)

p>

Un(@pn)lle = 2l nle — ]

" (Tkm) |x—xkn| n|z — x|

k= k=ko+3
|<>|(’“°3 1 - 1 ) n—<n+0<n—1>>‘
< — + — | +5Cg+
;M—xkn\ k;glm—xk,nl Ca Za:—x;m n(n+O0(n=1))
| ko—3
+ +5Cg+ O(n™!
(S e 2 ) Taroe

By asymptotic formula ((14)) for the zeroes of the eigenfunction U,, we find an index ny depending
only on the parameters of the Sturm-Liouville problem such that starting from this index, the
inequality holds

s
i — > —.
1<I1?<1111171 [Ths1n = Tal 2 2n (26)
Therefore, the relation
. s
T — Tot2,n| 2 151?57?_1 |Tht1n = Tin| 2 m (27)

is true. By and , the Lebesgue function of Lagrange-Sturm-Liouville interpolation
process can be estimated as

kO 3 Tk4+1,n Tk,n

U,(x 1 dt 1 dt
n Thtin — Thn r—1 Tk — Th—1n
k=1 ) ) Thm k=ko+3 ’ ’ Tho1m

(21nn 21n§+1n|xx—7r )+C@0

2|U,
20a(@)
T
(28)
uniformly on the entire segment [0, 7]. The identity max (ln |z(m — )|, € (0, 7r)> =2In 7 and
asymptotic formula imply and @[) in the case n > ny. To make estimates and @D
true for all n = 2,3,4, ..., we let, for instance,

C = max(Cgo, Ly", L3", Li*, . .. LEOL 1), CGa=GM + Gg/In2,

where the constant M is determined in relation . O
Foreach 0 <a<b<m 0<e<(b—a)/2we denote
— /f(meJrl n) - f(*TQm n)
o[, la,0],€) == ’ el 29
Qn(f, [a,0],¢) ,max mz;m > om (29)

Proposition 2. For a function f € C|0,7], relation
lim Q,(f,[a,0],e) =0 (30)
A—00
implies .

Proof. We introduce the notation

wk,n - f(xk—l-l,n) - f(xk:,n)7 1 < k < n— 17 nc IN. (31)
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Taking into consideration that f € C[0, 7] and (14)), we confirm that there exists a constant Cj
such that the estimate

wkm\gowl(f,f) forall 1<k<n—1 neN. (32)
n

holds.
We note that , and imply the uniform on the entire segment [0, 7] estimate

ko
S (Faenn) — Fnn) ) — 3, @)

n(x —x
j— j— "‘”)

k—hy ) nUr/L@k,n)

(33)

= w(f, %)O(nfl).

Arguing as in the proof of Theorem multiplying |U,(z)| by Cg ( f,2) in and removing
the terms with the indices k1 < k < ko from the sum in , by (31) and we see that
there exists a constant Cy and an index ny € IN independent of the function f € C|0, 7],
0<a<b<mand 0 <e < (b—a)/2such that for arbitrary x € [a 4+ €,b — €] and n > ny the
inequality

LY @ <an (1) Y el <dm (P nZ 6

ke[1,n—1]\[k1,k2] ke[ln—1]\[k1,k2] ©

holds.

In the case of Cauchy problem (18]) we let A = \,,, where A, is an eigenvalue of Sturm-Liouville
problem , we obtain the identity U,(x) = y(z, A\,). Therefore, the values of operators
and coincide identically as A = \,,. By , Proposition [1| in the case of Cauchy problem
, A=\, and we get the relation

n—1

i (f(a) = L3H(f,) - %Z(fmﬂ,n) ~ )i @)
= k (3
=, (f< )- L) =y Zwl)——U(D -

We fix arbitrary « € [a +¢,b — ¢]. We choose an index p = p(x, \) such that x € [, Tpi10)-
Then © = xp, + a(Tpy1n — Tpn), Wwhere a = a(z, \) € [0,1),

b= k +a+ ﬁk,n
Tr.
n
By (14)), the estimate Sy, = Bin(z) = O(n™') holds uniformly in all 1 < k£ < n and z € [0, 7].
By (32]) and , for all z € [a+¢,b—¢] and sufficiently large n such that for all 1 < k < n—
the inequality |Bk,,| < 1 holds, the estimate

