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SYSTEMS OF CONVOLUTION EQUATIONS
IN COMPLEX DOMAINS

S.G. MERZLYAKOV

Abstract. In this paper we study the systems of convolution equations in spaces of vector-
valued functions of one variable. We define an analogue of the Leontiev interpolating
function for such systems, and we provide a series of the properties of this function. In
order to study these systems, we introduce a geometric difference of sets and provide its
properties.

We prove a theorem on the representation of arbitrary vector-valued functions as a series
over elementary solutions to the homogeneous system of convolution equations. These re-
sults generalize some well-known results by A.F. Leontiev on methods of summing a series of
elementary solutions to an arbitrary solution and strengthen the results by I.F. Krasichkov-
Ternovskii on summability of a square system of convolution equations.

We describe explicitly domains in which a series of elementary solutions converges for
arbitrary vector-valued functions. These domains depend on the domains of the vector-
valued functions, on the growth of the Laplace transform of the elements in this system,
and on the lower bound of its determinant. We adduce examples showing the sharpness of
this result.

Similar results are obtained for solutions to a homogeneous system of convolution equa-
tions, and examples are given in which the series converges in the entire domain of a
vector-valued function.

Keywords: Systems of convolution equations, vector-valued functions, Leontiev interpo-
lating function, series of elementary solutions.
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1. INTRODUCTION

Let g,7 € N, Uy, Us,...,U, be domains in the complex plane, H(U;) be the space of the
functions holomorphic in the domain U; with the topology of uniform convergence on compact
sets, S7 be linear continuous functionals on the space H(U;),j =1,...,¢,p=1,...,1.

We consider the system of convolution equations

q q
S USE filz+h)y =0,  p=1....r,  f=(f,....f) e [[HU).

=1 =1

In works by I.F. Krasichkov-Ternovskii [I]-[7], the approximation of an arbitrary solution to
this system by linear combinations of elementary solutions was studied, while works [8]—[10]
were devoted to the summability of a series of elementary solutions.

In the present paper we extend the known results by A.F. Leontiev on methods of the
summation of series of elementary solutions to an arbitrary solution in the case ¢ = 1 and one
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convolution equation [I1] to the solutions of the above system and we strengthen some results
by I.F. Krasichkov-Ternovskii on summability.

2. NOTATIONS, PRELIMINARIES AND RESULTS

Given a set M in the complex plane, by convM, int M, M, M,, where w € C, we denote
respectively its convex hull, interior, closure and a connected component containing the point
w.

The sum and geometric difference of sets My, My C C are defined respectively as the sets

My + My ={z1+29: 21 € My,29 € M}, My = My={2€C:z+ My C M}.
For the operations with empty sets we obviously have
M+o=0, M*o=C o*M=0, M +03.
The support function of a set M C C is defined by the formula
h(0, M) = sup Re(ae™™), 6 €[0,2n].
ae

This function possesses the following properties (see [12], [13]):
Lemma 1. The following properties are true:

1) h(B, M) = h(f,convM).

2) (h(6, My) < h(0,Ms), 0 € [0,2n]) <= (M; C convMy).

3) h(6, My + Ms) = h(0, My) + h(0, Ms).

Lemma 2. The difference of sets possesses the following relations:
1) M+KCU)<= (MCU *K).
2) (Ul C UQ, K, D KQ) — (U1 * K, CcU, = KQ)
3) [(Ui+Uz) = K] D [(U1 = K) + Us].
4) U= (K1+Ky)=(U * K;) * Ks.
5) For arbitrary sets of indices A and B the identity holds:

(| (Ue = Kp) = (ﬂ Ua> * (U Kﬁ)
acA,B€B acA BeB
6) If sets U, are open and the sets K, are compact and
U, CUpi1, K, D K, n,m=172 ...,
then

gm0 ()

n,m
7) If a set U is open and a set K is compact, then the set U * K is open.
8) If a set U is convex, then the set U = K is convex and

U=*K=U* convK.
9) For sets UK C C, K # &, the inequality holds:
h(0,U = K) < h(0,U) — h(0,K), 6¢€]|0,2n].
10) If a convex set U is either closed or open and a set K is compact and non-empty, then
U+ K)=* K=U.