Z <_1)kwk,n . Z (_1)kwk,n
keky <h<kal k+a+ Bin keki<heks P k
[p—k|=3 |p—k|=3

<G (1) 30 powm ooy <)
Ip—k[>3

T — Tgn =

(36)

holds true.
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Taking into consideration notation 1) we rewrite the sum in as follows:

5 Z xk—&—l n (SL’k n) lSL Z ¢k nlSL Z wk nlSL . (37)

k k1 k k1<k<ko k: k1<k<ks
[p—k|>3 lp—k|<3

Now by the triangle inequality, , and , we obtain the estimate

(f(@rg1,0) — f(l'kn))lfﬁ(x) _ Unl=) ZIM

B3

2T p—k
k= k1 k:kl
1 (_1)k¢kn (_1>kwkn
| T e e -
21 i p—k+a Wy p—k
. nlSL ’ = , _ 1).
tor 2 iw’“ top 2 p—r oW
k:|p—k|<3 k:lp—k|<3

uniform in = € [a +£,b — ¢].

By and we obtain the relation

lim <f(:c) — I84(f,0) - L) Z’(_W"f’"> =0 (39)

n—00 27 = P k

uniform in z € [a + €,b — ¢]. We estimate the last term in by means of , ,

and the triangle inequality
9) (w1 (1, f)) (40)
n

Since the function f is continuous on the segment [0, 7T], we can find a sequence of natural
numbers {l,}2%; such that

! 7~p2mn

i27r = p—2m

’ /I/Jkn +
27r p—k

)Unm Z (=D hn | _

27 p—k

. . 1

I, = o(n), 7}1—{& l, = o0, }Liigowl <f —) g = 0. (41)
k=1
We estimate the second sum in (40)):
,wkn ‘ 1 /wkn ‘ 1 /wkn

. ) _ ) 42
i27r ‘P k 27rk.|§; p—k+27r.§: _ (42)

‘p |<ln k|p k’|>ln

It follows from inequahty . that

1 /¢k7n
i% Z p—k

?“’1( > Z ke (43)
k:lp—k|<in

After the Abel transform, in the case k € [ky, ko], |p — k| > 1,,, the second sum in can be

estimated as
1 " Vo ”fHC[ab = 1
= > 4| fllcwn Y
27Tk:|p—/€|>ln p—k [, +1 = k(k+1)

Therefore, by , and we obtain the relation

‘ ’wkn
277 P - k

1
<%Z

k:lp—k|<ln

p— k

— o(1) (44)

uniformly in z € [a +¢,b — ¢].
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By , , and the triangle inequality we get the estimate

M - / w2mn
+‘?Z p—2m

ko k
-5 <o 210 - 5 e

ko
M ! 77Z)kn M
a_ — 1 < -1 AVE) 7b7 1).
+‘2mzk | of1) < Qul o €) +o()
=k1
Therefore, condition yields uniform convergence . The proof is complete. O]

For arbitrary 0 < a < b <7, 0 <e < (b—a)/2 we denote

f($2m+1,n> - f(me,n> .

ma
/

Q;(Lﬁ [(1, b]7€> = max

p<psp2 p—2m
Corollary 1. If f € C[0, 7], then the relation
Tim Q3(f.[a.8].) =0 (46)
implies ([7)).
roof. Condition ensures condition , and in its turn, by Proposition , this implies
(7). O

Remark 5. Proposition |2 and Corollary |1 are analogues of known Privalov test of uni-
form convergence of trigonometric interpolation polynomials and classical Lagrange interpola-
tion polynomials over the matriz of Chebyshev interpolation nodes [30)].

4. SUFFICIENT CONDITION OF UNIFORM CONVERGENCE OF
LAGRANGE-STURM-LIOUVILLE PROCESSES INSIDE (0, 7)

Now we can proceed to proving the above formulated Theorem [T}

Proof of Theorem[1. Assume that the functions v and w satisfy condition @ and f €
C(w!fa,b]) NV~ (v). Let us show that relation holds. By the uniform continuity of the
function f on the segment [0, 7], for each positive € there exist natural numbers v and n; such
that for all n > n; (n € IN) two inequalities hold:

T\ 1 ¢
k=1
and

24| fllcfan < év. (48)

Let n > n;. We find an index py depending on n, a, b, € and f, at which the maximum is
attained in relation (45)):

Q:;(f, [Cl, b], 5) = Z ! f<x2m+;;)n)__27.£($2m,n) '

We denote
f(karl,n) - f(xk,n>
po— k

Qi (flable) =Y

k=1
Since Q¥*(f,[a,b],€) is obtained from Q% (f,[a,b],e) by additing non-negative terms, the in-
equality

Qn(f.la, b, e) < Q7 (f,[a,b],€) (49)



104 A.Yu. TRYNIN

is true. We partition Q*(f, [a,b],€) into two terms

o Ftrain) = F@rn) o xs 7f (@rin) = f@rn)
b : —2 : : :Sl 0 SQ 0) 50
Q' (f[a,0] kEkﬁl E— kzzkl [po — | (po)+S2(po), (50)

where two primes denotes the absence of non-negative terms in the usm and the term with the
index k = py.
We begin with estimating the first sum. In order to do this, we represent it as

S1(po) = Z F@rt1n) = F2hn) I Z f(@ri1n) = f(@rn)

lpo — K| lpo — k|
k:kelky,ka], k:k€[k1,k2
0<|p(£—1k\i]l/ |po— k1|>1/] (51)
|po—k[>0

=511(po) + S1,2(po)-

In the case {k : k € [k1, k2], |po — k| = v,|po — k| > 0} = @& we second term is supposed to be
Z€ro.
Inequality implies the relation

1S1,1(Po)| < QW( )k_ %

for all n > ny. Let us estimate Sy 2(po). If po satisfies relation ky < pg — v < po < po + v < ko,
the inequalities pg — k1 > v and ks — pg > v hold. We employ and the Abel transform to
obtain the estimate

(52)

c»olm

po—Vv
x n) — a: n x n) — J\Tkn
|Sl,2(p0)| < Z f kJrlpO — k Z f kJrlk pf( k )
k=po+v
—v—1
< POZ f(xk-‘rl,n) B f(l‘lﬂ,n) + f(xpo—u-i-l,n) - f(xkl,n)
Sl &= (po—Fk)(po—k—1) po — k1
22 fvoin) = Slimtun)|, |/ = )
[y (k — po k—i‘l—po) ko —
1 Nfllcwn _ 8llfllcay €
<Alflons 3. gy + Llce o Hfllean £

In the same way we prove in the situation when the index pq satisfies one of the relations
po—V < ki <po<pot+tv<hkyork <py—v<p <ky<py+ v. There remains the only
possible case py — v < ky < p1 < kg < po + v. Here |S12(po)| = 0.
By (1)), and (53), for all n > n; we have the estimate
2€
[Silpo)l < 5
We proceed to studying the properties of the sum Ss(py). We take arbitrary integer m such
1 <m < ko — k; — 2 and represent Sy(pg) as

0< Sy =—2 3 ) 2 H ) g (ki) © k)

—k —k
k:kelk1 ko] [po = K| k:ke[ky k2] [po — k|
[po—k|<m [po— /f|>m

=521(po) + S2,2(po)-

(54)
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We choose sufficiently large number ny > n; depending only on the parameters of the Sturm-
Liouville problem such that starting from this index, by , the inequalities hold:
3T

max |r X < —.
I<hen ‘ k+1n — k,n' X m

Since f € C(w'[a,b]), according definition ([5), starting from ny we have the relation

T
f@rsin) = floen) = —10K (). (56)
This is why,
nf(x n) — f(Tpn n
0< Soulpo)=-2 > I ’“+|1’ )_ ljﬁ kn) 1()wa< )Z . (57)
k:kE[ky ,ka], Po k=1
lpo—k|<m

Let us estimate the sum S 2(po).

O<522p0 )= —2 Z n f( karln _f(xk,n>

k:kelka ko] [po — k|
[po—k[>m (58)
—m—1 k:
<2poz —(f(@rs10) —kf(xk,n)) 19 ZQ _(f<xk+1];:n) — [(Trn))-
k=Fk1 Po— k=po+m-+1 — Do
If po — m < kq or pg + m > ko, then in . the first or second term disappears, respectively.