11) Let an open set U be simply-connected, then all connected components of the set U * K are
also simply-connected.
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Proof. Properties 1)-7) are easily implied by the definition of the difference of sets and the
properties of compact sets.
8) The convexity of the set U * K follows property 5):

UsK=[)U-2)

Since the set U is convex, then
(z+K CU) <= (2+convK) C U.
Property 9) is implied by
(UxK)+KcCU
and property 3) of support functions.
10) By the previous property,

ho,(U+K) = K) <h(0,U + K) — h(6, K)
—h(0,U) + h(0,K) — h(0,K) = h(0,U), 0 €[0,2n],

and this is why by property 2) of support functions in the case of a closed set U we have the
relation

U+K)=KcCU.

The opposite inclusion is also obvious.

If the set U is open, it can be exhausted by an increasing sequence of convex compact sets
and the desired identity can be easily obtained by property 6).

We observe that if the set U is non-convex, the latter property is generally speaking not true.
For instance, let

U={2€C:Imz>0}, K={2€C:-1<Rez<1, Imz=0}.

As one can easily confirm,
U+ K =C,
and
C=U+K)xK#U.
11) Let C C U * K be a closed contour enveloping the point z. In this case for each point

w € K we have w + C' C U and the closed contour w + C' envelops the point w + z.
Since the domain U is simply-connected, we have

w—+z e U,
and this implies easily the desired statement. ]

Let U and K be respectively an open and a compact subsets of the complex plane. By H(U)
and H(K) we denoted respectively the space of holomorphic functions in the domain U and
the space of holomorphic germs on the compact set K with natural topologies. By H*(U) and
H*(K) we denote the space of linear continuous functional respectively on the spaces H(U)
and H(K) with strong topologies.

As it is known [14], given an arbitrary functional S € H(C), there exists a compact set

K C C and a function 7 holomorphic outside K and obeying v(co) = 0 such that
1
(5.5 = 5z [ AOF, 1 € HE),
c

211

where C' is a contour enveloping the compact set K.
The Laplace transform S(A) of a functional S is defined by the formula

S’\()‘) = <Sz7 6>\Z>
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and is an entire functional of exponential type. The smallest convex compact sets containing
all singularities of the function  is called the conjugate diagram of the function S (N).

Vice versa, for each entire function of exponential type there exists a functional in the space
H*(C), whose Laplace transform coincides with this function.

Let a compact set K C C be a conjugate diagram of the function §(/\) If a domain U C C
is such that K C U, in the space H(U) we can define the convolution operator S* with the

characteristic function S(A) by the rule:
1
(5D = g [ 2O+ feH)
™ Jo

As one can show easily, this operator maps the space H (U) into the space H ([U + K],) linearly
and continuously.
If a functional F' belongs to the space H*(C), a compact set R is a conjugate diagram of the

function F and K + R C U , then we can defined the convolution of the functionals F' and S as
a functional F % S on the space H(U) acting by the formula

(F*S, f)y=(FSx*f), feHU).

It was shown in monograph [I5] that this is a linear and continuous functional on the space
H(U). It is easy to see that it satisfies the relations:

FxS=S8x%F, F«S8=FS.

Let U; be domains in the complex plane, S7 € H*(Uj), (1) = gj\’?(u), compact sets K C Uj;

are conjugate diagrams of the functions ©(u), j=1,...,¢,p=1,...,7, and
sﬁ(u) soz(u) 1(n)
pa(k) e3(n) w3 (1)
e(p) = | . .
or() i) ... ei(p)

On the space [[j_, H(U;) we define a linear continuous convolution operator S* with values
in the space

by the formula:
q
(S* )y =50+ fy,
j=1

where (S * f)p is the pth component of the vector function S * f, p=1,..., 7.
We consider the homogeneous system of convolution equations

Sx f=0. (1)