In the case po —m < k1 < kg < po + m, there is no sum Ss2(pg) in (H5). Taking into account
that f € V(v), by means of the Abel transform (56) we estimate (58):

po—m—1

_(f(xk—kl,n) - f(wk,n))— po—m—1 poil _(f<xj+1,n) - f(xj,n»*

k=ki j=k
0 <Saalpo) < 2( po— ki i kg;ﬂ (o — k)(po — k + 1)
k2 k
. ZJ; " —(f(@ry1n) = f(Trn))- k-l ; O —(f(zjrin) — [(@jn))-
" ks — po " k:pgnﬂ (po — k)(po —k —1) >

((po — k1) —m —1)2,5K,w(F) P wlpo —m— k)
<2( M2 G Kk )

((k2 = po) —m —1)2, 5wa<§> = v(k —po—m)
+ MY )
(po —k)(po—k —1)

k=po+m-+1

po—ki— 1 ka—po—1 ]{2 m)
<2Mf( Z kk—l—l Zl ]€(—)> +10wa< >

m+1

ko—k1—1
<4M; Z v(k) +10wa<%>.

k?
k=m+1

Hence, by , and we have

m ko—k1—1
0 < Sa(po) < 10wa(g) 3 % +aM; Y ”]ilj) + 10Kf“(%)-
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Thanks to the non-negativity of both terms, condition @ is equivalent to

™ wm 1 I (k)
i mase() 3 3 St =0

This is why there exists a number nz € IN, n3 > ns, such that for an arbitrary n > ns there
exists m obeying 1 < m < ky — k1 — 1, for which the inequality holds

0 < S2(po) < % (59)

By ([49), (B0), (51), (54) and (59) we obtain that for an arbltrary € > 0 there exists an index
ng € IN such that for each n > ng there exists m obeying 1 < m < ky — k1 — 2, for which the
inequalities

Qn(f:la;b),€) < Q(f[a, bl ) <
are true. Now, in the casef € C(w'[a,b] NV~ (v), Theorem [[] follows Proposition [1}
To prove Theorem (1| in the case f € C(w"[a, ]) N V*(v), it is sufficient to observe that if
f € C(wa,b)) N VT(v), then —f € C(w']a, ]) V= (v) and the operator LYL(f, ) is linear.
The proof is complete. O

Remark 6. In the case f € C(w'[a,b]) NV (v) or f € C(w"[a,b]) NV (v) (v is the majo-
rant of the classical variation modulus v(n, f)) there was established in [30] that condition (0))
for the uniform convergence of trigonometric interpolation polynomials and algebraic Lagrange
interpolation in the case of matriz of Chebyshev interpolation nodes.

In paper [31], the uniform convergence was established for the classical trigonometric Fourier
series of 2m-periodic functions f € C(wla,b])NV (v), where the functions w and v are the classic
continuity modulus and and the variation modulus of the function f.

Remark 7. It follows from Theorem[]] that if f € C(w}[a,b])NV*(v1) and fo € C(whla,b])N
V= (v9) and the pairs of functions (v;, w;), i = 1,2, satisfy relation (0)), then, despite the linear
combination f = af; + Bfy can be out of each of these classes, the Lagrange-Sturm-Liouville
interpolation process approximates the function f, see .

Remark 8. Fach of the Dini-Lipschitz class of functions ( lim w(f,1/n)lnn =0, see [1]))
n—oo

and the Krylov class (continuous functions of bounded variation) are proper subset of the func-
tional class defined by relation @

Remark 9. If f € C|0, 7], the two-sided estimates hold:
vt (n, f) <o, ) <2 (v (n, f) + I fllcom)
—v™(n, f) < v(n, ) <2 (v () + | fllcoa)
Corollary 2. It follows from Theorem that each of the conditions nh—>r20 WHf,1/n)Inn =0
or 7}1—{20 w"(f,1/n)Inn = 0 implies condition ().

Corollary 3. If a non-decreasing concave function of a natural variable v is such that

- v(k)
> ERR (60)
k=1

then for each function f € C[0, 7] N V*(v) relation holds.

Proof. Indeed, the continuity of the function f implies the existence of a sequence of
natural numbers {m,}>°, satisfying simultaneously two conditions lim m, = oo and

n—oo
lim w(f,7/n)Inm, = 0. Therefore, the convergence of series ensures condition () for
n—oo
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each function f belonging to one of the classes C[0,7] N VT (v) or C[0,7] NV~ (v). The proof
is complete. O
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