A solution to this system is elementary if it is represented as
S
Z Az m
e 2" Cm, s €N,
m=1

where ¢,, € C", m = 1,...,s. The number ) is called the exponent of this solution.
The rank of system is the number

rgS = maxrg ©(N).
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Let F)"" be linear continuous functionals on the space of entire functions, compact sets R’

are conjugate diagrams of the functions ﬁ;j‘, p=1,....r,m=1,...,[,l € N, and

conVU(R;”—l—Kf)CUj, m=1,...,1, j=1,...,q
p=1
In this case it is easy to show that the matrix of the functionals F % S with entry z;zl B S;-D
at the jth column and mth row generates the convolution operator
}0

q q

(F8)+: [[HW; —>HH {ﬂ

7j=1 7j=1

—COIlVU Rm—l—Kp)

p=1

and

— A~

q
(FxS)«f=Fx(S«f),fe][HU;), FxS=FS.
j=1
Assume that system satisfy the identities
g=p=r1gS=n. (2)

We introduce the following notations: L(\) = det (), ¢*()) is the adjunct of ¢(\), B, are
conjugate diagrams of the entries of the matrix ¢*(\),

n n
Km:coanKﬂn, szcoanBﬂn, m,j=1,...,n,

m=1

K is the conjugate diagram of the function L(\).
The properties of the adjunct imply easily the following relations:

BjCZKp, conVU(Kﬁn+B]m)DK, jim=1,...,n. (3)
P#J J=1
Hereafter we assume that K, CU,,p=1,...,n
For a convex compact set B C K we define sets (U, ¢, B), as the unions of the sets

ﬁ B+ R;) = BY] (4)

over all systems of convex compact sets (Ri,...,R,) such that for some simply-connected
domains G, C U,

conv

(R + K1) C Gy m=1,....m,
1

m:l

J

(5)

0

It is clear that the sets (Rl, R,,) with conditions can be varied a little and this is why
the sets (U, ¢, B),, p=1,...,n, are obviously open.

Lemma 3. The following relations hold:
1) (Ue,B),CU,, p=1,...,n.
2) For simply-connected domains G, C U, and each convex subdomain D of the domain

n

() (G = Km)]

m=1

0
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the inclusion holds:
(B+D)=B"C Uy B),, p=1...,n

3) For conver domains U, the identities hold:

(UWO?B)P: ﬂ{

i=1

B+ ﬁ (Un = K1)

m=1

iB;?}, p=1...,n.

Proof. 1t is clear that it is sufficient to restrict ourselves by the case p = 1.

1) Assume that a point z belongs to the set (U, ¢, B);. In this case there exists a system of
convex compact sets (Ry, ..., R,) with property so that the point z belongs to set (). We
have

24+ B CB+R; CK+R;, j=1....n (6)

We denote by M; the left hand side in the first relation in . It is clear that this set is a
convex compact set and

R;+ K{ C M,
or '
R; C M, = K{,
and this is why by relations @ we obtain
2+ B CK+ (M *K]), j=1,...,n
By property 3) of the difference of sets
K+ (M *K)C(K+M)=K, j=1,..n,

therefore,

J

€ (VK + ) = K{] = Bj} = (| [(K + M) = (K] + Bj)]

i=1

C (K +M) = | J(K{+B}) C(K+M)-K=M:.
j=1

Here we have applied properties 2), 4), 5), 10) of the difference of sets and relations (3).
Since the set M lies in the domain G, this proves the desired statement.
2) If R is a convex compact set in the domain D, by property 2) of the difference of sets we

have
n

) (Gn = Km)] C

m=1 0
and by property 1) thanks to the convexity of the compact set R we get

RC

ﬂ (Gmin;l)] , g=1,...,n,
0

m=1

Gm DR—l—Km:conVU (R—i—Kf;l), m=1,...,n.
j=1
In this case, if we let R, = R, p=1,...,n, the definition of the set (U, ¢, B), yields

ﬂ [(B+R) =+ Bj] C (U, B),,

and the desired statement follows properties 5), 6) and 8) of the difference of sets.
3) The inclusion “C” is implied immediately by the definition and property 2) of the difference
of sets.
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In the case of convex domains U,, they serve as the domains G,, p = 1,...,n, and as one
can show easily, conditions on the sets R; are equivalent to the relation

Ric(\WUn+KL), j=1...n

Let Ré-, [ € IN, be a sequence of convex compact sets such that

RicintR! 1eN, |JRi=((Un=K)), j=1....n
=1 m=1
In this case
(U, ¢, B 13Uﬂ (B+R) =Bl >N [(B+intR) = Bl
I=1j=1 I=1j=1

The sequence in the square brackets in the latter relation is increasing w.r.t. the variable [.
Hence, one can show easily that

Uﬂ B—{—mtRl * ﬂU B+1ntRl *Bl}

I=1j5=1 j=11l=1

and the desired statement follows property 6) of the difference of sets. O]

Corollary 1. Simply-connected domains G\, C U, satisfy the inclusions:

a+

(B = BP) +

n

() (G = Ku)

m=1

= Bp} - (U,(,O, B)p7

0

C (U, ¢, B),, p=1...,n.

m=1 0

Proof. Here we also assume that p = 1. If a point z belongs to the left hand side of the first
relation, then z € B + 2, for some point

@

0
or

2w+ B C|[) (G = Kp)

m=1

Letting R = 2, + B!, by the proved above we have
(R+2z+B") = B' C (U, B).

The non-degeneracy of the matrix ¢ implies that the set B! is non-empty and this is why
property 10) of the difference of sets we have

(R+2z+B') = B' =R+ 2

0

that proves the first relation.
As it has been shown above, for each convex domain
n

() (G = Kun)

m=1

D cC

Y

0

the inclusion

(B+D>iB1C(U7¢JB)1
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holds and the second relation follows property 3) of the difference of sets and the arbitrariness
of the convex domain D. O

3. PROPERTIES OF FUNCTIONS w AND P

Assume that simply-connected domains G, contain compact sets K, p = 1,...,n, and system
obeys identities (2)), so the function L()) is not identically zero.
On the space

[THG,) (7)

we introduce two vector functions

n

w(p, [, G, a) = ¢*(n) (Z <S{;,/z 6“(z‘t)fp(t)dt>) ,

p=1 P

j=1
L[ e"w(p, [, e .G, a)
Pt 0)= 5 | ap, ®)
2mp Jo L(u)
where a € szl G, C is a closed contour not passing through the zeroes of the function L(\).
In the first case the integration is made along curves in the domain G,, p=1,...,n.

We note that the function w is a generalization of the known Leontiev interpolation function
for the vector case.

Lemma 4. The function w(u, f, ,G,a) possesses the following properties:

1) W.r.t. the variable u, the function w(u, f,p,G,a) is an entire function of exponential type
for each component; w.r.t. the variable f it is a linear continous functional on space .

2) The convolution operator Sx satisfies the following identity

Sxew(pu, f,p,G,a) = L(p) (i <SZ7 /Z e“(z—t)fp (t) dt>> '

p=1 j=1
3) The vector function
f(z) = (expAz)b, beC", (9)
satisfies the relation

@ (w)e(N)b — L(p)E(A — p,a,b)
w<u7f7()07G7a>_ A—M .

Here
B\ — p,a,b) = (X map, o eGrmang, )

The function gJ(u,\) at the intersection of the pth and the jth row of the matriz o*(1)p(N)
obeys the estimate

|91];(“> A < C(g)cl(El)e[h(—arg#,Bj)Jre]luIJr[h(— arg A\, Kp)+ei]|A| (10)
and satisfies the relation

G, ) = L), gl(u.p) =0,  p#jpj=1...,n (11)



86 S.G. MERZLYAKOV

4) Assume that v (u) is n X n square matriz, whose entries are entire functions of exponential
type, compact sets R} are conjugate diagrams of the functions ¥7" and inclusions hold:

conv U (RI'+ K)) C Gy, (12)
j=1
R C Lﬂ (G, = K) défoj, pj,m=1,...,n. (13)

=1 0

Then for each vector function f in space the identity holds:

wlp, e, G, a) = det p(u)w(p, f, 0, G, a) + " (pw(p, S f,1,0,0).

5) Let M, be a compact convex polygon K, C int M,,, M, C G, argz = —ump, m=1,...,pp,
be perpendiculars to the sides of the polygon, and l,,, be the rays arg z = v, ,; here we assume
that the passage from the ray l,,, to the ray l,, 11, goes via the shortest way counterclockwise,
p=1,...,n.

For an arbitrary vector function f in space the representation holds:

W(M7f7(p>Gva):L(N)A(M)_gp*(u)D(M)7

where A (p) and D () are meromorphic vector functions, whose poles are located at the rays

bnp, m=1,...,pp,p=1,...,n.
For each number ¢ > 0 there exists a number c¢(¢) > 0 such that outside the angles

Phpyilarg(z — amyp) | <e,

the inequality holds:

c(e) ,
— max )|, m=1...,p,, ,Jg=1,...,n.
4] < teMp’fp( )| Pp, D))

1D; () | <

Proof. Properties 1)-3) are proved by simple calculations.

4) Let us show that all three operators in this relations are continuous w.r.t. the variable f
in space @

Indeed, the second operator is continuous by property 1), the first is also continuous by this
property thanks to inclusions .

The third operator is a superposition of the other two, and the internal operator, the convo-
lution S*, maps space (7)) continuously into the space HZ:1 H (O,) , while the external operator
is the product of the matrix ¢* by the vector function w defined on this space.

As one can see easily, the intersection of finitely many open sets with simply-connected
components is the same set and this is why, according property 11) of the difference of sets, the
domains O, p = 1,...,n, are also simply-connected and the continuity of the third operator
is implied by property 1).

As one can easily get by property 2), the needed identity is true for the vector functions
f(z) = (exp Az)b, b € C™ and the linear combinations of these functions are dense in space (|7)

since the domains G, p = 1,...,n, are simply-connected.
5) This statement is implied by Theorem 4.6.10 in monograph [16] and remarks on this
theorem. O

2. Let us provide properties of the vector functions P(z, f, ¢, C).

Lemma 5. 1) In representation , the vector function P is independent of the parameter
a, is a linear continuous functional on the space

[[# (5
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w.r.t. the vartable f, while w.r.t. the variable z it is a linear combination of elementary
solutions to system with exponents inside the contour C'.

2) Assume that the matriz 1 (p) satisfies Statement 4) of the previous lemma.

If dety () # 0 and the vector function f satisfies system , then this vector function
satisfies the system with the characteristic matriz ¢ (1) ¢ (1) and

Pz, f,p,C)=P(z, f,¢,C)

for each contour C' not passing through the zeroes of the function det ¥ (1) ¢ (u
3) Let G, C U, be convex domains G, DO K, and for some number m,1
inclusions hold:

).
< m < n, the

Bl'"+ K] CG, pj=1,...,n

If a vector function f from space @ satisfies system , then mth component of this function
satisfies the convolution equation with the characteristic function L(p) and

Pm(Z,f,SO,C) = P(Z,fm,L,C)

for each contour C' not passing the zeroes of the function L(u), where P, is the mth component
of the vector function P.

4) If a vector function f is a linear combination of elementary solutions to system with
exponents inside the contour C', then

Pz, f,0,C) = f(2).

Proof. 1) The independence of the parameter a for a vector function f of form @D follows easily
property 3) of vector function w, while for other functions this is implied by the completeness
of the above vector functions.

We choose points a,, in the compact sets K,, p=1,...,n. In view of the representation for
vector function w it is clear that it is sufficient to integrate in infinitesimal neighbourhoods of
the mentioned compact sets that implies the continuity of the vector function P in the needed
topology.

Employing representation and property 2) of the vector function w, we obtain easily
that the vector function P is a linear combination of elementary solutions to system with
exponents inside the contour C.

2) If the vector function f in space solves system , as one can confirm easily, the last
term in the identity in Statement 3) of the previous lemma is identically zero.

1) For a vector function f of form @D the independence of the parameter a follows easily
property 3) of the vector function w.

Property 3) for the function (exp Az)b, b € C" is implied by property 2) of the function w
and the desired statement follows the completeness of linear combinations of exponential vector
functions in the space [[}_, H(K,).

4) Let

a, € conv U (Rj+K)), a,€K, a €R,

P
Jj=1

This follows the previous property and property 12) of the interpolating function in monograph
[16]. O

4. SUMMATION OF SERIES OF ELEMENTARY SOLUTIONS

1. Here we make use of the following result.
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Lemma 6. Let g(u, \), L(p) be entire functions obeying the estimates
|9(k, M| Sciler)ea(es) exp [H(arg A) + ] [A] + [h(— arg p, K) + &1 |,
[L(1)| Zea(e2) exp [h(—arg p, B) = eo |ul, |p| = 7y, (14)

where 1, /oo, H(0) is the support function of some compact set, B, K are convex compact
sets. Assume that g(p, p) = aL(p), o € C. We define the function ®,(\, z) by the formula

S T W R VA1)
202 =5 /|. O— L) © e

Then for a point z € (int K) * B the estimate
|D,(A, 2)] < c() A(ey )rype @20 plH (arg ) tel A

holds, where § = p(z,0(K = B)).

This result can be obtained by complicating a little the proof of a similar lemma in [16].
Theorem 1. Assume that the function L(p) satisfies the estimate and

Cy={lzl =r}, jeN.
Then for each vector function f € [[7_y H(B,) the relation

lim Pz, £,6.C;) = f(2 (15)

holds in the topology of the space [[_, H((int B) = B™).
If f € szl H(U,), where domains U, contain compact sets B,, p = 1,...,n, and the
vector function f satisfies system , then relation holds true in the topology of the space

H?n:l H<<U7 907 B)m)

Proof. By the linearity of the operator P, it is sufficient to prove the first part of the theorem
for the functions with only one non-zero component, say, the first component.
Let f(z) = (exp(A2),0,...,0), 1 < m < n. By the second property of the function w,

1 Ty A) — dpa L

_ / g1 (M? ) 1 (M)euzdu'
2mp Jo, (A= p)L(p)

The function gi"(u, \) satisfies estimate and relation (L1)), and this is why by Lemma

and Lemma 5.1 in book [I1] we obtain the needed statement.
Assume now that the vector function

Pm(z7 fa ©, Cp)

fellHW)

satisfies system and B!, ..., B" is a set of convex compact sets satisfying inclusions .

We can assume that the function L(u) has zeroes between neighbouring circumferences
{|u| = rp} and {|p| = rp41}. Arguing as in monograph [I7], we find entire functions of ex-
ponential type ¥ () with the growth indicator h(—6, B7), j = 1,...,n such that for |u| = r,
the estimate

7 ()| = cle) exp {[h(—arg u, B?) — €] |ul}
holds.

We denote by ¢(u) the diagonal matrix with entries ¢(u). By assumptions for compact sets
B’ and property 4) of the function P we conclude:

P('Z?fa 907 CP) - P(Zafﬂ/%ﬁa CP)
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We apply the proven part of the theorem to the vector function f and the matrix 1 (u)e(p).
The compact set B is replaced by the compact set B + Z;"Zl BJ, while the compact sets Kg

are replaced by KZZ + > B™. We have the following relations:

mz#p
int <B+§:Bj) S CJ (K;n-i- ZB’“) :(n] int (B+§:Bj) = (K;+ ZBm>
Jj=1 p=1 m#p p=1 - Jj=1 m#p
> (n] <B+inth+zm:Bj> = (K;"JrZBm)
p=1 L j=1 m#p

= [(B+int B") = K}'],
p=1
and as one can see easily, for each sets A; and A, the inclusion holds:
int (A1 + Az) D A; +int As.
Thus, relation holds in the needed topology. The proof is complete. O

Remark 1. The convergence domain of the sequence P(z, f, v, C,) is mazimal if the identi-
ties
B,+ K? = B, =1,...,n
hold. In this case for each vector function f € [[,_, H(B,) relation holds in the topology of
the space [[_, H(int By,). In the space szl H(B,), linear combinations of elementary solutions
to system (1) are not complete, since as one can show easily, the limiting vector functions of
such combinations satisfy this system.

Proposition 1. Suppose that under the assumptions of Theorem the identities B, + K? =
B, U, = B, + O hold, where O is the domain containing the origin and a vector function
fe szl H(U,) satisfies system . Then sequence converges in the topology of the space
HZ:1 H(Uy).

Proof. Indeed, the first statement in Lemma [2f and first two statements in Lemma [3| imply the
identity

(U7 2 B) - UP
and the desired statement is implied by Theorem [I] O

Remark 2. Conditions B, + K? = B, p=1,...,n, hold if

zn: B, = B.
p=1

This is indeed so if gog(u) are functions of completely reqular growth and int BY D B:g, p,J =
]‘7"'7n7p#j'

2. Let us provide the examples showing the sharpness of the theorem.
We let . o
sin p sinip :
p1(p) = — @1 (1) = cos pucos ip.
The conjugate diagram of these functions is the square M with vertices at the points +1 + 3.
Let U be an open square with the vertices at the points £2 4+ 2i. As one can show easily, the

relation
I 1 / e*fdu 0
im — —_ =
j=o0 27p o1 ()T (1)
lul=(+3)m
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holds for the points z € U. Applying the residues, for the same z and some natural numbers

a},a?,b},b? e€eC,j=1,2,..., we obtain
Z(a}e&'z + a?e_’\jz) + Z(bjl-e“fz + b?e_“fz) =0, (16)
j=1 j=1

where ); are zero of the function ¢j(p), u; are the zeroes of the function ¢3(u). We denote the
sum of the first series by fi(z). Since for the exponentials in this series a biortogonal system
exists [I1], this function is not identically zero.

For an arbitrary entire function L () of exponential type with conjugate diagram B, B C U,
there exist two functions of exponential type i (1) and ¢3(u), whose conjugate diagrams are
contained in the square M such that

L(p) = er(m)e3(p) — 21 () ea(n),
see [18].
Let S € H*(C) are linear continuous functionals, whose Laplace transforms coincide with
the functions @’;, p,k =1,2. Relation implies the identities

Letting U, = U, p = 1, 2, we obtain the system of convolution equations with the character-
istic matrix ¢, for which

det p(p) = L(p), B, = M, By C M, K'= By, K? = B,
and the function f = (f1,0) € H(U,) x H(U,) satisfies this system.
Example 1. Assume that B C U, the function L(p) has a completely regular growth and

<T7 fl) # 07
where T € H*(C) is a linear continuous functional, whose Laplace transform coincides with

the function L(u). FEstimate holds for some sequence of numbers {r, € R:p € N}. By
Lemmald we have

(U7907B)1 = ﬂ{

and according Theorem |1|, the sequence Pi(z, f, o, Cy) for some system of circumferences Cy,
k € N, converges to a function fi(z) in the topology of the space H(int B). In the space H(B)
this function can not be even approrimated by linear combinations of elementary solutions to
our system since the functional T vanishes at them (the fifth property of the function P).

For the next example we let B = U. If the function L(y) satisfies estimate , by Theorem ,
for each vector function g € Hi:l H(U,) satisfying system ({)), the sequence P(z,g,¢,C})

B+ﬁ(UiB;n)

m=1

J

iKl} =(B+int M) = M = int B,

converges to this vector function in the topology of the space Hz:1 H(U,). Without such
estimate, the system of elementary solutions can be incomplete even in the class of all solutions.
This is shown in the next example.

Example 2. As the function L(p), we choose an entire function with a conjugate diagram
B, whose zeroes are part of the zeroes of a first order function of minimal type. The construction
of such functions was provided in monograph [16]. In this case the linear combinations of the
first components of the elementary solutions to our system do not approximate the function
fi(2) in the topology of the space H(V') for each domain V C U, since otherwise the function
f1(2) would have satisfied the convolution equation with a characteristic function of minimal
type. Then the representation of the function fi(z) would have been implied that the numbers
Ae, k€ IN, are zeroes of this function of minimal type, while this is impossible.
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These examples show that opposite to the scalar case, we can not obtain the results on the
completeness of elementary solutions to system (1)) only in terms of conjugate diagrams of entire
exponential type related with the system but one also needs some conditions like lower bounds.

For the scalar case, the uniqueness theorem holds: if the function L(u) has infinitely many
zeroes and P(z, g, L, C') = 0 for a function g holomorphic in the neighbourhood of the conjugate
diagram of the function L(x) and each contour C' not passing through the zeroes of this function,
then g = 0 [16]. In the vector case this is false even for the solutions to systems ().

Example 3. We let L = 1. In this case it is obvious that the function f(z) = (f1(z),0)
satisfies identity P(z,g,L,C) = 0 for each contour C. If % (u), ¥*(u) are entire functions of
exponential type with infinitely many zeroes and with conjugate diagrams lying in the domain
int M, then the vector function f(z) satisfies the system of convolution equations with the
characteristic matriz ¥ (pu)p(p), whose determinant has infinitely many zeroes. But by property
4) of the function P, we have P(z, f,1¢,C) = 0 for each contour C' not passing through the

zeroes of the function Y (p)?(1).

Let us compare Theorem 1| with Theorem 4.4 in [10]), which is the main result of the series
of papers [§]-[10] for a square non-degenerate system of convolution equations.

Example 4. We consider the system of convolution equations in the space H(U) x H(U)
with the characteristic matriz

o = (200 )

e Hpy(p) e Fpy(p)

where 0 < € < 1. The vector functions (f1,0) and (f1,—f1) obviously solve the homogeneous
system and as one can show easily,

K'=B2=M+e, Kl =B =g, K2=Bl=K)=B'=M —-¢,
Lp) = 1(m)ei (1), B =2M, (U, p,B) = (U,U),

and by Theorem (1], for each vector function g € H(U) x H(U) solving the considered homoge-
neous system, the sequence P(z, g, p, Cy) for some sequence of circumferences converges to this
vector function in the topology of the space H(U) x H(U).

Assume that our system admits (w,w’)-estimate along the system of circumferences

Uy =A{z:lel =m}, ry = 00,

where w = (w1, ws) is a pair of conver domains in the complex plane and w' C C is a compact
set [10]. This means that inequalities hold:

—cRef —1n !gp}(rjew)
o

h(=0,w" ) r; — h(—0,w1)r; + £;1;,
eRed —In |py(r;e”)| < h

<
< (—0,&)/)7"]‘ — h(—@,WQ)Tj + ngja

where 6 € [0,27), j € IN, and the sequence of positive numbers €;, j € IN, tends to zero.
But

In ‘ap%(reie)‘ <h(=0,M)r, r>1, In ‘ap%(mwﬂ < h(—=0, M)r, r>=0, 60¢el0,2m),
and by the above inequalities we obtain
h(—0,w;) < h(—0, M) + h(—0,0") + cReb h(—0,wp) < h(—0, M) + h(—0,0") — e Re,
where 6 € [0,27), and this yields
wi CM+uW +e, we CM+uw —e (17)

In our case, the set D in Theorem 4.4 coincides with the compact set (M + [—¢,e], M — €)
and G' = (U,U).
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Theorem 4.4 ensures the convergence of the series of elementary solutions for an arbitrary

solution to the homogeneous system in the domain (q,€s), where

O =[U = (M+[—¢,e] +w)] 4+ wi, Qo =[U =% (M—e+uw)]+ws.

Employing inclusions and properties 3), 4), 10) of Lemma @ it is easy to obtain the

rel

ation (0 C U = [0,2¢]. The latter set is contained in the domain U and does not coincide

with it.

1

2.

3.

10.

11.
12.

13.

14.
15.

16.
17.
18.

Thus, Theorem[]] is not implied by Theorem 4.4 in [10].
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